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We analyze subwavelength cylindrical holes in an optically thick metallic film with the metal described by
a plasmonic model. We find that the dispersion diagram exhibits three distinct features that have a profound
impact on the transmission of incident light through cylindrical holes. First, such holes always support propa-
gating modes near the surface plasmon frequency, regardless of how small the holes are. Second, the funda-
mental plasmonic mode (HE;) is located completely below the surface plasmon frequency and gives rise to a
passband in the transmission spectrum. Third, when the radius of the holes is small, there exists a stop band,
just above the surface plasmon frequency, where a normally incident plane wave does not transmit. Based on
the dispersion analysis, we design both a single hole and a hole array in which propagating modes play a
dominant role in the transport properties of incident light. These structures exhibit a different region of
operation that has not been probed yet experimentally, while featuring a high packing density and diffraction-

less behavior.
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I. INTRODUCTION

The optical properties of nanoapertures in an optically
thick metallic film have been intensely researched in the past
several years due to their fundamental importance in near-
field optics, and their practical significance to photonic de-
vices and applications, including filters, near-field probes,
and optical data storage.! It is well known that the transmis-
sion characteristics are strongly influenced by the presence or
absence of propagating modes inside the apertures.>* In me-
tallic nanoslits, enhanced transmission has been attributed to
propagating transverse magnetic (TM) modes inside the
slits.>*-® For cylindrical holes, such as those featured in
Ebbesen et al.’s original experiments,’ the spectral features
have been shown to be largely independent of the material
used for the vertical walls of the hole.!%!! Therefore, the
prevailing wisdom is that cylindrical holes do not support
propagating modes when the hole diameter is smaller than
~N/2ny, where \ is the wavelength of incident light and n,
is the refractive index of the material inside the hole.'>!3
Instead, enhanced transmission is commonly associated with
an excitation of surface wave resonances on the front and
back surfaces of the metallic film, and an evanescent tunnel-
ing process through the holes between these
resonances.”!!:13-16

In this paper, we investigate the effect of the dispersion
relation on the transmission properties of subwavelength cy-
lindrical holes in an optically thick metallic film. We de-
scribe the optical properties of the metal using a Drude free-
electron model:

w2

o) =1- o(w-io,)’

where , is the plasma frequency and w; is the collision
frequency. In this model, the dielectric function takes into
account the contribution of free electrons only and displays

plasma-like dispersion. Hence, we refer to it as a plasmonic
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model. Despite its apparent simplicity, the plasmonic model
has been the source of valuable insights into the behavior of
real metals. For aluminum and most alkali metals, its regime
of wvalidity extends deep into the visible wavelength
regime.!” In describing the optical behavior of noble metals
(e.g., silver, gold, copper), it has proven to be accurate in the
near- and far-infrared wavelength regime,'®!° while being a
reasonable approximation in the visible wavelength range
above 500 nm. By allowing for additional Lorentzian reso-
nance terms, its use can be easily extended to the entire
visible wavelength range, i.e., below 500 nm, where inter-
band transitions often contribute to the dielectric
function.??! While a model extension of this type might be
more realistic and result in applicability to a larger group of
metals in a wider wavelength range, its study is beyond the
scope of this paper. Here, we study the optical behavior of
subwavelength cylindrical holes in an optically thick metallic
film when the metal is described using the plasmonic model.
We compare and contrast it to the optical behavior predicted
by the often-used perfect electric conductor (PEC)
model.>*2%23 For a cylindrical waveguide, it has been shown
that the dispersion relation is qualitatively different for a
plasmonic model as opposed to a PEC model.?! To the best
of our knowledge, however, the importance of a plasmonic
dispersion relation for the transport of incident light through
subwavelength cylindrical holes has never been recognized.

The main findings of our work are summarized as fol-
lows. We find that the plasmonic dispersion diagram exhibits
three distinct features that have a profound impact on the
transmission of incident light through cylindrical holes. First,
such holes always support propagating modes near the sur-
face plasmon frequency, regardless of how small the holes
are. Even when material losses are included as part of the
plasmonic model, the modes still propagate over several mi-
crometers when the radius of the holes is much smaller than
N/2ny. Second, the fundamental (lowest-frequency) mode
has a HE;; signature, which enables it to couple to a nor-
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FIG. 1. (Color) Dispersion diagram for a cylindrical hole with radius 0.36\,,, where N, is the plasma wavelength. (a) Dispersion relations
of the two lowest-order waveguide modes with angular momentum m=1 for a plasmonic model. The solid red line corresponds to the
dispersion of the HE|; mode, while the dashed blue line shows the dispersion of the EH;; mode. Insets show the vector plots for the electric
fields of the HE;; and the EH;; mode, respectively. (b) Dispersion relations of the two lowest-order waveguide modes with angular
momentum m=1 assuming a perfect electric conductor (PEC) model. The featured modes are TE,; (solid red line) and TM,, (dashed blue
line). Insets show the vector plots for the electric fields of the TE;; and the TM,; mode, respectively.

mally incident plane wave. The HE;; mode is located com-
pletely below the surface plasmon frequency of the metal-
dielectric interface. Thus, a cylindrical hole in a plasmonic
metal always exhibits a passband below the surface plasmon
frequency. Third, when the radius of the hole is small, there
exists a stop band for a normally incident plane wave, where
the light does not transmit. The location of this band is just
above the surface plasmon frequency. Hence, a single hole or
a hole array may behave as a bandpass filter and allow longer
wavelengths to pass through while rejecting shorter ones. All
of these features are fundamentally different from the behav-
ior of the PEC model. Furthermore, they cannot be explained
by a PEC model, even when such a model uses an effective
hole radius, which is derived from a skin depth calculation.

Based on the dispersion analysis, we use three-
dimensional (3D) finite-difference time-domain (FDTD)
simulations to investigate the transmission of both single

holes and hole array structures in which propagating modes
play a dominant role in the transport properties of incident
light. These structures feature a high packing density and
diffractionless behavior, and they exhibit a different region
of operation that has not been probed yet experimentally.

II. ANALYSIS OF PROPAGATING MODES

To calculate the propagating modes inside a cylindrical
hole, we consider a z-invariant waveguide with a cylindrical
cross section of radius r( in the transverse xy plane [Fig. 1(a)
inset]. For the dielectric inside the hole, we use a real,
frequency-independent dielectric function e,. For the sur-
rounding metal, we define a frequency-dependent dielectric
function &,. The mode (m,n) of the waveguide is found by
solving Maxwell’s equations in cylindrical coordinates for
electric and magnetic fields of the form ¢(r,,z,1)
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=, (rexp(jm)explj(wt—kjz)], where m is an integer de-
noting angular momentum, n is related to the number of
nodes in the radial direction, while w and kH are the fre-
quency and the wave vector of a mode in the hole. By match-
ing boundary conditions, a transcendental equation is ob-
tained as the dispersion relation®*

e e HV | 12 1 HY
kpidw kpo HY || kpid,  kpp HY

02k2 1 1 2
I
_m2 > 2<_ ) , (2)

2 2
w'ry km kT,Z

where J,,(kz;r) and Hi;)(kmr) represent mth-order Bessel
and Hankel functions of the first kind, and

2
kpi= \/<9) -k, i=12. 3)
C

The prime on these functions denotes differentiation with
respect to their argument. The speed of light in vacuum is
denoted by c¢. The dispersion equation Eq. (2) differs quali-
tatively from that of a cylindrical PEC waveguide with ra-
dius ry, for which we readily obtain J), (k7 ro)=0 for trans-
verse electric (TE) and J,,(kr)=0 for TM modes.” The
propagating modes inside the cylindrical hole are calculated
by solving for the roots of the dispersion equation, i.e., we
numerically determine the (w,k) pairs that satisfy Eq. (2).
The procedure involves a first coarse scanning of the (w,kj)
space to determine the approximate location of the disper-
sion relation. The solution is then refined to machine preci-
sion near the approximate location using Newton’s method.?®

In what follows, we assume that &,(w) takes on the form
of Eq. (1) with the collision frequency w, set to zero. This
amounts to a lossless plasmonic model. In addition, we set
£,=4 (e.g., SizN,) for a reason that will become apparent
when we discuss the transmission calculations. Here, it suf-
fices to point out that the cutoff for each mode in the disper-
sion diagram scales in inverse proportion to \e&;, while the
surface plasmon frequency varies in inverse proportion to
\e"l +¢,. Hence, from the results shown below one can easily
infer the general behavior for any value of &; for both the
PEC and the plasmonic case.

For a hole radius r0=0.36)\p, where )\,,=27Tc/w,, is the
plasma wavelength, the resulting dispersion relations are
shown in Fig. 1. For the plasmonic model [Fig. 1(a)], we
distinguish two types of modes: bulk modes, which extend
into the metal region and lie above the line defined by w?
=w,2,+c2kﬁ, and propagating waveguide modes, which are
confined to the dielectric region of the waveguide. The latter
exhibit two discrete bands labeled HE,; and EH,;, since we
only consider modes with angular momentum m=1 so that
they can couple to a normally incident plane wave. Unlike a
PEC waveguide, the modes of a plasmonic waveguide are
not purely TM or TE unless the angular momentum m=0.
When m # 0, we designate the modes as HE,,,, (EH,,,,) when
the H, (E.) component is dominant.

PHYSICAL REVIEW B 72, 085436 (2005)

The fundamental HE;; mode lies completely below the
surface plasmon frequency of the metal-dielectric interface.
The vector plot of the electric field provides evidence that
this mode has the correct symmetry to couple a normally
incident plane wave. At k=0, the cutoff frequency of the
HE,, mode varies as a function of the hole radius. For the
parameters used here, the normalized cutoff frequency is
w*11=0.24w, (\P11=4.17\,) for £,=4. When k;— o, the
frequency of the HE|; mode approaches the surface plasmon
frequency wg,=w,/ Ve +1.

The next-higher-order mode with m=1, which also
couples to a normally incident plane wave (see vector plot of
the electric field), is the EH;; mode. The band of this mode
lies completely above the surface plasmon frequency. At k
=0, the cutoff frequency of the EH;; mode is wEH“
=0.63w, \M11=1.59\,) for &;=4. When k;—, the fre-
quency of the EH;; mode approaches the light line in the
dielectric. The dispersion diagram shows clearly that the
HE;; and EH;; mode are separated by a stop band, which is
located between the surface plasmon frequency and the EH,
mode cutoff frequency. Within the stop band, there are
modes (TMy, and HE,,), but they do not couple to a nor-
mally incident plane wave.

Figure 1(b) shows the dispersion relations for the cylin-
drical PEC waveguide. For comparison purposes, we show
only the fundamental TE;; mode and the TM; mode. As can
be inferred from the vector plots of their respective electric
fields, these modes are the two lowest-order modes that
couple to a normally incident plane wave. The TE;; mode
cuts off at w"'=0.4lw, (\"11=2.44\,) for k;=0. Below
this cutoff frequency, no propagating modes exist for a cy-
lindrical PEC waveguide.? For k;— , the frequency behav-
ior of the TE;; mode approaches that of the light line. Simi-
larly, for the TM;; mode, the cutoff frequency at k=0 is
wLTM11=O.85wp ()\IM11=1.18)\p) and for k,— oo, the disper-
sion relation asymptotically approaches the light line.

The dispersion diagram of the plasmonic waveguide is
quite distinct and qualitatively different from the PEC one.
For example, the stop band between the two lowest-order
propagating modes in the plasmonic waveguide is absent in
the PEC model. The modes themselves also have distinct
dispersion properties. The cutoff wavelength of the HE;
mode in the plasmonic waveguide is almost twice as long as
the cutoff wavelength of the TE;; mode in the PEC wave-
guide. Hence, the plasmonic waveguide can sustain a propa-
gating mode at a significantly longer cutoff wavelength than
is to be expected from a PEC waveguide model. The quali-
tative difference in dispersion becomes particularly promi-
nent for smaller holes. Figure 2(a) describes the evolution of
the cutoff frequency (main panel) and wavelength (inset) for
the fundamental mode as a function of hole radius for the
PEC (dashed lines) and the plasmonic (solid lines) wave-
guide, respectively. For the PEC waveguide, the cutoff wave-
length is proportional to the hole radius r, and remains so as
the radius goes to zero. For the plasmonic waveguide, on the
other hand, two different regimes of operation can be iden-
tified. In the “large”-hole regime, the behavior is quite simi-
lar to that of the PEC waveguide and differs only by a
“fixed” offset in wavelength, which is approximately equal
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FIG. 2. (a) Cutoff frequency of the lowest-order waveguide
mode versus hole radius r, for the PEC (TE,;, dashed line) and the
plasmonic (HE,;, solid line) models, respectively. (b) Skin depth &;
at the cutoff frequency for the plasmonic HE;; mode as a function
of hole radius ry.

to )\p. In the “small”-hole region, however, the behavior of
the plasmonic waveguide deviates significantly from the
PEC result and the cutoff wavelength tends toward the sur-
face plasmon wavelength inside the hole (V1+&\,) when
the hole radius goes to zero. This suggests that cylindrical
holes in a plasmonic material can support propagating
modes, regardless of how small the holes are. [Note that for
holes that are sufficiently small, one needs to take into ac-
count the nonlocal nature or spatial dispersion of the com-
plex dielectric function &,(w,k), i.e., the plasmonic model is
no longer valid.?” However, for holes larger than 100 nm, we
still expect the local dielectric function to be valid.?']

In addition to the difference regarding the presence or
absence of a stop band, the cutoff behavior of the plasmonic
waveguide cannot be explained by naively enlarging the PEC
hole by a value proportional to the skin depth.”® We have
calculated the skin depth from the field profile of the HE;
mode at the cutoff for varying hole radius [see Fig. 2(b),
inset]. Here, we define the skin depth &, as the distance in-
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side the metal where the field magnitude drops to 1/e times
its value at the dielectric-metal interface,

H(r=ro+8) H[k(ry+3)]
Hz(r:rO) Hgl)(kr”o)

= l 4)
e

Alternatively, one could define skin depth using the full mag-
netic field amplitude. Both definitions produce almost iden-
tical results. Figure 2(b) features the normalized skin depth
6,/\, as a function of the normalized hole radius ry/\,,. For
large hole radius, the skin depth is approximately constant
and using it as an offset might be appropriate. For small hole
radius, the skin depth decreases rapidly and vanishes as the
hole radius goes to zero. This behavior is confirmed by an
asymptotic analysis of Eq. (4): When k;r, approaches zero,
H 11)(kTr0) — 0, In order for the left-hand side to be finite and
nonzero, J, needs to go to zero as well. Hence, in the small-
hole limit, the mode, in fact, does not penetrate into metal. In
this regime, the plasmonic hole cannot be treated as a PEC
hole with a larger effective radius. In contrast, our approach
provides a consistent picture with small and large holes alike.

III. FDTD SIMULATION OF TRANSMISSION

Based upon the modal dispersion analysis above, we now
consider the transport properties of a single hole and a hole
array. In both cases, we assume a metal film with finite thick-
ness . We use a 3D total-field—scattered-field FDTD imple-
mentation in both simulations. For the single hole, uniaxial
phase-matched layer (UPML) absorbing boundaries truncate
the simulation domain in x, y, and z. For the hole array,
UPML absorbing boundaries are applied in the z-direction
and periodic Bloch boundaries in x and y. For the single-hole
simulation, we apply a normally incident pulsed Gaussian-
beam excitation centered at 500 nm to obtain the response in
the ultraviolet and visible wavelength range within a single
simulation. The Gaussian beam has a transverse spatial full
width at half maximum of 1 um. The incidence plane is
chosen a few 100 nm above the metallic film and the field
data for determining the spectral transport properties of the
waveguide, through direct integration of the Poynting vector,
are collected in an observation plane placed in the middle of
the metallic film. Such a calculation measures the total
amount of power that can pass through the hole. The trans-
mittance is defined as the ratio of the power through the
waveguide in the metallic film to the incident power.

Figure 3 shows the spectral transmittance of a cylindrical
hole (ry=50 nm=0.36\,) in a 250-nm-thick metal film,
modeled as a PEC (dashed blue line) and a plasmonic mate-
rial (solid red line), respectively. For the plasmonic material,
we assume a plasma wavelength \,=138 nm (w,=1.37
X10"®rad/s) and a collision frequency ®,=7.29
X 10" rad/s.?® The presence of a nonzero collision fre-
quency leads to losses and we can calculate the decay length
L,=1/2k{, using the complex wave number of the mode,
ky=k| +ikj. The decay length is approximately 2—3 um for
most of the wavelength range covered by the HE;; mode.
Hence, the HE;; mode can propagate over a distance that is
relevant for transport through metallic films that are a few
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FIG. 3. (Color) The solid red line corresponds to the transmis-
sion spectrum of a single cylindrical hole (ry=50 nm=0.36)\p) in a
250-nm-thick metal film as shown in the inset. The metal is mod-
eled as a plasmonic material with \,=138 nm (w,=1.37
X 10' rad/s) and w,=7.29 X 103 rad/s. The hole is filled with a
dielectric (g/=4). The dashed blue line is the transmission spectrum
for the same geometry, except that the metal is modeled as a PEC.
The inset shows the detailed transmission spectrum from A=100 to
300 nm.

hundreds of nanometers thick. (We note that the same con-
clusion holds when we repeat the calculation using tabulated
data for the dielectric function of silver.?®) We fill the holes
with a dielectric (g¢;=4) while the film is surrounded by
vacuum. In the PEC case, the spectral transmittance is ap-
proximately constant and then falls off at the cutoff wave-
length \™F11=3.41\e,r;=341 nm, which is determined by
the radius of the hole and the dielectric constant of the ma-
terial inside the hole. In the plasmonic case, using the Drude
free-electron model in Eq. (1) including losses, the transmit-
tance depends on a combination of hole geometry and dielec-
tric and metal properties. It features a region of high trans-
mission (Fig. 3, inset) below the bulk plasma wavelength
(\,=138 nm). It is well known that in this region the bulk
metal behaves as a dielectric and becomes transparent. Due
to the EH;; mode, the transparency region continues until
A=220 nm, in agreement with the dispersion diagram. Adja-
cent to this high-transmission region is a region of zero
transmission, which ranges from 220 to 350 nm. Past the
stop band there is a passband with a cutoff at )\?E“
=600 nm. This passband is due to the fundamental HE;
mode. Both the stop band and the passband beyond it are
unique transmission features resulting from the plasmonic
dispersion diagram. In fact, the onset and cutoff of each of
these features compare well with the values obtained from
the dispersion calculation. In comparison with the PEC case,
the HE |, passband lies entirely beyond the PEC cutoff. The
peak amplitude of the transmittance is larger than the peak
amplitude in the PEC case. Its cutoff wavelength )\EE“ is
almost twice as large as )\ZE” and features a decaying tail.
We also emphasize the absence of a stop band in the PEC-
based transmission spectrum. Simulations without loss com-
ponent in the plasmonic model revealed that the transmission
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FIG. 4. (Color) The solid red line corresponds to the transmis-
sion spectrum 7" of a 50-nm-radius cylindrical hole array with 180
nm period (in x and y) in a 250-nm-thick metal film. The metal film
and the dielectrics are modeled in accordance with the single-hole
case of Fig. 3. Insets show E| field profile along the hole for the two
major peaks at wavelengths 442 nm (7=0.72, left panel) and 520
nm (7=0.79, right panel), respectively, with light incident from the
top. (The simulation domain used in the 3D FDTD calculation mea-
sures 180X 180X 1000 nm3.) The field pattern clearly shows the
existence of propagating modes. The dashed blue line is the trans-
mission spectrum for the same geometry, except the metal is mod-
eled as a PEC.

spectrum is quasi-independent of material losses (mean dif-
ference <10%). This is consistent with long decay lengths,
which are on the order of micrometers for the plasmonic
model, compared to the 250 nm thickness of the film. The
importance of propagating modes in the transmission prop-
erties of subwavelength cylindrical holes is also evident for
appropriately designed hole array structures. Previously,
transmission enhancement for such structures has been
largely associated with the resonant excitation of surface
waves and evanescent tunneling through the holes.%!!:13-16
Here, instead, we explore a different regime in which the
propagating waveguide mode provides the dominant trans-
port mechanism. For simplicity, we consider only plane
waves incident along the normal direction. The signature of a
propagating waveguide mode in the transmission will be
most noticeable when the HE;; band covers a wavelength
range where no other competing mechanisms are present.
Hence, the wavelengths of a surface wave resonance at nor-
mal incidence, due to the folding of the dispersion curve of
the top and bottom surfaces,” should be below the smallest
wavelength of the HE;; band, which corresponds to the sur-
face plasmon wavelength inside the hole. For this to occur,
the array needs to have a periodicity that is substantially
smaller than what has been featured in recent experiments.
Figure 4 shows the transmittance spectrum 7 for an array of
cylindrical holes, which has been designed according to
aforementioned principles. It features an array of 50-nm-
radius cylindrical holes in a 250-nm-thick metal film. The
periodicity of the array is 180 nm and the holes are filled
with a dielectric (g;=4), while the film is surrounded by
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vacuum. For the PEC model, this array has a transmission
spectrum with a cutoff wavelength of 370 nm, which is close
to the cutoff wavelength for a single dielectric-filled hole.
Below that wavelength, the transmission band features a se-
ries of high-finesse Fabry-Pérot resonances. In contrast, the
spectrum of the plasmonic model (with the same parameters
as in the single-hole case) shows a clear passband ranging
from 350 to 600 nm that lies entirely beyond the PEC cutoff
wavelength. This range, as well as the stop band between
220 and 320 nm, once more agrees well with the dispersion
relation of a single hole. The insets show the E, field profile
along the aperture for the peaks at wavelengths 442 nm (T
=0.72, left panel) and 520 nm (7=0.79, right panel). The
field pattern clearly demonstrates the existence of propagat-
ing modes. Also, the transverse field profile inside the hole
obtained from the FDTD method agrees well with the one
obtained from the dispersion calculation in Fig. 1.

IV. CONCLUSION AND DISCUSSION

To the best of our knowledge, this work shows for the first
time the importance of a plasmonic-based dispersion relation
for the transport of incident light through subwavelength cy-
lindrical holes in a metallic film. We find that the dispersion
diagram exhibits three distinct features that have a profound
impact on the transmission of incident light through cylindri-
cal holes. First, such holes always support propagating
modes near the surface plasmon frequency, regardless of
how small the holes are. Second, the fundamental HE;;

PHYSICAL REVIEW B 72, 085436 (2005)

mode, which couples to an external normally incident plane
wave, is located completely below the surface plasmon fre-
quency of the metal. Thus, a cylindrical hole in a plasmonic
metal always exhibits a passband below the surface plasmon
frequency. Third, when the radius of the hole is small, there
exists a stop band, just above the surface plasmon frequency,
where light does not transmit. Hence, a single hole may be-
have as a bandpass filter and allow longer wavelengths to
pass through while rejecting shorter ones. All of these fea-
tures are fundamentally different from the dispersion behav-
ior assuming a PEC model and lead to qualitatively different
transmission properties. Our results show the potential of
using propagating modes to obtain high transmission with
subwavelength holes. In Fig. 4, the plasmonic passband fea-
tures a peak transmission of 0.79, which is approximately an
order of magnitude higher when compared with previously
published transmission in hole arrays. The use of small peri-
odicity (approximately 200 nm) means that for all wave-
lengths of practical interest the array is diffraction-free while
allowing for a bigger packing density of holes and poten-
tially a smaller footprint. These benefits are likely to be im-
portant for practical applications.
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