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We demonstrate numerically that the theoretical maximum sensitivity of a ring-coupled Mach–Zehnder
interferometer (MZI) optimized as a sensor is about 30% greater than the optimized sensitivity of a con-
ventional single-bus ring sensor with an identical ring perimeter and loss. The ring-coupled MZI sensor
also achieves its greater sensitivity with a 25% lower circulating power, which is useful for the suppres-
sion of undesirable nonlinear effects. © 2009 Optical Society of America
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1. Introduction

Devices based on optical microring resonators have
attracted considerable attention recently, both as
compact and sensitive biological and chemical sen-
sors and for communications applications. While the
majority of microring-based sensors studied so far
have used either single-bus or dual-bus [1–3] config-
urations, devices composed of a ring side coupled to a
Mach–Zehnder interferometer (MZI) have also been
investigated extensively as switches [4–9] and filters
[10,11] for communications applications. The root of
this interest is that a ring-coupled MZI exhibits
sharp Fano resonances [12], and the steep slope of
these resonances can be used to produce low-power
all-optical switches. Several references suggest that
this same property might also be useful to produce
highly sensitive sensors [8,11]. However, there has
been no systematic analysis and optimization of
ring-coupled MZIs as a sensor. Since the design con-
straints on switches, filters, and sensors are very dif-
ferent, a ring-coupled MZI optimized for switching is
not necessarily optimized for sensing. For example,
since high transmission through the ring is desirable
in a switch or a filter, ring-coupled MZIs used for
these applications are generally operated in the over-

coupled regime [4,6,7,10], where the ring coupling
ratio is much larger than the ring-waveguide loss.
In contrast, a sensor based on intensity detection
is optimized when it is operated at the coupling ra-
tio and phase bias where the slope of its transmis-
sion spectrum is the steepest, which may occur in
the critically coupled [2] or undercoupled [1] regimes.
A recent study [13] of a device that somewhat re-
sembles the ring-coupled MZI claimed a significant
sensitivity enhancement over a single-bus ring reso-
nator, so it is important to fully quantify the per-
formance of the ring-coupled MZI as a sensor to
determine whether it can indeed outperform conven-
tional microring-based sensor configurations.

In this paper, we calculate the sensitivity of the
ring-coupled MZI to changes in the round-trip phase
in the ring as a function of all the device’s parameters
(coupling ratios, loss, and phase biases). This phase
perturbation can be due, for example, to a change
in concentration of some biological species placed
against the ring waveguide [3], a change in tempera-
ture, or an applied rotation, as in the resonant fiber-
optic gyroscope (RFOG) [14]. We then optimize these
parameters to achieve maximum sensitivity and
compare the latter to the sensitivity of an optimized
conventional ring sensor. This study is quite general.
In particular, it is entirely applicable to any kind
of optical ring, for example microring resonators,
integrated-optics rings, and fiber-based rings such
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as in the RFOG. We show that when properly opti-
mized, a ring-coupled MZI allows at most a 30.5%
enhancement in sensitivity over a conventional ring
resonator, as well as a 25% decrease in the power cir-
culating in the ring. The reduction in circulating
power is beneficial for applications in which it is
important to reduce the Kerr phase shift within
the ring, for example ring-based sensors such as the
RFOG, in which the Kerr phase shift causes a detri-
mental bias instability and thus long-term drift [14].
The overall conclusion is that the two benefits
afforded by ring-coupled MZIs are welcome but the
improvement over conventional configuration is not
drastic. Furthermore, the introduction of an MZI
adds another source of thermal instability to the sen-
sor, which aggravates the inherent thermal instabil-
ity of the ring itself. It therefore remains to be seen
whether this added instability will be offset by the
small improvement in sensitivity and Kerr-induced
instability.

2. Ring-Coupled MZI Sensor

Figure 1(a) shows a sensor made from a ring reso-
nator side coupled to an MZI. Narrowband light of
wavelength λ is launched into one input port of the
device, where it is split into the two arms of the MZI
by a first coupler with a power coupling ratio κ1. The
sensing (upper) arm consists of a ring coupled to the
MZI waveguide by a coupler with a power coupling
ratio κring. The round-trip phase and power attenua-
tion in the ring are given by ϕ ¼ 2πRneff=λ and
expð−2πRαÞ, respectively, where R is the ring radius,
neff is the effective index of the mode in the ring, and
α is the loss coefficient of the ring, including the cou-
pler loss, if present. The signal phase and field trans-
mission of the reference (lower) arm areΦref and tref ,
respectively. Past the ring, the two arms are recon-
nected by a second coupler with coupling ratio κ2.
P1 and P2 are the output powers at the two output
ports of this coupler. In our calculations, we assume
that the loss of the waveguides that make up theMZI
is negligible. We propose to use this device as a sen-
sor by detecting the difference in the detected inten-
sities at the two output ports Pdiff ¼ P1 − P2, so that
its sensitivity to changes in some measurand γ is
S ¼ dPdiff=dγ. Using Pdiff gives a better sensitivity
than using either P1 or P2 because P1 and P2 change
in response to a change in measurand typically with
opposite signs, so Pdiff typically changes faster than
either P1 or P2.
Our goal is to maximize the sensitivity of the sen-

sor of Fig. 1(a) to any effect that changes the round-
trip phase in the ring ϕ (e.g., changes in temperature
or rotation) and to see whether this sensitivity ex-
ceeds the maximum sensitivity of the single-bus ring
of Fig 1(b). We write the sensitivity of the ring-
coupled MZI to a measurand γ as S ¼ S1 · S2, where
S1 ¼ dPdiff=dϕ is the sensitivity to changes in the
round-trip phase ϕ and S2 ¼ dϕ=dγ is the rate of
change of ϕ with respect to the measurand γ. We
know how a measurand affects the phase of the sig-

nal traveling through a ring for a wide range of mea-
surands. For biochemical sensors, the interaction of
the waveguide mode’s evanescent field with a dis-
solved analyte changes the effective index neff of the
waveguide mode, thus changing ϕ [3]. If the measur-
and is a rotation Ω, then S2 ¼ dϕ=dΩ is a constant
determined by the ring radius R and the wavelength
[14]. If the measurand is temperature T, then S2 ¼
dϕ=dT is determined mostly by the waveguide’s ther-
mal expansion coefficient (a change in temperature
results in a change in the ring’s perimeter, and thus
a change in phase) and thermo-optic coefficient dneff=
dT. Thus, by optimizing S1, we optimize the device’s
sensitivity to any measurand that perturbs ϕ. To find
the optimum sensitivity to any given measurand,
we simply multiply the optimum value of S1 by the
proper value of S2.

3. General Optimization of the Mach–Zehnder
Interferometer

For simplicity, and to broaden the applicability of our
results, we first consider the more general case of an
MZI with sensing-arm transmitted amplitude and
phase tðϕÞ and ΦðϕÞ that are arbitrary functions of
ϕ. For a given pair of functions tðϕÞ and ΦðϕÞ,
we need to choose the four parameters in the MZI
(namely κ1, κ2, tref , and Φref ) so as to maximize S1.
Once we have found the optimum MZI parameters
for the arbitrary functions tðϕÞ and ΦðϕÞ, it is
straightforward to optimize the ring-coupled MZI by
substituting the ring’s transmitted amplitude and
phase for tðϕÞ and ΦðϕÞ.

One should reasonably expect that maximum sen-
sitivity should occur when tref ¼ 1, otherwise the
MZI is simply wasting some of the power in the re-
ference arm. Thus, only three parameters need to be
optimized, namely the two coupling coefficients κ1
and κ2 and the bias phase Φref . To do so, we started
with the published equations for the dependence of
P1 and P2 on κ1, κ2, tref , Φref , tðϕÞ, and ΦðϕÞ [11].
To find S1, we calculated the derivative of Pdiff ¼ P1 −

P2 with respect to ϕ, taking into account the fact that

Fig. 1. (a) Ring side-coupled to a MZI.(b) Single-bus ring.
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tðϕÞ and ΦðϕÞ are functions of ϕ. For tref ¼ 1, the
sensitivity comes out to be

S1=Pin ¼ −½4A cosðΦref −ΦðϕÞÞ þ 2BtðϕÞ�t0ðϕÞ
− 4A sinðΦref −ΦðϕÞÞtðϕÞΦ0ðϕÞ;

A ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ1κ2ð1 − κ1Þð1 − κ2Þ

p
;

B ¼ κ1 þ 2κ2 − 2κ1κ2 − 1: ð1Þ
Here, t0ðϕÞ and Φ0ðϕÞ are the derivatives of tðϕÞ and
ΦðϕÞ with respect to ϕ, respectively. Straightforward
manipulation of Eq. (1) shows that S1 has extrema
when κ1, κ2, and Φref take the values

Φref ¼ Φþ tan−1

�
tΦ0

t0

�
þmπ;

κ1 ¼ t02 − 2t02t2 þ t2Φ02

2t02 − 2t02t2 þ 2t2Φ02 ;

κ2 ¼ ð1 − t2Þt02 þ t2Φ02 � t0t
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t02 þ t2ðΦ02

− t02Þ
p

2ð1 − t2Þt02 þ 2t2Φ02 ; ð2Þ

where m is either 0 or 1 and t, t0, Φ, and Φ0 denote
tðϕÞ, t0ðϕÞ,ΦðϕÞ, andΦ0ðϕÞ, respectively. Equation (2)
states that there are two possible solutions for both
Φref and κ2. Consequently, there are four combina-
tions of the parameters κ1, κ2, and Φref that produce
an optimum in the sensitivity of an MZI.
In the simpler limiting case when variations in ϕ

affect only the phase of the signal in the sensing arm,
but not the amplitude [i.e., t0ðϕÞ ¼ 0 and Φ0ðϕÞ ≠ 0],
these equations show that the MZI is optimum for
κ1 ¼ κ2 ¼ 0:5 and Φref −ΦðϕÞ ¼ �π=2. However, in
the more general case when variations in ϕ affect
both the phase and the amplitude of the signal in
the sensing arm [i.e., t0ðϕÞ ≠ 0 and Φ0ðϕÞ ≠ 0], the so-
lution is not so simple. In order to find the absolute
optimum configuration in this case, we compared the
sensitivity of the four solutions and identified the
combination that yields the highest sensitivity. [Note
that for some combination of parameters tðϕÞ and
ΦðϕÞ, the solution for κ1 and/or one or both of the
solutions for κ2 is less than 0 or larger than 1, i.e.,
they are unphysical mathematical solutions. In such
cases, we used 0 or 1 as the solution, whichever is
closest.]

4. Optimized Ring-Coupled Mach–Zehnder
Interferometer

To obtain the optimum sensitivity of a ring-coupled
MZI all we need to do is insert the transmission am-
plitude tðϕÞ and phase ΦðϕÞ of a ring resonator in
Eq. (2) to obtain the optimum values of the MZI para-
meters (κ1, κ2, and Φref ), then insert these values in
Eq. (1) to obtain the maximum sensitivity. For a sin-
gle ring, tðϕÞ and ΦðϕÞ can be calculated from the
known transmission function of a ring [8]:

Eout

Ein
¼ eiϕ−πRα −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − κring

p
eiϕ−πRα

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − κring

p
−1

; ð3Þ

where Ein is the electric field at the input of the
ring, Eout is the field at the output of the ring [see
Fig. 1(a)], and ϕ is the phase shift experienced by
the signal as it travels once around the ring. The am-
plitude tðϕÞ and phase ΦðϕÞ are therefore given by
t ¼ jEoutj andΦ ¼ argðEoutÞ, respectively. We have ig-
nored the phase due to the waveguide that makes up
the upper arm of the MZI, which simply adds a con-
stant offset to the phase due to the ring.

We note that in general, whenever the sensitivity
of the ring-coupledMZI is significant, πRα, κring and ϕ
(modulo 2π) are all much smaller than 1. Physically,
this corresponds to a high-finesse ring with a small
detuning from resonance. In this case, expð−πRαÞ≈
1 − πRα, ð1 − κringÞ1=2 ≈ 1 − κring=2, and expðiϕÞ≈
1þ iϕ. Using these approximations, the exact ex-
pression for the transmitted field given in Eq. (3)
is well approximated by

Eout

Ein
≈
1 − κnorm − 2iϕnorm

1þ κnorm − 2iϕnorm
; ð4Þ

where κnorm ¼ κring=2πRα ¼ κring=κc is the normalized
coupling ratio and ϕnorm ¼ ϕ=2πRα is the normalized
round-trip phase. Equation (4) shows that the ring’s
transmission depends only on the normalized values
of the round-trip phase and coupling. Hence, κnorm
and ϕnorm completely determine the normalized sen-
sitivity S1;norm ¼ ð1=PinÞdPdiff=dϕnorm ¼ 2πRαS1=Pin.
We also calculated the power circulating in the ring,
Pcirc (see Fig. 1), using this same approximation. It is
straightforward to show that under this
approximation the normalized circulating power
Pcirc;norm ¼ 2πRα Pcirc=Pin is also completely deter-
mined by κnorm and ϕnorm. While the sensitivity S1
and circulating power Pcirc in any particular ring-
coupled MZI depend on the input power and the
ring’s coupling, round-trip phase, and round-trip
loss, the normalized sensitivity S1;norm and cir-
culating power Pcirc;norm depend only on the normal-
ized coupling and phase. Thus, when operated at the
same values of κnorm and ϕnorm, S1;norm and Pcirc;norm
are the same for all high-finesse ring-coupled MZI
sensors, regardless of the round-trip loss.

In order to find the maximum sensitivity of the
ring-coupled MZI, we must find the optimum values
for the bias ring round-trip phase ϕ and the coupling
κring. Although it is possible to obtain an analytical
expression for S1 as a function of ϕ and κring from
Eqs. (1)–(3), this expression is cumbersome enough
that attempting to optimize S1 analytically with re-
spect to ϕ and κring leads to unwieldy expressions. As
an alternative, we resorted to numerical evaluation
of Eqs. (1)–(3). For a given set of ring parameters R
and α we systematically sampled κring and ϕ over a
wide range of values. For every (κring, ϕ) pair, we nu-
merically calculated tðϕÞ,ΦðϕÞ, t0ðϕÞ, andΦ0ðϕÞ using
the exact formula for the ring’s transmission
[Eq. (3)]. Then, we calculated the values of the
MZI parameters that optimize the sensitivity using
Eq. (2) and this maximum ensitivity using Eq. (1). We
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then repeated this process for another (κring, ϕ) pair,
until we found the optimum phase bias and sensitiv-
ity for each value of κring, as well as the (κring, ϕ) pair
that gave the absolute highest sensitivity.
In the following numerical analysis, we used the

method described above, with R ¼ 5 cm and a ring
loss of 0:2dB=km to simulate a ring made from a
low-loss single-mode silica fiber operated at a wave-
length around λ ¼ 1:5 μm. We searched for optimum
performance for values of ϕ ranging from −0:002 to
0:002 rad, which fully cover the ring’s resonance
[see Fig. 3(a)]. We used values of κring ranging from
0:1κc to 20κc, where κc ¼ 2πRα is the critical coupling.
This range was chosen because it covers the under-
coupled, critically coupled, and overcoupled cases, al-
lowing us to evaluate how the ring-coupled MZI
performs in each of these regimes. The single-bus
ring was optimized by using this same method with
the same fixed values of R and α, while keeping
κ1 ¼ κ2 ¼ 0.
Figure 2 shows the calculated normalized sensitiv-

ity S1;norm of an optimally phase biased ring-coupled
MZI as a function of κnorm ¼ κring=κc, as well as the
sensitivity of a properly biased single-bus ring, both
optimized according to the process described above.
In agreement with previous work [1], we find that the
sensitivity of the single-bus ring is maximum at half
critical coupling. Unlike the single-bus ring, the ring-
coupled MZI reaches its maximum sensitivity at
critical coupling. This maximum sensitivity is 30.5%
greater than that of an optimized single-bus ring
with the same input power. At critical coupling, the
optimum MZI parameters are κ1 ¼ κ2 ¼ 0:5 and
Φref ¼ π=2. While the sensitivity of the optimized
ring-coupled MZI decreases as the coupling is in-
creased beyond critical coupling, it decreases much
more slowly than the sensitivity of the single-bus
ring (see Fig. 2). This figure also shows the normal-
ized circulating power Pcirc;norm in the ring for the op-
timized ring-coupled MZI as a function of κnorm and
the same quantity for the optimally phase-biased
single ring. We note that when the sensitivity of the
ring-coupled MZI is maximized, the power circulat-
ing in the ring is 25% lower than the power circulat-
ing in the optimized single-bus ring (i.e., at half-
critical coupling). This is because in the optimized
ring-coupled MZI, (1) only half of the total power
from the source is incident on the ring (the other
half is sent into the reference arm), and (2) the
ring-coupled MZI is optimized at critical coupling
(whereas the single-bus ring is optimized at half-
critical coupling, i.e., for lower circulating power).
A second benefit of the ring-coupled MZI sensor is
therefore that it provides a greater sensitivity with
a lower circulating power. In some applications
where a high circulating power is undesirable be-
cause it induces a deleterious Kerr phase shift, such
as an RFOG, this reduction in circulating power may
be more useful than the increased sensitivity. In this
case, the input power in the ring-coupled MZI can
be reduced by a factor of 1.305 while still retaining

the same sensitivity, resulting in a device with a sen-
sitivity equal to that of the optimized single-bus ring
but with 1:305=0:75 ≈ 1:74 times less Kerr-induced
phase drift.

While Fig. 2 was generated using the exact expres-
sions for the ring’s transmission [Eq. (3)] and circu-
lating power for particular numerical values ofR and
α, the above analysis of Eq. (4) shows that if the fi-
nesse is sufficiently large the normalized sensitivity
and circulating power do not depend on the particu-
lar value chosen for the round-trip attenuation. We
verified the validity of this approximation by recalcu-
lating the normalized sensitivity and circulating
power using the approximate equation [Eq. (4)] for
the ring’s transmission and comparing the results gi-
ven by this high-finesse approximation to the exact
results for several different values of the round-trip
loss. For R ¼ 5 cm and a ring loss of 0:2dB=km
(2πRα ¼ 1:45 × 10−5), as used to generate Fig. 2, the
agreement between the two methods is excellent,
with less than 1% error across the entire range of
κnorm values shown in Fig. 2. Even in themuch higher
loss case when 2πRα ¼ 0:01, the approximate meth-
od predicts sensitivity values that are within 10% of
the exact values across the range of κnorm values con-
sidered in Fig. 2. Thus, the normalized results
plotted in Fig. 2 are valid for all high-finesse ring-
coupled MZI sensors, regardless of the particular
round-trip loss value.

To get a better sense for the behavior of this system
at critical coupling, we show in Fig. 3(a) the output
powers P1 and P2 as a function of the ring round-trip
phase (modulo 2π) for the optimum ring-coupled MZI
system (κ1 ¼ κ2 ¼ 0:5, Φref ¼ π=2, κnorm ¼ 1), with
α ¼ 0:2dB=km and R ¼ 5 cm. As is characteristic of
systems exhibiting a Fano resonance, both P1 and P2
are asymmetric with respect to the resonance at
ϕ ¼ 0. Figure 3(b) shows the sensitivity, which is
maximized on resonance. At the optimum bias point
(ϕ ¼ 0), both P1 and P2 are equal to Pin=4, and the
slopes of P1 and P2 are equal in magnitude but

Fig. 2. Calculated normalized sensitivity and circulating power
in a ring resonator and a ring-coupled MZI as a function of the nor-
malized ring coupling ratio.

10 September 2009 / Vol. 48, No. 26 / APPLIED OPTICS 4877



opposite in sign so that the slope of Pdiff (i.e., the sen-
sitivity) is twice the slope of P1. In this optimized sen-
sor neither P1 nor P2 has a large contrast ratio, as
would be the case in a ring-coupled MZI optimized
as a switch. Additionally, near the resonance, a sig-
nificant fraction of the input power is lost to propa-
gation loss in the ring, since the ring is operated at
critical coupling. This is also qualitatively unlike the
behavior of an optimized switch, which ideally has
very little loss.
One conclusion from this study is that the sen-

sitivity enhancement offered by the asymmetric
Fano resonances of the ring-coupled MZI is greatly
diminished when the loss is comparable to the
coupling. When the ring is strongly overcoupled
(i.e., κnorm ≫ 1), Fig. 2 shows that the Fano resonance
of the ring-coupled MZI is significantly sharper than
the Lorentzian response of the single-bus ring. For
example, when κnorm ¼ 20, the ring-coupled MZI is
more than 16 times as sensitive as the single-bus
ring. However, operating ring sensors in this over-
coupled regime is suboptimal because in this regime
neither of them has maximum sensitivity. Thus,
while Fano resonances in a ring-coupled MZI may
prove quite useful for applications where the loss is
insignificant compared to coupling (such as in an op-
tical switch), their benefits are considerably more
modest in systems where the loss and coupling are
comparable, such as sensors optimized for sensitivity
purposes.
The 30.5% sensitivity enhancement predicted for

the ring-coupled MZI differs significantly from the
8.2-fold enhancement reported in [13] for a ring
coupled to a two-mode waveguide. Although the two
systems are not exactly equivalent, we believe that a
large fraction, if not most or all, of this discrepancy
stems from the erroneous use in [13] of the fringe vis-
ibility as the metric to quantify sensitivity. The sen-
sitivity defined in such terms depends only on the
ratio of the intensities of the two signals being inter-

fered, which means that it becomes infinite for van-
ishingly small signals, irrespective of the magnitude
of the perturbation. Any sensor, including the ring-
coupled MZI, can also have an arbitrarily large vis-
ibility-based “sensitivity.” This definition is clearly
not physically meaningful; also, it ignores the impact
of noise on the minimum detectable perturbation.
The sensitivity of sensors is customarily defined in
terms of the absolute detected power change, as done
here, for this reason. However, the configuration of
[13] is sufficiently different from the ring-coupled
MZI studied here that further investigations are
needed to determine which of the two configurations
has a higher true sensitivity after optimization.

The benefits of the ring-coupled MZI configuration
(enhanced sensitivity and reduced circulating inten-
sity) come at the cost of additional complexity, which
may reduce its utility in practical systems. In parti-
cular, optimum sensitivity in the ring-coupled MZI
requires that tref and Φref be held constant in time,
which means that the MZI must be stabilized in ad-
dition to the ring resonator. Thus, the thermal stabi-
lization requirements of the ring-coupled MZI are
more stringent than for a single-bus ring, a disadvan-
tage that may outweigh the benefits of this device in
practical applications.

5. Conclusions

In conclusion, we have demonstrated that an opti-
mized ring-coupled MZI can achieve 30.5% greater
sensitivity than an optimized single-bus ring resona-
tor sensor. Unlike the single-bus sensor, this con-
figuration achieves maximum sensitivity at critical
coupling. While in the overcoupled regime the ring-
coupled MZI offers a large sensitivity enhancement
over the single-bus ring, the absolute sensitivity of-
fered by the ring-coupled MZI is then much smaller
than when the coupling of each of these sensors is
optimized. The optimized ring-coupled MZI sensor
also has 25% less power circulating in the ring reso-
nator, which reduces the nonlinear Kerr effect. By de-
creasing the input power, the ring-coupled MZI can
have the same sensitivity as an equivalent single-
bus ring, but with 1.74 times less Kerr-induced phase
drift. The increased sensitivity and reduced circulat-
ing power in this sensor come at the cost of reduced
thermal stability, since the MZI must be stabilized in
addition to the ring resonator.

This work was supported by Litton Systems, Inc., a
wholly owned subsidiary of Northrop Grumman.
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