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We develop the coupled-mode theory for nanoscale resonant apertures. We show that the maximum transmis-
sion and absorption cross sections for subwavelength resonant apertures are only related to the wavelength of
the incident light and the directivity of the aperture’s radiation pattern. A general relation between the trans-
mission cross section and the directivity is proven from the coupled-mode theory. As a specific example, we
apply the theory to a nanoslit aperture in a metallic film and obtain excellent agreement with direct numerical
simulations. © 2010 Optical Society of America

OCIS codes: 050.1220, 260.5740, 310.6628, 260.3910, 240.6680.
e
s
s
c
t
h
[
c
s
b
t

m
p
c
a
t
a
a
a
o

r
f
c
a
f
p
l

r
t
t
b
s

. INTRODUCTION
bsorption, scattering, and extinction cross sections are
oncepts that are fundamentally important for character-
zing electromagnetic properties of individual objects [1].
hese concepts are now being applied in nanophotonics to

ndividual nanoparticles [2–4], including individual split
ing resonators [5], and optical antennas [6].

Following the observation of strongly enhanced trans-
ission of light through arrays of subwavelength holes in
etallic films [7], there has been a tremendous amount of

esearch on nanoscale apertures [8–10]. Such apertures
re of fundamental interest and form the basic building
locks for many applications in subwavelength optics and
ptoelectronics. The transmission cross section of an indi-
idual aperture, to an extent the dual of the extinction
ross section of a nanoparticle, has been calculated
11–15] and experimentally measured [11,16] for specific
eometries.

In contrast to the existing detailed numerical and ex-
erimental works on individual apertures, here we aim to
llustrate some of the general aspects of the transmission
nd absorption cross sections of resonant apertures with
he use of the temporal coupled-mode theory (CMT). The
emporal CMT provides a general framework for the
tudy of many optical devices [17]. In optics, the temporal
MT is mostly used to describe coupling between reso-
ant cavities and discrete propagating waveguide modes.
ue to its generality, it reduces the understanding of a

omplex system to a few parameters. Recently, the tempo-
al CMT has also been applied to the free-space resonant
cattering of waves [18,19]. References [18,19], however,
nly consider scatterers that have certain cylindrical or
pherical symmetry, or are small compared to the wave-
ength. In this paper, we extend the use of the temporal
MT for calculations of cross sections of objects without
otational symmetry.
0740-3224/10/101947-10/$15.00 © 2
To illustrate our theory, we focus on the simplest of ap-
rtures: the slit. Previously slits have been studied exten-
ively, using modal expansion techniques and numerical
imulations, and their transmission properties have been
haracterized experimentally [11,20–26]. On the applica-
ion side, nanostructured metallic devices based on slits
ave been shown to achieve highly directional emission
27], enhanced transmission [11,28,29], and controlled fo-
using [30–36], as well as improved photodetection (ab-
orption) [37,38]. The theory we set forth applies to slits,
ut equally well to the general case of a resonant aper-
ure.

In our theory, an aperture is treated as a resonance (or
ultiple resonances at different frequencies). The ap-

roach is analytical and, depending on the application,
an account for directivity, surface plasmon excitation,
nd material absorption. The theory demonstrates that
he maximum transmission and absorption cross sections
re only related to the wavelength of the incident light
nd directivity of the aperture’s radiation pattern. Such
n understanding should be beneficial for the design and
ptimization of new optical components.

For the case of the slit, part of our theory constitutes a
eformulation of antenna theory and the concept of an ef-
ective area [39,40]. Indeed, a slit in a metallic film can be
onsidered as an aperture antenna coupled to a similar
ntenna through a transmission line. In fact, concepts
rom radiofrequency theory have already been used to im-
rove nanoantennas [41]. We opt to cast our theory in a
anguage more common and suitable for optics.

In Section 2, we develop the CMT, from which we de-
ive the transmission cross section for the isotropic radia-
or (Subsection 3.A) and the anisotropic radiator (Subsec-
ion 3.B). In Subsection 3.C we introduce a relation
etween transmission cross section and wavelength. Sub-
ection 3.D treats the effect of the excitation of surface
010 Optical Society of America
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lasmons; Subsection 3.E deals with material absorption
n resonant apertures. In Section 4, we derive the absorp-
ion cross section. Finally, we conclude in Section 5.

. TEMPORAL COUPLED-MODE THEORY
o illustrate the theory, we study a single slit in a metallic
lm as a concrete implementation of a resonant aperture

Fig. 1). We consider the whole structure in two dimen-
ions and light with transverse magnetic (TM) polariza-
ion �Ex ,Hy ,Ez�. For the TM polarization, the slit sup-
orts a propagating mode no matter how small is its
idth. A resonance can then be formed due to the reflec-

ions of such a propagating mode at the entrances to the
lit. As a result, the slit can be treated as a resonator
oupled to free space on both sides [23]. We consider a
ingle resonance first. The complex amplitude of the reso-
ator mode is denoted by A, with �A�2 describing the en-
rgy inside the slit.

The CMT describes the interaction between such reso-
ances with the surrounding environment. The surround-

ng environment is described by channels that carry in-
oming and outgoing waves with respect to the resonance
42]. For a given channel, the amplitudes of incoming and
utgoing waves are described by s+ and s−, respectively,
ith �s�2 representing the power in the wave.
Depending on the model used for the metal there can

e different types of channels. One type of channel that is
lways present consists of plane waves propagating in
ree space in different directions. We distinguish between
lane waves that are above (labeled by a subscript T) or
elow (labeled by a subscript B) the film. Also, to facilitate
he description of these plane wave channels, we impose a
eriodic boundary condition with period L (Fig. 2, inset).
n this way the channels become discrete (Fig. 2) and can
n addition be labeled with respect to the parallel wave
ector components of 2�n /L, with n being integers. With
hese subscripts, a wave incident from the top half-space
nto the slit, having a parallel wave vector 2�n /L, for ex-
mple, has its amplitude labeled as sT,n+. Moreover, since
hese are propagating waves, we have

sT,0+ sT,0- sT,n+

sT,n-

sB,0-sB,0+

sB,n+

sB,n-

sT,sp+

sT,sp-

sB,sp+

sB,sp-

x

z

A

ig. 1. CMT of a slit in an optically thick metallic film. The slit
ouples with free-space channels above (with amplitudes sT,n+
nd sT,n−) and below (with amplitudes sB,n+ and sB,n−) the film, as
ell as with the surface plasmon channels (with amplitudes

T,sp+, sT,sp−, sB,sp+, and sB,sp−). The channels are shown as discrete
odes.
�n� � N � ��0L

2�c � = � L

�0
�, �1�

here �0 ��0� is the resonant frequency (wavelength) and
is the speed of light. Thus the total number of channels,
, in free space is finite. We take the limit L→� to re-

over the case of a single slit with a continuum of plane
ave channels.
When the metal is plasmonic, there is a second type of

hannels (labeled by a subscript sp) consisting of plas-
onic surface modes on the top and bottom metal-air in-

erfaces. The amplitudes of these channels at the top and
ottom metal-air interfaces are given as sT,sp+, sT,sp−,
B,sp+, and sB,sp−. Note that here we combine the surface
lasmon channels to the left and the right of the slit. In
nalyses that focus more specifically on surface plasmon
eneration, they could be split up.

We first consider a plane wave normally incident on the
lit, as described by an amplitude sT,0+. In this case, since
here is no incident wave in other channels, the relevant
emporal coupled-mode equations can be written as
17,42,43]

dA

dt
+ �− i�0 + �

n=−N

N

�T,n + �
n=−N

N

�B,n + �T,sp + �B,sp + �a�A

= �2�T,0sT,0+, �2�

sB,n− = �2�B,nA, �3�

sB,sp− = �2�B,spA. �4�

ere �T,n, �B,n, �T,sp, and �B,sp are the amplitude leakage
ates with which the slit mode couples to the free space
nd surface plasmon channels. We also include an intrin-
ic amplitude loss rate �a for the resonance.

Equations (2)–(4) allow us to solve for the transmission
pectrum T���:

kx

2π/L

kZ

θ1 θ2 θ3
θ4

θ5

L

θ0PBC PBC

ig. 2. Channels in k space for a slit in a metallic film with pe-
iodic boundary condition (PBC). kx and kz are the spatial fre-
uencies in the x and z directions. The CMT explicitly makes the
onversion from discrete modes to a continuous spatial spectrum
y assuming a periodic boundary condition and letting the spa-
ial period L, and consequently N, go to infinity at the end of the
alculation. Under this assumption, channels are equally spaced
n spatial frequency kx, but not in angle.
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T��� =
�

n=−N

N

�sB,n−�2 + �sB,sp−�2

�sT,0+�2
=

2�T,0�2 �
n=−N

N

�B,n + 2�B,sp�
�� − �0�2 + � �

n=−N

N

�T,n + �
n=−N

N

�B,n + �T,sp + �B,sp + �a�2 =

2�0�2 �
n=−N

N

�n + 2�sp�
�� − �0�2 + �2 �

n=−N

N

�n + 2�sp + �a�2 .
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n the last step of the derivation we used the fact that the
etup is symmetric for top/bottom and set �n=�B,n=�T,n
nd �sp=�B,sp=�T,sp. Henceforth, we leave out subscripts
or top and bottom. At any frequency, the transmission co-
fficient T��� takes on a value between 0 and 1. For off-
ormal incidence, as described by excitation of the slit
hrough channel sT,m+, with angle �m to the normal, the
ransmission coefficient can similarly be calculated as

T��,�m� =

2�m�2 �
n=−N

N

�n + 2�sp�
�� − �0�2 + �2 �

n=−N

N

�n + 2�sp + �a�2 . �6�

. TRANSMISSION CROSS SECTION
he transmission spectrum T���, as defined in Eq. (5), is
ot very meaningful in the case of a single slit since it de-
ends on the choice of L, as defined by the artificial peri-
dic boundary condition. In this section, we will take the
imit of L→� in order to calculate the transmission cross
ection of a single slit. For a single slit, the transmission
ross section �T��� is defined as the ratio between the to-
al transmitted power and the intensity of an incident
lane wave [44]. It has a dimension of length for our two-
imensional case. In the formalism here, for normal inci-
ence, we will therefore calculate

�T��� =
�

n=−N

N

�sB,n−�2 + �sB,sp−�2

�sT,0+�2/L
= T���L, �7�

n the limit where L→�. For off-normal incidence
hrough channel m, the transmission cross section be-
omes

�T��,�m� =
�

n=−N

N

�sB,n−�2 + �sB,sp−�2

�sT,m+�2/�L cos �m�
= T��,�m�L cos �m.

�8�

he factor cos �m appears because the intensity of the
ave in the mth channel is �sT,m+�2 / �L cos �m�.

. Isotropic Radiation
irst, we evaluate the transmission cross section of a
esonant aperture with an isotropic radiation pattern.
his means that radiation emitted from the aperture has
n equal intensity in all directions outside the metal film.
n example of such an aperture is a deep-subwavelength
lit in a perfect electrical conductor (PEC) film [20]. In
his case, the surface plasmon channels and material loss
re absent, and we consider only those channels that are
ropagating waves in free space.
With our use of a periodic boundary condition, the

hannels provide a uniform sampling of the parallel wave
ector space. As can be seen from Fig. 2, these channels
herefore do not provide a uniform sampling of the angu-
ar space. In order to describe an isotropic radiator, the
oupling constant �n for the nth channel at angle �n needs
o be set to be proportional to its associated arc 	�n
	�sin �n� / cos �n=1/N cos �n. For an isotropic radiator,

he leakage rate to the nth channel �n is then related to
he leakage rate in the normal direction as

�n =
�0

cos �n
. �9�

he total radiative rate to the free-space modes above (be-
ow) the film in the L→� limit is therefore

�
n=−N

N

�n = �0 �
n=−N

N 1

cos �n
= N��0. �10�

Using Eqs. (1), (6), and (8)–(10), the transmission cross
ection spectrum simplifies to

�T,isotropic��,�m� =

2�mL cos �m�2 �
n=−N

N

�n�
�� − �0�2 + �2 �

n=−N

N

�n�2

=

2�0L�2 �
n=−N

N

�n�
�� − �0�2 + �2 �

n=−N

N

�n�2

=
�0

�

1

4Q2

�� − �0

�0
�2

+
1

4Q2

, �11�

here, following the standard definition, the quality fac-
or Q is the ratio between the resonant frequency and the
ull width at half-maximum of the resonance line shape:
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Q =
�0

4 �
n=−N

N

�n

. �12�

rom Eq. (11), we see that the spectrum has a Lorentzian
ine shape, and that the transmission cross section
eaches a maximum of

�T,isotropic��0,�m� =
�0

�
�13�

t the resonant frequency. For the isotropic aperture, the
ross section is also isotropic in the sense that it does not
epend on the angle of incidence. The maximal transmis-
ion cross section scales linearly with the wavelength of
he incident light. Moreover, it is independent of the slit
idth and can thus be much larger than the aperture’s
eometric cross section. The derivation that we presented
bove is straightforwardly generalized to the three-
imensional case of the resonant aperture coupling two
alf-spaces (Appendix A).
We now verify the theory with finite-difference

requency-domain (FDFD) simulations [45] of a 150 nm
arrow slit in a 1 
m thick film made of a PEC. We first
erify that such a slit indeed behaves as an isotropic ra-
iator. To generate the radiation pattern, we excite the
tructure by placing a source inside the slit and generate
contour plot [Fig. 3(b)] of the resulting magnetic field in-

ensity in the free space. The contours are to a good ap-
roximation circular, confirming isotropic radiation.
To calculate the transmission cross section, we excite

he structure with a normally incident plane wave and
alculate the total transmitted power at the exit surface
f the slit. The transmission cross section �T��� is then
btained by normalizing such transmitted power with re-
pect to the incident flux. The blue dots in Fig. 3(a) show
he simulated transmission cross section as a function of
avelength. The transmission cross section is normalized
ver the slit width to give a measure of the enhancement.

We compare the simulated cross section with the theory
s outlined above. The simulated cross section indicates
hat the structure supports multiple resonances. We de-
cribe the cross section of the ith resonance using Eq. (11),
ith a quality factor Qi. Since these resonances are spec-

rally well separated, we take into account the effect of
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σ
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z
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m
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T

(a)

(b)

ig. 3. (Color online) Single slit in a PEC. (a) The theoretical
ormalized transmission cross section spectrum (green curve)
nd from FDFD simulations (blue dots). The straight red line in-
icates the maximal transmission cross section of an isotropic ra-
iator. (b) Contour plot of the magnetic field intensity for the
ingle slit excited at 1.176 
m.
ultiple resonances by summing over the cross sections
T,i��� of all resonances. As a result

�T��� = �
i

�0,i

�

1

4Qi
2

�� − �0,i

�0,i
�2

+
1

4Qi
2

= �
i

�T,i���. �14�

heory [green curve in Fig. 3(a)] and simulations are
ound to be in good agreement. In particular, the peak
ransmission cross section can be well approximated by
he maximal transmission cross section �� /�� of a single
sotropic radiator [red line in Fig. 3(a)]. The simulation
hus provides a direct confirmation of the analytical
heory. Note that the CMT is a theory of resonances. It
hould in principle only be valid in the vicinity of the in-
ividual resonances, and individual resonances can be
dded if they are spectrally sufficiently separated. We
nd empirically that summing the resonances gives a
ood idea of the global spectral behavior.

. Anisotropic Radiation and Directivity
or a single resonant aperture, it is possible to achieve a

ransmission cross section that goes beyond the limit of
/� for the isotropic case by creating anisotropy in the ra-
iation pattern [11,27,28]. This can be done, for instance,
y introducing surface corrugation (Fig. 4) or by modify-
ng the entrances to the slits (Fig. 5).

To illustrate that our formalism also describes such an-
sotropic cases, we start by calculating the transmission
ross section for normally incident light. For this purpose,
e define the directivity D in the normal direction (in the
→� limit) [46]:

D =
�0N�

�
n=−N

N

�n

. �15�

he higher the leakage rate to channel 0, the more nor-
ally directional the structure will be. The theory then

ncorporates directivity as follows:

x (µm)

z
(µ
m
)

(a)

(b)
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σ
/w T

λ (µm)
1 2 3

ig. 4. (Color online) Slit with surface corrugation. (a) The the-
retical normalized transmission cross section spectrum (green
urve) and from FDFD simulations (blue dots). The straight red
ine shows the maximal transmission cross section of an isotropic
adiator. (b) Contour plot of the magnetic field intensity for the
tructure excited at 1.168 
m shows directional emission.
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�T��� =
D�0

�

1

4Q2

�� − �0

�0
�2

+
1

4Q2

= D�T,isotropic���. �16�

This result can be easily generalized for other direc-
ions. By defining an angle-dependent directivity,

D��m� =
�mN� cos��m�

�
n=−N

N

�n

, �17�

e obtain the transmission cross section for light incident
t an angle �m:

�T��,�m� = T��,�m�L cos��m�

=

2�mL cos��m��2 �
n=−N

N

�n�
�� − �0�2 + �2 �

n=−N

N

�n�2

=
D��m��0

�

1

4Q2

�� − �0

�0
�2

+
1

4Q2

= D��m��T,isotropic���.

�18�

or an anisotropic radiator, an increased directivity for
adiation in a certain direction is directly related to the
nhanced transmission cross section for light coming in
rom that direction. From Eq. (17) it is clear that there ex-
sts a trade-off between a large transmission cross section
nd a large angular range of operation.
We now confirm the theory developed in the previous

aragraphs through numerical simulations. For this pur-
ose we consider two different structures (Figs. 4 and 5).
he structure in Fig. 4 consists of the same slit in the
EC as in Fig. 3 with a width of 150 nm. The slit is placed

n the middle of an array of grooves 150 nm wide and 120

−1 0 1

0

1

2

3

x (µm)

z
(µ
m
)

(a)

(b)

λ (µm)
1 2 3

σ
/w T

0

4

8

ig. 5. (Color online) Slit with wider slits at its ends. (a) The
heoretical normalized transmission cross section spectrum
green curve) and from FDFD simulations (blue dots). The
traight red line shows the maximal transmission cross section of
n isotropic radiator. (b) Contour plot of the magnetic field inten-
ity for the structure excited at 2.370 
m shows directional
mission.
m deep, spaced 1 
m apart. For the structure in Fig. 5, r
e instead modify the entrance and exit ends of the 150
m wide slit by placing slits that are 1.5 
m wide and
.5 
m deep at both ends.
We obtain the directivities at resonant wavelengths for

oth structures in Figs. 4 and 5 from simulations. We ex-
ite the mode inside the slit and generate the radiation
attern. A far-field flux FFF over one grid point 	x, at a
istance zFF directly above the slit, is then compared to
he total flux emitted, Ftot, to obtain the directivity D
FFFzFF� / �Ftot	x�. We choose the distance zFF to be suf-
ciently far, i.e., in such a way that the numerically de-
ermined directivity becomes independent of zFF. The
ransmission cross section of the structure at normal in-
idence is obtained in the same way as the case in Fig. 3.

The transmission cross sections of both structures in
igs. 4 and 5 exhibit resonance with peak transmission
ross sections well beyond � /� [at �=1.168 
m in Fig.
(a) and at �=2.370 
m in Fig. 5(a)]. At the peak wave-
engths of these resonances, the radiation patterns [Figs.
(b) and 5(b)] show strong anisotropy, with stronger ra-
iation in the normal direction. The theoretical cross sec-
ion spectra in the vicinity of these resonances, with the
irectivity obtained from simulations (D=2.67 at �

1.168 
m and D=1.91 at �=2.370 
m), agree quite well
ith the direct numerical simulation of the cross section
f the structure. The simulations thus provide a direct
onfirmation of the mechanism for enhancing the cross
ection by way of achieving a stronger directivity.

. Angular Sum Rule for the Peak Transmission Cross
ection
he previous results also allow us to derive a general sum
ule regarding the peak resonant transmission cross sec-
ion of a single resonance:

	
−�/2

�/2

�T��0,��d� = �
m=−N

N

�T��0,�m�
1

N cos �m

=
�0

� �
m=−N

N

D��m�
1

N cos �m

=
�0

� �
m=−N

N �m�

�
n=−N

N

�n

= �0. �19�

his relation is equally valid for anisotropic and isotropic
adiators. This sum rule summarizes, in a very compact
ashion, the trade-off between directivity and transmis-
ion cross section as discussed in detail in Subsection 3.B.
t is important to note here that the concept of directivity
s related to the existence of a single resonance. If mul-
iple resonances are present, radiation pattern and direc-
ivity can no longer be unambiguously defined since these
hen depend on the phase and amplitude excitation of the

esonances.
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. Surface Plasmons
e now consider the case of a single slit aperture in a

lasmonic metal. In contrast to the case considered above,
here the metal is a PEC, with a plasmonic metal there
xist surface plasmon modes at the top and bottom sur-
aces of the metal film. These surface plasmon modes pro-
ide additional channels that the resonance in the slit can
ouple into. Taking into account the contribution from the
dditional surface plasmon channels, the transmission
ross section of the slit in the presence of normally inci-
ent light can be derived as

�T��� =

2�0L�2 �
n=−N

N

�n + 2�sp�
�� − �0�2 + �2 �

n=−N

N

�n + 2�sp�2

=

2�0L

2 �
n=−N

N

�n + 2�sp

�2 �
n=−N

N

�n + 2�sp�2

�� − �0�2 + �2 �
n=−N

N

�n + 2�sp�2

=
D�0

�

2 �
n=−N

N

�n

2 �
n=−N

N

�n + 2�sp

�2 �
n=−N

N

�n + 2�sp�2

�� − �0�2 + �2 �
n=−N

N

�n + 2�sp�2

=
G�0

�

1

4Q2

�� − �0

�0
�2

+
1

4Q2

= G�T,isotropic���, �20�

ith G defined as [47]

G =

2 �
n=−N

N

�n

2 �
n=−N

N

�n + 2�sp

D = erD, �21�

nd

Q =
�0

4� �
n=−N

N

�n + �sp� . �22�

n Eq. (21) D is the directivity that characterizes the ra-
iation pattern of an antenna. It is defined the same as
efore [Eq. (15)]. In the presence of surface plasmon chan-
els, Eq. (21) shows that, in addition to the directivity, the
ransmission cross section is now also related to the ra-
iation efficiency er, which for a radiating antenna is the
atio between the radiated power and the input power.
In the presence of surface plasmon channels, our
heory therefore shows that the transmission cross sec-
ion will be lowered for the single aperture since the sur-
ace plasmon acts as a loss channel. This is in contrast
ith the extensively studied phenomenon of extraordi-
ary transmission [7–10], which occurs in arrays of aper-
ures, and generally results from the evanescent leakage
f a surface resonance through the holes.

To compare theory to simulation, we consider the case
f a slit in a gold film [Fig. 6(a)]. To illustrate the theory in
he absence of the material loss, here we describe gold us-
ng only the real part of its tabulated dielectric constant
48]. We obtain the values of G from simulations at the
esonant wavelengths. We excite the slit and measure the
otal flux delivered to the aperture, Ftot. This flux line is
laced inside and perpendicular to the slit, at 0.5 
m
rom the exit plane, in order to include the part of the
ower delivered to the surface plasmon channel inside the
etal film. We then find the flux FFF over a line that is

ne grid point 	x long, at a distance zFF, directly above
he slit, in the far field. This leads to
=FFFzFF� / �Ftot	x�. The simulated values for G at 2.857,

.367, 0.893, and 0.676 
m are, respectively, 0.96, 0.92,

.88, and 0.83.
Since the surface plasmon excitation is most prominent

t the shorter wavelengths, we will focus on the peak at
.676 
m [Fig. 6(b)]. The numerically obtained transmis-
ion cross section agrees quite well with Eq. (20) using the

factor as obtained numerically above. At this wave-
ength, due to the penetration into the metal, the slit ap-
ears wider and has a higher directivity than the corre-
ponding PEC case, which enhances the cross section at
ormal incidence. The surface plasmon channel, on the
ther hand, provides an additional leakage channel that
educes the cross section. As a result of these two conflict-
ng trends, for this particular structure, the assumption
f a more realistic plasmonic metal model has led to a
ower transmission cross section.

. Absorption
he general theory of the resonance [Eq. (2)] includes a

oss channel, with loss rate �a, resulting from material
bsorption. In the presence of material loss, the transmis-
ion cross section of a single resonance is
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ig. 6. (Color online) Single slit in real metal (gold). (a) The the-
retical normalized transmission cross section spectrum (green
urve) and from FDFD simulations (blue dots). The straight red
ine indicates the maximal transmission cross section of an iso-
ropic radiator. (b) Contour plot of the magnetic field intensity for
he single slit excited at 0.676 
m shows strong excitation of the
urface plasmon.
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�T��� =

2�0L�2 �
n=−N

N

�n�
�� − �0�2 + �2 �

n=−N

N

�n + �a�2

=
D�0

�

�2 �
n=−N

N

�n�2

�� − �0�2 + �2 �
n=−N

N

�n + �a�2 . �23�

hus the presence of the loss reduces the peak transmis-
ion cross section.

As a numerical test of the theory, we simulate the
ransmission cross section of the same structure as shown
n Fig. 3(a), except that the slit is now filled with a lossy
ielectric with a refractive index of 1−0.02i. In order to
ompare to the theory, we note that the absorption rate �a
an be calculated approximately analytically as (Appen-
ix B)

�a =
cnik0

nr
, �24�

ith nr and ni being the real and imaginary parts of the
efractive index of the absorbing material inside the slit.
quation (24) provides a good first estimate of the absorp-

ion rate. All the other parameters of the theory are the
ame as the lossless slit. The result of the theory indeed
grees well with the direct numerical simulations (Fig. 7).

. ABSORPTION CROSS SECTION
hotodetectors based on a resonant aperture have been
hown to improve the signal/noise ratio [37], to help min-
aturization [49], and to improve speed [50]. In these
ases, the active semiconductor materials are placed in or
round the apertures. The operation of devices relies
pon achieving absorption cross sections that exceed the
eometrical cross section of the aperture. Understanding
he behavior of the absorption cross section in these sys-
ems is therefore crucial.

PEC
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6
σ
/w T

ig. 7. (Color online) Single slit in a PEC, containing an absorb-
ng material. The theoretical normalized transmission cross sec-
ion spectrum (green curve) and from FDFD simulations (blue
ots). The straight red line indicates the maximal transmission
ross section of an isotropic radiator.
Here we use the slit to illustrate the temporal CMT for-
alism as applied to the design consideration of this type

f photodetector. We consider an absorbing material in
he slit and the bottom of the slit closed off with a PEC
Fig. 8, inset). The absorption cross section is defined as

�A��� =
PA���

Finc���
, �25�

ith PA being the absorbed power. In the absence of chan-
els below the film, the absorption cross section for the
etector, excited from the top with normally incident
ight, is derived as

�A��� =
4�a�0L

�� − �0�2 + � �
n=−N

N

�n + �a�2

=
D�0

�

2�a�2 �
n=−N

N

�n�
�� − �0�2 + � �

n=−N

N

�n + �a�2 . �26�

nder the critical coupling condition

�
n=−N

N

�n = �a, �27�

he resonant absorption cross section is maximized as

�A��0� =
D�0

�
. �28�

ur theory thus indicates that the absorption cross sec-
ion can be maximized by reaching the critical coupling
ondition and by enhancing the directivity of the aper-
ure.

As a simple numerical illustration of the effect of criti-
al coupling, we calculate the absorption cross section of
he same (approximately isotropically radiating) slit in a
EC, closed off at the bottom and filled with a lossy di-
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ig. 8. (Color online) Absorption cross section of the slit. The
heoretical normalized absorption cross section (green curve) and
rom FDFD simulations (blue dots) for non-critical coupling and
or critical coupling (orange curve with purple triangles). The
traight red line indicates the maximal absorption cross section
f an isotropic radiator.
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lectric material (Fig. 8). When the lossy dielectric has an
ndex of 1−0.02i, the structure is not critically coupled, as
s evident from the fact that the absorption cross section
n resonance (lower curve) lies below the isotropic limit,
ndicated by the straight red line. By increasing the ab-
orption in the material (refractive index 1−0.072i), criti-
al coupling can be achieved, leading to maximized ab-
orption at the resonant frequency, as demonstrated by
he upper curve. Further increasing the absorption loss
eyond the critical coupling condition, however, leads to a
egradation of the resonant absorption cross section.
hus, in optimizing aperture-based photodetectors, one
annot simply use the material with the highest absorp-
ion coefficient.

. DISCUSSION AND CONCLUSIONS
e presented the derivation of the transmission cross sec-

ion of a resonant aperture that couples two half-spaces
ased on the temporal coupled-mode theory (CMT). Our
heory incorporates the effects of directivity, surface plas-
on excitation, and material loss. The theory indicates

hat for an isotropic aperture, its maximum transmission
ross section is independent of the geometry of the aper-
ure, but instead only depends on the wavelength. Our
heory also shows that the transmission cross section can
e increased by enhancing the directivity. We have also
pplied our theory toward the absorption cross section of
perture-enhanced photodetectors and derived a critical
oupling condition that maximizes the performance of
uch a detector.

Our formalism constitutes a reformulation of antenna
heory and capture cross sections, in terms of a single
esonant element. In antenna theory, the slit would have
een considered as an aperture antenna coupled to a simi-
ar antenna through a transmission line. A transmission
r absorption cross section is maximized when the an-
enna load is matched. For transmission, this can be
chieved when the aperture antenna at the other side of
he transmission line is identical; for absorption, as we
emonstrated, this requires a specific refractive index for
he material inside the slit. We believe that our formalism
s more general—it only relies upon the existence of a
esonance in the system and therefore is applicable to
ases where the description of the transmission line is not
mmediately apparent, such as many optical antenna
tructures [51–54].

PPENDIX A: THREE-DIMENSIONAL CASE
onsider the case of a resonant aperture of finite extent

n both x and y directions in a film of finite thickness in
he z direction. The transmission, in the absence of loss or
urface plasmons, is

T��� =
�

m,n=−N

N

�sm,n−�2

�s0,0+�2
=

2�0,0�2 �
m,n=−N

N

�m,n�
�� − �0�2 + �2 �

m,n=−N

N

�m,n�2 ,

�A1�

here we now have a periodic boundary condition in both
and y directions and, consequently, discretization in
oth kx and ky, resulting in �2N+1�2 channels, with indi-
es m and n. The following identity holds for the isotropic
adiator:

�
m,n=−N

N

�m,n = �0,0 �
m,n=−N

N 1

cos �n cos �m
= 2N2��0,0,

�A2�

nd the transmission cross section is derived as

�T,isotropic��� =

2�0,0L2�2 �
m,n=−N

N

�m,n�
�� − �0�2 + �2 �

m,n=−N

N

�m,n�2

=

L2

2N2�
�2 �

m,n=−N

N

�m,n�2

�� − �0�2 + �2 �
m,n=−N

N

�m,n�2

=
�0

2

2�

1

4Q2

�� − �0

�0
�2

+
1

4Q2

. �A3�

he transmission cross section for the isotropic radiator
n resonance is then

�T,isotropic��0� =
�0

2

2�
. �A4�

n general, however, the radiator in three dimensions will
e directional. A small cylindrical hole, with propagating
ode [10], or a small rectangular hole [14,15] excited by a

lane wave will have more of a dipole character. A dipole
hat is significantly shorter than the wavelength has a di-
ectivity equal to 1.5. Consequently, the transmission
ross section of such an aperture will be approximately
�0

2 / �4��. For an optically thick film, the transmission
ross section will be a strong signature of the presence or
bsence of the propagating mode. Surface plasmon chan-
els and absorption can be included in a similar way as
escribed for the two-dimensional case.

PPENDIX B: ABSORPTION RATE
he absorption rate �a can be found by considering bulk
aterial with refractive index n=nr−nii. The exponential

ecay over the time it takes to travel an arbitrary dis-
ance 	 equals the exponential decay as a function of po-
ition:

exp�− 2�anr	

c � = exp�− 2nik0	�, �B1�

nd the absorption loss rate is

�a =
cnik0

nr
. �B2�
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