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Two-pulse echo experiments in the spectral diffusion regime
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The two-pulse echo sequence is examined for the case in which the frequency modulation timetm

of the transition is intermediate between the well known limiting cases of very fast modulation
~motional narrowing! and very slow or static modulation~inhomogeneous broadening!. Within this
spectral diffusion regime, the interpretation of the echo decay differs markedly from standard
treatments. If the frequency-frequency correlation function initially decays as 12tb, the echo decay
time TE is proportional totm

b/(b12) . These results reduce to those of Yan and Mukamel@J. Chem.
Phys. 94, 179 ~1991!# for b51. Drawing on a viscoelastic model, the theoretical results are
compared to viscosity and temperature dependent vibrational echo experiments on myoglobin–CO.
A tm

1/3 dependence is observed, as is predicted for an exponential decay of the frequency–frequency
correlation function. ©2000 American Institute of Physics.@S0021-9606~00!51132-5#
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I. INTRODUCTION

Although an isolated spectroscopic transition is a use
ideal, in most real systems, the spectroscopic transitions
perturbed by a variety of interactions, both static and
namic. Echo spectroscopy is a well-known and gene
method for discriminating between interactions occurring
different time scales. The two-pulse echo experiment w
first introduced as the nuclear magnetic resonance~NMR!
spin echo in 1950.1 Essentially the same pulse sequence w
applied to electronic excited states as the photon ech
1964.2 Recently, this sequence has been applied on ultra
time scales to molecular vibrations in condensed ma
systems3 and called the Raman4–9 or infrared vibrational
echo.10–20Similar ideas are being used in fifth-order echo
which have been applied primarily to intermolecular, rath
than intramolecular, vibrations.3,21

Standard treatments of echo spectroscopy describe
extreme limits.22–24 Very fast processes, which produce h
mogeneous dephasing and a motionally narrowed spe
scopic line, and very slow or static processes, which prod
an inhomogeneously broadened spectroscopic line. In s
dard applications, the echo experiment extracts the hom
neous linewidth from a transition dominated by inhomog
neous broadening. However, there is a broad range
modulation times between these limits, where the echo
haves quite differently from these standard treatments. P
cesses with such intermediate modulation times cause w
is often called spectral diffusion. Although the effect of spe
tral diffusion on two-pulse echoes has been no
before,25–27 there has been little work exploiting this tec
nique for the study of spectral diffusion.28 In this paper, we

a!Telephone: 803-777-1514; Fax: 803-777-9521. Electronic m
berg@mail.chem.sc.edu

b!Present Address: Los Alamos National Laboratory, Los Alam
NM 87544.
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explore the consequence of spectral diffusion for two-pu
echo in more depth, with an aim toward facilitating the i
terpretation of experimental data. A recent example of tw
pulse infrared echoes on the CO vibration of myoglobin
used to illustrate the utility of the resulting ideas. Wi
proper interpretation, the two-pulse echo becomes a pow
ful tool for measuring the spectral diffusion processes wh
are common in condensed-phase systems.

Modulation timestm are classified with respect to th
typical size of the frequency perturbationDm .29,30 If Dmtm

!1, the process is motionally narrowed and the dephas
linewidth is homogeneous. The echo measures a depha
time T2 in the sense of the Bloch equations.24 It does not
measure the modulation time directly, althoughT2 and tm

can be related by an appropriate model.
If the modulation time is long enough to prevent m

tional narrowing,Dmtm@1, but fast enough to be exper
mentally significant, the process is classified as spectral
fusion. Spectral diffusion can be studied using three-pu
stimulated echoes22–24,27 or the time-dependent versions o
hole burning or fluorescence line narrowing.31–33

Relatively little attention has been paid to two-pulse ec
oes in the spectral diffusion range. Older work focused
models appropriate for spin resonance34–36 or gas-phase
collisions.28 General expressions for the echo signal with
bitrary modulation times were derived by Loring an
Mukamel.37 Yan and Mukamel looked at the case of an e
ponential spectral diffusion process embedded in a broad
homogeneous line.25 They pointed out that in this case, th
two-pulse echo decay is cubic on a semilog plot and
characteristic decay time is proportional to the cube-root
the modulation time. We and our coworkers previous
looked at the special case of a distribution of modulat
times spread over a very broad, continuous range span
the fast modulation and spectral diffusion ranges.31,38–40This
case frequently occurs in low temperature glasses.
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showed that the two-pulse echo measures a slower time~nar-
rower line! than the stimulated echo, or any other four-tim
correlation-function experiment. However, we did not exa
ine the effect of changing a single well-defined modulat
time across this region.

In the following, we analyze the influence of modulatio
time on the two-pulse echo observable. In Sec. II, we re
amine a simple, but common model in which the dynam
process decays exponentially and is embedded in a
broad inhomogeneous line.25,27,29,30When the modulation is
fast, we recover the standard echo result. The echo d
time TE is equal to a dephasing timeT2 in the sense of the
Bloch equations. The process is motionally narrowed, so
tm increases,TE decreases. However, astm continues to
increase into the spectral diffusion range, there is a turn o
and subsequent increases intm are directly mirrored in in-
creases ofTE . The echo no longer measures a dephas
time in the Bloch sense, and the interpretation of the e
time as an inverse linewidth breaks down. In the spec
diffusion regime, the echo decay is more directly related
the underlying modulation time, specificallyTE}tm

b/(b12) ,
whereb is related to the early time behavior of the modu
tion. This dependence is often weak, making the echo us
over a very wide range of modulation rates.

Recently a number of detailed vibrational echo stud
have been performed on the CO stretching mode of the
teins, myoglobin–CO~Mb–CO!13–16,41 and hemoglobin–
CO.42 In Sec. III, a TE}(h/T)1/3 dependence is found
experimentally in the myoglobin system.13–16,41,42 Of
particular interest here are studies as a function of solv
viscosity, which is equivalent to changingtm . A viscoelastic
model43–45 provides the relationships betweentm and the
solvent viscosityh, and between the magnitude of the fr
quency fluctuationsDm and the temperatureT. Two types of
data will be considered: Data from temperature-depend
experiments, in which the solvent viscosity changes rap
with temperature,16 and isothermal experiments, in which
number of solvents with various viscosities are used.45 It is
found that part of the dephasing is dependent on the sol
viscosity; the remainder persists even at infinite viscos
The viscosity dependent portion of the protein’s structu
fluctuations are associated with the dynamics of the prote
surface.43–45 Using this model, the viscosity dependence
the echo data is found to match the predictions for spec
diffusion driven by an exponentially relaxing environmen

Section IV removes the restrictions on the inhomog
neous width and shape of the correlation function that w
present in Sec. II. In the standard echo model based on
modulation, the presence or absence of inhomogene
broadening significantly changes the interpretation of
echo decay time.23,37In the spectral diffusion range, the ech
behavior is unaffected by the presence of an inhomogene
process in addition to the dynamic one. In fact, the spec
diffusion process does not need to be embedded in a st
inhomogeneous line for the echo to be effective.

Section IV also shows that the exponent relatingTE and
tm is sensitive to the short-time derivative of the frequenc
frequency correlation function. Thus, echo experiments
distinguish between correlation functions with differe
-
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shapes, e.g., exponential, Gaussian, and stretched expo
tial.

Section V briefly looks at the shape of the echo dec
which is predicted to be nonexponential in the spectral d
fusion range. The shape is also diagnostic of the short-t
derivative of the frequency–frequency correlation functio

II. ECHO DECAY TIMES FOR ARBITRARY
MODULATION TIMES

We start with a standard stochastic model for echo sp
troscopy in which the material is represented as two spec
scopic levels separated by a time-dependent freque
v(t).27,29,30The deviation of the frequency from its averag
dv(t)5v(t)2^v(t)&, is the sum of two stochastic pro
cesses

dv~ t !5dvm~ t !1dvsl~ t !. ~1!

The process causingdvsl(t) is very slow or static, has a
mean-squared magnitude

Dsl
25^dvsl

2&, ~2!

and corresponds to inhomogeneous broadening in stan
treatments. Our interest is focussed on the process cau
dvm(t), which is characterized by a mean-squared mag
tude

Dm
2 5^dvm

2 ~0!&, ~3!

and a frequency–frequency correlation function

Cv~ t !5
1

Dm
2 ^dvm~ t !dvm~0!&. ~4!

This process is also has a characteristic decay timetm ,
which can be taken to be the integral decay time

tm
i 5E

0

`

Cv~ t !dt. ~5!

~In Sec. IV, a slightly different choice for the characteris
time will be used.! In standard treatments, this correlatio
function is assumed to decay rapidly, and it creates hom
enous broadening. We will allow arbitrary decay times.

Assuming Gaussian statistics and making a cumulant
pansion, the decay of the two-pulse echo signal with pu
separationt has been derived by Mukamel.27,37 In the limit
of delta-function light pulses

SE~t!5E
0

`

expH 24~Dmtm!2FCwS t

tm
D2

1

2
CwS t1t

tm
D

1CwS t

tm
D G J exp@2Dsl

2~ t2t!2#dt, ~6!

Equation~6! is written in terms of

Cw~x!5E
0

xE
0

x8
Cv~x9tm!dx9dx8, ~7!

which is a unitless function of the scaled time,x5t/tm .
Using the same definitions, the signal from a fre

induction-decay~FID! experiment~the Fourier transform of
the absorption line shape! is
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SFID~t!5expF22~Dmtm!2CwS t

tm
D Gexp@2Dsl

2t2#. ~8!

We also consider a hypothetical FID experiment in which
effects of the nearly static process~inhomogeneous broaden
ing! are completely removed

S̄FID~t!5expF22~Dmtm!2CwS t

tm
D G . ~9!

Experimental decay times are defined as the integral of
full decay, i.e., for the echo

TE

4
5

1

SE~0!
E

0

`

SE~t!dt, ~10!

and for the FID without inhomogeneous broadening

T̄FID

2
5

1

S̄FID~0!
E

0

`

S̄FID~t!dt. ~11!

If the signals decay exponentially, these expressions give
standard decay times, but this definition of a decay time
also applicable to nonexponential decays. These definit
allow us to postpone discussion of the decay shape u
Sec. V.

Initially, we take the limit of very large inhomogeneou
broadening,Dsl→`. In this case

DmTE54~Dmtm!

3E
0

`

exp24~Dmtm!2~2Cw~x!2 1
2Cw~2x!!]dx ~12!

and

DmT̄FID52~Dmtm!E
0

`

exp@22~Dmtm!2~Cw~x!!#dx. ~13!

Regardless of the form or decay rate of the frequenc
frequency correlation function, the echo decay time is a o
a function of the modulation time, if both times are scaled
the modulation amplitude. In Sec. IV, an example is sho
where these relationships transfer to an experimental vis
ity and temperature scaling of the echo decay time@see Eq.
~23!#.

For large and small modulation times, Eqs.~12! and~13!
reduce to standard results. In the limit of fast modulati
i.e., Dmtm!1, the integrand of Eq.~7! decays very rapidly,
so Eqs.~12! and ~13! yield

DmTE5
1

Dmtm
, ~14!

DmT̄FID5
1

Dmtm
. ~15!

The echo gives the same result as a hypothetical FID exp
ment with the inhomogeneous broadening removed. Its
cay time is equal to the standard motionally narrowed hom
geneous dephasing timeTE5T251/Dm

2 tm .29,46

The case of particular interest here is that of an interm
diate modulation time, wheretm is slow compared to the
inverse magnitude of the energy fluctuations, i.e.,Dmtm
e
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@1, but is still fast compared to the very slow or static pr
cess responsible for inhomogeneous broadening. In
limit, the integrand in Eq.~12! decays toward zero for sma
values ofx. If the frequency–frequency correlation functio
is taken to be an exponential

Cv~ t !5expS 2t

tm
D , ~16!

and only the lowest order terms inx5t/tm are retained, Eq.
~12! reduces to

DmTE5~ 4
3!

2/3G~ 1
3!~Dmtm!1/3, ~17!

whereG(x) is the standard gamma function.47 This result is
essentially the same as that derived by Yan and Muka
from a closely related Brownian oscillator approach.25 In the
extreme limit thattm→`, the echo does not decay. Th
result corresponds to the standard finding that static inho
geneous broadening does not cause echo decay. Howev
the frequency fluctuations are on an intermediate time sc
i.e., they are spectral diffusion, the relatively slow modu
tions of the frequency do cause the echo to decay. For
exponential correlation function considered here, the e
decay time is proportional totm

1/3. However, Sec. IV will
show that this result is not general for other correlation fu
tions.

The key point is that the interpretation of the echo dec
changes between the fast modulation and spectral diffu
regimes. Unlike the fast modulation case, the echo de
time in the spectral diffusion regime does not correspond
the inverse linewidth of a simple frequency-domain expe
ment. Nor does it correspond to a dephasing time in
standard sense. Rather the echo decays on a time sca
rectly determined by the frequency-modulation timetm .
Furthermore, in the spectral diffusion regime, the echo de
increases with the modulation time, but with a weak pow
law dependence. This contrasts with the fast modulat
case, where the echo decay time is inversely proportiona
the modulation time.

Figure 1 illustrates these ideas with numerical calcu
tions of Eqs.~12! and~13! for arbitrary values ofDmtm and
an exponential frequency–frequency correlation funct
@Eq. ~16!#. The scaled echo~solid curve! and modified-FID
~dashed curve! decay times are shown on a log plot again
the scaled modulation time. In the fast modulation regim
shown on the left side of the plot, the echo experiment is
same as a FID in which the inhomogeneous broadenin
eliminated. Both decay times decrease as the modula
time increases. This region corresponds to motionally n
rowed, homogeneous line broadening. The echo decay
is the conventionally defined homogeneous dephasing ti

As the modulation slows pastDmtm;1, the FID makes
a transition from ‘‘homogeneously’’ broadened to ‘‘inhomo
geneously’’ broadened, and the FID-decay time~linewidth!
becomes independent of the modulation rate. Because s
inhomogeneous broadening (Dsl) was not included in the
FID calculation, the width of the FID line~Fourier transform
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of the FID decay! reflectsDm . In contrast, the echo deca
time is still affected by the modulation. The echo decay ti
increases with the modulation time, asymptotically reach
a cube-root dependence ontm .

In any system at equilibrium, there are no truly sta
processes, only relatively slow ones. Thus it is importan
consider what condition allows a process to be treated
quasi-static in an echo experiment. In most systems, a
tional processes that we have not considered explicitly
also cause dephasing with a decay timeT28 . Even if there are
no other pure dephasing processes, the excited-state life
T1 is an additional contribution to the total dephasing. D
cays arising from thetm-process cannot be observed if th
are much longer than the dephasing time resulting from th
other processes. This cutoff time is illustrated as a das
line in Fig. 1. If the modulation time is sufficiently long, th
contribution toTE from spectral diffusion exceeds this cu
off, and the effects of thetm-process become unobservab
The quasi-static limit,tm→`, is appropriate in this case, an
we recover the standard result that a sufficiently slow proc
is eliminated from the echo decay. However, the distinct
between spectral diffusion and the quasi-static regime is
inherent to the modulation process itself; it is determined
competition with other dephasing processes.

Using a unified treatment of the echo across both
modulation and spectral diffusion regimes, the range
modulation times where the echo can be measured is
proximately

1

T28Dm
2 &tm&Dm

2 T28
3. ~18!

As an example, ifT1 is the only contribution to the limiting

FIG. 1. The scaled echo~solid curve! and modified-FID~dashed curve!
decay times calculated for an exponential frequency–frequency correl
function are shown on a log plot against the scaled modulation timetm . The
standard results are obtained for fast modulation~Dmtm!1, motional nar-
rowing regime!. As the modulation slows, the spectral diffusion regim
(Dmtm@1) is entered. The FID makes a transition from ‘‘homogeneous
broadened to ‘‘inhomogeneously’’ broadened, and the FID-decay time~in-
verse linewidth! becomes independent of the modulation rate. In contr
the echo decay time is still affected by the modulation. The echo-decay
increases with the modulation time, asymptotically reaching the cube-
dependence of Eq.~17!. Other processes set a cutoff on the maximum o
servable echo decay time~dotted line!. The quasi-static approximation i
appropriate when the echo decay time exceeds this cutoff.
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dephasing timeT28 , and if we assume a typical vibrationa
lifetime, then environmental modulation times from;10213

to ;1027 s could be detected by vibrational echo expe
ments. Thus, two-pulse echo experiments have a dyna
range for modulation times much larger than the range
pulse separations. The apparently paradoxical aspects o
result are clarified in Sec. IV.

III. COMPARISON WITH EXPERIMENTS ON PROTEIN
DYNAMICS

The properties of the echo derived above are well illu
trated by the example of myoglobin–CO. In this system,
solvent modulates the protein, and in turn, the protein mo
lates the CO. The resulting fluctuation of the CO frequen
lies within the spectral diffusion regime. Thus the echo d
cay times are directly related to the rate of solvent-induc
modulations of the protein structure. Another publicati
will thoroughly discuss the experimental results and th
meaning in terms of protein structural fluctuations.45 Here,
we present a limited amount of data and only sufficient ba
ground so that the experimental results can be compare
the predictions of the theory presented above, in particula
Eq. ~17!.

Recently, the ultrafast infrared vibrational echo tec
nique has been applied to the study of the protein dynam
of myoglobin–CO~Mb–CO!13–16,41and hemoglobin–CO.42

The vibrational echo measurements of the pure dephasin
the CO stretching mode are sensitive to the complex pro
dynamics communicated to the CO ligand bound at the
tive site of the protein.13–16,41 Unlike other ultrafast
techniques,48,49 which involve electronic excitation of chro
mophores, the vibrational echo experiments directly exam
fluctuations of protein structure on the ground-state poten
surface.

The experimental method and procedures have been
cussed in detail previously.13–16,41Infrared~IR! pulses of;1
ps duration and;15 cm21 bandwidth are tuned to theA1 CO
stretching mode of Mb–CO. Two pulses are crossed in
sample at a small angle. The echo signal is detected at
phase matching angle as a function oft, the delay time be-
tween the two excitation pulses. The temperature was va
using a constant-flow cryostat. At each temperature
vibrational-echo decay and a pump–probe decay were
corded. Within experimental error, both decays could be
to exponentials. The echo decay givesTE , and the pump–
probe decay gives then51 lifetime T1 . The pure dephasing
time TE* is determined from

1

TE
5

1

TE*
1

1

2T1
. ~19!

In the derivations given above,T1 was not included, soTE*
corresponds to the echo times calculated above.

An IR vibrational-echo study was performed on Mb–C
in a variety of solvents at room temperature~295 K!.45 The
solvents were chosen to have a wide range of viscosities.
viscosity of each solvent with protein was measured. T
pure dephasing data display a significant dependence on
solvent viscosity. The mechanism of coupling of prote
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structural fluctuations to the CO vibrational transition fr
quency has been discussed in detail previously.15 Here we
are interested in the role that the protein’s surface motio
which are sensitive to the solvent viscosity, have on the
pure dephasing.

In addition to the isothermal experiments, temperat
dependent IR vibrational echo experiments on Mb–CO
the solvents trehalose and a 50:50~v:v! ethylene glycol:wa-
ter ~pH 7 0.1 M sodium phosphate buffer! mixture ~hereafter
referred to as EgOH! were performed.16 The temperature de
pendent pure dephasing in the two solvents are identical
low ;150 K. However, the dynamics are dramatically d
ferent above this temperature. In the experiments w
Mb–CO in trehalose, the solvent is a glass at all tempe
tures studied~10–310 K!. The data arise from the protei
dynamics with fixed, essentially infinite, viscosity, and the
fore, there is no significant change in the protein surfa
dynamics with temperature. The surface topology is fix
The EgOH sample displays a much steeper temperature
pendence than the trehalose sample does above the E
glass-transition temperature at;130 K. The change in the
pure dephasing with temperature is caused by a comb
viscosity and temperature dependence. Between 130 and
K, the EgOH viscosity changes by more than ten orders
magnitude, but the pure dephasing~attributed to the viscosity
change, see below! only changes somewhat more than o
order of magnitude. This initially surprising disparity is a
tributed to the weak dependence ofTE on tm in the spectral
diffusion regime, as discussed in Sec. II.

We wish to determine the influence of changing the v
cosity on the echo decay. At room temperature, the treha
sample displays significant pure dephasing despite the
that the viscosity is essentially infinite. The pure dephas
rate in trehalose represents the infinite viscosity point. T
pure dephasing in this sample is only due to tempera
induced structural fluctuations of the protein that do not
quire participation of solvent motion to any significant e
tent. To obtain the room-temperature viscosity depende
the room-temperature infinite-viscosity pure dephasing
~the rate in trehalose! is subtracted from the pure dephasi
rates measured at finite viscosities

1

TE
r ~h!

5
1

TE~h,T!
2

1

TE~h5`,T!
, ~20!

whereTE
r is the reduced pure dephasing time. The contri

tion from T1 was removed before hand by using Eq.~19!. In
the nomenclature of Sec. II,TE

r is the dephasing time from
the primary spectral diffusion process, andTE(h5`) corre-
sponds to the external dephasing timeT28 . Equation ~20!
implies that the temperature dependence at infinite visco
and the viscosity dependence are additive. The additivity
be discussed below and shown to be a reasonable mod

The viscosity dependence of the pure dephasing d
taken in EgOH as a function of temperature was determi
in the same manner. In the EgOH experiments, the visco
varied by changing temperature rather than by changing
solvent. To obtain the influence on the pure dephasing th
associated with a change in viscosity, at each tempera
s,
O
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e-

h
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.
e-
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the contribution to the pure dephasing measured in treha
~infinite viscosity! was removed from the EgOH data usin
Eq. ~20!.

To compare the experimental results of the tempera
dependent study in EgOH with the isothermal viscos
study, the temperature dependent viscosity of the Eg
sample, including the protein, was measured between 21
and room temperature.45 The viscosities at lower tempera
tures were obtained using a Vogel–Tammann–Fulc
~VTF! equation to model the viscosity.50–52 A VTF curve
was fit to the measured points along with the assumption
the viscosity is 1013cP atTg of the solvent alone~136 K!. A
viscosity of 1013cP is frequently used to define the labor
tory glass transition temperature. However, a single V
curve cannot accurately emulate the viscosity over such
large temperature range. Furthermore,Tg of the solvent plus
protein will differ somewhat from the solvent alone. Ther
fore, the viscosities at the lowest temperatures are appr
mate.

As has been discussed briefly previously16 and will be
discussed in detail subsequently,45 the experimental data de
scribed above suggest the following model for the role of
solvent viscosity. When the protein is in a solid, glassy s
vent, the surface topology of the protein is essentially fix
The protein can still undergo structural fluctuations, but o
those fluctuations that do not change the protein’s surf
topology are permitted. The surface of the protein can o
change in so far as the glass in which it is embedded
compressible. Because the compressibility of a glass is v
small, surface motions of the protein are severely restric
Thus, the protein is limited to internal motions. The tempe
ture dependence of such motions, as sensed by CO bou
the active site of Mb, is reflected in the temperatu
dependent pure dephasing measured in trehalose. In E
below its Tg , the behavior of Mb–CO is identical to it
behavior in trehalose.16

AboveTg , the EgOH surrounding the protein is a liqui
Thus the protein is no longer constrained only to have m
tions that maintain the protein’s surface topology. The ad
tional protein motions are modeled by theDm andtm of Sec.
II. The response of the liquid is time dependent and is ch
acterized by its time-dependent viscoelastic properties.53 Just
aboveTg , the liquid is extremely viscous, and its response
protein structural fluctuations that would change the prot
surface is extremely slow. The modulation timetm is very
long. Other processes, i.e.,T1 and the internal structural fluc
tuations that are observed in trehalose, dominate the dep
ing. This competition puts the solvent-induced process in
quasi-static limit, and its contribution to the echo is neg
gible. As the temperature is increased aboveTg , the liquid’s
ability to respond to protein structural fluctuations increas
andtm becomes shorter. At some temperature,tm becomes
short enough that the contributions to the pure dephas
caused by the protein’s surface fluctuations become com
rable to the other dephasing processes. A new contributio
the Mb–CO homogeneous pure dephasing comes into
as the solvent-induced modulations enter the spectral d
sion regime. Protein motions that do not involve the p
tein’s surface still occur, but as the viscosity of the solve
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drops, structural fluctuations that involve surface dynam
become an increasingly important contribution to the p
dephasing. It is not the motions of the surface per se
cause pure dephasing, but rather, motions of the surface
mit structural fluctuations of the protein that are not possi
in a glassy solvent that locks in the surface topology. S
motions involve internal components of the protein as w
as the surface.

Recently, a viscoelastic continuum theory was dev
oped to describe electronic-state solvation dynamics as
as vibrational absorption linewidths.43,44,54,55The theory has
had considerable success in reproducing important feat
of these experiments. We have adapted the viscoela
theory to analyze the vibrational echo data on Mb–CO45

The full development of the theory in application to th
Mb–CO experiments and a complete discussion of the d
analysis will be presented elsewhere.45 Here, we only need
two features of the viscoelastic theory,43,44

Dm}T1/2, ~21!

whereT is the temperature in Kelvin, and

tm}h, ~22!

whereh is the solvent viscosity. If the solvent-induced com
ponent of the frequency fluctuation are in the spectral dif
sion regime, Eq.~17! predicts that

T1/2TE
r 5A~T1/2h!1/3, ~23!

whereA is a constant.@Equation~23! can be rewritten in the
simpler form.

TE
r 5AS h

TD 1/3

. ~24!

However, Eqs.~12!, ~21!, and ~22! show thatT1/2TE
r is a

function of T1/2h even outside the spectral diffusion ran
and regardless of the form of the frequency–frequency c
relation function. Thus, Eq.~23! is a more robust way to
analyze the data.#

Figure 2 displays the Mb–CO solvent induced echo
cay data on a log plot. Two types of data are displayed.
squares are the isothermal data measured at 295 K in
vents of various viscosities with the infinite viscosity cont
bution to the pure dephasing~Mb–CO in trehalose! removed
@Eq. ~20!#. The circles are the temperature-dependent d
measured in EgOH with the infinite viscosity contribution
the pure dephasing~Mb–CO in trehalose! removed at each
temperature@Eq. ~20!#. ~The temperatures are scaled by 2
K, so the factor ofT1/2 is 1 for the isothermal data.! Note that
the two types of data are intermixed. It does not ma
whether the data is taken at constant temperature in se
solvents with only the viscosity changing, or the if the data
taken in EgOH as a function of temperature, which results
a viscosity change. This supports the additivity of the t
terms in Eq.~20!.

The important feature of Fig. 2 is the solid line throug
the data. The line is a graph of Eq.~23!; only the amplitude
factor A was adjusted. Within experimental error, the agr
ment between the prediction and experiment is very goo
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These data illustrate the fundamental features of spec
diffusion. If the system were in the motional narrowing r
gime, i.e., fast modulation withDmtm!1, the dephasing
time would increase as the viscosity decreased. Here we
that as the viscosity and resulting modulation time decrea
the homogeneous dephasing time decreases, as is char
istic of spectral diffusion. Furthermore, it decreases with
cube-root form of Eq.~23!. At low temperature, wheretm

becomes sufficiently long, other processes, e.g.,TE
r andT1 ,

dominate the echo decay. The slow frequency evolution
then part of the inhomogeneous broadening, and it does
contribute to the echo decay. For the protein, this condit
occurs at temperatures below;190 K and viscosities above
;23105 cP.

IV. ARBITRARY CORRELATION FUNCTIONS
IN INTERMEDIATE MODULATION

Section II confined itself to the case where the spec
diffusion is embedded within a broad inhomogeneous li
and the frequency–frequency correlation function decays
ponentially. Both restrictions can be lifted, if we confine o
results to the spectral diffusion range.

In the spectral diffusion regime, we represent the f
quency correlation function to low order by

Cv~ t !512S t

tm
° D b

1¯ . ~25!

The value ofb is determined by the shape of the correlati
function at early times. An exponential correlation functio
@Eq. ~5!# corresponds tob51. Usingb52 includes functions
like the Gaussian, sech2(t),56 and the ‘‘ansatz’’ popularized
by Skinner.57,58 Stretched exponential correlation function
exp@2(t/tm)b#, are covered by values of 0,b,1.

For nonexponential decays, there is not a unique cho
of a time constant to characterize the decay. In the

FIG. 2. Mb–CO solvent induced pure dephasing times versus solvent
cosity on a log plot. The isothermal~295 K! data~j! were taken in solvents
of various viscosities. For data measured in EgOH~d!, the temperature was
used to change the viscosity. The two types of data are intermixed.
temperatures are scaled by 295 K, so the factor ofT1/2 is 1 for the isothermal
data. The solid line through the data is a graph of Eq.~23!; only the ampli-
tude factorA was adjusted. Within experimental error, the agreement
tween the prediction and experiment is very good. The predicted cube
dependence ontm is observed.
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modulation regime, it is known that the FID and echo dec
times @Eqs. ~14! and ~15!# are not sensitive to the shape
the correlation function, so long as the exponential ti
constanttm is replaced by the integral decay timetm

i defined
in Eq. ~5!. In the spectral diffusion regime, the echo dec
depends most directly on the initial decay timetm

° . This
time is defined by the short-time expansion in Eq.~25!. For
an exponential, it is equal to both the time constant and
tegral decay time,tm

i 5tm5tm
° . For other decay shape

these times differ. For example, with a Gaussian dec
exp@2(t2/2tm

2 )#, the times are related by 2(2p)21/2tm
i 5tm

521/2tm
° . For a stretched exponential, the relationship

btm
i /G(b21)5tm5tm

° . Unlike the fast modulation limit,
the shape of the correlation function, in the form of the e
ponentb, also plays a role.

Putting the expansion Eq.~25! in Eqs.~6! and~10! yields

DmTE5Bb~Dmtm
° !b/~b12!

b12

2

3E
0

`

e2x3
FS ~b12!

4
BbS D

Dm
D

3~Dmtm
° !2/~b12!xDdx, ~26!

where the full linewidth is given by

D25Dm
2 1Dsl

2, ~27!

the standard error functionF(x) is used,47 and

Bb5
1

2 S 8

b12D ~b11!/~b12!S b11

2b21D 1/~b12!

~28!

is a constant determined byb.
In Sec. II, the limit of an infinitely broad inhomogeneou

linewidth, D/Dm@1, was invoked. In Eq.~26!, this limit al-
lows the error function to be replaced with unity over t
important regions of the integrand. In the case whereb51,
this limit leads to Eq.~17!. However, Eq.~26! shows that
essentially the same result

DmTE5
1

2
BbGS 1

b12D ~Dmtm
° !b/~b12!, ~29!

occurs in the spectral diffusion region,Dmtm@1, regardless
of the amount of inhomogeneous broadening. Thus, in
spectral diffusion regime, the presence of an additional in
mogeneous broadening is irrelevant to the formation and
havior of the echo.

Removing the need for an extra inhomogeneous proc
has practical significance. In the protein system,D
515 cm21, corresponding to an inverse time of 2 ps. At t
lowest viscosities, solvent modulation timestm are predicted
to be on the order of 10 ps or even less. Under these co
tions, it is hard to understand how both the spectral diffus
and broad inhomogeneity limits,tm@Dm

21@D21, can be sat-
isfied. With the realization that only one limit is essenti
tm@Dm

21, the experimental results are more easily rec
ciled with theory.

This behavior is linked to the fact that the echo time
only sensitive to the properties of the frequency correlat
y

e

-

y,

s

-

e
-

e-

ss

di-
n

,
-

n

function at early times. Equation~29! only includestm
° and

b, which are early time properties ofCv(t). In the spectral
diffusion regime, the echo signal decays much more rap
than the frequency correlation function, so the echo exp
ment only samples the initial part of the correlation functio
As a result, the echo is insensitive to whether the correla
function decays to zero on a single time scale~i.e., spectral
diffusion with additional inhomogeneous broadening! or
reaches a constant at some later time~i.e., spectral diffusion
with additional inhomogeneous broadening!.

The fact that the echo is only sensitive to the init
modulation time also explains the wide range of modulat
times that can be monitored with the two-pulse echo. T
echo yields the initial slope of the frequency–frequency c
relation function, which in principle can be determined in
arbitrarily short time. As is expected, the two-pulse ec
does not give information on the frequency correlation n
or beyond the 1/e time of the correlation function, which ar
at times much longer than the echo pulse separation.

This early time sensitivity complements another meth
of measuring spectral diffusion, the three-pulse stimula
echo.23,24 In that experiment, the first two pulses are sep
rated by a timet1 , which is fixed at a value larger than th
inverse linewidth. The separation of the second and th
pulsest2 is scanned. The decay of the signal witht2 gives a
direct measure ofCv(t) and thus of the spectral diffusio
time. However, the stimulated echo is most effective
times near the 1/e time of Cv(t) and longer. The early par
of the Cv(t) is difficult to observe because of the sma
amplitude of the changes inCv(t) and the need to keept1 at
a finite value.

Equation~29! also shows that the variation of the ech
decay time with the modulation time is a measure ofb, the
initial shape ofCv(t). In Sec. III, the modulation time was
proportional to the viscosity of the system. Thus, Fig. 2 de
onstrates that the correlation function in a protein has a lin
initial decay. The data are consistent with a simple expon
tial Cv(t), but are not compatible with a stretched expone
tial or with a power law, which is predicted forb-relaxation
in mode-coupling theories.59

By related physical reasoning, any component ofCv(t)
much faster than the echo decay time can be excluded f
the expansion in Eq.~25!. This expansion only needs to b
valid over the time range where the echo is measurable,
from approximately the excitation pulse width out to a fe
decay times. For example, all time correlation functions m
be quadratic at sufficiently short times. However, this lim
often only applies to a very short, inertial component co
fined to;100 fs or less. With the picosecond pulses used
Sec. II, any inertial dynamics need not be included in E
~25!, because they will have decayed before the earliest m
surable time. Any effect from inertial dynamics can be i
cluded as a separate, homogeneous dephasing process

V. ECHO DECAY SHAPE

It is important to note that even for an exponential dec
of Cv(t), the echo decay is not necessarily exponential.
an exponentialCv(t) @Eq. ~16!#, the echo decay shape is
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SE~t!5expH 24~Dmtm!2F2 expS 2t

tm
D

2
1

2
expS 22t

tm
D1

t

tm
2

3

2G J . ~30!

In a real experiment, this curve is only observed in the reg
t;TE . In the fast modulation limit, the echo decays mo
slowly thantm , so the terms in exp(2t/tm) can be dropped
in Eq. ~30!. In this limit, the echo decay is exponential ov
the experimental time region and has a decay timeTE/4.
However, in the spectral diffusion range, the echo deca
much faster thantm . The terms in exp(2t/tm) can be ex-
panded to lowest order, giving

SE~t!5expF2S 4G~4/3!t

TE
D 3G . ~31!

A plot of ln SE(t) will be cubic, not linear. This result wa
originally derived by Yan and Mukamel.25

Figure 3 shows Eq.~30! for various values ofDmtm . As
the modulation time changes from the fast modulation to
spectral diffusion regime, the echo decay makes a defi
change in shape.

For a general frequency–frequency correlation funct
in the spectral diffusion limit, and taking a broad inhomog
neous line, the echo decay shape is

S~t!5expF2
8~Dmtm!2

~b11!~b12! S t

tm
D 21bG . ~32!

On a semilog plot, the echo decays as the 21b power of the
delay time. Thus the echo decay shape can also be diagn
for the form of the frequency–frequency correlation fun
tion.

In some systems, the change in echo decay shape ma
very diagnostic of the type of modulation. However,

FIG. 3. The shape of the echo decay from Eq.~30! as a function ofDmtm ~0,
0.1, 0.33, 1, 3,̀ ; top to bottom on the right!. In the fast modulation limit
(Dmtm→0), the decay is exponential, i.e., linear on this semilog plot. In
spectral diffusion range (Dmtm→`), the decay is exp@2(t/tm)3#, i.e., cubic
on this plot. The feasibility of experimentally measuring this characteri
decay shape depends on the signal-to-noise level, the amount of pulse-
broadening and the presence of competing dephasing processes.
n

is

e
te

n
-

stic
-

be

should be recognized that the decay shape is a functio
both the modulation regime~Fig. 3! and with the form of the
correlation function@Eq. ~32!#.

In other experiments, including those described in S
III, other factors obscure the decay shape. There are a
tional processes, specifically the lifetimeT1 and the infinite
viscosity pure dephasing process, that give rise to expon
tial decays that are convolved with Eq.~30!. Convolution
with the laser pulse shape and pulse-overlap artifacts fur
complicate the echo shape. Model calculations matching
conditions in Sec. III indicate that the difference between f
and intermediate modulation shapes is difficult to discern
the experiments discussed in Sec. III. In systems like the
the variation of the echo decay time with viscosity@Eq. ~23!#
is an important alternative approach to detecting and ana
ing spectral diffusion.

VI. CONCLUDING REMARKS

To summarize the nature of the spectral diffusion
gime, we compare intermediate modulation and fast mo
lation in the two limits of large inhomogeneous broadeni
(Dsl@Dm) and no inhomogeneous broadening (Dsl50).
First consider the case of large inhomogeneous broade
and fast modulation. The echo experiment eliminates the
homogeneous broadening and reveals the homogeneo
broadened line. The echo decay time isTE5T251/Dm

2 tm .
For the same system, an absorption spectrum measur
linewidth dominated byDsl . Defining an echo linewidth as
1/pTE , the echo is identical to a hypothetical linewidth e
periment where the inhomogeneous broadening is eli
nated.

In the spectral diffusion limit with large inhomogeneou
broadening, the echo decay timeTE is again determined by
Dm andtm @Eq. ~29!#, but the functional dependence is di
ferent from the case of fast modulation. The echo linewid
can still be defined as the inverse of the echo decay ti
GE5(pTE)21, and it will be substantially narrower than ab
sorption linewidth. However, there is no frequency doma
experiment that readily corresponds to this linewidth. It
easier to interpret the echo decay directly in terms of mo
lation times.

For zero inhomogeneous broadening and fast mod
tion, the echo decay time becomes37 TE52T2 and is directly
related to the absorption spectrum full width at half ma
mum ~FWHM!, which is equal to 1/pT2 . In the spectral
diffusion case, the absorption spectrum measures the
spread of frequenciesDm and provides no information on
tm . However, the echo decay time is still determined
both Dm andtm . Even in the absence of distinct inhomog
neous broadening, the echo decay gives information on
rate of spectral diffusion. The only limitation is that, iftm

becomes sufficiently slow, other processes, such asT1 , will
dominate the echo decay, andDm will take on the role of a
quasi-static inhomogeneous broadening, even in an echo
periment.

The well-known phenomenon of motional narrowin
and the spectral diffusion results we have presented here
ply to what Kubo has called ‘‘Gaussian’’ modulation.30 In
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this case, the chromophore frequency is continuously mo
lated. It applies at higher temperatures, where thermal e
tations of the solvent~e.g., phonons! are heavily populated
so the chromophore is being perturbed almost continua
Echoes, either optical or vibrational, are also frequently u
on low temperature systems, such as chromophores
crystals60 or glasses.32 In these systems, thermal excitatio
are relatively rare, so the time between interactions with
chromophore~e.g., phonon scattering, population of a lo
lying vibration! is large compared to the duration of the i
teraction. These systems correspond to Kubo’s ‘‘Poisso
modulation.30 Each interaction is uncorrelated with the ot
ers and contributes an independent loss of phase mem
These contributions simply accumulate with time. Motion
narrowing and the spectral diffusion phenomena prese
here do not apply to these systems.

In this paper, we have discussed a number of feature
the two-pulse echo in the spectral diffusion limit, with th
aim of more effectively interpreting experimental data. T
most important results are:~1! The scaling of the echo deca
time with viscosity can be used to distinguish between f
modulation, spectral diffusion, and quasi-static dynamics.~2!
The exponent of the viscosity dependence determines
short-time behavior of the frequency–frequency correlat
function. In this regard, the two-pulse echo compleme
other echo techniques, which are more effective at la
times. ~3! The range of modulation rates measurable by
two-pulse echo can be very large, limited only by the int
vention of additional dephasing processes.~4! Processes
which modulate a transition frequency can only be treated
quasi-static, if the level of these additional dephasing p
cesses is known.~5! In the spectral diffusion regime, inho
mogeneous broadening is not required for the two-pulse e
to be effective.

These ideas were illustrated with ultrafast vibration
echo experiments on the CO stretching mode of myoglob
CO. The dependence of the vibrational echo decay time
the viscosity of the solvent surrounding the protein sho
that as the solvent viscosity decreased, the echo decay
decreased. Using a viscoelastic model,43,44 the change in vis-
cosity is related to the change intm . The tm

1/3 dependence
predicted for exponentially relaxing dynamics was observ

The results presented above will enhance the useful
of echo spectroscopy for the study of complex systems s
as proteins or solute molecules in liquid solvents. They sh
that an echo decay need not reflect a motionally narrow
homogeneous line shape. In the intermediate modulation
gime, the echo decay reflects the rate of spectral diffus
i.e., the slow evolution of the transition energy. The ec
decay time as a function of system properties, such as t
perature or viscosity, can be used as a direct probe of
underlying system dynamics.
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