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A three-stream flamelet/progress variable model is applied to the Sydney piloted premixed jet burner
(PPJB). Using experimental data, a prior model evaluation is performed to assess critical modeling
assumptions regarding the applicability of this formulation to partially-premixed combustion, the statis-
tical representation of the scalar mixing, and the joint PDF-closure. A Dirichlet distribution, as generaliza-
tion of the beta distribution, is introduced to represent the interaction between the two mixture fractions
that are associated with the fuel, pilot, and coflow streams. Comparisons with experimental data are per-
formed to demonstrate the accuracy of this closure-model. Following this prior model evaluation, the
three-stream combustion model is applied to large-eddy simulation, and calculations of all four burner
configurations, designated as PM1-{50, 100, 150, 200}, are performed. Through comparisons with exper-
imental data and equilibrium computations it was found that the flow-field is sensitive to the scalar
inflow composition, and scalar boundary conditions consistent with experimental measurements were
used for all simulations. The effect of wall heat-losses on the temperature and species profiles is assessed
in an approximate way, suggesting that species profiles are unaffected by the heat-transfer between pilot
and coflow streams. Comparisons of statistical results and thermo-chemical correlations show that the
model is capable of predicting flow-field, temperature, and major species profiles. The simulations
over-predict the fuel-consumption for PM1-150 and PM1-200, which has also been observed in previous
investigations. Aspects regarding model extensions to account for heat-losses and transient extinction/
re-ignition processes are discussed.

� 2013 The Combustion Institute. Published by Elsevier Inc. All rights reserved.
1. Introduction

The implementation of premixed and partially-premixed com-
bustion technologies in modern gas turbine engines has the poten-
tial of reducing pollutant emissions and increasing overall
combustor performance [1]. An example of using premixed com-
bustion strategies in aviation gas turbine engines is GE’s Twin
Annular Premixed Swirl (TAPS) combustor [2,3]. This combustor
utilizes a diffusion flame as pilot, and the main heat-release is facil-
itated by an outer swirl-injector that is operated in a lean premixed
combustion mode. The characterization of flame-stabilization and
heat-release mechanisms in these complex flow environments
introduces modeling challenges that require addressing to improve
existing modeling capabilities for such practically relevant com-
bustion conditions.

Of interest to the current study is the Sydney piloted premixed
jet burner (PPJB) that was investigated by Dunn et al. [4–6]. This
burner configuration was designed with the objective to resemble
conditions relevant to partially-premixed gas turbine combustors,
but without the additional complexity of geometrical confinement,
swirl, or recirculation. In this burner, a central fuel jet is stabilized
by a pilot consisting of a stoichiometric methane/air mixture. The
burner is embedded in an outer coflow of hot reaction products
that are generated by combusting a lean hydrogen/air mixture. In
this experiment, a series of operating conditions are investigated,
in which the jet exit velocity is successively increased while keep-
ing all other conditions identical.

This burner configuration has been modeled by several research
groups. Rowinski and Pope [7] employed a RANS-PDF method, and
performed comprehensive studies to assess the sensitivity of inlet
boundary conditions, turbulence models, mixing models, heat
losses, and chemical mechanisms. They highlighted the signifi-
cance of finite-rate chemistry effects, and identified the mixing
model as source for model deficiencies.

Duwig et al. [8] investigated the importance of the complexity
of the reaction mechanisms on the model predictions. They found
that global reaction mechanisms are not sufficient to describe the
flame-structure, and at least a 20-species skeletal mechanism is re-
quired to capture the measurements. They also stated that stabil-
ization of the flame relies on the intense small-scale mixing
between pilot and jet streams. This agrees with the argument of
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Table 1
Operating conditions for the piloted premixed jet burner [4].

Variable Unit Jet Pilot Coflow

D mm 4.0 23.5 197.0
U m/s Varies 5.2 3.98
T K 290 2274 1493
Mixture – CH4–Air CH4–Air H2–Air
/ – 0.5 1.0 0.43

Case UJ (m/s) Re Ka

PM1-50 50 12,500 100
PM1-100 100 25,000 1600
PM1-150 150 37,500 2500
PM1-200 200 50,000 3500

Y. Chen, M. Ihme / Combustion and Flame 160 (2013) 2896–2910 2897
Dunn et al. and Rowinski & Pope that the turbulence/flame interac-
tion plays a critical role in this burner configuration.

The interested reader is also referred to colloquia on PPJB-mod-
eling efforts of different groups that were focus areas of recent
TNF-workshops [9,10].

The objective of this work is to assess the capability of a flam-
elet-based LES combustion model to predict this piloted jet burner.
To this end, a three-stream flamelet-progress variable (FPV) formu-
lation is considered, which has previously been applied to low-
Damköhler number combustion [11,12]. The mathematical model
and developments pertaining to the present application are pre-
sented in Section 3. A prior model analysis is performed in Sec-
tion 4, examining relevant modeling assumptions regarding the
applicability of this three-stream formulation to partially-pre-
mixed combustion regimes, the statistical representation of the
scalar mixing, and the joint PDF-closure. Following this investiga-
tion, the model is employed to the simulation of the four cases
PM1-{50, 100, 150, 200}, and modeling results are compared with
experimental data in Section 6. The paper finishes with
conclusions.
2. Experimental setup

A schematic of the piloted premixed jet burner is shown in
Fig. 1 [4]. The burner consists of three coaxial streams. A fuel-lean
methane/air mixture at room temperature is supplied by the cen-
tral stream. The nozzle exit diameter of the central fuel pipe is
Dref = 4 mm. The flame is stabilized by a pilot-stream which con-
sists of reaction products from a stoichiometric methane/air mix-
ture. The pilot is surrounded by a hot coflow of products from a
burned hydrogen/air mixture. The coflow-stream isolates the flame
from the surrounding air-stream to eliminate potential quenching
and dilution effects [4].

While keeping all other conditions fixed, the jet exit velocity, UJ,
was discretely varied between 50 m/s to 200 m/s (in increments of
50 m/s). The increased jet-exit velocity leads to higher strain-rates,
resulting in increasing levels of extinction and re-ignition. Species
were measured by simultaneous planar laser-induced fluorescence
(PLIF) imaging, and laser Doppler velocimetry (LDV) was used for
measuring the velocity field. Measurements of major species of
fuel, oxygen, product species and hydroxyl radicals are reported.
For reference, operating conditions and parameters for all cases
are summarized in Table 1.
Fig. 1. Schematic of the piloted premixed jet burner [4].
3. Mathematical formulation

This section discusses the mathematical formulation and key
assumptions of the present model. In the present work, we model
the combustion in the PPJB as partially-premixed combustion re-
gime that we represent using a steady flamelet formulation. To
confirm that this model-representation is adequate, a prior model
analysis is performed in Section 4.

3.1. Three-stream flamelet/progress variable model

In the present study, a three-stream flamelet/progress variable
(FPV) combustion model [11,12] is extended and applied to the pi-
loted jet burner. In this model, the turbulent flame is described
from the solution of one-dimensional laminar flamelets [13,14]:

�
vZ1

2
@2/

@Z2
1

¼ _x; ð1Þ

where Z1 is the mixture fraction, / is the vector of all species mass
fractions Y and temperature T, and _x denotes their respective
source terms. The scalar dissipation rate is denoted by vZ1

with
vZ1
¼ 2ajrZ1j2, and a is the molecular diffusivity. A unity Lewis-

number approximation is employed. Solutions to this equation are
obtained with appropriate boundary conditions, namely at Z1 = 1
(fuel stream, denoted by /F) and Z1 = 0 (oxidizer stream, denoted
by /O). In the PPJB-configuration, the condition in the fuel stream
is obtained from the reported experimental data. To differentiate
between the compositions in both oxidizer streams (namely pilot
and coflow streams; see Fig. 1), an additional conserved scalar is
introduced. This scalar is denoted by Z2 and is referred to as ‘‘sec-
ondary mixture fraction’’, following the definition that Z2 = 0 in
the pilot and Z2 = 1 in the coflow. Both mixture-fractions, Z1 and
Z2, can be related to the elemental mass fractions through the fol-
lowing expression:
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where the superscripts ‘‘O(0)’’ and ‘‘O(1)’’ refer to the pilot (Z2 = 0)
and the coflow stream (Z2 = 1). The elemental mass fractions of car-
bon and hydrogen are denoted by yC and yH, respectively. In this
context it is noted that the expressions for Z1 and Z2 are identical
to the variables n1 and n3, defined by Dunn [15].

With the variables defined above, the solution of the flamelet
equations, Eq. (1), can then be written as:

/ ¼ /ðZ1; Z2;vZ1;ref
Þ; ð4Þ
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where vZ1;ref
is the scalar dissipation rate at a reference mixture frac-

tion Z1,ref. In the present study, this reference mixture fraction is ta-
ken as 0.75. Instead of parameterizing / in terms of vZ1;ref

, a reaction
progress parameter K is introduced [16] so that the entire solution
space of the steady flamelet equations can be represented as:

/ ¼ /ðZ1; Z2;KÞ: ð5Þ

The reaction progress parameter is related to the reaction progress
variable:

C ¼ YCO2 þ YH2O þ YCO þ YH2 ; ð6Þ

which has been shown to provide a unique parameterization of the
flamelet state-space [17]. K is then defined so that each flamelet
along the entire S-shaped curve for any given oxidizer composition
Z2 is uniquely defined; in the present case, this is done by assigning
K the value of C at Z1,ref. It is noted that due to compositional vari-
ations in the three streams K exhibits a weak dependence on Z2,
which is eliminated by introducing a mapping of the form:
K ? K + kZ2(1 � Z1)�1, and k is the difference between the equilib-
rium values of K in the coflow and pilot streams. After parameter-
izing all flamelet-solutions by Z1, Z2, and K, it was found that the
convex hull of the FPV state-space represents a triangular prism
in which the base is spanned by an isosceles right triangle along
the Z1 and Z2 coordinates.

3.2. Presumed PDF closure

In the presumed probability density function (PDF) model, the
interaction between the reaction chemistry and turbulence is mod-
eled by a PDF. The thermodynamic quantities that were obtained
from the laminar flamelet equations are convoluted over the entire
PDF support to yield a chemical library that is used in the
simulation:

e/ ¼ ZZZ /ðZ1; Z2;KÞePðZ1; Z2;KÞdZ1 dZ2 dK: ð7Þ

In the context of LES, the PDF is denoted as ePðZ1; Z2;KÞ, where the
tilde denotes a Favre-averaged quantity. Using Bayes’ theorem,
the joint PDF can be written as ePðZ1; Z2ÞPðKjZ1; Z2Þ, and the condi-
tional PDF of the progress parameter has been modeled as a Dir-
ac-delta function [16,18]. More detailed closure models, such as
the statistically most-likely distribution or a beta-PDF closure can
also be employed [19]. This, however, has not been considered here
and is subject of future work. The treatment of the joint PDF for Z1

and Z2 will be discussed next.
In a conventional two-stream problem, the beta distribution has

been shown to provide an adequate description of the sub-grid
scale mixing [20,21,19]. The beta distribution has the following
functional form:

ePðZ1Þ ¼ bðZ1Þ ¼
Cða1 þ a0Þ
Cða1ÞCða0Þ

Za1�1
1 ð1� Z1Þa0�1; ð8Þ

where the coefficients a0 and a1 are determined by the mean and
variance of the independent variable, and C denotes the Gamma
function.

By extending this closure formulation to a three-stream system,
we will assume that the marginal PDF of the secondary mixture
fraction Z2 also follows a beta distribution, resulting in the
constraints:

bðZ1Þ ¼
Z 1

0

ePðZ1; Z2ÞdZ2; ð9aÞ

bðZ2Þ ¼
Z 1

0

ePðZ1; Z2ÞdZ1; ð9bÞ

on the support
Z1 P 0; Z2 P 0; Z1 þ Z2 6 1: ð10Þ

It can be shown that the Dirichlet distribution [22,23] satisfies these
requirements. The Dirichlet distribution is a multivariate general-
ization of the beta distribution, and has the following definition:

ePðZ1; Z2Þ ¼
C a0 þ a1 þ a2ð Þ
Cða0ÞCða1ÞCða2Þ

Za0�1
1 ð1� Z1 � Z2Þa1�1Za2�1

2 ; ð11Þ

where the coefficients a0, a1, and a2 are determined as function ofeZ1; eZ2, and gZ0021 :

a0 ¼
fZ1gZ0021

ð1�fZ1Þ � 1

0@ 1AfZ1 ; ð12aÞ

a1 ¼
fZ1gZ0021

ð1�fZ1Þ � 1

0@ 1Að1�fZ1 �fZ2Þ; ð12bÞ

a2 ¼
fZ1gZ0021

ð1�fZ1Þ � 1

0@ 1AfZ2 ; ð12cÞ

and the variance of the secondary mixture fraction and covariance
are evaluated as:

gZ0022 ¼
fZ2ð1�fZ2ÞfZ1ð1�fZ1Þ

gZ0021 ; ð13aÞ

gZ001Z002 ¼
fZ2
gZ0021

1�fZ1

: ð13bÞ

With these formulations, the Favre-averaged library of the FPV
model can then be written as:

e/ ¼ e/ðfZ1 ;
gZ0021 ;

fZ2 ; eCÞ; ð14Þ

in which eC is used for parameterizing the reaction progress coordi-
nate. This three-stream FPV model requires the solution of trans-

port equations for eZ1;
g
Z00

2

1 ;
eZ2, and eC , and the governing

equations are presented in the next section.

3.3. Governing equations

In addition to the solution of the conservation equations for
mass and momentum, the low-Mach number, variable-density
LES-formulation requires the solution of four additional transport
equations for the first two moments of mixture fraction, as well
as the Favre-filtered secondary mixture fraction and progress var-
iable. These modeled equations take the following form:

eDtq ¼ �qr � eu; ð15aÞ
qeDteu ¼ �rpþr � rþr � rres; ð15bÞ

qeDt
fZ1 ¼ r � ðqearfZ1Þ þ r � sreseZ1

; ð15cÞ

qeDt
g
Z00

2

1 ¼ r � ðqeargZ0021 Þ þ r � sreseZ0021

� 2q gu00Z001 � rfZ1 � qevres
Z1
; ð15dÞ

qeDt
fZ2 ¼ r � ðqearfZ2Þ þ r � sreseZ2

; ð15eÞ

qeDt
eC ¼ r � ðqeareCÞ þ r � sreseC þ q e_xC ; ð15fÞ

in which eDt ¼ @t þ eu � r is the Favre-filtered substantial derivative.
The sub-grid stresses rres and sub-grid turbulent fluxes sres

/ are
modeled by the dynamic Smagorinsky model. The turbulent fluxes
are modeled by a gradient transport assumption, and the residual
scalar dissipation rates evres

Z1
and evres

Z2
are modeled using spectral

arguments [24,25].



Fig. 2. Measurements of species profiles at x/Dref = 2.5 for the cases PM1-{50, 100,
150, 200} the shaded region indicates the pilot stream, dashed lines correspond to
the computed equilibrium composition, and solid lines indicate the inlet compo-
sition that is used for all subsequent computations.
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4. Prior model evaluation

Prior to applying the three-stream FPV formulation to LES of the
PPJB configuration, a model evaluation is performed to assess rel-
evant model assumptions. To this end, single-point measurements
at selected locations and operating conditions are used. In the fol-
lowing section, the representation of the reaction-chemistry in
terms of the three-stream flamelet state-space is evaluated. The
representation of the PDF-closure and the scalar mixing is consid-
ered in Section 4.2.

4.1. Assessment of chemistry representation

In view of the complex chemical and turbulent interactions, we
first examine the applicability of the three-parameter flamelet-
progress variable formulation to this burner configuration. The
thermochemical state-space in this formulation is obtained from
the solution of one-dimensional partially-premixed flame-struc-
tures, and the reaction chemistry is described using the GRI-mech-
anism 3.0 [26]. Other detailed reaction mechanisms [27,28] have
also been considered, and provide similar results with only minor
differences for radical species.

4.1.1. Flamelet boundary condition
Boundary conditions for the oxidizer streams (pilot and coflow)

are determined from the knowledge about the burner operating
conditions and reported measurements at the first measurement
location, x/Dref = 2.5. To determine the product mixture composi-
tion in the pilot-stream, chemical equilibrium computations for
the experimentally reported reactant composition (see Tables 1
and 2) were performed. Comparisons of the equilibrium composi-
tion with measurements at x/Dref = 2.5 showed that the experi-
mentally determined composition in the core of the pilot stream
differs from the calculations. This is illustrated in Fig. 2, showing
measured species profiles for the four cases PM1-{50, 100, 150,
200}; results from the equilibrium computation are presented by
dashed lines.

From Fig. 2 the presence of some unburned fuel in the pilot-
stream and super-equilibrium composition of CO and OH can be
seen. This suggests that the pilot mixture has a higher enthalpy,
which can be attributed to the preheating by the outer coflow.
To confirm this hypothesis, additional equilibrium computations
with a specified reactant temperature of 400 K were performed.
Results from this computation are shown by the solid lines in
Fig. 2, providing considerably better agreement with measure-
ments. The prevailing differences might partially be attributed to
incomplete combustion and other secondary effects that are not
further considered in the present investigation. The mass fractions
that were prescribed as inlet conditions are summarized in Table 2.
Steady-state flamelet-profiles were then computed for the speci-
fied boundary conditions in the fuel-stream. Boundary conditions
in the oxidizer stream are prescribed from the solution of a mixing
problem between pilot and coflow streams [11]. All thermochem-
Table 2
Prescribed species mass fraction composition at the inlet.

Jet Pilot Coflow

YN2 0.7454 0.7258 0.7581
YO2 0.2263 0.0055 0.1306
YCH4 0.0283 – –
YH2 O – 0.1204 0.1112
YCO2 – 0.1332 –
YCO – 0.0125 –
YOH – 0.0022 0.0001
YH2 – 0.0004 –
ical variables that are considered for this prior model evaluation
are tabulated in terms of Z1, Z2, and C. To assess the FPV-chemistry
representation, this table is accessed using data from the
measurements,
/ ¼ /ðZExp
1 ; ZExp

2 ;CExpÞ; ð16Þ
in which the independent FPV-state-space variables, denoted by the
superscript ‘‘Exp,’’ are evaluated from the single-point scatter data
[4,15].
Fig. 3. Radial profiles of measured mixture-fractions hZ1i and hZ2i for the cases
PM1-50 and PM1-200. Vertical dashed lines indicate locations at which the prior
PDF-model analysis is performed.
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4.1.2. Validity of flamelet assumption
For the present prior model analysis we consider the cases PM1-

50 and PM1-200, representing the two extreme operating points of
this burner. Scatter data at two axial locations (x/Dref = {2.5, 15})
and three radial locations (r/Dref = {0.7, 1.1, 2.5}, corresponding to
the shear-layer between fuel and pilot streams, and the core of
the pilot-stream; see Fig. 3) are considered. For this analysis, mea-
surements in an interval of ±0.05Dref around the measurement
location are considered. Results for temperature, mass fraction of
CO, and mole fraction of OH are compared with measurements in
Fig. 4. From this comparison it can be seen that the evaluated tem-
perature profiles from the FPV-chemistry representation are in
Fig. 4. Prior model analysis comparing results for T, YCO, and XOH from FPV-chemistry ev
data are shown by gray symbols; dashed lines show conditional mean results from meas
indicate the range within one standard deviation away from the mean.
very good agreement with experiments. The CO mass fraction,
obtained from the chemistry table, is initially underpredicted at
r/Dref = 0.7; however, the agreement with experimental results im-
proves with increasing distance along the radial direction. The ob-
served differences might be due to incomplete combustion
processes, which was discussed in the context of Fig. 2. Compari-
sons of the OH mole fraction, shown in the bottom panels of
Fig. 4, are also well predicted by the FPV-chemistry represented.

This analysis is extended and radial scatter data for tempera-
ture, YCO, and XOH are evaluated from the chemistry library using
the single-point measurements for Z1, Z2, and C as input. Results
from this analysis are presented in Fig. 5. From this figure, it can
aluation and experiments for the cases PM1-50 and PM1-200. Experimental scatter
urements, and solid lines are results from the prior model evaluation. Vertical bars
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be seen that the mean temperature profiles from the prior model
analysis are in good agreement with measurements, and
differences are confined to the outer shear layer-region at x/
Dref = 2.5. These differences can be attributed to heat loss effects
that are not included in the chemistry representation; the consid-
eration of these effects will be addressed in Section 5.2. Except for
the first measurement location for the case PM1-50, the computed
CO-mass fraction profiles are in good agreement with measure-
ments. Interestingly, the predictions for OH at x/Dref = 2.5 are in
very good agreement for both cases considered. At further down-
stream locations, the computed XOH is slightly higher, but simula-
tion results remain within one standard deviation of the
measurements.
Fig. 5. Prior model analysis comparing radial profiles for (a) T, (b) YCO, and (c) XOH f
Experimental scatter data are shown by gray symbols; dashed lines show conditiona
evaluation. Vertical bars indicate the range within one standard deviation away from th
4.1.3. Effect of non-unity Lewis numbers
The analysis presented in the previous section was performed

under the assumption of unity Lewis number. To assess the effect
of preferential diffusion, we repeat this analysis by considering
flamelet-solutions that are generated for Lei – 1. Results of this
investigation are presented in Fig. 6. A direct comparison with
Fig. 4 shows that both flamelet libraries provide comparable re-
sults, suggesting that Lewis-number effects are small.

4.2. Assessment of PDF closure

The validity of the closure for the joint mixture fraction PDF is
assessed by comparing measurements with the presumed PDF
rom chemistry evaluation and experiments for the cases PM1-50 and PM1-200.
l mean results from measurements, and solid lines are results from prior model
e mean.
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formulation that was discussed in Section 3.2. In this analysis, we
focus on three distinct locations that are characteristic for the
three-stream mixing dynamics. These locations and corresponding
scalar mixing profiles are illustrated in Fig. 3 for the cases PM1-50
and PM1-200. The radial locations r/Dref = 0.7 and 2.5 at x/Dref = 2.5
are representative for the binary mixing between fuel and pilot and
pilot and coflow, respectively. To investigate the statistical repre-
sentation of the three-stream joint mixing, we also consider the
measurement location at r/Dref = 1.1 and x/Dref = 15. For all cases
considered, scatter data are collected in an interval of ±0.05Dref

around the measurement location.
Fig. 6. Comparison between non-unity Lewis number FPV-chemistry and experiments
symbols; dashed lines show conditional mean results from measurements, and solid line
one standard deviation away from the mean. Scatter data are collected in an interval of
Comparisons of measured and computed PDFs for the binary
mixing are presented in Figs. 7 and 8. Experimental results are
shown on the left, and the column on the right compares the
marginal distributions; gray bars are experiments, and modeling
results are shown by solid lines. It can be seen that the PDF-closure
captures the shape of the marginal PDF, providing a good represen-
tation of the binary mixing.

The statistical representation of the joint mixing is analyzed by
considering the location r/Dref = 1.1 and x/Dref = 15. Comparisons
between measurements and simulations are illustrated in Figs. 9
and 10, and results are presented for all four operating conditions.
for the cases PM1-50 and PM1-200. Experimental scatter data are shown by gray
s are results from the prior model evaluation. Vertical bars indicate the range within
±0.05Dref around the measurement location.
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The marginal PDFs are computed by integrating the joint PDF with
respect to Z2 and Z1, respectively.

Marginal PDFs of Z1 and Z2 for all four cases are shown in Fig. 9,
and it can be seen that the Dirichlet distribution provides a good
representation of experimentally determined distributions. From
this comparison, effects of different operating conditions on the
scalar mixing properties can be observed. In particular, the direct
comparison among the four cases in Fig. 9 shows an enhanced mix-
ing and a reduction in the skewness with increasing jet-exit
velocity.

The effect of the enhanced mixing intensity can also be seen by
comparing joint PDFs in Fig. 10. Shown on the left are experimental
data and computed results from the presumed Dirichlet distribu-
tion are illustrated on the right. The following observations can
be made: First, a qualitative comparison with experimental data
indicates that the Dirichlet distribution captures the main features
of the PDF. To quantify differences in the PDF-support and spread-
Fig. 7. Scalar mixing distributions at r/Dref = 0.7 and x/Dref = 2.5, showing (left)
measured joint PDFs and (right) comparison between measured and computed
marginal PDF for P(Z1). Experimental data is represented by bars and computed
results are shown by solid lines.
ing in compositional space, we compare computed and experimen-
tally determined covariances. Computed values are reported in
Fig. 10, and the direct comparison shows that the measured covari-
ance is skewed towards slightly larger negative values. The second
observation is in regard to the mixing, confirming that the mixing
rate increases with increasing jet-exit velocity. The primary reason
for this is a higher entrainment-rate as UJ increases, so that the pi-
lot-stream is rapidly displaced by coflow-mixture. This enhanced
entrainment can also be seen in Fig. 16, providing a comparison
of computed temperature fields for all four cases.

In summary, this prior model analysis of the presumed PDF clo-
sure shows that the Dirichlet distribution, as a multivariate gener-
alization of the beta distribution, provides an adequate
representation of the scalar mixing in this three-stream piloted
burner configuration.

Following this prior model-evaluation, the three-stream FPV
model is next applied to LES of the PPJB-configuration. After
Fig. 8. Scalar mixing distributions at r/Dref = 2.5 and x/Dref = 2.5, showing (left)
measured joint PDFs and (right) comparison between measured and computed
marginal PDF for P(Z2). Experimental data is represented by bars and computed
results are shown by solid lines.



Fig. 9. Comparison of measured and computed marginal PDFs of Z1 and Z2 at x/
Dref = 15 and r/Dref = 1.1. Experimental data is represented by gray bars and results
obtained from the Dirichlet-distribution as presumed PDF closure are shown by
solid lines.

Fig. 10. Comparison of joint PDFs of Z1 and Z2 at r/Dref = 1.1 and x/Dref = 15 for
experimental data (left) and Dirichlet distribution (right).
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presenting the computational setup and discussing heat-loss ef-
fects in the next section, simulation results will be presented in
Section 6.
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Fig. 11. Grid spacing in axial and radial directions.
5. Computational setup and boundary conditions

5.1. Numerical setup

The governing equations are solved in a cylindrical domain,
having a length of 60 Dref and a radius of 20 Dref. The computational
domain is discretized by a structured grid with 256 grid points in
axial direction, 256 grid points in radial direction, and 64 grid
points in azimuthal direction. The grid is stretch in axial and radial
directions to resolve the shear layer and nozzle-near region. An
equidistant grid is used in azimuthal direction. The grid spacing
information is shown in Fig. 11. A grid convergence study on a
shorter domain has been carried out for PM1-100 with three
refinement levels, and only insignificant changes in velocity and
mixture-fraction profiles were found.
The inflow velocity profile in the fuel-stream is prescribed from
the solution of a turbulent periodic pipe-flow simulation by enforc-
ing the experimentally reported bulk-flow velocity. Inlet velocity
profiles for the pilot and coflow follow a hyperbolic tangent profile
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with specified boundary-layer thickness of 0.05 Dref. From para-
metric investigations, it has been determined that the boundary
layer thickness has only a minimal impact on the entrainment near
the nozzle exit.

The generation of the chemistry library follows a four-steps
procedure: (i) we first generate all flamelets that we parameterize
in terms of Z2; (ii) for the given set of flamelets at a specified Z2, we
then sort all flamelets with respect to the reaction progress param-
eter; (iii) the flamelet solutions are then interpolated onto a struc-
tured generalized curvilinear mesh of very fine resolution; (iv)
finally, Eq. (7) is evaluated by discretizing the integral using a
2nd-order accurate trapezoidal rule. The resulting four-dimen-
sional table is then discretized using a structured mesh. The mesh

is conform along the fZ1 –fZ2 directions, equidistantly spaced along

the direction of eC , and grid-stretching is employed in thegZ0021 -direction to increase the resolution. The chemistry library is
discretized by 100 � 25 � 10 � 75 grid points in the directions offZ1 �gZ0021 �fZ2 � eC .

5.2. Wall heat losses

Temperature measurements [4,15] near the burner-exit showed
that the gas mixture in the pilot and coflow streams are affected by
heat-losses to the wall. This was also confirmed computationally
by Rowinski and Pope [7].

To investigate the effect of the temperature non-uniformity on
the present simulation results, we first performed an adiabatic
base-line computation of the PM1-100 case. In this simulation,
we prescribed homogeneous scalar boundary conditions forfZ1 ; fZ2 , and eC at the inflow. Results from this calculation are pre-
sented in Fig. 12, showing that the temperature near the nozzle
exit between pilot and coflow (close to r/Dref = 3) is approximately
250 K higher than the experimental data.

Measurements suggest that these heat-losses are confined to a
chemically inert region near the nozzle exit. Therefore, we incorpo-
rate heat-loss effects into the model in an approximate way. To this
end, the flamelet-space along the direction of Z1 is extrapolated to
Z1 < 0 following the relation dZ1 ¼ ð@Z1 TÞ�1dT , and @Z1 T is evaluated
from a non-reacting flamelet. The density in this non-adiabatic re-
gion is evaluated from the temperature profile and the mixture is
Fig. 12. Effect of wall-heat losses on the temperature field for the case PM1-100.

Fig. 13. Comparisons of measured (symbols) and computed (lines) radial mixture
fraction profiles for Z1; (*) data is measured at x/Dref = 25 for PM1-50.
identical to that of the reactant composition at Z1 = 0. In this
way, the effect of changing inlet temperature profiles can be repre-
sented in terms of the mixture-fraction profiles at the inlet without
altering the species composition. Boundary conditions for the mix-
ture fraction Z1 are then obtained by extrapolating the measured
temperature profiles at x/Dref = 2.5 upstream of the nozzle-inlet
plane.

Using this model-extension, an additional simulation for the
case PM1-100 is performed and the results are compared to the
adiabatic formulation in Fig. 12. Comparing the temperature pro-
files at the first two measurement locations, it can be seen that
the inclusion of wall-heat losses in this approximated way results
in significant improvements of the temperature profiles.

Since the impact of wall-heat losses is limited to the tempera-
ture field in close proximity to the nozzle-near region, the
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following analysis will focus on the results obtained from the adi-
abatic three-stream FPV formulation, recognizing that this model
can be extended to also incorporate heat-loss effects [29].
6. Results

In the following sections simulation results for all four operat-
ing conditions are compared with experimental data. All simula-
tions are conducted using the same computational mesh,
chemistry library, closure models, and boundary conditions in
the coflow and pilot streams. Specific to each case, velocity inlet
conditions are prescribed from separate turbulent pipe-flow simu-
lations. Statistical results are obtained by averaging over azimuthal
direction and in time. All simulations were conducted over ten
flow-through times to obtain statistically converged results. Mean
Fig. 14. Comparisons of measured (symbols) and computed (lines) radial mixture
fraction profiles for Z2; (*) data is measured at x/Dref = 25 for PM1-50. Refer to
Fig. 13 for legend.
quantities are denoted by angular brackets and RMS-quantities are
denoted by a dash.
6.1. Mixture fraction results

An important set of flow-field quantities for model comparisons
are the two mixture fractions Z1 and Z2. Comparisons of radial pro-
files for the mean and RMS of these quantities are presented in
Figs. 13 and 14. It is noted that measurements for PM1-50 were
not reported at x/Dref = 45, so that only comparisons for PM1-
{100, 150, 200} are shown at the last measurement station. Good
agreement between measurements and simulations is obtained
at the first measurement location for all four cases. However, dif-
ferences become apparent with increasing downstream direction.
While discrepancies for the cases PM1-{100, 150, 200} are mostly
confined to the centerline, differences in radial decay are apparent
for the low-speed case PM1-50. Shown on the right of Fig. 13 are
the RMS-quantities, and it can be seen that the location and peak
value are adequately predicted by the simulations. In the present
simulation, the chemical composition in the coflow is assumed to
be uniform in each stream. The experimentally reported fluctua-
tions do not exceed five percent, and these perturbations could
be attributed to a variability in the pilot-burner, which was also
discussed in Section 4.1.
Fig. 15. Comparison of mean and RMS axial velocity profiles along jet centerline.
Refer to Fig. 13 for legend.
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Comparisons of radial profiles for the first two moments of Z2

are presented in Fig. 14, and the agreement between experiments
and simulations is comparable to the results that were obtained for
the primary mixture fraction. The only major difference between
experiments and predictions is observed at x/Dref = 2.5 for the case
PM1-50. With increasing downstream distance the agreement im-
proves. At the last measurement station, the mixture fraction pro-
files for the cases PM1-{100, 150, 200} converge and no significant
differences are apparent.
6.2. Velocity profiles

Comparisons of mean and RMS profiles for the axial velocity
component are shown in Fig. 15. The measurements show qualita-
tively and quantitatively different results between PM1-50 and the
other three cases. In particular, the mean-velocity profile for PM1-
50 plateaus and stays fairly constant until x/Dref = 30, after which
the velocity rapidly decays. In contrast, the mean-velocity profiles
Fig. 17. Comparisons of radial temperature profiles. Refer to Fig. 13 for legend.
continuously decay for the other cases. Apparent from the mea-
surements for PM1-150 and PM1-200 are two clearly distinct re-
gions with different velocity decay rates. This can be attributed
to the depletion of the pilot and subsequent replacement of fluid
from the outer coflow.

The simulations capture the trend of the mean and RMS velocity
profiles. Although inflow-conditions from a turbulent pipe-flow
simulation with specified bulk-flow were used, some differences
between simulations and measurements can be observed.
6.3. Temperature results

Comparisons of the temperature fields for all four configura-
tions are presented in Fig. 16. In these figures the instantaneous
temperature fields are shown on the left and mean temperature re-
sults are presented in the panels on the right. This direct compar-
ison emphasizes the effect of the increasing jet-exit velocity on the
Fig. 18. Comparisons of radial profiles for mass fractions of methane (left) and
water (right). Refer to Fig. 13 for legend.
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temperature field, resulting in enhanced entrainment of the outer
streams into the jet core region. Specifically, the temperature field
for the case PM1-50 (Fig. 16(a)) exhibits a fairly continuous region
of high temperature gases that extends continuously from the pilot
to the downstream region beyond x/Dref = 30. However, from PM1-
100 and onward, the formation of a ‘‘neck-region’’ is clearly evident
at which the pilot stream is fully depleted and replaced by the out-
er coflow. This neck-region moves closer to the nozzle exit with
increasing jet exit velocity. To complement this qualitative analy-
sis, comparisons of statistical temperature profiles are presented
in Fig. 17. Note that for the case PM1-50 the temperature was mea-
sured at x/Dref = 25 instead of 30, and measurements at x/Dref = 45
were not reported. Good agreement for mean and RMS tempera-
ture results is obtained for all three cases. Differences on the outer
side of the pilot-stream at x/Dref = 2.5 are attributed to heat-losses,
which has been discussed in Section 5.2. Apart from this discrep-
ancy, simulation results for PM1-50 and PM1-100 are in good
agreement with experiments, and the peak temperature location
Fig. 19. Comparisons of radial profiles for carbon dioxide mass fraction (left) and
mole fraction of OH (right). Refer to Fig. 13 for legend.
and flame-length are well predicted. With increasing jet-exit
velocity the model overpredicts the heat release. A potential reason
for this discrepancy can be attributed to the subgrid-closure to
capture local extinction and reignition. Such effects can be incorpo-
rated into this model formulation by utilizing an unsteady flam-
elet-formulation, which was discussed for the modeling of
autoignition and vitiated combustion [25].
6.4. Species results

Comparisons of radial profiles for species mass fractions of
methane, water, and carbon dioxide, as well as hydroxyl mole frac-
tion are presented in Figs. 18 and 19. Good agreement with exper-
iments is obtained for YCH4 and YH2O at the first two measurement
locations, and only marginal differences among the different cases
are apparent. Predictions for the water mass fraction are in close
agreement with the measurements throughout the flame. How-
ever, evident from the methane-profiles is an overprediction of
the fuel consumption beyond x/Dref = 15. This trend correlates with
higher flame-temperature and heat-release which was discussed in
the context of Fig. 17.

Modeling results for the CO2 mass fraction are presented in the
first column of Fig. 19. Apart from a slight shift in the region corre-
sponding to the outer shear-layer for PM1-50, the modeling results
Fig. 20. Comparison of YCO � T correlation data at different axial locations; gray
symbols are experimental scatter data; dashed lines are experimental mean
profiles, and solid lines correspond to simulation results; (*) data is measured at
x=Dref = 25 for PM1-50.
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are in good agreement with experiments. Due to the higher reac-
tion progress, YCO2 is overpredicted at the last two measurement
locations for PM1-150 and PM1-200, and similar results have been
reported by Rowinski & Pope [7].

Comparisons for the mean OH-mole fraction are presented in
the right column of Fig. 19. The satisfactory agreement at the first
measurement location can be attributed to the adjustment of the
boundary conditions, and was discussed in Section 4.1. While the
model underpredicts XOH for PM1-100, a consistent overprediction
for the cases PM1-150 and PM1-200 is observed. However, given
the assumption of homogeneous scalar inflow compositions in
the pilot and coflow streams the agreement is acceptable and fur-
ther improvements can be expected by accommodating variable
(and time-dependent) species profiles.
6.5. Scatter data

An analysis of the thermochemical state-space representation
of the combustion model is performed by comparing correlations
between YCO, XOH and temperature. Comparisons between simula-
tions and experiments for all four cases and different axial flame
Fig. 21. Comparison of XOH � T correlation data at different axial locations; gray
symbols are experimental data; dashed lines are experimental mean profiles, and
solid lines correspond to simulation results; (*) data is measured at x=Dref = 25 for
PM1-50.
locations are presented in Figs. 20 and 21. The scatter data are ex-
tracted along the radial direction until 4 Dref away from the center-
line. From Fig. 20 it can be seen that the experimental data exhibit
a weak dependence on operating conditions: Specifically, while the
peak CO mass-fraction increases with increasing jet exit condition
at the first measurement location, the opposite trend can be ob-
served for further downstream locations. Although this weak sen-
sitivity is not fully captured by the simulations, the quantitative
agreement with measurements improves with increasing down-
stream distance and increasing jet-exit velocities. Reasons for the
apparent differences near the nozzle have been discussed previ-
ously and were partially attributed to inhomogeneities in the bur-
ner exit conditions.

Results for XOH–T correlations are shown in Fig. 21. Overall, the
simulation results are in good agreement with experiments, and
discrepancies are confined to the nozzle-near region. Compared
to the CO-profiles, it can be seen that OH exhibits a more pro-
nounced sensitivity to the jet-exit velocity. While the peak OH con-
centration decreases continuously for the cases PM1-50 and PM1-
100, a dramatic drop in the peak XOH-value is apparent at the sec-
ond measurement location for the other two cases, suggesting the
presence of flame-quenching. The slight increase in the OH mole
fraction (evident from the measurements) with increasing down-
stream distance suggests the occurrence of reignition events.

7. Conclusions

A three-stream flamelet/progress variable model was applied to
the piloted premixed jet burner (PPJB), which was experimentally
investigated by Dunn et al. [4]. Simulations of all four operating
conditions, designated as PM1-50, PM1-100, PM1-150, and PM1-
200, were performed, and a prior model evaluation was conducted
to assess the validity of critical modeling assumptions regarding
the applicability of this formulation to partially-premixed combus-
tion, the statistical representation of the scalar mixing, and the
joint PDF-closure. The following conclusions can be drawn from
this investigation:

� A Dirichlet distribution was introduced as presumed PDF clo-
sure for the two mixture fractions. This distribution is described
by three parameters, and reduces to the marginal beta-PDF in
the limit of two-stream mixing. Comparisons with experimental
results showed that this presumed PDF-closure accurately rep-
resents the PDF-shape and covariance of the measurements.
� The representation of the flame thermochemistry using the

three-stream flamelet formulation was assessed through direct
comparisons with experimental scatter data. For the limiting
cases PM1-50 and PM1-200 it could be confirmed that temper-
ature, major species, and OH are well represented by the chem-
istry library, and only the carbon monoxide mass fraction is
underpredicted near the nozzle.
� An analysis of the measured scalar inflow composition and

comparisons with equilibrium computations showed the pres-
ence of excess fuel and species inhomogeneities in the pilot
stream. By recognizing that the flame is sensitive to the scalar
inflow-composition, the radial distribution of the scalar inflow
profiles requires consideration in the simulation, adding only
insignificant overhead to the computations.
� Comparisons with experimental results showed that the three-

stream combustion model adequately predicts the temperature
and major species in the region that is controlled by the inter-
action between the pilot and the fuel streams. However, with
increasing downstream distance, the model overpredicts the
reactivity, which can be attributed to extinction and reignition
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processes. These effects can be incorporated in this three-
stream flamelet model by utilizing an unsteady flamelet formu-
lation [25].
� A comparison of correlation data for YCO-T showed that the

model underpredicts the peak CO location, but accurately cap-
tures the sensitivity of the OH formation with respect to the
operating conditions.
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