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Abstract
This study is concerned with the data-driven analysis of predictive parameters associated with regime transition for ignition
and detonation. To this end, we introduce machine learning as a technique to analyze the predictive capability of these
parameters. Machine learning enables the critical evaluation of combustion regimes from disparate sources and allows for a
generalized comparison of the parameters. The parameter set is composed of features that have been found to be effective
in classifying ignition regimes and are supposed to have a universality in predicting the regularity of the ignition process.
Three different configurations are examined: weak ignition shock tubes, mild ignition in rapid compression machines, and
the regularity of cellular detonations. All configurations are demonstrated to show a strong sensitivity to the heat deposition
time of the chemical reaction. Additionally, detonations are found to be primarily sensitive to the heat release and show that
an increased chemical sensitivity has a regularizing effect when plotted against the heat release rate. The data are found to be
well classified with only one or two parameters, indicating that a universal, governing parameter is plausible.

Keywords Ignition dynamics · Detonation · Combustion · Machine learning

1 Introduction

Over the years, a wealth of experimental data has been
examined to determine the predictive capability of non-
dimensional parameters in separating ignition regimes [1–
10]. These parameters encapsulate physical processes that are
supposed to be germane to the ignition dynamics in the con-
figuration under examination. However, the identification of
universal and robust features to classify irregular ignition has
been debated for over five decades [2–4,11]. As such, there is
currently no consensus on the most relevant parameters that
predict the combustion mode. Hence, the objective of this
study is to utilize a data-driven machine learning approach
to assess the predictive capability of these combustion param-
eters across differing facilities, fuels, and configurations.
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Machine learning represents an emerging methodology for
evaluating features using several disparate sources of data
so that a fair comparison of the utility of the features may
be made. From this evaluation, the universality of ignition
dynamics will be examined, and an inference of the govern-
ing physical processes will be made.

The remainder of this paper proceeds by applyingmachine
learning techniques to elucidate the most useful features in
demarcating regime transition in shock tubes, RCMs, and
detonations using experimental data aggregated from the
literature [7,11–16] and detailed simulation data [8]. The fol-
lowing subsection provides a brief background on ignition,
detonation, and machine learning with respect to purview of
this work. Section 2 discusses the features analyzed in this
work. Subsequently, the analysis procedure is provided in
Sect. 3. Next, the results of the analysis are given in Sect. 4.
Finally, Sect. 5 offers the conclusions of this work.

1.1 Background

Hot-spot ignition is the stochastic development of discrete
ignition kernels within a combustible gas from local max-
ima in temperature. Hot-spot ignition exists in nearly every
combustor that exhibits a sufficient degree of inhomogeneity

123

http://crossmark.crossref.org/dialog/?doi=10.1007/s00193-018-0852-y&domain=pdf
http://orcid.org/0000-0001-6235-3475
http://orcid.org/0000-0002-4158-7050


942 K. P. Grogan, M. Ihme

and is primarily an effect in premixed systems with a high
chemical sensitivity to thermal fluctuations and temperature
stratification. In severe cases, a hot-spot ignition event can
produce damaging pressure waves such as super knock in
highly boosted engines [17].

Strongly exothermic hot-spot ignition events have been
found in shock tubes [18] for sensitive mixtures and are
termedweak ignitions [8,11–13,19,20].These ignition events
are sufficiently exothermic to form shock waves and deto-
nations [8,12]. Figure 1a compares a regular ignition event
to a weak ignition. Voevodsky and Soloukhin [19] first
studied weak ignition experimentally by considering a sto-
ichiometric H2/O2 mixture in a shock tube system. By
excluding side-wall effects and vibrational relaxation pro-
cesses, they attributed the presence of the weak ignition to
a kinetic phenomenon that is demarcated by the extended
second explosion limit. Meyer and Oppenheim [11] corre-
lated the occurrence of weak ignition events to the sensitivity
of the ignition delay time with respect to the post-reflected
shock temperature. For stoichiometric H2/O2 mixtures, they
deduced the weak ignition limit using the empirical rela-

Fig. 1 Experimental images of regular (top) and irregular (bottom)
combustion for the three configurations under examination: a weak
ignition in a shock tube taken fromYamashita et al. [12], bmild ignition
in a RCM taken fromWalton et al. [14], and c irregular detonation taken
from Austin et al. [5]

tion [11] ∂τIGN/∂T5|p5 = −2µs/K, where τIGN is the
ignition delay time, and T5 and p5 are the temperature
and pressure in the reflected shock region, respectively.
Meyer and Oppenheim concluded that weak ignition is a
gas dynamic phenomenon that is induced by perturbations
to the flow field. Furthermore, by considering effects of
inhomogeneities produced by boundary layer dynamics, a
bifurcation Damköhler number was developed, which rea-
sonably predicts theweak ignition regime in shock tubes [10].
For shock tube chemical kinetic studies, this irregular igni-
tion modality can be detrimental in generating reliable data
for the formulation of chemical kinetic mechanisms; hence,
simple predictive parameters can have a high utility in the
design of an experiment.

Another configuration of interest is rapid compression
machines (RCM) [21], which have shown the formation of
deflagrative ignition kernelswithin the reaction chamber. The
relatively low-speed ignition event is referred to as a mild
ignition. Amild ignition event in a RCM is compared against
a regular ignition in Fig. 1b. Mild ignition phenomena were
first documented in aRCMbyLivengood andLeary [22]who
employed Schlieren techniques and high-speed photogra-
phy using an optically accessible configuration. Wooldridge
and coworkers [7,14,23,24] studied mild ignition phenom-
ena in syngas and isooctane mixtures using a RCM where
a wide range of fuel loadings and pressures were covered
in the intermediate temperature regime. Furthermore, using
scaling analysis and low-order models of heat transfer and
turbulence, combustion regime diagrams for RCMs were
developed [9], showing correspondence to experimental data
from several fuels and facilities.

Irregular detonations have been found to be more capa-
ble of undergoing deflagration-to-detonation transition [25];
hence, parameters that effectively predict the ignition yield
insight into the detonability of a mixture. Ignition in highly
unstable, irregular detonation systems [26] has been found
by Radulescu et al. [27,28] to be affected by autogenerated
turbulent hot spots. Figure 1c shows a Schlieren image of an
irregular detonation and a regular detonation. Several met-
rics for the regularity of detonation phenomena have been
proposed. In particular, Strehlowet al. [29] found that detona-
tions with low heat capacity ratios created more regular soot
foil patterns. Austin et al. [5] found through OH PLIF mea-
surements that the regularity of the detonation correlateswith
the distance from the neutral stability boundary. Similarly,
Gamezo et al. [30] found through two-dimensional simula-
tions of cellular detonations that higher activation energies
corresponded with more irregular cellular structure. Fur-
thermore, the so-called χ -parameter [3] has been found to
correlate with irregular detonations.

To reconcile physical processes that control ignition and
detonation transition, machine learning is applied to a set
of aggregated data from different experimental facilities.
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Machine learning [31] (also referred to as statistical learn-
ing or data analytics) seeks to make predictions using past
observations rather than direct theoretical analysis. The
applicability of machine learning is sufficiently broad that
it has been employed in a diverse range of fields [31] and
is foundational in most modern artificial intelligence algo-
rithms [32]. The employment and development of machine
learning techniques has been rapid in the last decade due
to the increased availability of data. Since machine learn-
ing is specifically developed toward the understanding of
highly disparate and stochastic data sources, this technique
appears to be particularly well suited for the analysis of
combustion regimes using data from several fuels, operat-
ing conditions, facilities, and configurations. While machine
learning is often employed as a means to generate simple
models of stochastic data, the present work utilizes it for
examining the predictive capability of combustion parame-
ters.

2 Features of irregular combustion

Many chemico-physical time and length scales exist in com-
busting systems. However, much work has been done to
predict irregular combustion through a reduced set of scalar
parameters, which often can be computed inexpensively
without detailed numerical simulations or configuration-
specific experiments. The utility of these scalar parameters
(or features) is examined using machine learning. The fol-
lowing features are considered, representing a subset of those
proposed in the literature [1–5,7–10]:

F =
{

τIGN

τE
,
Q

RT
,Θ,Sa, ξ, ε,Pr, γ, M,Re

}
. (1)

The mathematical definitions and physical motivations of
these features are discussed in detail in the subsequent sub-
sections.

2.1 Ignition delay, excitation time, and heat release

The ignition delay, τIGN, and the excitation time, τE, charac-
terize the time to ignition from an initial state and the heat
release time, respectively. They are computed using a chem-
ical kinetic model, which is an adiabatic, isochoric reactor
consisting of a coupled set of first-order ordinary differential
equations:

ρ
dYi
dt

= ω̇′′′
i , i ∈ {1, ..., nsp} (2a)

ρcv

dT

dt
= −

nsp∑
i=1

ei ω̇
′′′
i , (2b)
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Fig. 2 Volumetric heat release for a stoichiometric hydrogen/air mix-
ture with an initial temperature of 1200 K and pressure of 1 atm

where the mass fraction of the i th species is given by
ρi/ρ = Yi , the isochoric heat capacity of the mixture is
given by cv , the internal energy of the i th species is denoted
as ei , and nsp denotes the total number of chemical species
in the system. The adiabatic isochoric reactor seeks to model
constant-volume combustion in the absence of gas dynamic
effects. A simulated ignition for a stoichiometric hydro-
gen/air mixture in a homogeneous reactor is shown in Fig. 2.
As illustrated in the figure, τIGN is defined as the time it takes
for the ignition process to reach peak heat release, and τE is
the characteristic heat deposition time scale. The heat depo-
sition timescale is defined as the time interval between 5%
of the peak heat release and the peak heat release. The ratio
of the two chemical timescales, τIGN/τE, is referred to as the
chemical timescale ratio in this work. The amount of heat
deposited during ignition is given by Q and is shown in Fig. 2.
The heat release is often normalized by the temperature and
the gas constant (i.e., Q/(RT )) to yield a non-dimensional
group.

2.2 Ignition sensitivity and �-parameter

The ignition sensitivity is given by

Θ = −∂ log τIGN

∂ log T
. (3)

This feature corresponds to the neutral stability limit of lam-
inar detonations [26] and is also referred to as the reduced
activation energy; it is a popular metric for delineating
weakly unstable and highly unstable gas-phase detona-
tions [5]. It is computed using a central difference of the
ignition delay times evaluated from the homogeneous reac-
tor model discussed in Sect. 2.1.

Themonomial formed by the chemical timescale ratio, the
normalized heat release, and the ignition sensitivity is known
as the χ -parameter [3]:
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χ =
(

τIGN

τE

) (
Q

RT

)
Θ, (4)

where Q/RT is sometimes neglected. The stability of det-
onations has been found to be well correlated with this
parameter, and this feature was found to be influential in
the rate of pressure amplification behind a shock wave [3]. In
the present study, only the three elementary non-dimensional
groups comprising the χ -parameter are investigated during
feature ranking to give additional flexibility during classi-
fication. A comparison of this parameter to the classifier is
presented in Sect. 4.

2.3 Sankaran–Zeldovich number

The Sankaran–Zeldovich number Sa [1,4] compares the lam-
inar flame speed of a mixture, SL, to the speed of the reaction
front, uRF:

Sa = SL
uRF

,

= SL
∂τIGN

∂x
,

= SL
∂τIGN

∂T

∂T

∂x
,

(5)

where x is the direction of propagation for the reaction front,
and the last line follows from Zeldovich’s scaling relation for
reaction front propagation [1] via the assumption that tem-
perature gradients (neither species nor pressure gradients)
give rise to hot-spot ignition.

2.4 Chemical resonance

The chemical resonance, ξ [1,2], compares the speed of
sound in the mixture, a, to the speed of the reaction front
in a similar manner to the Sankaran–Zeldovich number:

ξ = a

uRF
,

= a
∂τIGN

∂T

∂T

∂x
.

(6)

As does the Sankaran–Zeldovich number, this feature
follows from the reaction front scaling relations of Zel-
dovich [1]. Illustrations of the Zeldovich scalings are shown
in Fig. 3. The primary conjecture of these scalings is the
propensity of a hot spot to thermoacoustically self-excite;
this self-excitation process is referred to as the shock wave
amplification by coherent energy release (SWACER) [33,34]
mechanism. If the reaction front is sufficiently slow, thermoa-
coustic interaction is negligible and a diffusion-dominated
flame kernel is formed, as shown in Fig. 3a. If the reaction
front is nearly sonic, then the thermoacoustic interactionmay

Fig. 3 Schematic illustration of the hot-spot ignition regimes as first
formulated by Zeldovich [1]. a Deagrative ignition, b detonative igni-
tion, c autoignition

yield a detonation front as depicted in Fig. 3b. It is noted
that the modality of thermoacoustic coupling in Zeldovich’s
scalings is one dimensional; however, hot-spot ignition is
oftenmulti-dimensional with significant influence of the ker-
nel with the boundaries or other hot spots [35]. Finally,
if the reaction front is sufficiently supersonic, no coher-
ence between the reaction front and the emitted compression
waves may occur as illustrated in Fig. 3c; in the limit of
uRF → ∞, one obtains a volumetric autoignition event.

2.5 Acoustic residence

The acoustic residence, ε, was employed by Gu et al. [2] to
demarcate the propensity for an internal-combustion engine
to undergo super knock; the acoustic residence is defined as

ε = r0
aτE

, (7)

where r0 is the characteristic radius of a hot spot. Both the
chemical resonance and acoustic residence features seek to
capture the thermoacoustics inherent in hot-spot ignition and
detonation formation.

3 Data analysis methodology

The utility of the features presented in Sect. 2 is analyzed
usingmachine learning techniques.Machine learning is used
as a tool to evaluate the predictive capability of the features
presented and correspondingly to uncover the physical pro-
cesses governing the ignition dynamics. Machine learning
is divided into two broad categories: unsupervised learning
and supervised learning. Unsupervised learning seeks to find
patterns in data. Clustering analysis such as k-means is an
example of an unsupervised learning. In supervised learn-
ing, each datum can be segregated into a feature vector, x,
and an output, y. The primary goal of supervised learning is
to develop a model, which predicts y to high accuracy and
is generalizable. Generalizability is key for the model to be
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predictive on unseen data. The two categories of supervised
learning models are regressors and classifiers: Regressors
predict an output which can take a value on the real line (i.e.,
y ∈ R), while classifiers are concerned with predicting dis-
crete categories (i.e., y ∈ Z). Thiswork is concernedwith the
application of a classifier to combustion data and an analysis
of the utility of the features employed with this classifier.

3.1 Classification

Several classifiers exist with unique advantages and disad-
vantages. Commonly employed classifiers include nearest
neighbor, support vector machine, neural network, naive
Bayes, and logistic regression [31]. The logistic regression
is the linear classifier used for this work and is chosen due to
its numerical robustness, computational efficiency, and con-
venient probabilistic interpretation.

While intermediate ignition varieties are sometimes con-
sidered [7], the ignition regime considered in this work is
binary; that is, y = 1 implies irregular ignition, and corre-
spondingly, y = 0 implies regular combustion. Hence, the
stochastic ignition event is presumed to follow a Bernoulli
distribution with parameter φ(x):

p(y;φ) = φy(1 − φ)1−y

= exp(ηy + log(1 − φ)),
(8)

where

η = log

(
φ

1 − φ

)
(9)

is known as the natural parameter. Furthermore, theBernoulli
distribution parameter, φ, can be written in terms of the nat-
ural parameter:

φ = 1

1 + exp(−η)

= σ(η),

(10)

where σ is the sigmoid function. The natural parameter is
a function of the input features for the logistic regression
model and can be quite complicated in general (e.g., deep
neural networks [36]). However, this work will only consider
an affine function for the natural parameter:

η(x) = w�x + b, (11)

where w and b are model parameters, and x is the feature
vector comprised of the parameters discussed in Sect. 2.Now,
a prediction, ŷ ∈ {0, 1}, is made according to

ŷ = 1[φ > 1/2] ,

= 1[σ(w�x + b) > 1/2], (12)

where 1 is the indicator function, which assigns a value of
one if the argument is true and zero otherwise. This leaves
the selection of optimal model parameters to be determined
(i.e., w and b). For this, a maximum likelihood estimate of
the model parameters is made:

�(w, b) =
∑

(x,y)∈DTRAIN

log(p(y|x;w, b)) ,

=
∑

(x,y)∈DTRAIN

(w�x + b)y+log(1 − σ(w�x + b)),

(13)

where � is the log-likelihood, DTRAIN = {(x, y) | x ∈
XTRAIN, y ∈ yTRAIN} is the training set, and the model
parameters for the logistic regression are determined by
ŵ, b̂ = argmaxw,b �(w, b). The optimization of (13) for a
given training set is the logistic regression [31].

3.2 Linearizedmodel

Due to the self-similarities inherent with the gas dynamics,
the separatrix between regular and irregular combustion is
assumed to follow a power law, which is widely employed
in the construction of combustion regimes [37]. That is

|F |∏
i=1

f wi
i > const. �⇒ Irregular Combustion, (14)

where fi ∈ F [with F defined in (1)] and wi ∈ w. However,
thismodel is not directly used for the logistic regression since
it is not affine. This is overcome by defining xi = log fi and
noting that fi > 0 ∀ fi ∈ F ; this allows (14) to be written as

w�x + b > 0 �⇒ Irregular Combustion, (15)

where b is the negative natural log of the previous constant,
and the direction of the equality is preserved due to the natural
log function being monotonic and increasing. Furthermore,
if one takes the sigmoid of both sides, the predictor of the
logistic regression given by (12) is recovered. Hence, under
the stochastic interpretation of combustion regimes utilized
in the current work, the dynamical parameters of combustion
affect the probability of yielding regular or irregular combus-
tion according to their weight constants.

3.3 Feature computation

Experimental data typically only consist of the label (i.e.,
weak or strong ignition for shock tubes and rapid compres-
sion machines, and weakly unstable or highly unstable for
cellular detonations) and the initial thermodynamic state (i.e.,
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temperature, pressure, and composition); hence, modeling
must be employed to compute the features.

The chemical timescales, chemical sensitivities, heat
release, and laminar flame speeds are computed using a
detailed chemical model in conjunction with Cantera [38].
The Prandtl number is given by Pr = ν/α. TheMach number
(i.e., M = u/a) and the Reynolds number (i.e., Re = uL/ν)
are computed using a velocity scale, which is discussed fur-
ther in Sect. 3.4. As with the reaction kinetic properties,
transport properties are computed using Cantera.

3.4 Evaluation of the velocity and length scales

All quantities except for the temperature gradient, ∂T /∂x ,
and the hot-spot radius, r0, are provided by the chemical
model. In general, this quantity is dependent on the turbu-
lence generated and is often intractable to compute or to
deduce from experiments. Additionally, this term is highly
dependent on the configuration.Hence, a representative value
is often employed per the configuration. In this work, an ad
hoc model is employed using scaling arguments:

∂T

∂x
∼ T

L
, (16a)

r0 ∼ L, (16b)

where L is the characteristic length scale for the system;
for shock tubes and rapid compression machines, L is taken
to be the bore diameter of the apparatus; for detonations,
L is the characteristic length of the cellular instability [26].
Additionally, the characteristic velocity scales for the shock
tube and the detonation wave are the post-shock velocity of
the fluid, and for the rapid compression machine, it is the
piston speed.

An alternative method for determining the unknown fea-
tures is explored; in this method, the implicit features (i.e.,
∂T /∂x and r0) are determined from the data of each facility
for the chemical resonance and the acoustic residence. This is
done to account for facility-dependent effects and implicitly
the configuration-dependent effects (i.e., if the data are from
a shock tube, RCM, or detonation experiment). A facility-
dependent scaling constant is introduced for the features
representing the chemical resonance and acoustic residence:

ξ = a
∂τIGN

∂T

(
β

(k)
ξ

T

L

)
, (17a)

ε = β
(k)
ε L

aτE
, (17b)

where the superscript k indicates the kth facility. Upon sub-
stitution, the affine model retains a similar form:

η(x) = w�x + w�
F ek + b, (18)

with

w
(k)
F = wξ log

(
β

(k)
ξ

)
+ wε log

(
β(k)

ε

)
, (19)

where wF is the facility weight vector, and the unit vector
corresponding to the kth facility is denoted by ek . Although
wξ and wε are known from the training process, the rela-

tion for β
(k)
ξ and β

(k)
ε is under-constrained. To find a unique

solution, the facility-dependent coefficients are assumed to
be near unity [that is, (16) approximately holds] and the
constrained least squares system is solved. Defining z(k) =
[logβ

(k)
ξ , logβ

(k)
ε ]�, the least squares problem is given by

minimize
z(k)

‖z(k)‖22
subject to w

(k)
F = w�z(k),

(20)

which yields the analytical solution

z(k) = w
(k)
F w

‖w‖22
. (21)

Substitution and rearrangement, using (19) and (21), yields
the least square value for the facility-dependent scaling con-
stants:

β
(k)
ξ = exp

(
w

(k)
F wξ

‖w‖22

)
, (22a)

β(k)
ε = exp

(
w

(k)
F wε

‖w‖22

)
. (22b)

These scaling coefficients are used to adjust the chemical
resonance and acoustic residence subsequent to training the
logistic regression.

3.5 Ranking algorithm

The features are ranked using forward selection [31]. For-
ward selection is a greedy optimization algorithm, which
selects features one at a time to be used for the classifi-
cation problem. This algorithm is commonly employed for
feature section (i.e., variance reduction) purposes for rela-
tively low-dimensional data. However, the implicit ranking
of the features by this algorithm will be used in this work to
draw conclusions about which features are the most effica-
cious.

The procedure is given in Algorithm 1. The algorithm ini-
tializes by finding the single most useful parameter when
used solely in the logistic regression; this is done using
the test error, which is computed using withheld data to
more closely approximate the error on unseen data (i.e.,
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F0 ← ∅;
i = 0;
while i < |F | do

εMIN ← ∞;
foreach f ∈ F − Fi do

w, b ← TrainLogisticRegression(DTRAIN,,Fi ∪ { f });
ε ← 0;
foreach (x, y) ∈ DTEST do

ŷ ← 1[σ(w�x + b) > 1/2];
ε ← ε + |ŷ−y|

|DTEST | ;
end
if ε < εMIN then

εMIN ← ε;
fMIN ← f ;

end
end
Fi+i = Fi ∪ { fMIN};

end
Algorithm 1: Forward step-wise selection ranking algo-
rithm.

DTRAIN∩DTEST = ∅). The algorithm continues in this man-
ner adding one feature at a time to the set while using the
features previously added for the classification. This yields a
sequence of sets, Fi , where the difference yields the feature
of rank i : { fi } = Fi − Fi−1.

4 Classification results

4.1 Data utilized

The data used in this work are summarized in Table 1. The
ignition delay and excitation times are extracted from the data
using the mechanisms provided in Table 1. In aggregate, 485
data are utilized in this work. However, it should be noted
that the chemical features produced by thesemodels can vary
significantly, and the improvement of these detailed chemical
models is the subject of the current research. Even though the
mechanisms selected are widely accepted and utilized, there
is epistemic uncertainty in these models [39], which may
influence the importance of the chemical features to some
degree. Further discussion and illustration of the effects of
uncertainty in the chemical mechanism is given in Sect. 4.6.

It is noted that much of the data exist near the boundary in
a transitional regime, where an exact label is difficult for the
experimentalist to apply, or there may be a slightly different
standard for labeling the data. For example, the transition
between highly unstable and weakly unstable detonations is
quite nuanced. Additionally for shock tubes and RCMs, a
deflagrative ignition mode may be coupled to an autoignitive
mode, which adds uncertainty to the label. These consider-
ations are a primary reason for the selection of the logistic
regression as the classifier. The decision boundary produced
by this classifier is only the region where there is a 50% prob-

ability that the combustion variety is irregular or regular with
the given feature set. Hence, there is no strict certainty with
respect to any inputted data to this model. Additionally, ran-
dom and systematic mislabeling due to the aforementioned
reasons is guarded against by inspecting the performance of
the model against withheld data, which is done in this work.

4.2 Forward selection results

The results of the forward selection algorithm are shown in
Fig. 4. The bars on the left (red) show the test error if each
feature is added to the feature set. The test error is defined
using the Manhattan distance:

εTEST = 1

|DTEST|
∑

(x,y)∈DTEST

|ŷ(x) − y|. (23)

The right bars (blue) show the test error of the selected
feature normalized by the mean of the remaining features.
The mean test error is defined as the sample mean for the
current iteration, i , of the forward selection:

〈εTEST〉 = 1

|F − Fi |
∑

f ∈F−Fi

εTEST( f ∪ Fi ,D), (24)

where the complete data set is given by D = DTEST ∪
DTRAIN. The training set and the test set are used for param-
eter optimization and test error prediction, respectively. The
normalized test error seeks to clarify how much better the
added feature is to the remaining features; that is, a value
near one indicates that the selected feature is not much better
than the remaining features, and the algorithm is essentially
randomly selecting features.

The large error bars in the detonation data set are attributed
to the low dimensionality of the data when compared to the
other sets. As shown in Fig. 4, features involving the exci-
tation time prove to be the most efficacious in predicting
the ignition dynamics for the shock tube and rapid com-
pression machine (i.e., τIGN/τE and ε) and are selected by
the algorithm first for these configurations; this indicates
that the ignition phenomena are most strongly influenced
by the chemical timescales. Additionally, it is shown that
the Prandtl number significantly influences the classifier for
the shock tube data. The significance of the Prandtl number
may indicate that the competition between viscous and ther-
mal diffusion plays an important role. It is noted that only
the shock tube yields better results with more than a single
feature within the uncertainty bars.

Furthermore, the figure demonstrates that at most two
non-dimensional groups are sufficient to classify the igni-
tion variety using the proposed power-law model. This gives
credence to the possibility of a governing parameter per con-
figuration. Hence, the features are inspected during the first
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948 K. P. Grogan, M. Ihme

Table 1 Summary of the
aggregated experimental data

Author Configuration Fuels # Data

Yamashita et al. [12] ST C2H2 [40] 42

Penyazkov et al. [13] ST C3H8 [40] 167

Meyer and Oppenheim [11] ST H2 [41] 94

Huang et al. [42] ST CH4 [43] 39

Mansfield et al. [7] RCM H2/CO [43] 50

Walton et al. [14] RCM i-C8H18 et al. [44] 42

Radulescu [16] DET H2 [41], CH4 [43], C2H2 [40] 13

C2H4 [40], C3H8 [40]

Austin [15] DET H2 [41], C2H4 [40], C3H8 [40] 14

Lee et al. [45] DET C2H2 [40] 5

Shepherd et al. [46] DET H2 [41], C2H2 [40], C2H6 [40] 12

Grogan and Ihme [8] SIM H2 [41,47] 7

The chemical mechanism used is cited in Fuels column

Fig. 4 Results of the forward
selection of features. Features
are selected in the order of
importance going from left to
right. The mean test error,
〈εTEST〉, is the mean of all the
test errors produced when each
feature that is not currently in
the set is added. The error bars
are determined by bootstrapping
the data set to determine the
variance in the predicted test
error. a All, b shock tube,
c rapid compression machine,
d detonation

(a) (b)

(c) (d)

iteration of the forward selection algorithm as an additional
means to rank the features. The results are shown in Fig. 5.
This figure gives the test error for each configuration when
only a single feature is used for the classifier. In this method
of ranking the features, the relative importance of the fea-
tures is not obscured by their correlations. It is shown in all
configurations that terms involving the excitation time (i.e.,
ε and τIGN/τE) are within the top two features.

The data show that the chemical timescale ratio is the
most effective predictor of irregular combustion of the fea-
tures considered. For shock tubes, the error is 20%. This
error is higher than the sensitivity coefficient of Meyer and

Oppenheim, which is 15%, and the extended second explo-
sion limit proposed by Voevodsky and Soloukhin, which is
7% with intermediate cases defined as weak. The increased
error is attributed to the reporting of test error rather than
training error and the higher variance in experimental condi-
tions under examination; that is, the current work examines a
range of fuels and shock tube facilities. Using the Meyer and
Oppenheim data set in isolation and all the features, the train-
ing error is found to be 11%. Grogan and Ihme [10] utilized
a bifurcation Damköhler number to predict weak ignition in
shock tubes across an array of facilities and fuels. This non-
dimensional number produces an error of 15% for the data
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Fig. 5 Ranking of the features
for the first step in the forward
selection algorithm given by
Algorithm 1. The error bars are
determined by bootstrapping the
data set to determine the
variance in the predicted test
error. a All, b shock tube,
c rapid compression machine,
d detonation

(a) (b)

(c) (d)

examined. Furthermore, Boeck et al. [48] compared ignition
criteria in the context of deflagration-to-detonation transition
using a detailed chemical mechanism for a stoichiometric
hydrogen/air mixture. It was found that the geometric length
scale and initial pressure of the mixture can significantly
affect the predictions of ignition criteria.Hence, it is expected
that differences in the facility and the broad range of initial
thermal states can manifest as a higher test error due to dif-
ferences in the gas dynamics and chemical uncertainties.

4.3 Correlation analysis

A heat map of the correlation coefficients is shown in
Fig. 6. The correlation coefficient is a normalized covariance
between two random variables and is defined as

ρX ,Y = Cov(X ,Y )√
Var(X)Var(Y )

, (25)

where X and Y are random variables, and ρX ,Y ∈ [−1, 1]
is the correlation coefficient. Figure 6 shows that the fea-
tures related to the ignition delay are highly correlated.While
individually these features are effective in the classification
of combustion regimes as shown in Fig. 5a, the correlation
between these features is likely the reason none of them are
selected in the second iteration of the forward selection algo-
rithm as shown in Fig. 4a. That is, once one of these features
is included in the model, there is not a sufficient amount of
new information to include another.

Fig. 6 Heat map of the correlation coefficients for the features under
examination. Correlations are found for the natural log of the feature.
Features are sorted in the order of predictive relevance. The entire data
set is utilized. Highly correlated features are near one, uncorrelated
features are near zero, and anticorrelated features are near negative one

4.4 Low-dimensional decision boundaries

A comparison of the decision boundaries of the classifica-
tion for each configuration with experimental and simulation
data is shown in Fig. 7. As shown by the forward selection
analysis in Sect. 4.2, only two features at most are neces-
sary to formulate a decision boundary, and two-dimension
plots are produced recognizing this finding. The coordinates
are chosen due to their correspondence to the χ -parameter;
additionally, the chemical timescale ratio and the heat depo-
sition are shown to be significant features in Fig. 5; the two
axes correspond to the two features utilized for the logistic
regression. It is shown that the data are not linearly separable
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Fig. 7 Scatter plots of the experimental and simulation data with the
decision boundaries from the logistic regression. The logistic regression
is fitted to the data shown in each plot. A line segment corresponding

to constant χ is provided for comparison. a All, b shock tube, c rapid
compression machine, d detonation

for the data in aggregate; in particular, significant excursions
are shown for the shock tube data. However, the RCM and
detonation cases show a higher degree of correspondence to
the decision boundary found by the logistic regression. The
shock tube data are shown to be in bulk insensitive to the
reduced activation energy; as shown in Table 1, the shock
tube data set has the most diverse array of facilities indicat-
ing that features, which incorporate accurate estimates of gas
dynamic perturbations, may be necessary. Additionally, the
shock tube configuration has relatively few data that exceed
95% probability for the regular or irregular classification,

which indicates that the plotted coordinates are not particu-
larly well suited for classifying these data.

Furthermore, the χ -parameter is shown to perform rel-
atively well in classifying the rapid compression machine
data. However, the slope of the decision boundary is approx-
imately three times greater indicating an increased sensitivity
to the reduced activation energy in this configuration when
compared to the χ -parameter. Interestingly, this parameter
is shown to be nearly antiparallel to the detonation decision
boundary and that an increased value of the reduced activa-
tion energy when compared against the heat release rate is
regularizing. This result differs from previous studies, and
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Fig. 8 Classification including facility effect using the length scales and temperature gradients found via the procedure described in Sect. 3.4

Table 2 Mean temperature
gradients and hot-spot length
scales as determined from the
logistic regression

Author Configuration ∂T /∂x (K/mm) r0 (mm)

Yamashita et al. [12] ST 0.318 4.28

Penyazkov et al. [13] ST 0.834 6.47

Meyer and Oppenheim [11] ST 0.0552 0.987

Huang et al. [42] ST 0.0105 0.742

Mansfield et al. [7] RCM 0.0972 2.29

Walton et al. [14] RCM 0.030 1.21

Radulescu [16] DET 111 3.47

Austin [15] DET 62.2 15.0

Lee et al. [45] DET 240 7.55

Shepherd et al. [46] DET 243 3.27

Grogan and Ihme [8] SIM 0.248 1.11

the discrepancy is likely due to the reduced activation energy
previously being considered in isolation rather than in con-
junction with additional parameters, and the extent of the
data being exposed to the classification.

4.5 Facility effects

Figure 8 illustrates the correspondence of the experimental
and simulation data to the decision boundary when facility
effects are included. These data show fewer excursions of
the data into the opposite regimes than before. The error is
reduced to 11.3%, which is significantly less than not includ-
ing the effect of the facility as shown in Fig. 4. The inferred
mean temperature gradient and hot-spot radius are reported in
Table 2. The clearest discrepancy is in the temperature gra-
dient between the detonation and the other configurations;
this corresponds to physical intuition since one might expect

temperature gradients in shock-induced irregular combustion
to be quite high. However, it is noted that temperature vari-
ations in rapid compression machines are typically of order
1–10 K/mm [49], which is approximately two orders of mag-
nitude larger than that found by the algorithm. An exact
correspondence to the actual experimental gradients and
length scales is unlikely since other hidden variables may
influence these values (e.g., fuel properties). Additionally,
the reported values of the temperature gradient and hot-spot
radius are merely the optimal values to yield the most accu-
rate classification and are only constrained to be near the
proposed physical length and temperature scales. Hence, a
deviation from reasonable values indicates a lower utility in
these parameters.
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Fig. 9 Uncertainties in the training error of the logistic regression for
each feature applied to theMeyer andOppenheim stoichiometric hydro-
gen/oxygen data [11]

4.6 Uncertainty quantification

Important to the classification of combustion regimes is the
uncertainty quantification in the reported results due to the
chemical kinetic mechanism. Furthermore, the experimental
data utilized are often taken in gas dynamic regimes with
a high degree of turbulence such as the flow field behind a
bifurcating shock wave or wall-generated turbulence, and a
representative thermal state is difficult to ascertain. Hence,
Fig. 9 illustrates the effect of the uncertainty in the chemical
mechanism and temperature on the classification error for the
logistic regression.

The scope of the uncertainty study is limited to the clas-
sification of the stoichiometric hydrogen/oxygen mixture of
Meyer and Oppenheim [11] using the reported uncertainties
in the Hong et al. hydrogen/oxygen mechanism [41]; this is
done to focus the examination of the uncertainties for a sin-
gle fuel, configuration, and facility; however, it is noted that
uncertainty in the chemical mechanism and state is certainly
not limited to stoichiometric hydrogen/oxygen combustion
in a shock tube. The logistic regression is trained only using
the feature for which the error is shown. The “no uncertainty”
case corresponds to trainingwithout uncertainty in the kinetic
rates or the initial temperature, the “low uncertainty” case
corresponds to the lower uncertainty bound of the Hong et
al. hydrogen chemical mechanism [41] and an initial tem-
perature variation of 1%, and the “high uncertainty” case
corresponds to the upper uncertainty bound of the Hong et
al. hydrogen chemical mechanism and an initial temperature
variation of 10%. Training errors are determined via Monte
Carlo sampling, and the input kinetic rates and temperature
are presumed to follow a log-normal distribution. The low
and high uncertainty data are found to yield a converged
training error with 1000 samples per each of the 94 test data.

The classification error is shown to vary for the three lev-
els of uncertainty examined. While the relative classification
error is roughly invariant to the uncertainty, the increase from
low to high uncertainty tends to increase the classification

error. The classification error converges to 35% for high
uncertainty and low utility of the feature; this error is the
percent of weak ignitions in the data set, and the classifier is
simply predicting strong ignition for all data. Interestingly,
the transition from no uncertainty to low uncertainty tends
to decrease the error. This is particularly pronounced for the
parameters based on the Zeldovich scaling of the ignition
delay gradient: ξ and Sa. Both of these features utilize a
scaling relationship for the thermal gradient, and the intro-
duction of additional variance into the input parameters may
have the effect of reducing the model bias. Furthermore, it is
again noted that the decision boundary created by the logis-
tic regression classifier is a line of equal probabilities for
each regime, but the error shown does not account for the
uncertainty built-in to the classifier.

5 Conclusions

Machine learning techniques are introduced as a tool to ana-
lyze a wealth of experimental data from disparate sources
and to evaluate the universality of ignition dynamics in det-
onations and from hot spots. The current study contrasts
with previous studies of irregular combustion by examining
data from several fuels, facilities, and configurations. The
machine learning techniques enable the study of the univer-
sality of certain features within highly disparate data sets
and allow reasonable conclusions to be drawn in a holistic
approach.

It was found that the features encapsulating the com-
bustion timescale and sensitivity performed the best for
all configurations examined; however, features which bet-
ter incorporate gas dynamic fluctuations are necessary for a
complete characterization, and an alternative procedure was
undertaken to infer these quantities from the data. No signif-
icant improvement was found in the test error for more than
two features. This suggests that the correct classification of
the combustion process is low dimensional and that a govern-
ing parameter is plausible per the configuration.Additionally,
it was found that agreement to the χ -parameter is con-
figuration dependent. Furthermore, incorporation of facility
dependence yielded superior classification results. This indi-
cates that the consideration of perturbations in the flow field
may be necessary for characterizing irregular ignition, and
accurate estimates of hot-spot radius and temperature gra-
dient may yield an acceptable classification of the expected
combustion regime. A quantification of the effect of uncer-
tainty in the chemical mechanism and thermal state for a
sample data set shows that the relative importance of the
features remains robust between low and high levels of uncer-
tainty. Finally, it is noted that the features employed do not
necessarily encapsulate the most crucial physics; however,
it is argued that the techniques demonstrated in this work
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can provide a useful means for guiding further theoretical
analysis of ignition mechanisms.
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