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Abstract
A high-order, quasi-one-dimensional, reacting, compressible flow solver is developed to simulate non-ideal effects and
chemical kinetics in shock tube systems. To this end, physical models for the thermoviscous boundary-layer development,
area variation, gas interfaces, and reaction chemistry are considered. The model is first verified through simulations of steady
isentropic nozzle flow, multi-species Sod’s problem, laminar premixed flame, and ZND detonation test cases. Comparisons
with experiments are made by examining end-wall pressure traces that are gathered from shock tube experiments designed
to test the code’s capabilities. Subsequently, the solver is utilized for uncertainty quantification and design optimization of a
driver insert. Both applications prove to be highly efficient, indicating the utility of the solver for the design of experiments
in consideration of non-ideal gas-dynamic effects.

Keywords Shock tube · Combustion · Non-ideal effects · Optimization · Uncertainty quantification

1 Introduction

Shock tube facilities remain invaluable for providing detailed
information about ignition delay times, extinction limits,
and species time histories for the development of chemical
kinetic mechanisms [1]. These measurements are employed
in the validation of chemical models and the characteriza-
tion of new fuel mixtures. A shock tube is a long pipe, which
is divided into a driver section and a driven section by a
diaphragm. The driver section is pressurized with an inert
gas, and the driven section contains the test gas mixture that
is under experimental investigation. Following the rupture of
the diaphragm, a normal shock develops which propagates
into the driven section and is reflected at the end wall.

Shock tubes rely on gas-dynamic simplicity to study
chemical kineticswith high accuracy.Under ideal conditions,
the test gas mixture in the region behind the reflected shock
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is stationary and uniform. However, non-ideal gas dynamics
can significantly affect the ignition characteristics [2]. A par-
ticularly pervasive non-ideality in shock tube experiments is
an unsteady rise in test pressure, which in turn affects the
measured reaction. For instance, Pang et al. [3] found a pres-
sure rise at the rate of 2% per millisecond, which could be
consequential for long ignition delay time measurements.

The pressure rise is due to boundary-layer displacement.
Specifically, as the boundary layer develops, the core gas
of the shock tube is compressed by the decreasing effective
volume of the shock tube, yielding the increase in pressure.
For practical applications, this effect can be mitigated by
employing large shock tube diameters, reducing the test time,
and using driver inserts [4]. In particular, driver inserts cause
the expansion wave behind the incident shock to be reflected
toward the shock counteracting the observed pressure rise in
turn.While driver inserts have successfully been employed to
reduce the pressure rise in the test section, thereby extending
the operable range of the shock tube [5], their design for an
experiment is an iterative and time-consuming process.

Simple models such as Chemshock [6] and VTIM (vol-
ume as a function of time) reactor model [7] were developed
to consider the effects of the pressure rise of realistic
shock tube systems in homogeneous reactor models. They
both work by directly incorporating pressure measurements
from shock tube experiments and isentropically correct-
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ing the temperature (Chemshock) or volume (VTIM). By
incorporating pressure measurements into zero-dimensional
simulations, these models were found to improve in agree-
ment with experimental data; however, they incorporate
boundary-layer effects and other non-idealities in an a pos-
teriori manner. As such, their use is limited in the design
of experiments since they do not represent the underlying
physical processes.

While gas-dynamic effects due to shock–boundary layer
interaction may be captured through detailed, multi-dimen-
sional simulations [8–13], the computational cost currently
prohibits the simulation of entire shock tube systems, the
incorporation of detailed chemicalmechanisms, or the exam-
ination of complex geometries. Hence, a computationally
efficient and accurate model is necessary to study shock tube
ignition for these purposes.

The purpose of this work is to propose, verify, validate,
and apply a low-order model for shock tube ignition in the
presence of non-ideal gas dynamics. To this end, a quasi-
one-dimensional model (StanShock) is developed. The
underlying mathematical model is presented in Sect. 2, a
description of the verification and validation tests performed
is contained in Sect. 3, and applications of the model to
design optimization and uncertainty quantification are given
in Sect. 4.

2 Model

To motivate the StanShock model, Fig. 1 illustrates the
relevant physical processes in a shock tube. The modeling
of these processes requires the consideration of complex
shock wave dynamics, involving the development, propa-
gation, reflection, and self-interaction. Furthermore, since
the driver gas is often much lighter than the driven gas
to minimize the interaction of the reflected shock with the
contact surface [14], a model for the material interface is
required. Many shock tubes utilize a larger driver section
area than driven section area to produce stronger incident
shocks [15]. Driver inserts [5] can be employed to tailor
the test pressure. Therefore, it is necessary for the model
to incorporate area variation. Additionally, friction and heat
transfer due to the boundary layer cause an unsteady test pres-
sure, which requires additional modeling. Finally, a chemical
kinetic model must be integrated into StanShock to study
the interaction of the gas dynamics with the reaction chem-
istry.

Following these requirements, the model equations emp-
loyed in StanShock are a quasi-one-dimensional formu-
lation [16] of the Navier–Stokes equations with additional
source terms for the reaction chemistry, area variation, and
boundary-layer development:

Fig. 1 Schematic illustration of relevant shock tube physics. An x–t
diagram is shown for reference with regions numbered in accordance
with standard convention [14]

∂q
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(2)

are the state vector of conserved variables, inviscid flux,
and viscous flux vectors, respectively. The energy, e =
es + u2/2, contains the sensible and kinetic contributions,
where es = ∫ T

Tref
cvdT ′ and Tref is the reference tempera-

ture. Additionally, Dn , μ, and λ are the mass diffusion of
the nth species, dynamic viscosity, and thermal conductivity.
The ideal gas equation of state is used to relate the pressure,
density, temperature, and composition: p = ρRT , where
R = R∑N

n=1 Yn/Wn , R is the universal gas constant, and
Wn is the molecular weight of the nth species. Note that for
a single species, Y1 = YN = 1, the q, fi, and fv terms of (1)
reduce to the one-dimensional Navier–Stokes equations.

The chemical source term is given by

schem =

⎡
⎢⎢⎢⎢⎢⎣

ω̇′′′
1
...

ω̇′′′
N
0

−∑N
n=1 Δe◦

f,n(Tref)ω̇
′′′
n

⎤
⎥⎥⎥⎥⎥⎦

, (3)

where Δe◦
f,n(Tref) is the formation energy at the reference

temperature of the nth species and ω̇′′′
n is the volumetric

mass production rate of the nth species. Furthermore, the
area source terms are given by
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sarea = −q
∂ ln A

∂t
− (fa − pêN+1)

∂ ln A

∂x
, (4)

where A is the cross-sectional area and êN+1 is the unit vec-
tor corresponding to themomentum equation. The functional
form of A is known a priori and describes the geometry of the
shock tube. Due to the presence of driver inserts, the cross
section of the shock tube is assumed to be annular with the
hydraulic diameter, D, given by

D = Do − Di, (5)

where Do and Di are the outer and inner diameters, respec-
tively.Note that for sections of the shock tubewithout a driver
insert, D = Do. Commonly, the term ∂t ln A in (4) will be
zero; however, this term is implemented to enable the consid-
eration of a finite opening time of the shock tube diaphragm.

Finally, the boundary-layer source terms are modeled as

sbl = − 4

D

⎡
⎢⎢⎢⎢⎢⎣

0
...

0
τ

q

⎤
⎥⎥⎥⎥⎥⎦

, (6)

where the shear stress at the wall is given by τ and the energy
losses are given by q. The shear stress at the wall is related
to the skin friction coefficient, Cf , by

Cf = τ
1
2ρu

2
. (7)

In the current work, the skin friction coefficient is obtained
from the analytical solution for Poiseuille flow at low
Reynolds numbers and the Kármán–Nikuradse relation at
high Reynolds numbers [17]:

Cf =
{
16/Re for Re < 2300

K (Re) for Re ≥ 2300
, (8)

where the function K (·) is the solution of the implicit equa-
tion

1√
Cf/2

= 2.46 ln
(
Re

√
Cf/2

)
+ 0.3, (9)

with respect to the skin friction coefficient. The use of (9) pre-
sumes smooth walls for the shock tube, and the gap between
a driver insert and the outer wall of the shock tube is well
described by this relation. The Reynolds number is based on
the shock tube geometry and the local velocity:

Re = ρ|u|L
μ

, (10)

where the characteristic length scale, L , is defined as the
hydraulic diameter:

L =
(
1 + 1[Di = 0]

2

)
D, (11)

where 1[·] is the indicator function. The switching via the
indicator function is employed to assure that the asymptotic
cases of no driver insert and large driver insert are treatedwith
the appropriate length scale. Note that the absolute value of
axial velocity is taken to yield a positive Reynolds number.
Also, the sign of τ is adjusted to ensure that it remains in
opposition to the flow and is set to zero when u = 0.

In a similar manner, the heat loss from the boundary layer
is found with a Nusselt number correlation for internal flows
with isothermal walls [17]:

Nu =

⎧⎪⎪⎨
⎪⎪⎩

3.657 Re < 2300

0.021 Pr0.5 Re0.8 2300 ≤ Re < 2 × 105
Re Pr(Cf/2)

0.88+13.39(Pr2/3−0.78)
√
Cf/2

2 × 105 ≤ Re
,

(12)

where the Nusselt number relates to the heat loss by

q = Nu
λ

L
(T − Tw) (13)

and Tw is the wall temperature of the shock tube. The wall is
assumed to be isothermal since the timescales of the chemical
reactions and heating by shock compression are insufficient
to cause an appreciable change in wall temperature [18].
However, at high Reynolds number, a relation for the con-
stant heat flux is employed since the heat transfer becomes
less sensitive to the boundary condition at high turbulence
levels [17].

2.1 Numerical method

The numerical method used to solve (1) is described subse-
quently. The choices of the numerical method are influenced
by those made by other authors in the construction of
compressible reacting flow solvers [19–21]. Furthermore,
the discretization schemes are selected to ensure numerical
stability, to minimize computational expense, and to effica-
ciously incorporate the relevant shock tube gas dynamics
and detailed reaction chemistry. This section proceeds with
a discussion on the temporal integration, the model for the
material surfaces, theflux calculationprocedure, and the edge
interpolation scheme.

2.1.1 Spatial discretization

A fifth-order WENO scheme [22,23] is chosen as the inter-
polator for the advective fluxes. The high-order scheme is
motivated by the requirement to resolve the gas dynamics
with as few grid points as possible. Furthermore, the TVD
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property of the scheme ensures that spurious oscillations do
not severely affect the reaction chemistry near a shock. For
the diffusive fluxes, a second-order central difference is uti-
lized.

2.1.2 Temporal integration

A splitting scheme is utilized to temporally integrate (1).
In this method, the numerically stiff reaction chemistry is
treated implicitly to reduce computational expense and cou-
pled to the other terms via Strang splitting [24]. Furthermore,
the non-stiff contributions by advection, diffusion, area vari-
ation, and boundary-layer source terms utilize explicit time
integration to avoid computing Jacobians.

The advection terms are advanced using a third-order
Runge–Kutta scheme [23], which has been determined to
be stable for Courant–Friedrichs–Lewy condition less than
unity for the WENO scheme utilized [22]. The boundary-
layer terms, area variation terms, and diffusive fluxes are
integrated forward using the Lie splitting to enhance the
modularity of the solver. Furthermore, the implicit integra-
tion of the chemical source term is performed using the
LSODE solver, while the reaction rates are evaluated via
Cantera [25].

2.1.3 Flux model

Shock tube experiments often utilize differing driver and
driven gases to tailor the incident shock wave. To account for
this material interface, the double-flux model is employed
[26–28]. The double-flux model allows for the efficient
computation of the approximate flux across contact disconti-
nuities without spurious oscillations in pressure. The model
requires the development of linear interpolation tables for
the specific heats toward the computation of the energy and
the computation of two fluxes at each face in a ghost fluid
method [23]. The linear interpolation tables are generated
from a supplied Cantera solution object.

Consistencywith the double-fluxmodel requires adequate
modeling of the contact surface. Hence, the low-dissipation
Harten–Lax–van Leer contact (HLLC) flux for multi-species
flows is utilized [23,29]. The HLLC flux is an approximate
solution to the Riemann problem for the Euler equations and
is a three-wave flux model.

2.1.4 Edge interpolation

The computation of the fluxes on the right and left edges of
the cell requires the interpolation of the cell-averaged values
for the characteristic variables to each edge. The flux com-
putation utilizes the cell’s specific heat ratio in accordance
with the double-flux model. Additionally, it is noted that the
double-flux model requires two flux computations per cell

rather than one; however, this additional cost has been found
to be negligible—particularly for reacting simulations with
detailed chemical kinetics, where the computational cost is
dominated by the temporal integration of the reaction chem-
istry.

After the characteristic variables are interpolated to the
edges, they are transformed into conserved variables for use
in the HLLC flux computation. While the use of the charac-
teristic variables as interpolant increases the computational
cost of the simulation, significant reductions in oscillations
are found near discontinuities when compared to the use of
primitive or conservative variables as the interpolant [19].

2.1.5 Implementation

In order to yield a highly portable and modular code, Stan-
Shock is written in object-oriented Python. The use of
Python as programming language eases additional devel-
opment for subsequent studies. Computationally intense
portions of the code, such as the thermodynamic property
computations, WENO interpolation, and HLLC flux evalu-
ation, are just-in-time compiled, which yields a significant
speedup.

A flowchart of typical operation of the code is shown
in Fig. 2. As indicated in the figure, a Python script is
first used to set up and run a StanShock solution object.
This object makes use of Cantera as the thermochem-
istry software. At run time, the solution object is compiled
using Numba [30]. Subsequently, the StanShock solution
proceeds until the final time, tfinal, integrating the physical
models selected by the user in the input script. Finally, the
script may be post-processed using a graphical library such
as Matplotlib [31] as depicted in the figure. Built-in to the
StanShock solver is the capability to plot x–t diagrams of
the solution for selected flow variables.

3 Verification and validation

The StanShock solver requires verification of the numer-
ical methods to ensure its intended operation. Furthermore,
the predictive capabilities of StanShock must be validated
to ensure the utility of the solver. Hence, the subsequent sec-
tion proceeds with verification cases including the advection
of an analytical shock tube problem, isentropic nozzle flow, a
laminar flame, and a Zeldovich–von Neumann–Döring deto-
nation. Finally, a comparison of the solver with experimental
data will be discussed.

3.1 Analytical shock tube problem

Of great importance to StanShock is its capability to repro-
duce an analytical shock tube flow in the absence of non-ideal
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Fig. 2 Flowchart of typical operation of the StanShock solver

effects. This assures the capability of StanShock to model
shock propagation, contact surfaces, and expansion waves,
all of which are fundamental to the operation of shock tubes
in chemical kinetic experiments. For this, the analytical solu-
tion to amulti-species Sod shock tubeproblem [21,32] is used
as a test case.

The initial condition for themulti-species Sod’s problem is
a Riemann problem with a discontinuity in density, pressure,
and specific heat ratio:

ρ(x, 0)/ρ4 =
{
1 for x/L < 1/2

1/8 for x/L ≥ 1/2
, (14a)

u(x, 0)/c4 = 0, (14b)

p(x, 0)/p4 =
{
1 for x/L < 1/2

1/10 for x/L ≥ 1/2
, (14c)

γ (x, 0) =
{
7/5 for x/L < 1/2

5/3 for x/L ≥ 1/2
, (14d)

0.0 0.2 0.4 0.6 0.8 1.0
x/L

−0.5

0.0

0.5

1.0

1.5

2.0
p/p4

ρ/ρ4

u/c4

γ

nx = 100

0.0 0.2 0.4 0.6 0.8 1.0
−0.5

0.0

0.5

1.0

1.5

2.0
p/p4

ρ/ρ4

u/c4

γ

x/L

nx = 1000(b)

(a)

Fig. 3 Comparison of the numerical (◦) and analytical (–) solutions to
a multicomponent version of Sod’s problem [21,32] on a coarse and a
fine grid. Snapshots are shown at t = 0.2L

√
ρ4/p4

where the subscript “4” follows shock tube conventions as
shown in Fig. 1, indicating the gas in the initial driver section
state, and c is the speed of sound. Details about the analyti-
cal solution to a Riemann problem for gas dynamics may be
found in themonographs by Saad [16] or Laney [33]. A com-
parison of the analytical solution and the numerical solution
of StanShock is shown in Fig. 3. The implemented scheme
shows good agreement with the analytical solution. In partic-
ular, interfaces exhibit minimal oscillation, and the pressure
remains constant across the contact surface in accordance
with the double-flux model. The contact surface is shown to
be somewhat diffuse. However, the sharpness of the contact
discontinuity improves with increasing spatial resolution as
shown in Fig. 3b. Hence, the results for the multi-species Sod
shock tube problem verify that StanShock is adequate for
modeling gas dynamics with discontinuities.

3.2 Isentropic nozzle flow

Shock tubes are often designed with an enlarged driver
cross section compared to that of the driver in order to
strengthen the incident shock [15]. Representing these geo-
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x/L
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p/p0

ρ/ρ0

M

A

Fig. 4 Comparison of the numerical (◦) and analytical (–) solutions to
a steady isentropic flow with variable-area nozzle geometry. The grid
resolution is nx = 100

metric variations necessitates StanShock’s capability to
model quasi-one-dimensional area changes.

Verification of StanShock’s variable-area modeling
capability is shown in Fig. 4. The test case is a smoothly
diverging, supersonic, isentropic nozzle with an area profile
given by a sinusoid:

A(x) = 1

2

[
3 − cos

(
π
x

L

)]
. (15)

The analytical solution of this case is found via classical
steady, one-dimensional, isentropic flow relations [16]:

AM

[
2

γ + 1

(
1 + γ − 1

2
M2

)]− γ+1
2(γ−1) = const., (16a)

p

p0
=

(
1 + γ − 1

2
M2

) γ
γ−1

, (16b)

ρ

ρ0
=

(
p

p0

) 1
γ

, (16c)

where M is the Mach number and the subscript “0” indicates
the stagnation value. The inlet and outlet boundary condi-
tions are supersonic, and the inflow state is [T , M, p, γ ] =
[300K, 6/5, 105 Pa, 7/5]. The domain is initialized to the
inflow state and allowed to evolve temporally to a steady
solution. Comparisons of simulation results and theoretical
solutions are shown in Fig. 4. StanShock is demonstrated
to accurately reproduce the analytical solution for the flow
quantities. Hence, StanShock is verified to reproduce the
analytical solution of quasi-one-dimensional gas dynamics.

3.3 Laminar flame

The implementation of the diffusive fluxes in StanShock
is verified using a premixed laminar flame test case. Can-
tera’s built-in steady eigenvalue solution for a premixed

−4 −2 0 2 4
x/δf

0.0

0.2

0.4

0.6

0.8

1.0
T/T f

YOH × 10
YO2

YH2

Fig. 5 Comparison of the StanShock (-�-) and Cantera(—-) solu-
tions to a steady, premixed laminar flame. The flame thickness, δf =
368µm, is defined as twice the inverse of the logarithmic temperature
gradient

laminar flame is employed for comparison. A stoichiometric
hydrogen/air flame at the initial conditions T = 300 K and
p = 1 bar is simulated using the detailed mechanism due to
Hong et al. [34]. It is shown inFig. 5 that theflame structure of
the StanShock solution matches that of the Cantera solu-
tion to good accuracy with five cells across the flame. Hence,
the implemented diffusive fluxes and reaction chemistry in
StanShock are verified to reproduce the chemico-diffusive
coupling inherent in a premixed laminar flame.

3.4 Zeldovich–von Neumann–Döring detonation

The Zeldovich–von Neumann–Döring (ZND) structure of a
laminar detonation is used for verification of the reacting
flow model. A comparison of StanShock and the solution
of the ZND equations is shown in Fig. 6. The solution to the
ZND equations is found using a stiff ODE solver, and details
about the solution may be found in Lee [35]. The hydrogen–
oxygen mechanism due to Burke et al. [36] is employed
for the chemical model. The mixture consists of stoichio-
metric H2 and air with an initial pressure of 0.1 bar and
temperature of 300K. The StanShock solution is initialized
from a uniform von Neumann state with the inlet condition
at the von Neumann state and a constant back-pressure at
the CJ pressure. The initial von Neumann state corresponds
to [ρvN, uvN, pvN] = [0.441 kg/m3, 369m/s, 25.9 bar] for
the mixture. The grid is resolved to lind/Δx = 185, where
lind := | argmaxx YOH(x)|.

The velocity is found to be slightly overpredicted by
1.65% at x/lind = −1; this may be due to the finite domain of
the one-dimensional StanShock simulation. However, the
ability of StanShock to model laminar detonation chem-
istry is shown to be quite good overall. Particularly, pressure,
density, andmass fractions showndonot deviate significantly
from the analytical solution. Hence, StanShock is demon-
strated to perform reasonably well in capturing high-speed
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−1.50 −1.25 −1.00 −0.75 −0.50 −0.25 0.00
x/lind

0
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p/pvN

ρ/ρvN

u/uvN

YOH × 100
YH2O × 5
YO2 × 5
YH2 × 5

Fig. 6 Comparison of the numerical (◦) and analytical (–) solutions to
a laminar ZND detonation. The grid resolution is lind/Δx = 185. The
mixture is stoichiometric H2-Air with an initial state of p0 = 0.1 bar
and T0 = 300 K

combustion chemistry in the absence of significant diffusive
effects.

3.5 Validation cases

Of primary interest in this model is the prediction of the
temporal pressure rise behind the reflected shock as reported
by Pang et al. [3]. The temporal pressure rise increases the
reaction rate of the test mixture above that predicted by
homogeneous reactor models for conventional shock tubes.
Additionally, a rise in pressure in the test section implies
a corresponding rise in temperature, which further acceler-
ates the reaction rate by increasing the value of the kinetic
rate coefficients. Homogeneous reactor models, which incor-
porate an experimental pressure trace, have been shown to
produce reasonable correspondence to experimental data [3];
however, the utility of these models in supporting the design
of experiments is limited since they do notmodel the underly-
ing physical mechanisms that are responsible for producing
the temporal pressure rise. Hence, the ability of StanShock
to capture this boundary-layer effect using the source terms
given in (6) is examined. To this end, StanShock is com-
pared to experimental data from the Stanford Aerosol Shock
Tube (AST) [37]. The AST has a driven section diameter and
length of 11.4 cm and 9.73 m, respectively. The length of the
driver section is constant at 3.60 m.

A case matrix detailing the differences between the dif-
ferent StanShock calculations is given in Table 1. The
capabilities of StanShock tomodel shock tube experiments

Fig. 7 Driver section insert geometries used for validation

with boundary-layer effects are validated through four cases
with increasing complexity:

1. Examine the baseline capabilities of StanShock to pro-
duce an experimental pressure trace in a homogeneous
mixture without area variation.

2. Examine a homogeneous mixture with a sharp area vari-
ation between the driver and driven sections.

3. Examine the use of a driver section insert.
4. Examine tailoring via disparate driver section and driven

section mixtures with area variation via a driver insert.

A driver section insert is utilized for two of the test cases, and
the geometries are shown in Fig. 7. All cases are initialized
as a Riemann problem with the pressures and temperatures
given in Table 1. The shock tube is assumed to initially be
in thermal equilibrium (i.e., T1 = T4 = T ) with zero gas
velocity, and the sidewall temperature used for the boundary-
layer model is set to the initial equilibrium temperature. The
end-wall boundary conditions are adiabatic and reflecting.
Discontinuities in area are smoothed across ten cells to reduce
numerical stiffness, and nx = 1000 cells are utilized in all
simulations.

As shown in Fig. 8, StanShock reproduces experimen-
tal data to good accuracy. In particular, the rise in the test
pressure is shown to be well replicated for the case with
the boundary-layer model when compared to the case with-
out the boundary-layer model. Additionally, without the
boundary-layer model, the initial test pressure is overpre-
dicted. Furthermore, sharp jumps are apparent in Cases 1–3
without the boundary-layer model, which is due to the inter-
action of the reflected shock with the contact discontinuity
and the subsequent reverberations.

Table 1 Summary of
configurations for StanShock
validation calculations

ID D4 (cm) Insert p4 (kPa) X4 p1 (kPa) X1 T (K)

1 11.4 N 233 100% N2 2.03 100% N2 292.05

2 17.8 N 211 100% N2 2.03 100% N2 291.75

3 11.4 Y 247 100% N2 2.00 100% N2 292.25

4 11.4 Y 509 75% N2, 25% N2 52.0 79% Ar, 21% O2 292.05

123



432 K. Grogan, M. Ihme

Fig. 8 Validation results for the
test cases described in Table 1.
The pressure trace is taken at the
end wall of the shock tube. One
thousand cells were utilized for
these solutions

(a) (b)

(c) (d)

The results shown in Fig. 8 indicate StanShock’s utility
in the design of experiments in predicting cases with a signif-
icant influence of the boundary layer. Hence, StanShock is
shown to be capable of modeling the effects of a driver insert,
the boundary layer, and driver/driven gas composition on the
one-dimensional gas dynamics.

3.5.1 Sensitivity of the boundary-layer model

Since the boundary-layer model discussed in Sect. 2 relies
on empirical correlations for the skin friction coefficient and
the Nusselt number, a degree of variation in the model per-
formance can be expected due to the uncertainty in the model
parameters. Furthermore, tuning these model parameters
may be appropriate to account for the unique design features
of a particular shock tube (e.g., non-circular cross section
and bends). Hence, the sensitivity of StanShock to the skin
friction and heat transfer terms is examined by separately
perturbing these terms by a multiplicative factor. Further-
more, since small-diameter shock tubes are of interest due to

their capability for providing a large sample size of chemical
kinetic measurements [38], the sensitivity of the gas dynam-
ics to a reduction in the shock tube diameter is investigated.

The results of these calculations are shown in Fig. 9 for a
range of initial pressure ratios with a driven section pressure
of p1 = 1 bar. The initial temperature and velocity are set
to 300 K and 0 m/s, respectively, throughout the domain.
Argon is utilized for the driver and driven gas in a shock
tube with a uniform cross section with a baseline diameter
of 5 cm, a driver length of 3 m, and a driven length of 5 m;
500 cells are used to compute the quantities shown. The ideal
quantities are computed using normal shock relations, which
do not include the effect of the boundary layer. Incident shock
Mach number attenuation is computed using the difference
between the ideal incident Mach number and that taken from
StanShock.

It is evident from Fig. 9a that the predicted pressure rise
shows a substantial sensitivity to the heat transfer, while it
is relatively insensitive to the skin friction coefficient. The
increase in the test pressure is primarily due to the convective
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(a)

(b)

(c)

Fig. 9 Sensitivity of the boundary-layer model to adjustments in the
skin friction, heat transfer, and shock tube diameter

boundary layer in front of the reflected shock, that is, pressure
disturbances due to heat loss transmitted through the reflected
shock into the test gas. Heat loss to the walls occurs in the
quiescent post-shock test gas; however, this effect tends to
reduce the test pressure, and hence, it is unlikely to control the
dynamics of the test pressure. The tendency for a nearly qui-
escent gas to loose pressure can be easily shown with simple
thermodynamic relations and is a well-known phenomenon
in rapid compression machine experiments [39,40]. Interest-
ingly, this model implies that a reduction in the sidewall heat
transfer could be an effective means of decreasing the rise in
the test pressure.

An increase in the skin friction yields a much more potent
effect on the predicted test pressure than the heat transfer
as demonstrated in Fig. 9b. Additionally, the incident shock
attenuation is shown to increase with increasing skin friction
and heat transfer.

As expected, the reduction in the shock tube diameter sig-
nificantly increases the rate of the rise in the test pressure,
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Fig. 10 Comparison of Monte Carlo runs of StanShock and the
experiment of Pang et al. [3] using the chemical mechanism of Hong
et al. [34]. The mixture is stoichiometric hydrogen/oxygen with 94%
dilution and T5 = 940 K, p5 = 3.5 bars

reduces the test pressure, and increases the attenuation of the
incident shock wave. For the rate of the rise in the test pres-
sure, reducing the diameter by a factor of two is shown to
have a nearly equivalent effect as increasing the heat transfer
by a factor of two. This is due to the boundary-layer source
term in the energy equation being covariant and contravariant
with the heat transfer and the tube diameter, respectively.

4 Applications

4.1 Simulation of Experiment with an Uncertain
Chemical Kinetic Model

From Sect. 3, StanShock is demonstrated to replicate key
experimental observations including the temporal pressure
rise in the test section and the attenuation of the incident
shock wave. Following these validation tests, a simulated
experiment is performed to quantify the performance of a
chemical mechanism to predict a shock tube experiment.

Toward this end, the mechanism of Hong et al. [34] is
utilized to simulate the experiment of Pang et al. [3]. One
thousandMonteCarlo samples from the provided uncertainty
bounds of Hong et al. are propagated with StanShock,
and the results are depicted in Fig. 10. As with previous
results, StanShock shows good agreement with the exper-
iment with respect to the post-reflected shock pressure rise.
However, StanShock is shown to under-predict the peak
pressure compared to the experiment. This is likely due to
multi-dimensional effects such as blast wave reflection being
present in the experiment. The StanShock simulation only
proceeded to the extent of the experimental data, which is
7.6 ms after shock reflection; however, only 27% of the
StanShock cases ignited by this time, indicating that the
mechanism overpredicts ignition delay with respect to the
experiment and that the temporal increase in the test pres-
sure assists in igniting the mixture.
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The optimal multipliers curve, shown in Fig. 10, denotes
the set of forward rate coefficient multipliers that yield the
best agreement with the experiment. This is found using a
Gaussianprocess regression surrogatemodel [41] in conjunc-
tion with a constrained optimization, which minimizes the
variance of the surrogate model subject to the predicted igni-
tion delay being equal to the experimental value. The normal-
ized forward rate coefficient (kf,opt/kf ) and its sensitivities
about the optimal point are given in Table 2. Since the stan-
dard rate coefficient (kf ) for the mechanism overpredicts the
ignition delay for the experiment under examination, a faster
hydrogen radical and oxygen radical branching reaction (1)
and a slower hydrogen peroxide termination reaction in the
argon bath (2a) are found by the optimizer—both of which
serve to reduce the ignition time. Other reactions such as the
water formation and oxygen radical propagation reaction (6)
demonstrate a large change in the forward rate multiplier, but
the ignition time is relatively insensitive to their alteration.

4.2 Optimization of driver inserts

Asnoted inpreceding sections, the formationof theboundary-
layer trailing the incident shock yields a temporal increase
in the pressure of the test gas. Driver inserts are a method
to counteract the increase in the test pressure by reflecting a
portion of the expansion fan before it reaches the driver end
wall.

Hong et al. [5] developed a method for designing con-
ical inserts to reduce the unsteadiness of the test pressure.
Key to the design of the inserts is the variable-area the-
ory of Alpher and White [15], which quantifies the effect
of an area change in the driver section on the test pres-
sure. Furthermore, Hong et al. assumed that the effects of
the boundary layer and the area change can approximately
be superposed to yield a steady test pressure. However, the
process to design the correct driver inserts is extensive and
often laborious. Furthermore, the analytical model suffers
from the assumption that the area change interacts linearly
with the displacement due to the boundary layer. Hence, it

(b)

(a)

Fig. 11 Comparison of the experimental pressure traces with Stan-
Shock calculations and corresponding effective geometry of the shock
tubes

is proposed that StanShockmay be utilized in conjunction
with a global optimization algorithm to discover an optimal
experimental design.

First, StanShock is employed to simulate the configura-
tion ofHong et al. to ensure that reasonable replications of the
experimental pressure traces are obtained for the base geome-
try without an insert and the optimal geometry with an insert.
The pressure traces reported by Hong et al. are compared to
the output of StanShock in Fig. 11. For these simulations,
the driver pressure is p4 = 12 bar and the driven pressure
is p1 = 0.48 bar. The driver gas is pure helium, while the
driven gas is argon. The initial temperature is taken to be
283 K. The experimental pressure traces are obtained from
the Stanford High Pressure Shock Tube [5]. The simulations
utilize 500 cells, and the solution is obtained within a minute
on a laptop.

The analyticalmodel ofHong et al. assumes a linear decre-
ment in the driver area, which yields a parabolic end section

Table 2 Forward rate
coefficients and sensitivities
found to correspond best to the
experiment. Only reactions with
reported uncertainties are
utilized. Reaction numbering
corresponds to that of Hong et
al. with lettering added to
distinguish third-body species

No. Rxn. kf,opt/kf kf (∂τign/∂kf,opt) (ms)

1 H + O2 ←→ O + OH 1.09 −1.31e+01

2a H + O2 (+Ar) ←→ HO2 (+Ar) 0.83 1.31e+01

2b H + O2 (+H2O) ←→ HO2 (+H2O) 0.98 1.80e−01

2c H + O2 (+O2) ←→ HO2 (+O2) 0.99 5.13e−01

2d H + O2 (+M) ←→ HO2 (+M) 0.92 2.76e+00

3 H2O2 (+M) ←→ 2OH2 (+M) 0.97 −5.31e−02

4 H2O2 + OH ←→ H2O + HO2 0.98 4.66e−02

5 HO2 + OH ←→ H2O + O2 1.06 7.87e−02

8 2 OH ←→ H2O + O 1.13 8.90e−02
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for the insert. However, to ease the production of the inserts,
they are coarsely discretized; a depiction of the continuous
anddiscretized geometries is shown inFig. 11b. Interestingly,
the simulation shows that the discretization of the geometry
reduces the rise in the test pressure compared to that of the
continuous geometry. Since the discrete geometry is used in
the experiment, it is unsurprising that it is a better match to
the test pressure trace than the analytical geometry. Addition-
ally, the experiment shows a small bump in the experimental
pressure trace that is not present in the StanShock simula-
tion. This is likely due to interactions of the contact surface
with the reflected shock and the end wall.

While StanShock can effectively model material inter-
faces byutilizing thedouble-fluxmodel discussed inSect. 2, a
quasi-one-dimensional solver is incapable of modeling com-
plex mixing processes occurring during the rupturing of the
diaphragm. Improved agreement could possibly be found by
utilizing a smoothed interface between the driver and driven
gasses rather than a step function to better approach the
physics of the initial incident shock formation. Additionally,
the shock tube may be simulated with a semi-infinite domain
with only the test section by utilizing a supersonic inflow
at state (p2, T2) as is done in high-fidelity simulations [10];
this would help isolate the effect of the contact surface for a
particular experimental condition.

Overall, it is surmised that StanShock does a reason-
able job at reproducing the experimental pressure traces—
particularly during the test time (about 5.5–7.5 ms). Hence,
confidence is gained with respect to StanShock’s ability to
reproduce the results of non-optimal and optimal configura-
tions, and an optimization procedure may be employed with
assurance that additional designs sampled from the parameter
space for this experiment will likely correspond to realistic
gas dynamics.

We proceed by employing StanShock for optimizing the
geometry of the driver insert for the same operating condi-
tions. This optimization problem is defined in the following
fashion:

minimize
θ

(
∂ log p(x, τ ; θ)

∂τ

)2

+ λ

(
p̄(x, τ ; θ)

p5
− 1

)2

subject to θ = [L, D, α]	,

x = xew,

τ = t − τshk

τtest
,

0 ≤ τ ≤ 1,

0 ≤ L/Ldriver ≤ 1,

0 ≤ D/Ddriver ≤ 1,

0 ≤ α ≤ 1,

(17)

where the test time is given by τtest and is defined as the
interval between the time of shock reflection (τshk) and the
arrival of the expansion fan or the contact surface (with the
latter being germane to non-tailored experiments); the end-
wall probe location for theStanShock simulation is denoted
by xew. The trade-off parameter, λ, allows the modeler to
decide which objective is to be emphasized in the multi-
objective problem. The target test pressure is given by p5,
and the bar operator (i.e., p̄) indicates that the pressure at the
endwall is temporally averaged over the test time. The length
and diameter of the driver section are denoted by Ldriver and
Ddriver, respectively.

The first objective acts to reduce the pressure rise in
the simulated pressure trace, while the secondary objective
acts to yield a pressure trace that is near the expected test

condition. Furthermore, if one defines χ =
[
∂τ log p,

√
λ

( p̄/p5 − 1)
]	

, then the objective function is simply given

by ‖χ‖22 ∈ [0,∞), and it is clear that the optimal set is given
by Θ = {θ ∈ D | ‖χ‖22 = 0}, where D is the design space
of the optimization problem (assuming χ = 0 is feasible).
The choice of the norm for the optimization problem is an
additional hyperparameter; however, the Euclidean norm is
chosen ab initio due to its smoothness properties.

The design parameters (i.e., L, D, and α) are the length
of the insert, the diameter of the insert, and the portion of
the insert for which the area is constant; the insert geometry
is modeled after the analytical geometry given by Hong et
al. and is similar to the continuous insert geometry shown
in Fig. 11b. Note that the design parameters are constant for
a given StanShock run and the shock tube geometry other
than the insert is constant for all runs.

The primary goal in solving the optimization problem,
given by (17), is to find an optimal solution in as few
StanShock runs as necessary. Since the objective function
requires the numerical solution of a coupled set of nonlinear,
partial differential equations with discontinuous solutions,
few theoretical guarantees may be made about the solution
surface (e.g., convexity). Traditional optimization routines
such as gradient descent and Newton iterations can find local
optima, but often do not yield a satisfactory design. Fur-
thermore, exhaustive sampling of the parameter space would
be prohibitively expensive for the code’s intended use. For
example, a 1003 grid of the parameter space would require
O(103) CPU-hrs to solve; while this expense is certainly
feasible if high-performance computing resources are avail-
able, it is not a viable option given only a desktop or laptop
computer (approximately a month of computing). Hence, a
global sampling method is employed, which uses a Gaussian
process (GP) as a surrogate model to determine the optimal
points in the parameter space to sample [41,42].
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(b)

(a)

Fig. 12 Results of the driver insert optimization detailed in (17). The
driver pressure is p4 = 12 bar and the driven pressure is p1 = 0.48 bar.
The driver gas is pure helium, while the driven gas is argon. The initial
temperature is taken to be 283 K

Gaussian processes are a popular model surrogate for
the output of computer simulations since they interpolate
between known outputs (unlike standard parametric regres-
sors), and they provide a probabilistic interpretation of the
interpolated points (unlike nonparametric models such as
splines). The latter property can be expanded into a useful
metric to decide where to sample in a global search. More
details about the use of Gaussian processes in the global opti-
mization procedure are given in ref. [23].

The Gaussian process sampling method is applied to the
driver insert optimization problem detailed by (17), and the
resulting pressure traces and optimized geometry are shown
in Fig. 12. The initial configuration is that of Hong et al. [5]
with the matching StanShock results of this study shown in
Fig. 11. A comparative table of results is reported in Table 3.
The pressure rise for a given pressure trace is approximated
by first extracting the test region (t ∈ [τshk, τshk + τtest]) and
then finding the logarithmic difference in the pressure over
the time:

∂ log p

∂t

∣∣∣∣
x=xew

≈ 1

τshk
log

(
p(xew, τshk + τtest)

p(xew, τshk)

)
. (18)

The pressure rise computation is tantamount to determining
the mean pressure rise over the test interval.

The optimization routine requires 30 iterations to deter-
mine an optimum within tolerance and takes approximately
40 s to compute on a laptop. During optimization, a rela-
tively coarse mesh of 200 cells was found to be sufficient to
resolve the objective function. However, it is noted that addi-
tional uncertainty with respect to mesh convergence or other
known bias can be formally incorporated in the GP regres-
sor; this would yield a stochastic optimization problem rather
than the deterministic problem currently examined.

As desired, the pressure trace for the optimized insert is
shown to be relatively flat in Fig. 12a. However, as demon-
strated in Fig. 11a, the discretization of the insert may yield
results differing from the continuous geometry used for the
optimization; this discrepancy could be rectified by insert-
ing a bias in the pressure rise measurement or by expanding
the parameter space to include discrete geometries. Addi-
tionally, a comparison of the x–t diagrams for the pressure
of the shock tube is shown for both cases in Fig. 13. Pri-
marily, the test region is shown to have a relative constant
pressure at the end wall (x = 5m) for the optimized insert
case. Furthermore, the pressure in the driver section behind
the expansion fan is shown to be decreasing in the optimized
insert case due to the action of the variable geometry. Also,
an abrupt difference in pressure is observed near the change
in the outer geometry of the shock tube (x = 0). This is
due to the flow being subsonic near the discontinuity, which
leads to a decrease in pressure per the contraction of the
flow. Additionally, a slight dip in pressure is shown trailing
the expansion fan; this is due to the necessity to smooth the
jump in the driver-side and driven-side areas for numerical
stability; however, end-wall pressure traces are found to be
insensitive to resolution.

As given in Table 3, the optimized insert geometry yields
the smallest pressure rise in magnitude of the examined con-
figurations; additionally, the test pressure is equivalent to the
target pressure of 18.2 bar (the reported experimental value).

Table 3 Summary table of the
configurations for the
StanShock driver insert runs.
Experimental and simulated
pressure rises computed
according to (18). The shock
tube geometry matches that
reported by Hong et al. [5] for
the high pressure shock tube

Data Src. Ins. Geom. L insert/Ldriver Dinsert/Ddriver α p5 (bar) ∂ log p/∂t (%/ms)

Exp. None – – – 18.5 10.3

Sim. None – – – 20.8 8.3

Exp. Disc. 0.67 0.53 0.50 18.2 2.7

Sim. Disc. 0.67 0.53 0.50 18.7 4.9

Sim. Cont. 0.67 0.53 0.50 19.3 6.6

Sim. None – – – 19.7 8.3

Sim. Opt. 0.79 0.76 0.40 18.2 − 0.2
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Fig. 13 x–t diagrams of
pressure for cases a without
driver insert and b with
optimized driver insert cases,
given in the last two rows of
Table 3. The driver pressure is
p4 = 12 bar and the driven
pressure is p1 = 0.48 bar. The
driver gas is pure helium, while
the driven gas is argon. The
initial temperature is taken to be
283 K. The geometry is shown
in Fig. 12b

Hence, the global optimization methodology using Stan-
Shock and a Gaussian process regressor surrogate model is
shown to be an effective and relatively inexpensive way to
tailor the gas dynamics of a shock tube experiment.

5 Conclusions

A quasi-one-dimensional compressible reacting flow solver
was developed to simulate shock tube ignition in a compu-
tationally inexpensive manner. The solver was constructed
in consideration of the relevant physics of a shock tube
chemical kinetic study including area variation, disparate
gas interfaces, boundary-layer development, shock captur-
ing, and reaction chemistry. A fifth-order WENO scheme
coupled to a third-order Runge–Kutta time stepping for the
advective terms was employed for the discretization, dif-
fusive terms were discretized via central differencing, and
Strang splitting with an implicit method was used for the
chemical integration. The solver was written in just-in-time
compiled object-oriented Python both to enhance the porta-
bility and to reduce development time.

StanShock was validated through isentropic nozzle,
multi-species Sod’s problem, a premixed laminar flame, and
laminar ZND detonation test cases. The solver showed good
agreement with experiments, indicating its utility in model-
ing shock tube gas dynamics. Additionally, it was found that
the non-ideal pressure rise in a shock tube is primarily sensi-
tive to heat loss, which indicates that methods reducing the
heat loss may be an effective mitigation strategy.

The utility of the StanShock solver was demonstrated
in applications to uncertainty quantification and driver insert
design optimization. For the uncertainty quantification, the
estimated uncertainties of the Hong et al.’s hydrogen/oxygen
mechanism were propagated through the solver using Monte
Carlo sampling. It was found that the mechanism overpre-
dicts the ignition delay with respect to the experiment under
consideration that the optimal rate coefficients reduced the

termination of hydrogen radicals while increasing the rate of
chain branching. For the driver insert optimization, a global
optimization routine using a Gaussian process regressor was
utilized. A satisfactory optimal solutionwas found at approx-
imately O(10−6) of the computational cost of exhaustive
sampling, making this method feasible on a laptop computer.

The StanShock solver can be found at https://github.
com/IhmeGroup/StanShock. Included in this repository is
the source code with several examples.
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