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Abstract The response of homogeneous turbulence to rapid mean-flow compression
in idealized internal combustion engines and rapid compression machines is examined
using a hierarchy of closure models for the Reynolds stress anisotropy. This hierarchy
is based on a Reynolds stress anisotropy transport equation that is modeled from the
exact transport equation for the anisotropy. The hierarchy of models includes a recently-
developed non-equilibrium model, which is shown to be in good agreement with more
computationally-complex fully differential models. Using this hierarchical approach, the
flow physics addressed by each closure is identified and closure accuracy is shown to
depend on the degree to which non-equilibrium turbulent flow effects are captured. We
examine the evolution of the turbulence kinetic energy, Reynolds stresses, and anisotropy
as a function of the degree of non-equilibrium in the flow, which is parameterized by the
ratio of characteristic turbulence and mean-flow deformation time scales. By comparing
model results to results obtained from rapid distortion theory and higher level closures,
prescriptions are provided for the applicability of different closure models based on the
magnitude of the non-equilibrium parameter. The theoretical analysis is complemented by
comparisons of simulation results with previously established direct numerical simulations
for a one-dimensional compression. Finally, we connect these prescriptions with experimen-
tal measurements of turbulent and mean-flow time scales for internal combustion engines
operating at realistic conditions.
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1 Introduction

Non-equilibrium turbulent flows are of practical relevance in a wide range of engineer-
ing systems, including rapidly strained flows passing through diffusors or engine inlets,
rotor-stator interactions in turbine cascades, shock-turbulence interactions in high-speed
propulsion systems, and piston-driven compressions in reciprocating engines. The impor-
tance of non-equilibrium processes in these flows can be quantified by comparing the
characteristic turbulence time-scale, τ ∗t , with the time-scale of the mean-flow deformation,
τ ∗, namely

cs ≡ τ ∗t
τ ∗

. (1)

If cs � 1, then the turbulence evolution is primarily controlled by the mean-flow interac-
tion, and non-linear relaxation processes due to turbulent transport and viscous dissipation
become insignificant.

The turbulence evolution under such highly strained conditions can be described using
rapid distortion theory (RDT) [1–4]. RDT provides asymptotic solutions to the linearized
Navier-Stokes equations and has been applied to a number of rapidly-strained flows of engi-
neering importance, including turbulence interacting with a shock wave [5], compressible
turbulence in the presence of various types of compression and shear [6–9], periodically
sheared turbulence [10], and piston driven flows [11]. In all of these cases, the time scale
associated with the mean strain is substantially shorter than that associated with turbulence
relaxation, resulting in large values of cs .

In many practical systems, the applied strain is variable and is not necessarily sufficiently
rapid to place the flow in the fully asymptotic RDT limit. Experimental measurements
[12–17] have provided insights into the evolution of turbulence in such systems, but there
can be considerable technical difficulties due to the short duration and large magnitude of
the applied strain, even in systems that are not in the fully asymptotic limit. As a result,
numerical simulations are widely used in studies of flows that are in either full or partial
non-equilibrium. A range of simulation approaches have been employed in these studies,
and each approach is characterized by its degree of fidelity and its associated computational
cost. High-fidelity approaches based on large-eddy simulations (LES) and direct numerical
simulations (DNS) [18, 19] have been used to gain fundamental understanding of turbu-
lence in a number of unsteadily-strained systems, including periodically sheared turbulence
over a range of shearing frequencies [10], turbulence interacting with a shock wave [20],
homogeneous turbulence subjected to a one-dimensional compression [21, 22], and rapidly
compressed inhomogeneous turbulence [23].

Despite the high physical accuracy of LES and DNS, the enormous computational
resources required by these approaches makes them prohibitive for most engineering
calculations of realistic systems. By contrast, Reynolds-averaged Navier-Stokes (RANS)
approaches seek only to solve equations for the mean flow ui – where ui is the velocity and
the overline denotes an ensemble average – and are thus computationally inexpensive, even
for complex problems. Increased computational efficiency often comes at the expense of
physical accuracy, however, since fidelity in RANS simulations is limited by the need for a
closure model for the Reynolds stress anisotropy

aij ≡ u′iu′j
k

− 2

3
δij , (2)
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where u′i ≡ ui − ui and k ≡ u′iu′i/2 is the turbulence kinetic energy. Nevertheless,
RANS simulations continue to be commonly employed in engineering practice due to their
numerical robustness, the geometrical complexity that they allow, and the speed at which
computations can be performed.

In most current industrial RANS simulations, closure of the mean-flow equations is
accomplished using two-equation equilibrium turbulence models. At the core of these mod-
els is the Boussinesq (or gradient transport) hypothesis, where it is assumed that aij in Eq. 2
is directly proportional to the local, instantaneously applied mean strain rate

Sij = 1

2

(
∂ui

∂xj

+ ∂uj

∂xi

)
. (3)

As has been noted in several prior studies [24–27], this approximation poses problems in
non-equilibrium flows where there can be a substantial lag in the response of aij to the
applied strain. Moreover, it is inherently assumed in the Boussinesq hypothesis that the
temporal variation of the anisotropy is small, which is not the case in many rapidly strained
systems.

Despite these restrictions, equilibrium models based on the Boussinesq hypothesis are
often applied well beyond their intended range of applicability. This is due, in large part,
to the ubiquity of these models in commonly-used simulation tools as well as their compu-
tational stability and efficiency. Second-order Reynolds stress transport models (RSTMs)
[28, 29] solve coupled partial differential equations for aij and are thus able to address non-
equilibrium flow effects, but these models require closures for several different terms, thus
increasing complexity, and often have poor computational stability. Several prior studies
[24–27] have formulated simpler non-equilibrium closure models for rapidly strained flows,
but these models have yet to be widely adopted.

In the present study, we apply and analyze a hierarchy of closure models for aij –
including a new non-equilibrium model [26, 27] – to the compression cycles of two rapidly-
strained systems of substantial technical importance: internal combustion engines (ICEs)
and rapid compression machines (RCMs). These systems are particularly complex from a
modeling standpoint since the applied strain and its rate of change are interconnected. This
is in contrast to periodically sheared turbulence, for example, where the amplitude and rate
of change of the strain can be controlled independently [10, 27]. Although the straining
imposed near the beginning of the compression cycle is similar in ICEs and RCMs, the
strain returns to zero as the piston reaches the end of its stroke in the ICE. By contrast, the
strain in RCMs increases continuously until the end of the compression phase. These two
systems thus allow us to examine non-equilibrium turbulence in the limiting cases as a rapid
compression decays to zero and as a rapid compression becomes progressively stronger.

During the cyclic straining present in real-world ICEs, the compression phase is followed
by a combustion phase which is directly affected by turbulence and the flow-field structure
that develops during the compression. Advanced engine strategies such as Homogeneous
Charge Compression Ignition (HCCI) and Direct Injection (DI) are operated under kinetics-
controlled conditions in which the ignition and combustion timing exhibit strong sensitivity
to the turbulent mixing and turbulence-chemistry interaction [30, 31]. Accurate representa-
tion of turbulence anisotropy under non-equilibrium conditions is thus critical for modeling
the performance of ICEs.

RCMs are dedicated experimental facilities that are used for chemical kinetics stud-
ies. These facilities are operated using a single compression cycle in which a combustible
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test gas mixture is rapidly compressed above cross-over conditions to initiate self-ignition.
Experimental and theoretical studies in RCMs [32, 33] have shown that the induction,
ignition, and reaction progress are sensitive to the turbulence properties during the RCM
compression phase. As a result, the understanding, control, and modeling of turbulence-
generating processes during the compression phase are important for RCM ignition studies
as well as for the implementation of novel engine combustion strategies.

Although both ICEs and RCMs have traditionally been simulated using equilibrium
RANS models based on the Boussinesq hypothesis, a number of previous attempts have
been made to address non-equilibrium effects. Many such approaches make improvements
to the kinetic energy and dissipation rate governing equations, but continue to rely on the
Boussinesq hypothesis [34, 35]. New RSTMs [36, 37] have been developed and imple-
mented in existing simulation codes and a number of studies have been performed to assess
the accuracy of different closures in both ICEs and RCMs [38–41]. By contrast to the more
complex cases considered in these previous studies, the present study examines idealized
ICEs and RCMs in order to specifically determine the accuracy of different anisotropy
closures in rapidly compressed, non-equilibrium flows.

In order to determine the extent to which different turbulence anisotropy closures capture
non-equilibrium effects, the present study provides a systematic analysis of a hierarchy
of turbulence models over a range of relevant strain rate conditions in ICEs and RCMs.
Idealized mathematical models are used here to represent the straining in ICEs and RCMs,
and the flow during the compression phase is treated as homogeneous; that is, boundary
layers and other complex flow effects are not included in the model. Consideration of such
idealized cases allows us to focus specifically on the accuracy of the closures used for
the turbulence anisotropy, in the absence of conflating effects due to the treatment of, for
example, the near-wall behavior of the flow. The accuracy of the closures is assessed, in part,
through comparisons with RDT results and an attempt is made to relate model accuracy to
the physical effects that are retained in each level of closure. In contrast to prior studies, the
emphasis is placed here on evaluating the accuracy of the specific form of the closure model
for the turbulence anisotropy. In this study, a new non-equilibrium closure which provides
a balance between physical accuracy and computational simplicity is applied and evaluated
in ICEs and RCMs.

Ultimately, we show that the accuracy of each closure depends on the non-equilibrium
parameter cs from Eq. 1. We link these findings to experimental measurements of turbulent
and mean-flow time scales in ICEs in order to provide guidance on the applicability of
different levels of closure based on cs . This analysis can assist practitioners in selecting a
turbulence closure model that contains the physical complexity appropriate to the problem
at hand. It is also anticipated that an outcome of this study will be guidance in determining
conditions for future ICE and RCM experiments that can be used for validation purposes.

2 Objectives and Approach

The overall objectives of the present study are to examine a hierarchy of closure models
for the turbulence anisotropy in ICEs and RCMs, and to apply a recently developed non-
equilibrium closure to these systems. More specific objectives are to:

1. Evaluate the accuracy of different turbulence anisotropy closure models in idealized
ICEs and RCMs.

2. Connect model accuracy to the physics present or omitted from each level of closure.
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3. Apply a new non-equilibrium model to the compression phase of ICEs and RCMs and
evaluate model accuracy.

4. Provide guidance for the choice of turbulence models in simulations of rapidly strained
systems through direct model comparison and analysis of experimental data.

The basic approach for achieving these objectives is to develop a rational framework
for understanding the physics contained in successively simpler anisotropy closures. This
is accomplished by deriving each closure through a series of approximations and assump-
tions beginning from the exact transport equation for the turbulence anisotropy. Since all
model coefficients are consistent across each closure level, this approach allows the phys-
ical effects addressed by each closure to be explicitly evaluated. The highest-order closure
examined here is the RSTM, which is taken as a baseline against which all other results are
compared. The agreement between each closure and results from RDT is also examined in
the asymptotic limit when cs is large.

The use of RSTM and RDT results as baseline data is motivated and justified by a number
of factors. First, results from DNS of homogeneous turbulence subjected to one-dimensional
compression [21] are used in the present study to show that RSTMs are reasonably accurate
over a range of values of cs and that RDT is accurate when cs is large. Secondly, it has
been shown for a number of other flow configurations that RSTMs are relatively successful
in predicting the turbulence evolution in rapidly strained systems, and are more accurate
than equilibrium closure models based on the Boussinesq hypothesis when predicting non-
equilibrium flows [26, 37, 40, 41]. Thirdly, one of the main objectives of the present study
is to determine the effect of omitting various physical effects in the closure models, and the
RSTM is the highest level of closure – with the greatest representation of physical effects –
considered here. Finally, RDT is exact in the asymptotic limit for cs � 1 and thus provides
reliable validation results for large cs .

Since the focus of the present study is specifically on the accuracy of closure models
for the turbulence anisotropy (and not, for instance, on the modeling of the dissipation rate
equation or near-wall behavior), we model the flow during the compression phase of ICEs
and RCMs as one-dimensional, homogeneous, and initially isotropic. The mean flow and
applied strain are obtained through integration of mathematical models expressed as either
ordinary differential equations or simple algebraic relations. Inhomogeneous flow effects
due to boundary layers and other peculiarities of the system geometry are neglected, which
allows us to specifically examine the accuracy of anisotropy closure models in these rapidly
strained systems. Moreover, the turbulent Mach number is assumed to be small such that
the turbulence is treated as incompressible, even though the mean flow in these problems
is compressible. Further study is required to understand the turbulence response in more
realistic systems, but the present focus is firmly placed on the accuracy of the closure used
for the anisotropy. We will show that there is substantial complexity in simply predicting the
anisotropy in non-equilibrium homogeneous flows, even without consideration of additional
inhomogeneous flow effects.

3 Mathematical Models of Rapid Straining

The mean-flow straining imposed in ICEs and RCMs is obtained here using one-
dimensional mathematical models for the motion of the piston. Since the flow is assumed to
be homogeneous, the turbulent stresses have no effect on the mean-flow evolution and the
flow in ICEs and RCMs is completely determined by the piston motion.
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3.1 Internal Combustion Engine Model

Figure 1a shows a schematic of the ICE model. In order to describe the location of the piston
with respect to the cylinder head, we introduce a coordinate system, x∗

1 , along the piston
axis of motion (here and in the following, ∗ is used to denote a dimensional quantity). The
location of the piston along this axis is denoted xP = x∗

P/l∗1 , where l∗1 is the piston stroke
(maximum displacement length), and is given by

xP(t) = l + 1

κ
+ (κ − 1)

2κ

⎡
⎣1 −

√(
2κl

κ − 1

)2

− sin2(πt) + cos(πt)

⎤
⎦ , (4)

where l = l∗/l∗1 is the normalized piston rod length, κ is the ratio of maximum to minimum
piston displacement, t = t∗/τ ∗ is the normalized time,

τ ∗ = π

ω∗ (5)

is the half period of the piston motion, and ω∗ is the piston angular frequency. Differentia-
tion of Eq. 4 then yields the piston speed as

ẋP(t) = κ − 1

2κ

⎡
⎢⎢⎣ π sin(πt) cos(πt)√(

2κl
κ−1

)2 − sin2(πt)

− π sin(πt)

⎤
⎥⎥⎦ , (6)

where ẋP ≡ dxP/dt . From Eqs. 4 and 6, the mean strain rate, Sij , can then be computed
from the continuity equation as

S11(t) = ∂u1

∂x1
= ẋP

xP
. (7)

The non-dimensional strain rate Sij is related to its dimensional counterpart by Sij = τ ∗S∗
ij .

From Eq. 7, S11 can be related to the time-dependent compression ratio ξ(t) through the
relation

ξ(t) = exp

{
−

∫ t

0
S11(t

′)dt ′
}
= x−1

P , (8)

where t0 denotes the beginning of the compression stroke. Figure 2a shows the resulting
evolution of xP and S11(t) for the operating conditions given in Table 1. Here we consider
only the compression of the fluid so that S11 ≤ 0 for all t . The magnitude of S11 remains
moderate for much of the stroke, but increases and then decreases rapidly to zero near the
bottom of the stroke.

Fig. 1 Schematic of a internal combustion engine and b rapid compression machine
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(b) Rapid compression machine.

Fig. 2 Piston location (top panels) and applied mean strain rate S11(t) (bottom panels) in the a ICE and b
RCM

3.2 Rapid compression machine (RCM) model

A schematic of the RCM is illustrated in Fig. 1b. In this case, the test-gas mixture in the
driven section is compressed by a freely moving piston, which is driven by a pressure reser-
voir in the driver section. In order to simplify the analysis, we assume that the volume of
the driver section is sufficiently large so that the pressure in the driver section, denoted p∗

2 ,
is constant. With this assumption, the kinematic relation describing the piston motion can
be written in non-dimensional form as

ẍP + p2,0 − p1,0x
−γ
P + cẋP = 0 , (9)

Table 1 Operating conditions
used in mathematical models of
ICEs and RCMs outlined in
Section 3

Parameter ICE RCM

κ 15 15

p∗
0 (bar) 0.4513 0.4513

d∗ (m) – 0.05

l∗1 (m) 0.25 0.25

τ ∗ (s) 0.0268 (1120 rpm) 0.0268
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where the subscript “0” denotes the initial state at the beginning of the compression phase,
and γ = 1.4 is the adiabatic index. The second and third terms represent the pressure force
acting on the piston and the last term on the left-hand-side corresponds to the friction force.
Time and length in Eq. 9 are non-dimensionalized with the time-scale

τ ∗ =
√

m∗l∗1

p∗A∗ (10)

and the maximum length of the driven section l∗1 .

The temporal evolution of the piston location and mean normal strain rate S11 during the
RCM compression phase are illustrated in Fig. 2b. It can be seen that the initial evolution of
S11 is comparable for both the ICE and RCM. Due to the continuous piston acceleration until
the end of the compression stroke, however, the magnitude of the strain rate continuously
increases in the RCM.

In addition to the more sophisticated mathematical model in Eq. 9 for the RCM, we
also consider the analytical one-dimensional compressional strain rate associated with the
temporally linear motion of a piston in a chamber [21, 38], namely

S11(t) = − 1

1 − t
, (11)

where the characteristic time scale is given in terms of the length of the chamber, l∗1 , and the
speed of the piston, u∗p , as

τ ∗ = l∗1
|u∗p|

. (12)

The strain rate from this analytical form is similar to that obtained from the solution of
Eq. 9, although in this case time t increases from t = 0. The response of homogeneous
turbulence to the strain rate in Eq. 11 was examined using DNS from [21] for four different
values of τ ∗ and validation data are available to assess the accuracy of each of the models
in the hierarchy of closures. Table 2 shows the conditions and corresponding values of
τ ∗ and cs for each of the simulation cases described in [21] (additional details are also
provided in [38]). The analytical nature of this straining allows the non-equilibrium model
for the anisotropy outlined in Section 6 to be evaluated exactly, thereby revealing functional
dependencies of the anisotropy evolution in rapidly compressed systems.

Table 2 Parameter values for the analytical RCM strain rate described in Section 3.2 and shown in Eqs. 11
and 12. The four cases correspond to those examined in the DNS study of [21]. Parameter values are taken
from [38]

Case l∗1 (m) u∗p (m/s) k∗0 (m2/s2) ε∗0 (m2/s3) τ ∗ (s) cs

ODB 0.3 −24.3 0.4462 1.5369 0.012 23.5

ODC 0.3 −1.29 0.4462 1.5369 0.23 1.25

ODD 0.3 −0.26 0.4462 1.5369 1.2 0.25

ODE 0.3 −0.052 0.4462 1.5369 5.8 0.05
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4 Rapid Distortion Theory

In the limit cs → ∞, the evolution of the turbulence can be described exactly using RDT.
In the following, we outline the RDT formulation of the turbulence stresses and anisotropy
for ICEs and RCMs. Similar RDT analyses have been performed previously for rapidly
strained compressible flows [7] and here the motivation is to obtain results from RDT that
can be used as a baseline for comparisons with the hierarchy of closure models when cs

is large.

4.1 Derivation of RDT equations

In the RDT limit, slow non-linear terms can be omitted from the governing equations for the
fluctuating quantities u′i ≡ ui − u and p′ ≡ p − p. This results in the system of linearized
equations given by

∂u′i
∂t

+ uk

∂u′i
∂xk

+ u′k
∂ui

∂xk

= − 1

ρ

∂p′

∂xi

, (13a)

1

ρ

∂2p′

∂xk∂xk

= −2
∂uk

∂xi

∂u′i
∂xk

, (13b)

where p′ has been appropriately non-dimensionalized. Viscous terms have been neglected
since it is assumed that the flow Reynolds number is large. Note that due to the assumption
of low turbulence Mach number, u′i is treated as incompressible such that

∂u′i
∂xi

= 0 , (14)

which leads to the Poisson equation for p′ in Eq. 13b.
Since the applied mean flow is known from the mathematical models for ICEs and

RCMs presented in the previous section, the system of equations in Eqs. 13a and 13b
is closed and can be solved. An exact solution for u′i is obtained by substituting the
Fourier modes [4]

u′i (x, t) = ûi (κ, t) exp [−iκk(t)xk] , (15a)

p′(x, t) = p̂(κ, t) exp [−iκk(t)xk] , (15b)

into Eqs. 13a and 13b where κk(t) is the time-dependent wave-number vector and κk =
κk(t0). The evolutions of the Fourier modes and the wave-number vector are then described
by the equations

dûi

dt
= ûl

∂uk

∂xl

(
2

κkκi

κ
2

− δik

)
, (16a)

dκi

dt
= −κk

∂uk

∂xi

, (16b)

which are obtained from the real and imaginary parts of Eqs. 13a and 13b after substitution
of Eqs. 15a and 15b. Given a prescribed form for the mean velocity gradient ∂ui/∂xj , these
equations are closed and can be solved to obtain u′i exactly in the limit of large cs .

4.2 RDT solution for ICEs and RCMs

In ICEs and RCMs, an analytic solution for the Fourier coefficients and wave-numbers is
obtained by integrating Eqs. 16a and 16b for a homogeneous flow with the normal mean
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strain rates S11 = ∂u1/∂x1 described in Section 3. The resulting expressions are functions
only of the time-dependent compression ratio ξ(t) in Eq. 8 and initial conditions, and can
be written as

κi (t) = κi + δi1[ξ(t) − 1]κ1 , (17a)

û1(κ, t) = û1(κ, t0)ξ(t)
κ2

κ
2(t)

, (17b)

ûα(κ, t) = û1(κ, t0)
κα

κ1

[
κ2

κ
2(t)

− 1

]
+ ûα(κ, t0) for α = {2, 3} , (17c)

where κ
2(t) ≡ κiκi can be obtained from Eq. 17a. Using the results from Eqs. 15a and

15b and 17a, 17b and 17c, the equations for u′1u′1 and k can be written as

du′1u′1
dt

= −2u′1u′1S11 + ξ2�S11 , (18a)

dk

dt
= −k

(
a11 + 2

3

)
S11 , (18b)

where a11 is obtained from the definition of aij in Eq. 2, � is obtained from the correlation
between u′1 and the gradient of p′ and is given by

� = 1

π

2π∫
0

π∫
0

(1 − e2
1)e

2
1ξ

2

(
e2

1ξ
2 + e2

2 + e2
3

)3
sin(θ)dθdφ , (19)

and e = (cos θ, sin θ cos φ, sin θ sin φ)T is the unit wave-number vector in spherical coor-
dinates. By combining Eqs. 18a and 18b and using Eq. 2, the evolution equation for a11 is
then obtained as

da11

dt
=

(
a11 − 4

3

)(
a11 + 2

3

)
S11 + ξ2 1

k
S11� . (20)

Equations 18a, 18b and 20 show that, in the RDT limit, terms arising from dissipative
contributions in the exact transport equations for u′1u′1, k, and a11 can be neglected.

5 Hierarchy of Anisotropy Closure Models

In the following, we develop a hierarchy of progressively simpler closure models for the
turbulence anisotropy aij . This hierarchy begins with an anisotropy transport equation that
is modeled from the exact transport equation for aij . The models derived in this section
correspond to existing widely used models for the anisotropy. The primary objective here is
to clearly identify the physics contained in each level of closure and to provide a consistent
basis for comparison of the different model results. A new non-equilibrium model derived
using the same hierarchical approach is discussed in Section 6.

The governing equations for each model are written in non-dimensional form, in which
the mean velocity is non-dimensionalized by τ ∗ and l∗1 (where τ ∗ is given by Eqs. 5 and
10 or 12 for the ICE and RCM, respectively). Turbulence quantities are normalized by
the initial values for the turbulence kinetic energy and dissipation rate, denoted k∗0 and ε∗0 ,
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respectively. The ratio of these initial values thus defines the turbulence time-scale that was
introduced in Eq. 1 as

τ ∗t = k∗0
ε∗0

. (21)

A summary of the various closure models for aij presented in this section is provided in
Table 3.

5.1 Mean flow equations

In RANS approaches, the instantaneous velocity, ui(x, t), is decomposed into fluctuating
and ensemble-averaged parts as ui(x, t) = u′i (x, t) + ui(x, t), and equations are solved for
the evolution of ui(x, t). These equations are given as

∂ρ

∂t
+ uj

∂ρ

∂xj

=−ρ
∂uj

∂xj

, (22a)

∂ui

∂t
+ uj

∂ui

∂xj

=− 1

ρ

∂p

∂xi

+ ν
∂

∂xj

[(
∂ui

∂xj

+ ∂uj

∂xi

)
− 2

3
δij

∂uk

∂xk

]
− ∂

∂xj

u′iu′j , (22b)

which are similar in form to the Navier-Stokes equations for ui(x, t), except for the appear-
ance of the unclosed Reynolds stress term, u′iu′j . Note that fluctuations in the density are
assumed to be small and thus there is no need to use Favre averaging in the governing
equations. However, it is noted that models developed in the following are directly extend-
able to Favre-averaged formulations and conditions in which density fluctuations become
significant such as combustion, charge-exchange, and high engine-speed conditions.

In homogeneous flows such as those examined here, spatial derivatives of turbulent fluc-
tuation statistics are zero and the Reynolds stresses make no contribution to the evolution of
ui . In the case of ICEs and RCMs, the mean flow is thus determined solely by the motion
of the piston and there is no effect on the mean flow from the turbulent stresses.

A closure is, however, still required in order to predict the evolution of the turbulence,
even when ui and the mean strain are known. In order to simplify the modeling, we
reformulate Eq. 2 and split u′iu′j into isotropic and anisotropic parts as

u′iu′j = 2

3
kδij + kaij . (23)

By construction, the anisotropy tensor is symmetric and traceless (i.e., akk = 0). The evo-
lution of the isotropic part of u′iu′j (the first term on the right side of Eq. 23) depends only

Table 3 Summary of closure models for aij used in the present analysis. All model coefficients are obtained
from Eqs. 28 and 37

Closure model Identifier Form for aij Additional equations

Reynolds stress transport RSTM Eq. 35 Eqs. 24–27, 36

Reduced differential RDM Eq. 38 Eqs. 24–27, 36

Equilibrium algebraic EAM Eq. 39 Eqs. 24–27, 40, 41

Constant equil. algebraic EAMC Eq. 39 Eqs. 24–27, 42

Constant reduced diff. RDMC Eq. 43 Eqs. 44, 45, α1 = const.

Non-equilibrium NEM Eq. 46 Eqs. 44, 45, α1 = const.
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on k, which has a closed transport equation that is outlined in the next section. Closure of
Eqs. 22a and 22b using Eq. 23 thus amounts to formulating an appropriate model for aij .

Here we use the exact equation for aij as the starting point for a hierarchy of closure
models. By basing all models on this equation, the physical approximations and assumptions
used at each level of closure become readily apparent. A number of useful reviews have
been written on the development of such closure models [29, 42–44] and here the focus is
on the impact of the various physical approximations when modeling rapidly strained flows.
The hierarchy of models begins with differential Reynolds stress transport models and ends
at equilibrium models similar to those based on the Boussinesq hypothesis. In Section 6,
a non-equilibrium model [26, 27] based on the solution of a reduced differential Reynolds
stress equation is developed. This non-equilibrium model can be placed into the hierarchy
of models developed in this section, and in Section 8 it will be applied for the first time to
ICEs and RCMs.

5.2 Transport equations for k and ε

The isotropic part of Eq. 23 depends only on the turbulence kinetic energy, k. The evolution
equation for k is given exactly in homogeneous flows by

dk

dt
= P − ε

cs

, (24)

where P is the kinetic energy production given by

P = −k

(
aij + 2

3
δij

)
Sij . (25)

The kinetic energy dissipation rate is denoted by ε, and cs is obtained from Eqs. 1 and 21 as

cs = k∗0
ε∗0τ ∗

, (26)

where τ ∗ is given by Eqs. 5 and 10 or 12 for the ICE and RCM, respectively. Note that k

and ε are normalized by the initial values k∗0 and ε∗0 , respectively, leading to the appearance
of the parameter cs in Eq. 24.

Although there is also an exact equation for the evolution of ε appearing in Eq. 24,
additional higher-order correlations appear in this equation that significantly complicate
closure [42]. Consequently, the evolution of ε in homogeneous flows is typically modeled
in analogy with Eq. 24 as

dε

dt
=

(
Cε1P − Cε2

ε

cs

)
ε

k
. (27)

It is common, particularly in studies of compressible flows, to include additional terms in
this equation to account for various flow effects. The exact forms of these terms are still a
matter of much debate, however, and thus we will restrict ourselves here to Eq. 27, which is
the most widely used form of this equation. The neglect of additional terms in this equation
poses no problems for the present analysis since essentially all models for the ε equation
are ad hoc. Moreover, the focus here is on the accuracy of different closures for aij and the
most important consideration is that the same equation for ε, regardless of its specific form,
be used in each case. The coefficients in Eq. 27 are given the standard values [4, 45]

Cε1 = 1.44 , Cε2 = 1.92 . (28)

Using Eqs. 24 and 27, u′iu′j can be obtained from Eq. 23 given an appropriate form for aij .
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We note two points regarding Eqs. 24 and 27. First, while only k is directly required in
Eq. 23, it will be seen that the closures for aij in the next several sections depend only on
the turbulence time scale k/ε. The evolution of this time scale is obtained from Eqs. 24 and
27 as

d(k/ε)

dt
= (1 − Cε1)

P

ε
− 1

cs

(1 − Cε2) . (29)

In situations where k/ε does not vary in time, an equilibrium value of P/ε can be obtained
from Eq. 29 as (

P

ε

)
eq

= 1

cs

(
Cε2 − 1

Cε1 − 1

)
. (30)

This equilibrium value will be used later to define an equilibrium model for aij .
The second point to note is that the evolutions of k and ε depend on the ratio of the

characteristic turbulent and piston time scales, cs , given in Eq. 26. In Section 8 we will
examine the flow evolution in ICEs and RCMs for a wide range of cs , and the accuracy of
the anisotropy closures will be seen to depend on this parameter.

5.3 High-order closure for aij

For homogeneous flows, the transport equation for the anisotropy aij defined in Eq. 2 and
used in Eq. 23 is given exactly as

daij

dt
=−

(
P

ε
− 1

cs

)
ε

k
aij − 4

3

(
Sij − δij

3
Skk

)
+ �ij

k
− 1

csk

(
εij − 2

3
εδij

)

−
(

aikSkj + Sikakj − 2

3
aklSklδij

)
+ (

aikWkj − Wikakj

)
. (31)

where �ij is the pressure-strain rate correlation, εij = ε∗ij /ε∗0 is the dissipation rate tensor,
and Wij is the rotation rate tensor given by

Wij = 1

2

(
∂ui

∂xj

− ∂uj

∂xi

)
. (32)

Since flows in ICEs and RCMs are characterized by high Reynolds numbers, εij is concen-
trated at small scales. In the Kolmogorov theory of turbulence [46], small scale motions are
assumed to be isotropic and, as a result, it is common to approximate εij using its isotropic
form as [4, 45]

εij ≈ 2

3
δij ε . (33)

A number of models have been proposed for �ij , but here we use the commonly employed
model that is composed of a return-to-isotropy contribution and a production analog, which
is written as [28, 47]

�ij

k
=− C1

ε

cs

1

k
aij + C2

(
Sij − δij

3
Skk

)
(34)

+ C3

(
aikSkj + Sikakj − 2

3
aklSklδij

)
− C4

(
aikWkj − Wikakj

)
,

where the coefficients Ci are determined on a theoretical or empirical basis. Although sev-
eral more complex models for �ij have been proposed (e.g., the model for �ij in [48],
where C1 depends on P/ε), no such model has proven to be widely applicable in practical
turbulent flows. As a result, we restrict the present analysis to the form in Eq. 34, which
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contains much of the essential physics of more complicated models and we employ constant
values for the Ci coefficients.

Substitution of Eqs. 33 and 34 into Eq. 31 gives the most general model for aij that will
be considered here. This model is denoted the Reynolds stress transport model (RSTM),
which is given in non-dimensional form as

NQ︷︸︸︷
daij

dt
=

NR︷ ︸︸ ︷
−α1

ε

cs

1

k
aij +

RD︷ ︸︸ ︷
α2

(
Sij − δij

3
Skk

)
(35)

+α3

(
aikSkj + Sikakj − 2

3
aklSklδij

)
− α4

(
aikWkj − Wikakj

)
,

︸ ︷︷ ︸
AR

where

α1 = cs

ε
P − 1 + C1 , α2 = C2 − 4

3
, α3 = C3 − 1 , α4 = C4 − 1 . (36)

Equation 35 is composed of a nonequilibrium time derivative term on the left-hand side
(denoted NQ), a nonlinear turbulence relaxation term (NR), a rapid response term due to
the applied Sij (RD), and redistribution terms that transfer anisotropy between the various
components of aij (AR). In the RSTM due to Launder et al. [28], the coefficients Ci in
Eq. 36 are given as

C1 = 1.5 , C2 = 0.8 , C3 = 0.875 , C4 = 0.655 . (37)

These coefficients will be used in all of the models to follow, since we are primarily con-
cerned with the contribution of the various terms in Eq. 35 to the overall evolution of aij (as
opposed to effects due to changes in the values of Ci). As noted above, other values of Ci ,
including those that depend on P/ε or aij aji , have also been proposed, but in most cases
the values for Ci are similar to those in Eq. 37 (see [49] for a review). The RSTM given by
the complete form in Eq. 35 is the highest level of closure that will be examined here and
all lower-level models will be derived with the RSTM as a starting point. It will be seen
in Section 8 that the RSTM is reasonably accurate when modeling one-dimensional rapid
compressions for a range of different cs ; this provides confidence in the use of the RSTM
as the baseline for all lower-level models.

5.4 Simplified differential closures for aij

From the RSTM in Eq. 35, a reduced differential model (RDM) is obtained by neglecting
all contributions due to the interactions between aij , Sij , and Wij in the redistribution terms
(AR in Eq. 35), resulting in

daij

dt
= −α1

ε

cs

1

k
aij + α2

(
Sij − δij

3
Skk

)
. (38)

The neglect of the redistribution terms is approximately valid in many shear flows [27] as
well as in the ICE and RCM flows considered here, as will be shown in Section 8. The
advantage of the RDM is that it retains the principal non-equilibrium dynamics governing
the evolution of aij in rapidly strained flows. In particular, Eq. 38 contains both the slow
self-interaction response of aij (NR in Eq. 35), as well as the rapid response due to changes
in the applied Sij (RD in Eq. 35). The RDM is similar to the lag-Reynolds stress transport
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model proposed by Olsen and Coakley [50] and was also used as the basis for the non-
equilibrium model derived in [26]. In Section 6, the RDM is used with the constant α1 to
formulate this non-equilibrium model in ICEs and RCMs.

It should be noted that further simplifications of Eq. 35 are also possible, resulting in
additional differential closures for aij . When Sij and Wij are zero (or at least sufficiently
small), all terms on the right-hand side of Eq. 35 except for the nonlinear relaxation term
(NR) can be neglected. The resulting equation describes the decay of aij when there is no
applied Sij or Wij . Since this case is not relevant to ICEs and RCMs, we do not consider this
reduced model here. Another possible simplification of Eq. 35 is obtained by neglecting all
terms on the right-hand side, except for the rapid distortion term (RD). The resulting model
is similar to the analytical RDT model outlined in Section 4 and can be used in problems
where aij is largely dominated by the dynamics of the applied strain.

5.5 Equilibrium closures for aij

The models developed thus far are differential, and as such retain the non-equilibrium
dynamics contained in the time-derivative term on the left-side of the exact aij equation in
Eq. 31. A non-differential equilibrium algebraic model can be obtained by neglecting the
time derivative term (NQ) on the left-hand side of Eq. 38, which gives

aij = −2Cμ

cs

ε
k

(
Sij − δij

3
Skk

)
, (39)

where

Cμ ≡ − α2

2α1
= − C2 − 4/3

2(csP/ε − 1 + C1)
, (40)

is the eddy viscosity coefficient. This equilibrium algebraic model (EAM) is similar in form
to the Boussinesq or gradient transport hypothesis and is the basis for most standard two-
equation closures for aij (for example, the linear k-ε [51] and k-ω [52] models).

From Eqs. 36 and 37, the coefficient α2 appearing in Eq. 40 for Cμ is a constant. How-
ever, α1 is variable and depends on P/ε, which in turn depends on aij via Eq. 25. This
dependence poses no problems for the solutions of the differential models outlined in the
previous sections, which solve for aij directly using a set of coupled differential equations.
For the EAM, however, Eq. 39 becomes an implicit relation if the dependence of P/ε on
aij is retained in Cμ from Eq. 40, thereby preventing the straightforward formulation of a
closure for aij .

In order to address this issue, there are a number of approaches for treating Cμ, of which
we consider two here. The first approach, which has been proposed in various forms [53–
55], obtains P/ε from Eq. 25 and then uses aij from the EAM in Eqs. 39 and 40 to write a
relation involving P/ε as

P

ε
= −2

3

(
Skkk

ε

)
− C2 − 4/3

[P/ε + (C1 − 1)/cs]

[(
Sk

ε

)2

− 1

3

(
Skkk

ε

)2
]

, (41)

where S = (
Sij Sji

)1/2. This quadratic equation can be solved in order to obtain a closed
expression for P/ε. The resulting value of P/ε is then used in Eq. 40 to obtain Cμ. This
approach allows the dependence on P/ε in the EAM to be treated in a similar manner to
the dependence on P/ε in the differential RSTM and RDM. The EAM examined in the
following uses the variable P/ε from Eq. 41 to define Cμ from Eq. 40.
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The second approach to treating Cμ is to use the constant k/ε equilibrium value of P/ε

from Eq. 30. Using Eq. 30, a constant value for Cμ is given from Eq. 40 as

Cμ = − C2 − 4/3

2 [(Cε2 − 1)/(Cε1 − 1) − 1 + C1]
. (42)

Using the coefficients from Eqs. 28 and 37, Eq. 42 gives Cμ = 0.10, which is close to the
widely-used value Cμ = 0.09 [45]. In the following, we will use Cμ = 0.10 in Eq. 39 and
denote the resulting closure the constant equilibrium algebraic model (EAMC). A constant
value of α1 based on the equilibrium value of P/ε from Eq. 30 will also be used in the
derivation of the non-equilibrium model in Section 6.

6 Non-Equilibrium Closure Model

In many rapidly strained flows, including ICEs and RCMs, the redistribution terms in
Eq. 35 make only a small contribution to the anisotropy dynamics. These terms can thus be
neglected and, in such cases, the RDM in Eq. 38 provides comparable accuracy to the more
complicated RSTM in Eq. 35 (this will be demonstrated more clearly in Section 8).

It has been shown in [26, 27] that through a series of additional simplifications, it
is possible to solve the RDM analytically and obtain an integral form for aij . Follow-
ing [26], the RDM for a homogeneous flow subjected to an applied strain Sij can be
written as

daij

dt
= − aij

�m

+ α2

(
Sij − δij

3
Skk

)
, (43)

where

�m = 1

α1

k

(ε/cs)
(44)

is a time-scale that characterizes the “memory” of the turbulence; this time scale is related
to the viscoelastic nature of the Reynolds stress response to an applied strain [56, 57]. From
Eqs. 25 and 29, a transport equation for �m in homogeneous flows, assuming that α1 is
constant, is given by

d�m

dt
= (Cε1 − 1)

(
aij + 2

3
δij

)
�mSij + (Cε2 − 1)

α1
. (45)

By letting α1 be constant in Eq. 44, we denote the resulting model the reduced differential
model with constant-α1 (RDMC); the constant value of α1 is obtained using the equilibrium
value of P/ε from Eq. 30.

In general, an analytic solution of Eq. 43 is not possible, since this equation is nonlinearly
coupled to the evolution equation for �m in Eq. 45. However, assuming that this coupling
is weak and that the time variation of �m is slow compared to the variation of either aij or
Sij (this is equivalent to assuming that �m can be treated as a constant during the solution
of Eq. 43), we can solve Eq. 43 as

aij (t) = α2

∫ t

t0

[
Sij (τ ) − δij

3
Skk(τ )

]
e−(t−τ)/�m(t)dτ , (46)

where aij (t0) = 0. The memory time scale �m in Eq. 46 is given at each time t by solving
Eq. 45. Consequently, we do still allow �m to vary in time and we retain some coupling
between aij and �m through the interdependence between aij and �m in Eqs. 45 and 46.
It can also be shown that Eq. 46 is an accurate solution to Eq. 43 when the parameter
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(t − τ)�−1
m (d�m/dt) is small. The broader motivation for using the integral form in Eq. 46

is that it allows analytical studies of certain flows to be performed when the applied shear
is known in closed form (e.g. periodically sheared turbulence [26, 27]) and that it provides
relatively simple non-equilibrium extensions to existing widely-used equilibrium models.

It was shown in [26, 27] that Eq. 46 is particularly well-suited for flows with strong non-
equilibrium effects, and that this form for aij reduces to the standard Boussinesq equilibrium
closure in the limit of slow changes in Sij . This model for aij , which we denote the non-
equilibrium model (NEM) (see also Table 3), is applied here to ICEs and RCMs for the first
time through direct numerical integration of Eq. 46 given the known Sij (t).

Note that it has been shown in [26] that a single-point quasi-algebraic form for aij can be
obtained through Taylor expansion of the integrand in Eq. 46; this form is required for most
practical implementations of the NEM. There is no guarantee, however, that the resulting
Taylor series representation for aij is convergent for all forms of Sij ; indeed, for the one-
dimensional analytical RCM straining given by Eq. 11 it is not. In such instances, it may
be necessary to use a different expansion technique for Sij (τ ) in Eq. 46, for example a
Fourier expansion. Examination of alternate expansion approaches in formulating quasi-
algebraic non-equilibrium models is an important topic for future research and only the
direct integration approach will be used here.

7 Formulation of Closure Models in ICEs and RCMs

In the ICE and RCM models outlined in Section 3, S11 is the only nonzero component
of Sij and all components of Wij are zero. Moreover, due to the axisymmetry of the ICE
and RCM configurations and since akk = 0, we have a22 = a33 = −a11/2. All other
components of aij are zero if the turbulence is initially isotropic. Consequently, we only

require a formulation for a11 in order to obtain the evolutions of k, ε, and u′iu′j . For the
RSTM, this formulation is obtained from the equation

da11

dt
=

[(
a11 + 2

3

)
S11 + ε

k

(1 − C1)

cs

]
a11 + 2α2

3
S11 + 4α3

3
a11S11 . (47)

The turbulence is initially isotropic, corresponding to the initial condition a11(t = t0) = 0.
This equation is closed by solving equations for k and ε that are given by

dk

dt
= −k

(
a11 + 2

3

)
S11 − ε

cs

, (48a)

dε

dt
=

[
−Cε1k

(
a11 + 2

3

)
S11 − Cε2

ε

cs

]
ε

k
, (48b)

where the model coefficients are given in Eq. 28. From Eqs. 47, 48a and 48b, the temporal
evolutions of a11, k, and ε can be seen to depend on the non-equilibrium parameter cs .

All of the other closure models outlined in Sections 5.4 and 5.5 also use Eqs. 48a and 48b
to obtain k and ε, but the accompanying equation for a11 differs in each case. The evolution
equation for a11 in the RDM closure is given as

da11

dt
=

[(
a11 + 2

3

)
S11 + ε

k

(1 − C1)

cs

]
a11 + 2α2

3
S11 . (49)

and a11 for both the EAM and EAMC is given as

a11 = −4

3
Cμ

cs

ε
kS11 , (50)



Flow Turbulence Combust

where Cμ is given by Eq. 40. For the EAM, csP/ε in Eq. 40 is given by the positive solution
of Eq. 41, which is

cs

P

ε
= − η̃

3
− (C1 − 1)

2
+ 1

2

[(
4

9
− 8α2

3

)
η̃2 − 4

3
(C1 − 1)η̃ + (C1 − 1)2

]1/2

, (51)

where η̃ = csS11k/ε. In the EAMC, Cμ is given the constant value Cμ = 0.10, which is
obtained from Eq. 42.

The evolution equation for a11 in the RDMC closure, which underlies the NEM, is given
as

da11

dt
= − a11

�m

+ 2α2

3
S11 . (52)

For the NEM, the integral relation for a11 can be written from Eq. 46 as

a11 = 2α2

3

∫ t

t0

S11(τ )e−(t−τ)/�m(t)dτ . (53)

The evolution of �m, appearing in Eqs. 52 and 53, is obtained from Eq. 45 as

d�m

dt
= (Cε1 − 1)

(
a11 + 2

3

)
�mS11 + (Cε2 − 1)

α1
, (54)

where α1 is treated as a constant using the equilibrium value of P/ε in Eq. 30, namely

α1 = (Cε2 − 1)

(Cε1 − 1)
− 1 + C1 . (55)

The evolutions of a11 and �m are obtained for the ICE and RCM by simultaneously solving
either Eq. 52 for the RDMC closure or Eq. 53 for the NEM along with Eqs. 48a and 48b or
54 for the applied ICE and RCM strains outlined in Section 3. Note that each of the models
uses the same values for Ci , Cε1 and Cε2 from Eqs. 28 and 37.

8 Results

In the following, we use results from the hierarchy of closure models, including the new
non-equilibrium model, to examine the turbulence response in ICEs and RCMs for a range
of different straining conditions. The RSTM is the highest level of closure examined here
and accounts for many of the physical effects found in real turbulent flows. As noted in
Section 2, the RSTM is used as a baseline for comparisons with the reduced differential
(RDM, RDMC), equilibrium (EAM, EAMC), and non-equilibrium (NEM) models. Results
from the RDT analysis are also presented and provide exact validation data in the limit
of large cs . The differential equations comprising each of the models (as outlined in the
previous section) are integrated using a second-order Rosenbrock method appropriate for
solutions of stiff systems [58].

We consider a range of values for cs and quantify the differences between the various
models as a function of cs using the average relative error

Error = 1

T

∫ T

0

|φ(t) − φRSTM(t)|
|φRSTM(t)| dt , (56)

where φ denotes a quantity predicted by a particular model, φRSTM is the corresponding
quantity obtained from the RSTM, and T is the averaging period. We refer to differences
from the RSTM as “Error” since all closure models in the present study are derived from
the RSTM; each of these models has successively less physics included, and thus many of
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the differences from the RSTM can be understood as inaccuracies due to missing physics.
In the following, we will examine errors using Eq. 56 for the quantities a11 and u′1u′1.

An indication of the true physical accuracy of the RSTM is provided in the next section
where results from the RSTM and other models are compared with DNS results for a one-
dimensional compression [21, 38], although for a11 the denominator in Eq. 56 is omitted
since a11(t0) = 0. The good agreement between the RSTM and DNS, as shown in the next
section, provides justification for the use of the RSTM as a baseline against which other
models are compared. These comparisons permit an examination of the relative importance
of physical effects represented in various anisotropy closure models. It will be seen that
some of these effects may be neglected depending on the value of cs , thus allowing poten-
tially complex closure models to be greatly simplified. Although for a11 the denominator in
Eq. 56 is omitted since a11(t0) = 0.

8.1 DNS model validation for one-dimensional compression

Prior to considering solutions for the idealized ICEs and RCMs obtained from the differ-
ential models outlined in Section 3, we first examine the one-dimensional compressional
straining given in Eq. 11. For this case, validation data from DNS are available in [21] and
thus this case provides a direct test of model accuracy, without having to resort to the RSTM
or the RDT model as baselines.

Figure 3 shows the evolution of k for the four DNS cases outlined in Table 2. The RSTM,
RDM, RDMC, and NEM are in good agreement with the DNS data for the four values of cs

examined here. RDT is accurate only for large cs , and by cs ≈ 1 in Fig. 3b it agrees poorly
with the DNS results. The two equilibrium models (i.e., the EAM and EAMC) are in good
agreement with DNS for values of cs below unity, but agree poorly when cs is large and
there are substantial non-equilibrium effects in the flow.

The good agreement between the RSTM and DNS, shown in Fig. 3, provides support for
the use of the RSTM as a baseline against which other model results can be compared. The
results in Fig. 3 also provide the first indications of the ranges of applicability of the various
models. It can be seen, in particular, that RDT is accurate only in strongly non-equilibrium
flow situations (i.e., when cs is large), while equilibrium models based on the Boussinesq
hypothesis are accurate only when the straining is relatively moderate and the flow is close
to equilibrium (i.e., when cs is small).

The NEM shows good agreement with DNS and the RSTM for all values of cs in Fig. 3.
The analytical strain rate given in Eq. 11 further allows us to study the anisotropy evolution
from an analytical perspective using the NEM. Solving the integral for the NEM in Eq. 53
directly gives

a11(t) = 2α2

3
exp

[
− (t − 1)

�m

] [
Ei

(
t − 1

�m

)
− Ei

(
− 1

�m

)]
, (57)

where Ei(x) denotes the exponential integral given by

Ei(x) ≡
∫ x

−∞
ex

x
dx . (58)

Further simplifications are possible by considering the form of a11 when it is assumed that
the straining begins at t0 → −∞, where a11(t0) = 0. In this case, the anisotropy is a
universal function of the parameter z = (t − 1)/�m, namely

a11(z) = 2α2

3
e−zEi(z) . (59)
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Fig. 3 Evolution of the turbulence kinetic energy k for the analytical one-dimensional compressional strain
rate given by Eq. 11. The DNS data are from [21] and the corresponding simulation case parameters are
summarized in Table 2

The analytical relations in Eqs. 57 and 59 thus provide basic functional forms that can be
used in the analysis and the understanding of a11, without having to solve more complex
differential equations.

8.2 Turbulence anisotropy

Figure 4 shows the evolution of a11 in the ICE and RCM for cs = 1× 101, 1, and 1× 10−1,
corresponding to strong, neutral, and weak non-equilibrium conditions. The strain rates
used for the ICE and RCM are obtained from Eq. 7 and the solution of Eq. 9, respectively,
and are also shown in Fig. 2. For both the ICE and RCM, the RSTM predicts a gradual
increase in a11 at the beginning of the compression cycle. For the ICE in Fig. 4a, the growth
of a11 becomes more rapid during the middle of the compression (corresponding to the
rapid increase in the magnitude of S11 shown in Fig. 2a) before slowing near the end of
the cycle. The RSTM shows that a11 actually begins to decrease at the end of the ICE
compression cycle and that this decrease becomes more pronounced as cs , and hence the
degree of non-equilibrium, decreases. For the RCM in Fig. 4b, a11 predicted by the RSTM
increases throughout the compression, consistent with the sharp increase in the magnitude
of S11 shown in Fig. 2b. By contrast to the ICE results in Fig. 4a, there is no decrease in a11
at the end of the RCM cycle, even for small values of cs .
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Fig. 4 Evolution of a11 for cs = 1 × 101 (top row), cs = 1 (middle row), and cs = 1 × 10−1 (bottom row)
in the a ICE and b RCM

Comparison of the model results in Fig. 4 shows that the differential models (RSTM,
RDM, and RDMC) are all in relatively good agreement for both the ICE and RCM. The
RSTM and RDM results remain close for all values of cs , indicating that the mixed aij ,
Sij , and Wij terms (AR in Eq. 35) do not play a significant role in the turbulence response
of ICEs and RCMs. This is shown quantitatively in Fig. 5, where the average relative error
for a11 is calculated as a function of cs using Eq. 56 for the ICE and RCM. There is also
reasonable agreement between the RDM and RDMC, and substantial differences between
these two models are only seen near the peak strain for high cs during the ICE and RCM
compression cycles. These differences are due to the neglect of variable α1 in the RDMC,
which acts in the RDM to decrease the anisotropy magnitude as P/ε becomes large during
peak compressional straining.

Figure 4 shows that RDT and the RSTM are in reasonable agreement for much of the
compression cycle in both the ICE and RCM, particularly for large cs , but RDT does not
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Fig. 5 Average relative error in evolution of a11 from Eq. 56 for a ICE and b RCM. Results from RDT,
the RDM, RDMC, EAM, EAMC, and NEM are shown with the same line colors as in Fig. 4. Solid circles
correspond to values of cs examined in Figs. 4 and 6. The gray regions indicate the range of cs corresponding
to the partial non-equilibrium conditions between cs = 10−1 and 101 found in many practical ICEs and
RCMs (see Fig. 11)

predict the final slight decrease in a11 given by the RSTM at the end of the ICE compres-
sion (Fig. 4a). This is likely due to the absence of slow nonlinear relaxation effects in the
RDT formulation (corresponding to NR in Eq. 35). As a result of these missing effects, the
differences between RDT and the RSTM increase as cs and the degree of non-equilibrium
decrease, as shown quantitatively in Fig. 5. For the RCM, there are smaller differences
between RDT and the RSTM due to the weaker effect of the relaxation terms on the overall
dynamics. This results in smaller errors for all cs in the RCM as compared to the ICE (as
shown by comparing the RDT results in Figs. 5a and 5b).

The differences between RDT, RSTM, and RDM can be examined more directly by con-
sidering budgets of the RSTM terms in Eq. 35. Figure 6 shows that for both the ICE and
RCM, the primary balance during much of the compression cycle is between the straining
term (RD) and the nonlinear relaxation term (NR); RD is positive during the entire com-
pression and follows the applied mean strain shown in Fig. 2, while NR is negative and
increases in magnitude to match the increase in RD. The redistribution term (AR) makes
only a small contribution to the overall dynamics of a11, leading to the similarities between
the RSTM and RDM results shown in Fig. 4. The differences between RDT and the RSTM
for the ICE arise since Fig. 6a shows that NR is the dominant term in the a11 budget at the
end of the ICE compression cycle. This term is weaker relative to RD for the RCM and the
evolution of a11 remains dominated by RD at the end of the RCM compression. Figure 6
indicates that there is relatively little difference in the budgets with cs .

Figure 4 shows that the equilibrium models (EAM and EAMC) are generally not in good
agreement with the three differential models. For large cs , both equilibrium models over-
predict a11 at the beginning of the compression cycle for both the ICE and RCM, although
the agreement improves as cs and the degree of non-equilibrium decrease. This variation
with cs is reflected in the a11 errors shown in Fig. 5; for both of the equilibrium models, the
average relative error in a11 (measured with respect to results from the RSTM) decreases as
cs decreases. For large cs , the EAMC greatly over-predicts the magnitude of a11 due to the
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Fig. 6 Budgets of terms in the a11 equation in (35) for a ICE and b RCM. There are three sets of overlapping
lines for cs = 1 × 101, 1, and 1 × 10−1

use of a constant value for Cμ. When Cμ is limited as in the EAM, a11 remains closer to the
results from the RSTM, giving smaller errors for large cs as shown in Fig. 5. Despite these
differences between the equilibrium models, all models based on the algebraic formulation
for aij in Eq. 39 predict that a11 = 0 at the end of the ICE compression; by contrast, all of
the differential models predict that a11 
= 0 at the end of the compression. The former is a
consequence of the direct proportionality between a11 and S11 shown in Eq. 50.

Both Figs. 4 and 5 show that the NEM is in relatively good agreement with results from
integration of the full RDMC in Eq. 43, indicating that the approximations and assumptions
used to obtain the NEM closure in Eq. 46 are reasonable for ICEs and RCMs. By contrast
to the EAM and EAMC results, Fig. 4 shows that the NEM predicts non-zero a11 at the
end of the ICE cycle, even though S11 = 0. This is due to retention of non-equilibrium
history effects in the closure and is a result that cannot be predicted by equilibrium closure
models that assume a11 is proportional to only S11. The errors presented in Fig. 5 show the
comparable accuracy of the RDMC and the NEM compared to the RSTM results, as well
as the improvements in accuracy of the NEM as compared to the equilibrium models.

8.3 Turbulence kinetic energy and stresses

Figures 7–9 show the evolutions of k, u′1u′1, and u′2u′2 for the ICE and RCM, again using
non-equilibrium parameters cs = 1 × 101, 1, and 1 × 10−1 and strain rates obtained from
Eq. 7 and the solution of Eq. 9. For the ICE in Fig. 7a, the RSTM results show that k

increases in time for the largest value of cs , before slowing its increase at the end of the com-
pression cycle. For the intermediate value of cs , the increase in k is much less pronounced,
and k actually decreases during the compression for the smallest cs . Similar trends in the
evolution of k are observed for the RCM (Fig. 7b), although again there is no slowing of the
increase in k at the end of the compression. All of the models predict a rapid increase in k

at the end of the compression, particularly for large cs .
The evolutions of u′1u′1 and u′2u′2 from the RSTM in Figs. 8 and 9 closely follow that

of k, as would be expected given the expression for the Reynolds stresses in Eq. 23. The
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 (b) Rapid compression machine.

Fig. 7 Evolution of k for cs = 1 × 101 (top row), cs = 1 (middle row), and cs = 1 × 10−1 (bottom row) in
the a ICE and b RCM

only differences in u′1u′1 and u′2u′2 arise due to changes in a11 (where a22 = −a11/2). This

results in u′1u′1 ≥ u′2u′2 for both the ICE and RCM.

For all values of cs , shown in Figs. 7–9, RDT over-predicts k, u′1u′1, and u′2u′2 com-
pared to the RSTM. While this over-prediction results in large discrepancies from the
RSTM results for small cs , as shown in Fig. 10, as cs increases these discrepancies
become increasingly small and for very large cs RDT and the RSTM are in relatively good
agreement.

Figures 7–10 show that the RDM results are in good agreement with the RSTM for
all cs , again indicating that the redistribution terms (RD in Eq. 35) play only a small role
in the turbulence response of ICEs and RCMs. The agreement between the constant-Cμ

equilibrium model (EAMC) and the RSTM is poor for large values of cs . In the case of the
EAMC, this is due to the substantial over-prediction of a11 and subsequent over-production
of k. As a result of these inaccuracies, the EAMC actually predicts negative u′2u′2 for the
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Fig. 8 Evolution of u
′
1u

′
1 for cs = 1 × 101 (top row), cs = 1 (middle row), and cs = 1 × 10−1 (bottom row)

in the a ICE and b RCM

largest values of cs in Fig. 9, which is a physically unrealizable model result. When Cμ

is limited as in the EAM, the agreement with the RSTM is greatly improved for large cs ,
as shown in Fig. 10. When cs and the degree of non-equilibrium are small, both of the
equilibrium models show relatively good agreement with the RSTM results.

As with the results for a11 in Figs. 4 and 5, the evolutions of k, u′1u′1, and u′2u′2 predicted
by the NEM are in good agreement with results from the RDMC. This is shown directly in
Fig. 10 where the NEM and RDMC are comparably accurate and are both more accurate
than the equilibrium models, particularly for large cs .

9 Discussion

The investigations in the previous sections show that the turbulence response of ICEs
and RCMs, as well as the accuracy of anisotropy closure models, depends on the
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Fig. 9 Evolution of u
′
2u

′
2 for cs = 1 × 101 (top row), cs = 1 (middle row), and cs = 1 × 10−1 (bottom row)

in the a ICE and b RCM

non-equilibrium parameter cs . Figures 3 and 7–9 show that in both ICEs and RCMs, the
turbulence intensity (as measured by k and u′iu′j ) increases in time during the compression
cycle for large cs , but decreases for small cs . Using results from the RSTM as a reference
(since this model is the highest level of closure examined here), Figs. 5 and 10 show that the
equilibrium models (EAM and EAMC) are more accurate for small cs . Due to its similarity
to the RSTM and the insignificance of the AR terms in the anisotropy budgets (see Fig. 6),
the RDM is in good agreement with the RSTM for all values of cs . Figure 4 further shows
that NEM provides predictions of the anisotropy evolution that are in reasonable agreement
with results from the more computationally-complex RDMC. In this section, we relate these
fundamental results to practical applications and, based on experimentally-measured values
of cs , provide guidance on RDT and RANS model utilization for flow-field simulations in
ICEs and RCMs.

In order to calculate cs in practical applications, realistic values of the turbulent and
deformation time scales (τ ∗t and τ ∗, respectively) are required in Eq. 1. These values are
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Fig. 10 Average relative error in the evolution of u
′
1u

′
1 from Eq. 56 for a ICE and b RCM. Solid circles

correspond to values of cs examined in Fig. 8. The gray regions indicate the range of cs corresponding to the
partial non-equilibrium conditions between cs = 10−1 and 101 found in many practical ICEs and RCMs (see
Fig. 11)

not readily available in RCMs, but have been indirectly measured in ICEs where the effects
of in-cylinder turbulence generation on fuel-injection, mixing, and combustion have been
studied previously [31, 59]. Several experimental investigations have been conducted to
characterize the evolution of integral length and time scales during intake, compression, and
expansion under motored and fired engine conditions. These length and time scales can be
used to measure the turbulence time scale τ ∗t in Eq. 1.

The integral time scale can be defined from the one-point auto-correlation R11(ζ ; x, t) =
u′1(x, t)u′1(x, t + ζ ) as

T (x, t) = 1

u′21

∫ ∞

0
R11(ζ ; x, t)dζ , (60)

where ζ is the temporal separation interval. By introducing Taylor’s hypothesis, T can be
related to the longitudinal length scale L11 as

T = 1

u1
L11 , (61)

with [45]

L11 = π

2u′21

∫ ∞

0

E(κ)

κ
dκ . (62)

Under the assumption of isotropic turbulence, τ ∗t in Eq. 1 can be related to either L11 or T
as

τ ∗t
√

k = CL11 = Cu1T , (63)

where the coefficient C can be estimated from a model energy spectrum, approaching a
value of C ≈ 2.33 in the limit of high Reynolds-number flows [45].
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Experimental values for τ ∗t obtained using measurements of T and L11 are presented
as a function of the characteristic mean-flow time scale τ ∗ = π/ω∗ in Fig. 11. Only
measurements for motored conditions are considered, and the data span a wide range of
compression ratios, in-cylinder geometries, and operating conditions. In the experiments,
laser Doppler velocimetry (LDV) and hot-wire anemometry (HWA) are used to measure
the auto-correlation, mean flow, and other turbulence quantities. These measurements often
extend only over a specific window around the end of the compression phase and rarely
include the beginning of the compression. To provide a comprehensive overview of time
scales in ICEs, we therefore extend the definition of cs and evaluate τ ∗t from available
measurements over all crank angles.

Figure 11 shows that the measured time-scale ratios span several orders of magnitude,
and even for a particular engine configuration cs can vary by more than an order of mag-
nitude. This is largely a result of the unsteady flow-field motion that is induced in order to
enhance mixing and combustion. The measurements show that cs is often smaller than unity,
suggesting that rapid distortion effects and strong non-equilibrium conditions might not
be of direct relevance for these experimental conditions. However, it is noted that the data
shown in Fig. 11 are obtained at conditions that are representative of the herein investigated
flow configuration. Conditions such as swirl, tumble, or combustion are not considered, and
can further enhance non-equilibrium effects.

By relating the time-scale data from Fig. 11 to Figs. 5 and 10, it can be seen that the exper-
imental conditions typically fall directly in the transition region where the accuracies of the
equilibrium, non-equilibrium, and differential closures and RDT “cross-over”. As such, it
can be expected that even for these moderately strained conditions, the results obtained from
equilibrium closure models (namely, the EAM and EAMC) have to be carefully assessed
since they might lead to incorrect predictions of the turbulence evolution. This, in turn,
suggests that differential closure models will be more suitable for the range of conditions
that are encountered in ICEs. The simplified differential closure model (RDM), in which
contributions from nonlinear redistribution terms are omitted, provides a good compromise
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Fig. 11 Characteristic turbulent time scale τ ∗t as function of mean deformation time-scale τ ∗ computed
from measurements in motored ICEs for a range of operating conditions: �: Liou & Santavicca [60]; ♦:
Lancaster [61]; ©: Hong & Tarng [62]; �: Glover et al. [63]; �: Fraser & Bracco [64]; �: Corcione &
Valentino [65]; ×: Ikegami et al. [66]; ∗: Obokata et al. [67]. The gray region indicates the range of cs

corresponding to the partial non-equilibrium conditions between cs = 10−1 and 101 found in many practical
ICEs and RCMs
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between reduced model complexity and engineering accuracy in predicting the turbulence
evolution. Non-equilibrium models such as the NEM, which is fundamentally based on the
RDM, can provide similar accuracy to the RDM while further reducing complexity.

10 Conclusions

The response of turbulence in rapidly compressed flows has been investigated using a hier-
archy of anisotropy closure models and RDT. The Reynolds-stress transport model (RSTM)
is the highest level of closure considered here, and a series of model approximations and
simplifications have been systematically introduced to derive a hierarchy of simpler clo-
sures that include both differential (RDM) and equilibrium algebraic (EAM and EAMC)
models. We have also examined results from a new non-equilibrium model (NEM). Both
the turbulence response and the accuracy of the various models were found to depend on
the time-scale ratio cs , which compares the characteristic turbulence time scale and the
mean-flow deformation rate. Model predictions for turbulence kinetic energy, anisotropy,
and Reynolds stresses were analyzed as functions of this non-equilibrium parameter under
conditions that are relevant to internal combustion engines (ICEs) and rapid compression
machines (RCMs). Results from DNS of a one-dimensional compression were also used to
test the various models and to verify that the RSTM provides a physically-realistic baseline
against which other models can be compared.

For large cs , an analysis of the anisotropy evolution showed that all differential models
(RSTM, RDM, and RDMC) are in relatively good agreement and that equilibrium algebraic
models significantly over-predict the initial growth of the anisotropy with increasing cs . For
small cs , results from RDT are substantially different from the RSTM results, while the
RSTM, RDM, and equilibrium models are all in good agreement. These variations with cs

can be explained by the competition between the linear turbulence response to rapid strain-
ing and the cs-dependent nonlinear relaxation of the turbulence. The slow redistribution
terms, which arise from the interaction between aij and mean-flow gradients, were shown to
be essentially independent of cs and to only play a secondary role in the turbulence response
for ICEs and RCMs. Neglecting these interaction terms leads to significant reduction in the
model complexity and is the basis for the reduced differential model (RDM) derived here.
The RDM is in good agreement with RSTM over the range of investigated values of cs ,
with improved model accuracy compared to the equilibrium algebraic models. The success
of the RDM motivates the use of a non-equilibrium model (NEM) based on the RDM with
constant α1 (the RDMC); this model retains the most important non-equilibrium, relaxation,
and straining effects during the compression phase of ICEs and RCMs, but has reduced
computational complexity compared to the fully differential RDM and RSTM.

Predictions for the turbulence kinetic energy and Reynolds stresses differ among the
models, and all closures exhibit sensitivity to the level of non-equilibrium in the flow. RDT
is accurate only for large values of cs (corresponding to strong non-equilibrium) and rapidly
deteriorates for cs below roughly 100. In the class of algebraic models, the EAMC consis-
tently over-predicts the normal stresses due to the use of a constant value for Cμ, particularly
for high degrees of non-equilibrium. Predictions from the EAM are more accurate at high
cs due to the limiting behavior imposed on Cμ.

This theoretical investigation is complemented by an examination of experimental mea-
surements of turbulence time-scales and mean-flow deformation rates in ICEs. Results from
this investigation suggest that typical operating conditions fall into the transitional regime
where cs ≈ 1. Even for these weak and moderately strained conditions, however, the present
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results show that algebraic equilibrium closure models give incorrect predictions of the
turbulence evolution. Differential closure models such as the RDM and non-equilibrium
models such as the NEM provide more accurate descriptions of turbulence evolution over
the range of conditions encountered in rapidly compressed flows.

It should be noted that the NEM closure examined here was implemented using direct
integration. In many practical implementations, a quasi-algebraic formulation of the NEM
based on a Taylor expansion (as outlined in [26]) may be used with finite expansion coef-
ficient n. Examination of periodically-sheared turbulence in [26] has shown that even the
n = 1 form of this closure is sufficient to give substantially improved predictions of the
phase response of the anisotropy. As n is increased, the correspondence with the direct
integral formulation will improve, although consideration must be given to maintaining
reasonable numerical stability as higher-order derivatives are included in the closure. It is
also possible that the Taylor expansion used to obtain the quasi-algebraic closure will not
converge for certain forms of Sij . In such cases, an alternate expansion technique may be
necessary to obtain a quasi-algebraic form. More extensive study of the accuracy, stabil-
ity, and convergence of quasi-algebraic models for different n in ICEs and RCMs deserves
further future consideration.

The present study also suggests that the degree of non-equilibrium may affect the
accuracy of subgrid-scale closures for LES, many of which are inherently equilibrium for-
mulations similar in form to the equilibrium algebraic models considered here; examination
of LES closures for a range of non-equilibrium conditions is an important direction for
future research.
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37. Yang, S.L., Siow, Y.K., Teo, C.Y., Hanjalić, K.: A KIVA code with Reynolds-stress model for engine
flow simulation. Energy 30, 427–445 (2005)
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