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Abstract

An extension of the flamelet/progress variable (FPV) model for the prediction of extinction and reignition is
applied in large-eddy simulation (LES) of flames D and E of the Sandia piloted turbulent jet flame series. This
model employs a presumed probability density function (PDF), in which the marginal PDF of a reactive scalar
is modeled by a statistically most likely distribution. This provides two advantages. First of all, the shape of the
distribution depends on chemical and mixing time-scale information, and second, an arbitrary number of moments
can be enforced. This model was analyzed in an a priori study in the first part of this work. In the present LES
application, the first two moments of mixture fraction and reaction progress variable are used to constrain the
shape of the presumed PDF. Transport equations for these quantities are solved, and models for the residual scalar
dissipation rates, which appear as unclosed terms in the equations for the scalar variances, are provided. Statistical
flow field quantities for axial velocity, mixture fraction, and temperature, obtained from the extended FPV model,
are in good agreement with experimental data. Mixture-fraction-conditioned data, conditional PDFs, and burn-
ing indices are computed and compared with the delta-function flamelet closure model, which employs a Dirac
distribution as a model for the marginal PDF of the reaction progress parameter. The latter model considerably
underpredicts the amount of local extinction, which shows that the consideration of second-moment information
in the presumed PDF of the reaction progress parameter is important for the accurate prediction of extinction and
reignition. Mixture-fraction-conditioned results obtained from the extended FPV model are in good agreement
with experimental data; however, the overprediction of the consumption of fuel and oxidizer on the fuel-rich side
results in an overprediction of minor species. The predictions for the conditional PDFs and burning indices are in
good agreement with measurements.
© 2008 The Combustion Institute. Published by Elsevier Inc. All rights reserved.
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1. Introduction

The quantitative prediction of turbulent reactive
flows demands simulation techniques that are able
to capture all relevant combustion phenomena, and
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yet are computationally efficient, to be applicable in
industrial design processes. Compared to Reynolds-
averaged Navier–Stokes (RANS) simulations, it has
been shown that the large-eddy simulation (LES)
method results in better predictions of turbulent re-
acting flows. Reasons for this are that LES resolves
a major part of the turbulent scales, and only the ef-
fect of the residual scale motion on the large scales
is modeled. This results in a more accurate descrip-
tion of the scalar mixing process. Since chemical re-
actions between initially separated fuel and oxidizer
are governed by molecular diffusion, which occurs
on numerically unresolved scales, the small-scale in-
teraction between turbulence and chemistry requires
modeling.

Several models have been proposed for the pre-
diction of turbulent nonpremixed flames for appli-
cation in LES. Among these are the flamelet mod-
els [1,2], the transported probability density function
(TPDF) method [3,4], the conditional moment closure
(CMC) method [5], and the linear eddy model [6,7].
These models have been applied in simulations of re-
active flows of various complexity, including lifted,
swirling, and confined flames, and also flames which
are characterized by strong interaction between turbu-
lence and chemistry.

The assessment of the predictive capability and
further improvements of the models rely on vali-
dation cases of well-characterized flame configura-
tions. Different experiments have been designed to
obtain a better understanding of various physical as-
pects of nonpremixed turbulent flames and to provide
measurements to test combustion models. The San-
dia flame series [8–10] has been established as one
of the most important validation data sets for non-
premixed combustion models, and was specifically
designed to investigate local extinction and reignition.
In this experiment, partially premixed piloted flames
are investigated, and flames D, E, and F are frequently
employed to investigate the interaction between tur-
bulence and chemistry. In these flames, the Reynolds
number was successively increased, so that in flame D
extinction events are very rare, flame E shows a con-
siderable amount of extinction, and flame F is very
close to blow-off.

Several computational studies have been per-
formed to predict flames D [11–18], E [11,12,16–18],
and F [11,12,16,17]. So far, only the TPDF method
and the CMC models have successfully been em-
ployed in simulations of flames E and F, and steady
flamelet formulations have not been applied for con-
ditions where local extinction is important. The rea-
son is that steady laminar flamelet models which use
the mixture fraction Z and the scalar dissipation rate
χZ for parameterization of all thermochemical quan-
tities are unable to describe the transient states a
flamelet experiences during the extinction and reig-
nition processes.

The flamelet/progress variable (FPV) approach
has been developed to incorporate flame dynamic ef-
fects into the steady flamelet model. In this approach,
a chemistry tabulation is used that is based on the
solutions of the steady flamelet equations. However,
instead of a parameterization with the scalar dissi-
pation rate commonly used in steady flamelet mod-
els [2], a reactive scalar is used. A reaction progress
parameter Λ is introduced to uniquely identify each
flamelet in the library. The reaction progress parame-
ter is defined in terms of a progress variable in a way
that it is independent of the mixture fraction [19,20].
The parameterization with a reactive scalar has the
advantage that the set of flamelets in the table can,
for instance, also include flamelets with values of the
reaction progress parameter that are lower than the
value of the steady flamelet at the extinction scalar
dissipation rate. In the FPV model, all thermochemi-
cal states are represented by a two-dimensional man-
ifold, which can be written as

(1)ψ = Fψ (Z,Λ),

where ψ denotes the vector of all thermochemical
state variables, consisting for instance of tempera-
ture, density, molecular viscosity and diffusivity, and
species mass fractions. The reaction progress param-
eter is derived from a reaction progress variable C,
which could be the temperature or a linear combi-
nation of reaction products. In this context, it is im-
portant to appreciate that the definition of Λ results
in a considerable simplification of the presumed PDF
closure model; however, the solution of the transport
equation for Λ requires modeling of various unclosed
terms, which is nontrivial. Therefore, in the FPV
model, Λ is eventually eliminated from the state re-
lation by expressing all thermochemical species only
in terms of Z and C. Such a relation is in the follow-
ing denoted by

(2)ψ = Gψ (Z,C).

Thus, instead of solving an equation for Λ, only
the solution of a convection–reaction–diffusion equa-
tion for C is required. The transformation between
Eqs. (1) and (2) requires that Λ and C be bijective.

For the prediction of turbulent reactive flows in
LES, the equivalent state relations (1) and (2) must be
formulated for Favre-filtered quantities. In the FPV
model, Favre-filtered thermochemical quantities are
modeled by employing a presumed joint PDF of mix-
ture fraction and reaction progress parameter in the
form

(3)ψ̃ = F̃ψ =
∫ ∫

Fψ (Z,Λ)P̃ (Z,Λ)dZ dΛ,
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and P̃ denotes the density-weighted PDF with

(4)P̃ (Z,Λ) = ρ

ρ
P (Z,Λ) = P̃ (Z)P (Λ|Z),

where ρ is the density. Since Λ is defined to be
statistically independent of Z, the conditional PDF
P(Λ|Z) reduces to a marginal PDF for the reaction
progress parameter P(Λ) and

(5)P̃ (Z,Λ) = P̃ (Z)P (Λ).

Note that this equation is a direct consequence of the
definition of Λ, and is strictly only valid when all ther-
mochemical quantities are represented by the steady
flamelet solutions. The validity of this assumption has
recently been assessed in an a priori study using DNS
data [20].

In the model proposed by Pierce and Moin [19],
the joint PDF was modeled by a beta-distribution
for P̃ (Z) and a delta-function was used to model
the marginal PDF for the reaction progress parame-
ter. Note that this model was mainly developed for
applications to stably burning flame configurations
without strong turbulence/chemistry interaction, for
which a delta-function as presumed PDF for P(Λ)

gave good results. For that model, Eq. (5) can be
written as P̃ (Z,Λ) = β(Z; Z̃, Z̃′′2)δ(Λ − Λ̃). Here,
β(Z; Z̃, Z̃′′2) denotes the beta distribution, which is
parameterized by the Favre-filtered mixture fraction
and its Favre variance Z̃′′2, and δ denotes the Dirac
delta-function. The Favre-filtered form of the thermo-
chemical library can eventually be written as

(6)ψ = G̃ψ

(
Z̃, Z̃′′2, C̃

)
,

which is only a function of the Favre-filtered val-
ues for mixture fraction and progress variable, and
the residual mixture fraction variance. This presumed
PDF closure for the reactive scalar does not account
for residual variations in the reaction progress pa-
rameter. We will refer to this model as delta-function
closure in the following. The model was successfully
applied in LES of lifted flames in confined geometries
[19] and previously in a similar form also in RANS
modeling of autoignition processes [21–23].

Since the structure of a flame is not fully resolved
in LES, and only described in a Favre-filtered sense,
multiple flamelets, corresponding to a distribution of
the reaction progress parameter, can be contained in
each computational cell during flame extinction and
reignition. Therefore, a statistical representation of
the possible broad Λ-distribution requires consider-
ation by incorporating higher moment information
into the presumed PDF. The distribution of a reac-
tive scalar has frequently been modeled by a beta-
distribution [20,24,25]. Since the shape of this distri-
bution is solely determined by the first two moments
of the reactive scalar, it has been shown in the first
part of this work [26] that this presumed PDF is often
insufficient in representing the complex multimodal
shaped distribution, particularly in cases of high lev-
els of extinction and reignition.

A model for the presumed PDF of the reaction
progress parameter was developed in the first part of
this work [26]. A statistically most likely distribution
is employed as model for the residual Λ-distribution,
and it was shown in the context of the FPV approach
that this closure model results in a better prediction of
cases with strong levels of extinction. The objective
of this paper is the development of an LES closure
model and the application of this model for the predic-
tion of Sandia flames D and E. In order to accomplish
this, it is required to provide models for the resid-
ual scalar variances of mixture fraction, Z̃′′2, and
reaction progress variable, C̃′′2. After summarizing
the combustion model, a model for all residual scalar
quantities is presented in Section 2.2. The experimen-
tal configuration and computational setup for the nu-
merical simulation are described in Section 3. A com-
prehensive comparison of computational results with
experimental data for both flames is presented in Sec-
tion 4. The article finishes with conclusions.

2. Mathematical model

2.1. Governing equations

The LES technique is based on a separation of
large and small scales in a turbulent flow. The decom-
position into the different scales is achieved by ap-
plying a filtering operator to the field quantities [27].
Since we are interested in reactive flows, a density-
weighted filtering procedure in the Favre-sense is em-
ployed. A Favre-filtered quantity of a scalar ψ is de-
fined as

(7)ψ̃(t,x) = 1

ρ

∫
ρ(t,y)ψ(t,y)G(y,x;Δ)dy,

where Δ is the filter width and G is the filter-kernel,
satisfying the normalization condition

(8)
∫

G(y,x;Δ)dy = 1.

The residual field is then defined as ψ ′′(t,x) =
ψ(t,x)− ψ̃(t,x), and Favre-filtered quantities are re-
lated to Reynolds-filtered quantities by ρψ̃ = ρψ .

After applying the filter operator to the instanta-
neous governing equations describing conservation of
mass and momentum, the Favre-filtered equations can
be written as

(9a)D̃t ρ = −ρ∇ · ũ,



M. Ihme, H. Pitsch / Combustion and Flame 155 (2008) 90–107 93
(9b)ρD̃t ũ = −∇p + ∇ · σ − ∇ · σ res + ρg,

where ρ is the filtered density, ũ is the filtered velocity
vector, p is the filtered pressure, g is the gravity vec-
tor, D̃t = ∂t + ũ · ∇ is the Favre-filtered substantial
derivative, and σ is the filtered viscous stress tensor,

σ = 2ρν̃

(
S̃ − 1

3
(∇ · ũ)I

)
, with

(10)S̃ = 1

2

[∇ũ + (∇ũ)T
]
.

The residual stress tensor σ res = ρũu − ρũũ is mod-
eled by a dynamic Smagorinsky model [28,29].

Besides the specification of boundary conditions,
Eqs. (9) must be supplemented by an equation of
state, which relates the density and other thermo-
chemical quantities to the mixture fraction and the
reaction progress variable. For application to reactive
flows with local extinction and reignition, this state
relation is obtained from the extended FPV model,
and is summarized in the following section.

2.2. Extended flamelet/progress variable model

In the present work, the FPV model is employed
for the prediction of the turbulent reactive flow field
in LES application. In the first part of this paper [26]
an extension of the FPV model was proposed for
the prediction of reactive flows having considerable
turbulence/chemistry interaction, which results in lo-
cal flame extinction and reignition. In that work,
a presumed PDF closure for the joint filtered density
function (FDF) was developed, using a beta distri-
bution for Z and a statistically most likely distribu-
tion (SMLD) for Λ. Using DNS data, it was shown
that this model results in improved predictions for the
mean temperature evolution. The shape of the SMLD
is constrained by enforcing the first two moments
of the progress variable and the so-called “a priori
PDF” which accounts for a bias in composition space
by chemical reactions and mixing, is modeled from
mixture fraction-conditioned data. Information about
these quantities was directly extracted from DNS
data. However, since this information is not readily
available in LES applications, conditional quantities
are represented by their unconditional values. This
assumption can be justified on the basis that a sig-
nificant portion of the scalar variance is resolved in
LES, which often leads to a relatively narrow residual
mixture fraction distribution in each computational
cell [20]. Under this premise the joint PDF can be
modeled as

(11)P̃ (Z,Λ) = P̃ (Z)PSML,2(Λ),

with

(12a)P̃ (Z) = β
(
Z; Z̃, Z̃′′2

)
,

(12b)

PSML,2(Λ) = 1√
C̃′′2

[
1 +

(
ω̇C,stγCZ̃′′2

χZ,st

√
C̃′′2

)2]−1/2

× exp

{ 2∑
i=0

aiΛ
i

}
,

where PSML,2(Λ) is the statistically most likely dis-
tribution, which is parameterized by its first two mo-
ments. The relation

(13)γC = C̃′′2

χ̃ res
Z

χ̃ res
C

Z̃′′2

is used to express χ̃ res
C

in terms of Z̃′′2, C̃′′2, and χ̃ res
Z

in Eq. (12b). The vector a is determined subject to the
following constraints:

(14a)
∫
Λ

∫
Z

P̃ (Z)PSML,2(Λ)dZ dΛ = 1,

(14b)
∫
Λ

∫
Z

FC(Z,Λ)P̃ (Z)PSML,2(Λ)dZ dΛ = C̃,

∫
Λ

∫
Z

(
FC(Z,Λ) − C̃

)2
P̃ (Z)PSML,2(Λ)dZ dΛ

(14c)= C̃′′2.

After the coefficients a are obtained, the joint PDF
P̃ (Z,Λ) is constructed and can be inserted into
Eq. (3) to obtain the Favre-filtered form of the ther-
mochemical library. Note that since Eqs. (14) are not
directly dependent on the moment information for the
reaction progress parameter, this library can be ex-
pressed directly in terms of C̃ and C̃′′2, which is then
written as

(15)ψ̃ = G̃ e
ψ

(
Z̃, Z̃′′2, C̃, C̃′′2

)
,

and the superscript “e” refers to the SMLD exten-
sion of the FPV model that employs the delta-function
closure model, which was given in Eq. (6). This ex-
pression relates all Favre-averaged thermochemical
quantities to the first two moments of mixture frac-
tion and progress variable. In addition to the solution
of the Favre-filtered conservation equations for mass
and momentum, four additional transport equations
are required in order to close the system of equations
in the FPV model.

The transport equations for Z̃, Z̃′′2, C̃, and C̃′′2,
collectively denoted by φ̃, can be written in vector
form as

(16)ρD̃t φ̃ = ∇ · (ρα̃∇φ̃) + ∇ · τ res + ρq̃,
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with

φ̃ =

⎛⎜⎜⎝
Z̃

Z̃′′2

C̃

C̃′′2

⎞⎟⎟⎠ , τ res =

⎛⎜⎜⎝
ρũZ̃ − ρũZ

ρũZ̃′′2 − ρ˜uZ′′2

ρũC̃ − ρũC

ρũC̃′′2 − ρ˜uC′′2

⎞⎟⎟⎠ ,

(17)q̃ =

⎛⎜⎜⎝
0

−2˜u′′Z′′ · ∇Z̃ − χ̃ res
Z˜̇ωC

−2˜u′′C′′ · ∇C̃ − χ̃ res
C

+ 2˜C′′ω̇′′
C

⎞⎟⎟⎠ .

The diffusivity is denoted by α, and unity Lewis num-
ber is assumed throughout this work. The chemical
source term of the progress variable is ˜̇ωC , and all
residual scalar stresses are lumped into τ res. The dif-
fusion term in Eq. (16) was modeled as

(18)ρα∇φ = ρα̃∇φ̃,

neglecting correlations between fluctuations in the
diffusivity and scalar quantities. The residual scalar
stresses are approximated using an eddy-diffusivity
model, which is written as

(19)τ res = ρα
φ̃
t ∇φ̃, with α

φ̃
t = CφΔ2 |̃S|,

and the coefficients Cφ are obtained from a dynamic
procedure [30]. The turbulent scalar transport terms
˜u′′Z′′ and ˜u′′C′′ are modeled by a gradient transport
assumption [31].

Molecular mixing of the reactants occurs on the
smallest turbulent scales, and is characterized by the
residual scalar dissipation rate. This numerically un-
resolved quantity has most of its energy on the small
scales and requires modeling. In this work, a model
for χ̃ res

Z
is derived from spectral arguments [32]. This

model is developed by relating the mechanical time
scale to the scalar time scale:

(20)CχZ = τ res
u

τ res
Z

= k̃res

ε̃res

χ̃ res
Z

Z̃′′2
.

The mechanical time scale can be expressed in terms
of the turbulent viscosity and filter width as [27,33]

(21)
k̃res

ε̃res = Cε

Cu

νt

Δ2
.

The coefficients Cε and Cu are determined from the
energy spectra and relate the residual dissipation rate
and the turbulent viscosity to the residual kinetic en-
ergy and LES filter width. Inserting expression (21)
into Eq. (20) results in a model for the residual scalar
dissipation rate,

(22)χ̃ res
Z = CχZCε

Sct Cu

αZ̃
t

Δ2
Z̃′′2,

where Sct = νt/α
Z̃
t and Sct = 0.4 has been used [13].

The coefficients CχZ and Cε/Cu can be computed
as functions of the ratio between Kolmogorov length
scale and LES filter width, η/Δ, from model spec-
tra for the turbulent kinetic energy and a conserved
scalar [33,34]. For large ratios Δ/η, increasing Taylor-
scale Reynolds number, and typical values for Kol-
mogorov and Corrsin–Obukhov constants, CχZ ap-
proaches a value of 2.25. This is in agreement with
the value of CχZ = 2 found in the literature [35].
In the limit of infinite Reynolds number, the asymp-
totic value of Cε/Cu corresponds to π2. However,
Cε/Cu rapidly approaches zero for finite Reynolds
numbers when Δ is outside of the universal equilib-
rium range [32]. Under the assumption that the LES
filter is located well inside the inertial subrange, we
use a value of 2.0 for the ratio Cε/Cu.

A closure model for χ̃ res
C

is obtained from Eq. (13)
by employing the developed model for χ̃ res

Z
and as-

suming that γC is a constant of order unity.

The term ˜C′′ω̇′′
C

that appears as source term in the

transport equation for C̃′′2 is closed using the pre-

sumed PDF model. With this, ˜C′′ω̇′′
C

is precomputed
and stored in the flamelet library, Eq. (15), which is
accessed during the simulation.

3. Experimental configuration and computational
setup

In the Sandia flame experiment, piloted partially
premixed flames at different Reynolds numbers are
studied. Despite the geometrical and fluid-dynamic
simplicity of this configuration, the interaction be-
tween turbulence and chemistry is sufficiently com-
plex, ranging from stably burning flames to condi-
tions close to extinction. The fuel consists of a mix-
ture of methane and air in a volumetric ratio of 1:3
with a stoichiometric mixture fraction of Zst = 0.351.
The fuel nozzle has a diameter of Dref = 7.2 mm
and is surrounded by an annular pilot stream with
a diameter of 2.53 Dref. The level of local extinc-
tion increases with increasing Reynolds number. The
Reynolds number is based on the jet bulk exit veloc-
ity, nozzle diameter, and kinematic viscosity. In the
following, flames D and E are computed. The fuel
exit velocities are 49.6 (±2) m/s and 74.4 (±2) m/s,
and the pilot gas velocities are 11.4 (±0.5) m/s and
17.1 (±0.75) m/s for flames D and E, respectively.
The coflow velocity is 0.9 (±0.05) m/s. The pi-
lot stream is a lean premixed gas mixture of C2H2,
H2, CO2, N2, corresponding to a mixture fraction of
Z = 0.271. This series of flame was experimentally
studied by Barlow and Frank [8,10] and Schneider et
al. [36]. The statistical errors of the measurements for
major species and temperature are reported to be be-
low 5% and for CO below 10%.
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Fig. 1. LES grid stretching diagram: (left) axial direction; (right) radial direction. The inlay panel in the right graph shows a
zoom of the grid around the fuel nozzle. Only every second grid point is shown by the symbols.
The filtered equations for mass, momentum, and
the first two moments of mixture fraction and progress
variable are solved in cylindrical coordinates [19].
The geometry has been nondimensionalized by the
jet nozzle diameter Dref and the computational do-
main is 80Dref × 26.5Dref × 2π in axial, radial, and
circumferential directions, respectively. The radial di-
rection is discretized by 160 unevenly spaced grid
points concentrated in the fuel and pilot stream. For
the fuel jet nozzle radius and pilot annulus, 18 and
33 grid points are used, respectively. The grid in the
axial direction uses 256 points and is stretched in the
downstream direction, while the circumferential di-
rection is equally spaced and uses 64 points. The total
number of grid points used for the simulation is ap-
proximately 2.6 million. The minimum and maximum
filter widths in the domain are Δmin = 4 × 10−2Dref
(boundary layer in the fuel jet) and Δmax = 1.12Dref
(outermost grid cell at the outflow plane). For com-
parison, the size of the experimental probe volume
is 0.104Dref, which is comparable with the averaged
LES filter width. The corresponding grid spacing di-
agrams in axial and radial directions are shown in
Fig. 1. Identical numerical grids are used for all sim-
ulations. The turbulent inlet velocity profile is gen-
erated by separately performing a periodic pipe flow
simulation where the mean axial velocity, as mea-
sured by Schneider et al. [36], has been enforced.
The numerical simulation is run over 10 flow-through
times to obtain a statistically stationary flow field, and
statistics are collected thereafter over 10 flow-through
times. In the following section, ensemble-averaged
and conditional statistics obtained from the numerical
simulation will be compared with experimental data.
For clarity, the following notation is introduced,

(23a)〈ψ̃〉(x, r) = 1

2πT

t+T∫ 2π∫
ψ̃(t, x, r, ϕ) dϕ dt,
t 0
(23b)

〈
ψ̃ ′′2

<

〉
(x, r) = 1

2πT

t+T∫
t

2π∫
0

[
ψ̃(t, x, r, ϕ)

− 〈ψ̃〉(x, r)
]2

dϕ dt,

where 〈ψ̃〉 denotes an averaged scalar quantity, and
〈ψ̃ ′′2

< 〉 is the resolved variance.
Steady flamelet calculations have been performed

using the FLAMEMASTER code [37]. The chemistry
is described by the GRI 2.11 mechanism [38], con-
sisting of 279 reactions among 49 species. In the
present simulation, the progress variable is defined as
C = YCO2 + YCO + YH2O + YH2 .

The library is discretized with 100 uniformly dis-
tributed grid points in the Z̃ and C̃ directions. For
both the Z̃′′2 and C̃′′2 directions, 15 points are used,
and the grid spacing follows a geometric growth law.

In the present simulation, the time scale ratio, ap-
pearing in Eq. (13) is set to γC = 1. In principle,
a model based on the mapping closure following Cha
and Trouillet [39] could be employed for a better pre-
diction of γC . This, however, would then introduce
γC as a fifth independent parameter in the FPV model
and would impose further limitations on the library
resolution. The coefficients in the model for χ̃ res

Z
have

been set to CχZ = 2 and Cε/Cu = 2, respectively.

4. Results

In the following sections computational results for
Sandia flames D and E are compared with experimen-
tal data. Both flames are computed with the delta-
function closure model, which was described in Sec-
tion 1, and the extended FPV model, presented in Sec-
tion 2.2. In the following, results are mainly discussed
from the extended FPV model. These results are de-
noted by G̃ e (Eq. (15)) as opposed to results from
ψ
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(a) Sandia flame D (b) Sandia flame E

Fig. 2. Instantaneous and averaged temperature fields for (a) Sandia flame D and (b) Sandia flame E, computed with the extended
FPV model. The solid line shows the location of stoichiometric mixture fraction.
the delta function model denoted by G̃ψ (see Eq. (6)).
To highlight the capability of this model, a compari-
son with the delta-function flamelet closure model for
Sandia flame E is also presented.

For reference, experimental data are denoted by
symbols and computational results are shown by
lines; whereas open symbols and dashed lines corre-
spond to Sandia D results, full circles and solid lines
denote Sandia E data. Furthermore, computational re-
sults from the delta-function closure model for flame
E are shown by dotted lines.

4.1. Instantaneous flow field structure

In this section, numerical results obtained from
LES of Sandia flames D and E are compared with ex-
perimental data. The Reynolds number is increased
from flame D to flame E, resulting in an enhanced in-
teraction between turbulence and chemistry, and an
increasing level of local extinction and reignition can
be observed. The effect of the 50% difference in the
jet exit velocity between flames D and E on the in-
stantaneous flow field and flame structure is shown
in Fig. 2. The homogeneous mixture, emanating from
the pilot stream, decreases the scalar dissipation rate
in the nozzle-near region, which causes flame stabi-
lization [40].

Computed-mixture-fraction-conditioned profiles
of the scalar dissipation rate are shown in Fig. 3. The
shape of the scalar dissipation rate is influenced by
the pilot stream up to x/Dref = 7.5, and diminished
thereafter. In the nozzle-near region the pilot stream
leads to a reduction of the scalar dissipation rate, and
therefore to a stabilization of the flame. Experimental
data from Karpetis and Barlow [41] for the measure-
ment locations x/Dref = 7.5 and 15 are shown for
comparison. The computational results are in quali-
tative agreement with the experimental data at very
lean and very rich flame conditions. The peak in the
dissipation rate profiles, shown in the experimental
data around Z̃ ≈ 0.6, is not predicted by the simula-
tions.

It can be seen from the Favre-filtered tempera-
ture field of flame D in Fig. 2a that the shear layer
surrounding the jet core region is dominated by quasi-
laminar structures, which can be attributed mainly to
the increase in the molecular properties due to the heat
release [42]. The flow structure in the neck region of
the flame (3 � x/Dref � 10) shows differences be-
tween both flames: While flame D exhibits only some
large-scale oscillations, the contour of stoichiometric
mixture is considerably wrinkled in flame E. Since the
velocity ratio between the jet and the pilot streams
is held constant, and effects of the difference in the
coflow velocities are typically small in the transitional
region [43], the difference in the flame structure be-
tween the two cases is mostly due to the decrease
in the Damköhler number rather than the flow kine-
matics. Coherent structures of high scalar dissipation
rate lead to flame stretching and eventually to lo-
cal extinction in flame E. Such locally extinguished
flame regions at stoichiometric condition can be ob-
served more frequently for flame E (Fig. 2b) than for
flame D. Note, however, that this is a rather qualitative
analysis, and the amount of extinction and reignition
is quantified in more detail in Section 4.4. The right
panels in Figs. 2a and 2b show the averaged temper-
ature fields for flames D and E. Both flames exhibit
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Fig. 3. Comparison of computed scalar dissipation rates for Sandia flames D and E with experimental data. Measurements of the
scalar dissipation rate for locations x/Dref = 7.5 and 15 are shown by symbols [41].

Fig. 4. Comparison of measured (symbols) and calculated (lines) mean and rms statistics of axial velocity, mixture fraction, and
temperature along the centerline for flames D (open symbols and dashed lines) and E (closed symbols and solid lines), computed
with the extended FPV model. Experimental data are plotted with estimated uncertainties.
a similar averaged temperature field. However, the
higher scalar dissipation rate and the enhanced lo-
cal extinction for flame E result in a reduction of the
temperature by 150–200 K in the neck region of the
flame.
4.2. Statistical flow field results

Fig. 4 shows axial profiles of the mean and re-
solved rms statistics of axial velocity, mixture frac-
tion, and temperature along the centerline for flames
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Fig. 5. Comparison of measured (symbols) and calculated (solid lines) mean and resolved rms statistics of mixture fraction
(left) and temperature (right) at different axial locations for flames D and E. Experimental data are plotted with estimated
uncertainties. The vertical dashed lines in the plots of rms temperature show the locations corresponding to the stoichiometric
mixture for Sandia flame E. G̃ e

ψ refers to the extended FPV model, Eq. (15), and G̃ψ denotes the delta-function closure model,
given in Eq. (6).
D and E. Only results from the extended FPV model
are presented and comparisons with the delta-function
FPV model are omitted. This is because effects of ex-
tinction and reignition are mainly relevant around sto-
ichiometric conditions, which occur only far down-
stream from the nozzle where the flame is fully recov-
ered to its burning state, so that differences between
the two models are insignificant in this region.

Although experimental measurements show only
small differences on the fuel-rich side of the two
flames that correspond to the region up to the stoichio-
metric flame length, the simulation predicts a lower
axial decay rate for mean velocity and mixture frac-
tion for flame D than for flame E. The lower decay
rate of the mixture fraction for flame D in this region
consequently results in a lower temperature compared
to flame E, which is shown in the bottom row of
Fig. 4. The temperature for both flames is overpre-
dicted by approximately 100–150 K in the lean region
above the stoichiometric flame length. It was shown
by Ihme and Pitsch [44] that this overprediction is
mainly due to the slight overprediction of the mixture
fraction, which is caused by neglecting the interac-
tion between turbulent mixing, chemistry, and radia-
tive heat transfer. To address this issues, a radiative
FPV model for the prediction of NO formation has
recently been developed [44]. In this model, thermal
radiation effects are incorporated by introducing the
enthalpy as additional variable, and the radiative heat
sink term is obtained from the solution of unsteady
flamelets. Results obtained with this model confirm
that the mean centerline temperature for flame D is
reduced by approximately 100 K for x/Dref > 40.

A comparison of radial profiles for mixture frac-
tion and temperature for the two flames is shown
in Fig. 5. The experimental data are shown with
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Fig. 6. Comparison of measured (symbols) and calculated (solid lines) mean mass fractions of CO2 and CO at different axial
locations for flames D and E. G̃ e

ψ
refers to the extended FPV model, Eq. (15), and G̃ψ denotes the delta-function closure model,

given in Eq. (6).
estimated uncertainties. Results for both mean and
resolved fluctuations of the mixture fraction are in
overall good agreement with experimental data (see
Fig. 5a). Similarly good agreement is obtained for the
radial profiles of the temperature, shown in Fig. 5b.
Results from the delta-function closure model for
flame E are also shown by the dotted lines. Only some
minor differences between both models on the fuel-
lean side can be observed. Compared to results ob-
tained with the extended FPV model, the peak mean
temperature is approximately 100 K higher at the
first measurement station. The differences between
both models vanish with increasing downstream dis-
tance.

The vertical dashed lines in the graphs for the re-
solved rms temperature show the locations of stoi-
chiometric mixture fraction, extracted from the ex-
periments. The fuel-rich and fuel-lean sides of the
flame correspond to the left and right side of this
line, respectively. The reason for the local minimum

of
√

〈Θ̃ ′′2
< 〉 at this location can be understood by ap-

proximating the temperature fluctuation as

(24)
√〈

Θ̃ ′′2
<

〉 ≈ �Θ = ∂Z G e
Θ�Z + ∂C G e

Θ�C,

where ΔZ and ΔC can be related to the resolved
fluctuations of mixture fraction and progress variable.
The temperature at stoichiometric condition reaches a
maximum, so that the first term on the right-hand side
is zero. Since the second term in the expansion is typ-
ically small, the rms temperature reaches a minimum
at Zst. Furthermore, approximating the temperature
gradient on the fuel-lean and fuel-rich side by

(25a)∂ZΘ|lean ≈ Θst

Zst

(25b)∂ZΘ|rich ≈ Θst

1 − Zst
,

it can be inferred that the temperature fluctuations are
larger in the fuel-lean region, which is in agreement
with the observation in Fig. 5b.

Radial profiles of mass fractions of CO2 and CO at
three axial locations in both flames are given in Fig. 6.
The predicted CO2 mass fraction profiles, shown in
the top row of this figure, are in excellent agreement
with experimental data for both flames. The inter-
mediate CO is overpredicted in the rich part of the
flame for both cases. This can be attributed to the
over-prediction of the fuel consumption in this region.
Results from the delta-function closure model for
flame E are also shown. Differences in the peak mass
fractions of CO2 and CO are evident at x/Dref = 7.5.
These differences diminish with increasing nozzle
distance.

4.3. Mixture-fraction-conditioned results

Turbulent nonpremixed combustion is strongly
affected by turbulent mixing on the small scales,
diffusion between fuel and oxidizer, and chemical
reactions. For an assessment of only the combus-
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Fig. 7. Comparison of measured (symbols) and calculated (lines) conditional mean temperature and mean mass fractions of
major species at x/Dref = 7.5, 15, 30, and 45 for flames D and E. Experimental data are plotted with estimated uncertainties.
G̃ e

ψ refers to the extended FPV model, Eq. (15), and G̃ψ denotes the delta-function closure model, given in Eq. (6).
tion model, it is essential to perform a flow-field-
independent comparison of the chemical species
and temperature with experimental data. In the fol-
lowing this is done by analyzing mixture fraction-
conditioned data with experimental results in Figs. 7
and 8 for both flames. Furthermore, the performance
of the extended FPV model is also compared with the
delta-function closure model for Sandia flame E.

Conditional data for temperature and mass frac-
tions of CH4, O2, and H2O are presented for both
flames in Fig. 7. The effect of extinction for flame E
is mainly evident for the first measurement location
at x/Dref = 7.5. Local flame extinction results in
a decrease in peak temperature by 100–150 K and
the leakage of fuel and oxidizer through the reaction
zone. The extended FPV model accurately predicts
the temperature profile and O2 mass fraction at this
location. On the other hand, the delta-function closure
model cannot fully account for the extinction process
close to the nozzle and significantly overpredicts the
temperature as well as the consumption of fuel and
oxidizer. With increasing downstream distance, the
flame recovers and reignites. After the flame has re-
covered, the profiles for temperature and species for
the two flames are similar, and the predictions are in
good agreement with the experimental data for Z̃ <
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Fig. 8. Comparison of measured (symbols) and calculated (lines) conditional mean mass fractions of major and minor species at
x/Dref = 7.5, 15, 30, and 45 for flame E. Experimental data are plotted with estimated uncertainties. G̃ e

ψ
refers to the extended

FPV model, Eq. (15), and G̃ψ denotes the delta-function closure model, given in Eq. (6).
0.5. Both models overpredict the fuel and oxidizer
consumption on the fuel-rich side for flames D and E.

In these flames, CH4 is the primary source of CO
and CO2. The fuel consumption is overpredicted on
the fuel-rich side of the flame, which, in turn, results
in an overprediction of CO. This can be seen in the
second row of Fig. 8. Mass fractions for CO2 and the
minor species H2 and OH are also shown in this fig-
ure. The CO2 mass fraction is in excellent agreement
with the measurements for both flames. The peak hy-
drogen mass fraction is overpredicted, and OH is un-
derpredicted for x/Dref = 15 and 30.
In summary, mixture-fraction-conditioned results,
predicted with the extended FPV model, are over-
all in good agreement with experimental data on the
fuel-lean side. The overprediction of the species mass
fractions of CO, H2, and H2O on the fuel-rich side
is attributed to the limitation of the steady laminar
flamelet model, resulting in an overprediction of the
fuel consumption and a weak partially premixed re-
action zone. From the conditional data it can be con-
cluded that the extended FPV model is able to cap-
ture strong local extinction and subsequent reignition
events, which is further substantiated by presenting
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scatter plots, conditional PDFs, and burning indices
in the next section.

4.4. Quantification of extinction and reignition

Scatter plots of temperature and species mass frac-
tions of CO2, CO, and OH versus mixture fraction
for flame E are shown in Figs. 9–12. The compu-
tational results are obtained from the extended FPV
model. The data from the simulation are sampled at
the same radial locations as the measurements, and
only a subset of about 4000 samples is shown in the
figures. In these graphs, a flamelet profile of a coun-
terflow configuration at χZ,st = 50 s−1 is included
for visual comparison. Despite the fact that the in-
stantaneous measurements allow only for a qualitative
comparison, the sample data are useful to assess the
instantaneous flame structure.

The scatter plots for Θ̃ and ỸCO2 , shown in Figs. 9
and 10, compare well with the measurements. At
x/Dref = 7.5, the broad temperature distribution is
evident which provides an indication for the proba-
bility of local flame extinction. With increasing dis-
tance to the nozzle, the flame recovers, resulting in a
narrow temperature distribution. In this context it is
interesting to point out the broad scattering of mea-
surements for very rich mixtures, which cannot be
observed in the calculations. One possible reason for
this can be related to local flame extinction and sub-
sequent mixing of unburned gases before reignition.
In this scenario, a locally extinguished flame pocket
of unburned fuel and oxidizer mixes without signifi-
cant interaction with its surroundings. This eventually
leads to a partially premixed composition. Flame reig-
nition, for instance by the edge flame scenario or the
flame–flame interaction as defined by Sripakagorn et
al. [45], will preferentially occur at conditions cor-
responding to the most reactive mixture, which typ-
ically corresponds to flame-lean conditions. On the
other hand, the partially premixed chemistry on the
fuel-rich side is too slow [10], and mixing of reac-
tants continues. This rationale would suggest that the
broad scattering on the fuel-rich side only occurs for
flames E and F, where significant extinction and reig-
nition are present. However, since this is also evident
from the measurements of flames having virtually no
extinction (for instance, flame C at Re = 13,400),
other explanations such as higher measurement un-
certainties under fuel-rich conditions could be more
relevant.

Scatter plots for the CO mass fraction are shown in
Fig. 11. The simulation predicts a broad scalar distri-
bution around stoichiometric condition for x/Dref =
7.5, which is qualitatively in good agreement with the
experiments. The width of this distribution decreases
with increasing downstream distance, which is an in-
dication of the reignition process. It is interesting to
point out the pronounced scattering of ỸCO on the
fuel-lean side for x/Dref = 7.5 and 15 with values
above the steady flamelet solution.

The scatter plots for the OH mass fraction, shown
in Fig. 12, are in reasonable qualitative agreement
with the single point measurements. Compared with
the experiments, the simulation shows the tendency
to predict lower values of ỸOH around Zst. However,
the broad distribution of flame states is evident for lo-
cal flame extinction.

Mixture-fraction-conditioned PDFs (CPDFs) for
flame E are computed from the numerical simulation
and are compared with experimental data in Fig. 13.
The sample intervals in mixture fraction space are
specified according to Barlow and Frank [10], and
are explicitly denoted in the figures. Experimental
CPDFs are recomputed from the reported scatter plots
and all CPDFs are normalized. For reference, CPDFs
obtained from the simulation of Sandia flame D for
x/Dref = 7.5 are also shown in Fig. 13 by the dashed
line.

The effect of increasing Reynolds number on
flame dynamics is reflected by the increasing width of
the CPDFs that are observed in the simulation results.
With increasing jet exit velocity, the chemical time
scale cannot keep up with the increasing turbulent
mixing rate (i.e., decreasing Damköhler number), and
the flame locally extinguishes. The increasing popu-
lation of extinguished samples from flame D to flame
E is reflected by the increasing tail of the CPDFs to-
wards low values of temperature and species mass
fractions. The width of the PDF along the sample
space coordinate decreases with increasing down-
stream direction. This is an indication that the flame
recovers by reignition.

The experimentally determined CPDFs for flame
E are well predicted with the extended FPV model,
and both peak locations and shapes of the distri-
butions for temperature and major species are in
good agreement with the measurements. The dotted
lines show the results from the delta function clo-
sure model. The computed CPDFs at x/Dref = 7.5
have a much narrower distribution, which is a fur-
ther indication of the underprediction of extinction
and reignition effects by that model. The location of
the peak of the conditional PDF for OH is underpre-
dicted; however, the width of the distribution is in
qualitative agreement with the measurements.

The burning index has been introduced by Xu
and Pope [12] as an integral measure to quantify the
amount of flame extinction, and is defined as

(26)BI(ψ) = 〈ρψ |Z− � Z � Z+〉
〈ρ|Z− � Z � Z+〉ψref
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Fig. 9. Scatterplot of the Favre-filtered temperature as function of mixture fraction for flame E, computed with the extended FPV
model: left, experimental data; right, numerical simulation. The lines correspond to a laminar flamelet at χZ,st = 50 s−1.

Fig. 10. Scatterplot of the Favre-filtered mass fraction of CO2 as function of mixture fraction for flame E, computed with
the extended FPV model: left, experimental data; right, numerical simulation. The lines correspond to a laminar flamelet at
χZ,st = 50 s−1.
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Fig. 11. Scatterplot of the Favre-filtered mass fraction of CO as function of mixture fraction for flame E, computed with the
extended FPV model: left, experimental data; right, numerical simulation. The lines correspond to a laminar flamelet at χZ,st =
50 s−1.

Fig. 12. Scatterplot of the Favre-filtered mass fraction of OH as function of mixture fraction for flame E, computed with the
extended FPV model: left, experimental data; right, numerical simulation. The lines correspond to a laminar flamelet at χZ,st =
50 s−1.
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Fig. 13. Comparison of conditional PDFs of temperature and mass fractions of H2O, CO2, and OH at three axial locations:
x/Dref = 7.5, 15, and 30. The dashed line for the location x/Dref = 7.5 corresponds to the simulation results of the Sandia
flame D. G̃ e

ψ
refers to the extended FPV model, Eq. (15), and G̃ψ denotes the delta-function closure model, given in Eq. (6).
for species ψ . ψref denotes a reference quantity, cor-
responding to the peak value of a burning flamelet
with a strain rate of 100 s−1. The reference quan-
tities used in this work are taken from Ref. [12] to
allow for comparisons. The evaluated burning indices
of temperature, CO2, CO, H2O, H2, OH as functions
of axial distance to the nozzle are shown in Fig. 14
for flames D and E. From the experimental data it can
be seen that local extinction is largest at x/Dref = 7.5
for flame E corresponding to the neck region of the
flame (shown in Fig. 2).

The stabilizing effect of the pilot flame is reflected
by the computed burning indices from the numeri-
cal simulations. The pilot stream leads to a reduc-
tion of the scalar dissipation rate at Z = 0.271, due
to zero mixture fraction gradient in the pilot stream
(see Fig. 3). This effect was not directly observed ex-
perimentally due to limitations of the measurement
techniques for x/Dref < 7.5. In the region where the
pilot flame is effective, the burning index reaches a lo-
cal plateau or even a maximum before it decreases due
to extinction. The burning indices for flame D show
only little variation along the axial distance, and the
numerical results for temperature and major species
are in good agreement with experimental data.

Compared with the delta-function closure model
(dotted lines), the extended FPV model captures the
rate of local extinction and reignition for flame E,
and the amount of extinction is accurately predicted
for temperature and CO2 mass fraction. The overpre-
diction of BI(H2) for flame E is consistent with the
overprediction seen for the conditional data and can
be attributed to the overprediction of the fuel con-
sumption. It appears that the simulation predicts ear-
lier reignition for H2O and also CO. On the other
hand, the extinction process is well predicted for the
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Fig. 14. Burning indices of flames D and E as function of axial distance to the fuel nozzle. G̃ e
ψ

refers to the extended FPV model,

Eq. (15), and G̃ e
ψ denotes the delta-function closure model, given in Eq. (6).
OH mass fraction, but the recovery of OH to the fully
burning state is not captured by the simulation. Rea-
sons for this have been discussed previously, and can
be attributed to the fact that the steady flamelet model
overpredicts minor species on the fuel-rich side [46].

5. Conclusions

An extended flamelet/progress variable model for
the prediction of flame extinction and reignition has
been applied in large-eddy simulation of piloted par-
tially premixed methane/air flames. The distribution
of the reaction progress parameter, appearing in the
FPV closure for all Favre-averaged thermochemical
quantities, is modeled by employing a statistically
most likely distribution (SMLD). The shape of this
PDF is determined from the first two moments of the
reaction progress variable and additional time scale
information about chemistry and mixing. Transport
equations for the residual scalar variance of mixture
fraction and progress variable are solved, and mod-
els for the scalar dissipation rates of mixture fraction
and progress variable are derived from spectral argu-
ments.

The extended FPV model was applied in large-
eddy simulations of Sandia flames D and E. Results
obtained from these simulations for velocity, mixture
fraction, and temperature fields were compared with
experimental data. The calculated mean and resolved
rms flow field quantities are in good agreement with
measurements.

In order to assess the predictive capability of the
extended FPV model, mixture-fraction-conditioned
data, conditional PDFs, and burning indices were
computed and were compared with results from the
delta-function flamelet closure model. The analysis of
results from the two models showed that the consider-
ation of second-moment information in the presumed
PDF of the reaction progress parameter is important
for the accurate prediction of local flame extinction
and reignition in a flamelet-based combustion model.
This observation is in agreement with the findings in
the a priori study, presented in the first part of this
work [26].

The extended FPV model accurately predicts the
leakage of fuel and oxidizer through the reaction zone
for flame locations close to the nozzle. The overpre-
diction of the minor species on the fuel-rich side of
the flame was also discussed.
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