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Abstract

Previously conducted studies of the flamelet/progress variable model for the prediction of nonpremixed turbu-
lent combustion processes identified two areas for model improvements: the modeling of the presumed probability
density function (PDF) for the reaction progress parameter and the consideration of unsteady effects [Ihme et al.,
Proc. Combust. Inst. 30 (2005) 793]. These effects are of particular importance during local flame extinction and
subsequent reignition. Here, the models for the presumed PDFs for conserved and reactive scalars are re-examined
and a statistically most likely distribution (SMLD) is employed and tested in a priori studies using direct numeri-
cal simulation (DNS) data and experimental results from the Sandia flame series. In the first part of the paper, the
SMLD model is employed for a reactive scalar distribution. Modeling aspects of the a priori PDF, accounting for
the bias in composition space, are discussed. The convergence of the SMLD with increasing number of enforced
moments is demonstrated. It is concluded that information about more than two moments is beneficial to accu-
rately represent the reactive scalar distribution in turbulent flames with strong extinction and reignition. In addition
to the reactive scalar analysis, the potential of the SMLD for the representation of conserved scalar distributions is
also analyzed. In the a priori study using DNS data it is found that the conventionally employed beta distribution
provides a better representation for the scalar distribution. This is attributed to the fact that the beta-PDF implicitly
enforces higher moment information that is in excellent agreement with the DNS data. However, the SMLD out-
performs the beta distribution in free shear flow applications, which are typically characterized by strongly skewed
scalar distributions, in the case where higher moment information can be enforced.
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1. Introduction

Combustion of fossil fuels is currently and in the
foreseeable future the major technology for the con-
version of chemically bound energy into electrical,
mechanical, or thermal energy [1]. However, the un-
wanted emission of pollutants and finite fossil fuel
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Nomenclature

Symbols

C reaction progress variable
Z mixture fraction
P probability density distribution
Q a priori PDF
t time
u velocity vector
x spatial coordinate vector
Θ temperature
Λ reaction progress parameter
α molecular diffusivity
φ vector of chemical quantities
ψ vector of thermochemical quantities
χ dissipation rate

ω̇ chemical reaction rate
ρ density
E SLF-relation, parameterized by Z and

χZ,st
F FPV-relation, parameterized by Z and Λ

G flamelet library, parameterized by Z and
C

φ|Z mixture fraction-conditioned quantity φ

Subscripts

F fuel stream
O oxidizer stream
ref reference quantity
st stoichiometric condition
ψ species ψ
resources require the design of efficient combustion
systems. The recent development of compact combus-
tors is an example of how the conflicting requirements
of performance, durability, and reduced weight, on
the one hand, and reduced emissions and fuel con-
sumption, on the other hand, have been balanced for
advanced propulsion systems.

Heat release in nonpremixed combustion is largely
determined by the mixing intensity [2]. The mixing
intensity is characterized by the scalar dissipation rate

(1)χZ = 2αZ |∇Z|2,

where αZ is the molecular diffusivity of the mixture
fraction Z. Rapid mixing of the initially separated
fuel and oxidizer streams is required to maximize
the heat release rate and overall efficiency of such
compact combustors. If, however, the scalar dissipa-
tion rate exceeds a critical value over a sufficiently
long period so that diffusive heat losses exceed lo-
cal heat release, the flame temperature decreases, re-
actants can leak through the reaction zone, and the
flame can locally extinguish. During and after ex-
tinction, mixing between fuel and oxidizer continues,
resulting in a locally premixed mixture. This mix-
ture may reignite due to the decrease in the scalar
dissipation rate and sufficient heat and radical trans-
fer from the burning regions surrounding the extin-
guished pocket.

Local extinction can become important in mod-
ern compact combustors, where enhanced mixing is
required to burn efficiently and to reduce the resi-
dence time for advanced pollution control strategies.
It is therefore important to understand local extinction
and reignition at a fundamental level and to develop
predictive models that can be used in numerical sim-
ulations.
High-fidelity simulations gain increasing impor-
tance for providing valuable information for the de-
sign of combustor systems. Compared to Reynolds-
averaged (RANS) simulations, it has been shown
that the large-eddy simulation (LES) method results
in better predictions of complex turbulent flow con-
figurations of engineering interest. Specifically, for
turbulent nonpremixed combustion, it was shown that
a more accurate description of scalar mixing leads to
significant improvements in computed species mass
fractions, heat release, and the aerodynamic flow
field [3].

Several models have been proposed for the pre-
diction of nonpremixed turbulent combustion pro-
cesses for both RANS and LES. Among these are
the flamelet models [4,5], the transported probabil-
ity density function (TPDF) method [6,7], the con-
ditional moment closure (CMC) method [8], and lin-
ear eddy modeling [9,10]. Because of their computa-
tional efficiency and the consideration of complex and
detailed chemistry via a tabulation technique, com-
bustion models based on the steady laminar flamelet
(SLF) equations have often been employed in LES
of turbulent reacting flows [11–16]. However, steady
flamelet formulations have so far not been applied to
conditions where local extinction is important.

The thermochemical quantities in the steady lam-
inar flamelet (SLF) model are obtained from the so-
lution of the steady flamelet equations, which can be
written as [4,5]

(2)−χZ

2
∂2
Zφ = ω̇,

where ω̇ is the chemical source term of all species
mass fractions, Y, and temperatures Θ , which are
here denoted by the vector φ = (Y,Θ)T. The solu-
tion of these equations can be represented by a so-
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Fig. 1. Solution of the steady flamelet equations for methane/air combustion (ΘF = 300 K, ΘO = 750 K, 1 bar): (a) S-shaped
curve showing the stoichiometric temperature Θst as a function of stoichiometric scalar dissipation rate χZ,st. The turning point
between the upper and middle branches is denoted by χZ,q, and χZ,i corresponds to the point separating the lower and middle

branches. (b) Three temperature profiles for χZ,st = 1 s−1, corresponding to the lower, middle, and upper branches, respectively.
called “S-shaped curve.” An example of such a curve
is given in Fig. 1a, showing the temperature of the
steady flamelet solutions as a function of the scalar
dissipation rate under stoichiometric conditions. The
lower and upper branches of this curve describe stable
solutions of the flamelet equations, while the solu-
tions on the middle branch are unstable. All thermo-
chemical quantities ψ that are given by the solutions
of the steady flamelet equations can then be written in
the form

(3)ψ = Eψ (Z,χZ),

where E denotes the SLF relation, and the subscript ψ

refers to a thermochemical quantity that is contained
in E . It is obvious that Eψ is not a unique function,
since several solutions exist if the dissipation rate is
in the range χZ,i � χZ,st � χZ,q. As an example, the
three possible solutions for a scalar dissipation rate
of χZ,st = 1 s−1 are shown in Fig. 1b. All three so-
lutions have the same parameterization Eψ (Z,χZ).
Therefore, typically only the burning branch of the S-
shaped curve is considered in SLF applications. This
implies first of all that any state for χZ,st > χZ,q
cannot be described. Further, the restriction to the up-
per branch means that a local extinction event in a
real flame, which is characterized by a transition be-
tween the upper and lower branch, will in the model
be represented by a projection onto the burning solu-
tion curve.

In order to overcome the ambiguity of the steady
flamelet model, a reaction progress parameter Λ

has been introduced in the flamelet/progress variable
(FPV) model [13,17]. This parameter is chosen so that
it uniquely identifies each single flame state along
the S-shaped curve, including the unstable branch.
Flamelets experiencing a transition from the burn-
ing to the extinguished flame state or those that are
likely to reignite are in this model horizontally pro-
jected onto the S-shaped curve. Different choices for
the definition of the reaction progress parameter are
possible, as long as its definition allows unique iden-
tification of all flamelets. A second constraint on the
definition of Λ is that it should be statistically inde-
pendent of the mixture fraction. This condition will
later result in appreciable model simplifications for
applications to turbulent reacting flows.

The definition of Λ makes use of a reaction
progress variable, denoted by C, which can itself
be represented, for instance, by the temperature or
by a linear combination of major reaction product
mass fractions. Under the assumption that the reaction
progress parameter uniquely identifies each possible
steady flamelet solution, all thermochemical species
can be written as

(4)ψ = Fψ (Z,Λ),

where F denotes the FPV relation. Note that this
is different from Eq. (3), as it includes all solutions
of the steady state flamelet equations. The reaction
progress variable C can then be obtained directly
from

(5)C = FC(Z,Λ).

The value of Λ is a unique identifier of the corre-
sponding flamelet and is defined for a given flamelet
to be the value of the progress variable at stoichio-
metric condition. In principle, an equation for Λ can
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be solved; however, such an equation has several un-
closed terms that are not easily modeled. Instead, it is
more convenient to directly solve a transport equation
for C and parameterize the flamelet table in terms of
Z and C. In the FPV model this is done as follows.
Under the assumption that FC is bijective, Λ can be
expressed in terms of Z and C, viz.

(6)Λ = F −1
C

(Z,C),

bijective refers to a function that is invertible. Elim-
inating Λ by inserting this expression into Eq. (4)
makes it possible to express all thermochemical quan-
tities in terms of the mixture fraction and progress
variable only. With this, the state relation can be writ-
ten as

(7)ψ = Gψ (Z,C),

with Gψ (Z,C) = Fψ (Z, F −1
C

(Z,C)). The FPV
model requires the solution of the following transport
equations for Z and C,

(8a)∂t (ρZ) + ∇ · (ρuZ) = ∇ · (ρα∇Z),

(8b)∂t (ρC) + ∇ · (ρuC) = ∇ · (ρα∇C) + ρω̇C,

where ρ is the density, u is the velocity vector, α is
the molecular diffusivity, ω̇C is the chemical source
term of the progress variable, and unity Lewis num-
bers have been assumed for all species.

The FPV model is similar to models by Janicka
and Kollmann [18] and Bruel et al. [19], in which a
reaction progress variable was also introduced. How-
ever, the crucial difference from these approaches
is that the FPV model uses the mixture-fraction-
independent scalar Λ as a second variable to parame-
terize all thermochemical quantities in Eq. (4). This
generalization leads to significant simplifications in
presumed probability density function (PDF) closure
models for applications to turbulent reacting flows.
The presumed PDF closure for the FPV model is dis-
cussed next.

In the application of the FPV approach as a com-
bustion model in LES of turbulent reacting flows, the
Favre-filtered forms of the conservation equations for
mixture fraction and progress variable (Eqs. (8a) and
(8b)) are solved. Among other unclosed terms, the
unclosed chemical source term ρ˜̇ωC appears in the
transport equation for the filtered reaction progress
variable. Here, the tilde denotes Favre-filtering, de-
fined as

(9)ψ̃ = ρψ

ρ
,

where the overbar represents a spatial filtering oper-
ation, and the residual fluctuation is given by ψ ′′ =
ψ − ψ̃ .
Filtering in LES results in a loss of information
about the residual velocity and scalars. A filtered den-
sity function (FDF) has been introduced by Pope [20]
to describe the local and temporal residual state. Com-
pared to a PDF, this FDF does not have statistical
properties and corresponds to a weighted distribution
of a random instantaneous field in a computational
cell.

In the FPV approach, closure for all filtered ther-
mochemical quantities, including ρ, ˜̇ωC , and Ỹ, is
obtained by employing a presumed PDF model that
represents the FDF in a statistical sense. As exam-
ple, the filtered chemical source term for the progress
variable can be obtained using a presumed joint PDF
of Z and Λ together with Eq. (4), and can be writ-
ten as

(10)˜̇ωC =
∫
Λ

∫
Z

Fω̇C
(Z,Λ)P̃ (Z,Λ)dZ dΛ.

Here, P̃ denotes the density-weighted PDF with

(11)P̃ (Z,Λ) = ρ

ρ
P (Z,Λ).

Note that P̃ (Z,Λ) is a function of space and time.
For simplicity this will not be explicitly denoted here.
Note also that in the following no explicit differenti-
ation between stochastic variables and sample space
variables is made.

Using Bayes’ theorem, the joint PDF for Z and Λ

can be written as

(12)P̃ (Z,Λ) = P(Λ|Z)P̃ (Z),

where P̃ (Z) corresponds to the density-weighted
marginal PDF of the mixture fraction, and P(Λ|Z)

refers to the mixture fraction-conditioned PDF of
the reaction progress parameter. Several authors have
shown that the residual FDF of a conserved scalar
can reasonably be approximated by a beta distribution
[21–23]. However, it is also well known that the FDF
of a reactive scalar cannot easily be represented by a
presumed distribution. Reasons for this are that (i) the
PDF is often of multi-modal shape, (ii) its shape
strongly depends on the turbulence–chemistry inter-
action and chemical time-scale information, (iii) the
PDF is confined to the accessible region in compo-
sition space, and (iv) the shape of the PDF typically
depends on higher moment information. Possible ap-
proximations for reactive scalar PDFs include (multi-
ple) delta functions, (clipped) Gaussian functions, and
the beta distribution [17–19]. In the LES application
of the FPV model, Pierce and Moin [13] employed
a delta distribution for the conditional progress vari-
able and justified this choice by assuming that each
computational cell only contains one flamelet. How-
ever, they recognized the limitation of this model and



74 M. Ihme, H. Pitsch / Combustion and Flame 155 (2008) 70–89
pointed out that more sophisticated presumed PDF
models are needed.

The key assumptions of the FPV model have re-
cently been assessed in an a priori study with particu-
lar emphasis on the prediction of extinction and reig-
nition effects [17]. It was found that for the studied
case of nonpremixed combustion in isotropic decay-
ing turbulence, the commonly presumed delta distri-
bution for the marginal PDF of the reaction progress
parameter leads to an overprediction of temperature.
Specifically, errors are caused by the broad distribu-
tion of Λ during the highly dynamic phase of ex-
tinction and reignition, which is not considered by
this PDF. In this study it was also shown that the
assumption of statistical independence between Z

and Λ, especially for regions away from stoichio-
metric mixture fraction, is not fully justified. This
can mainly be attributed to the inherent unsteadi-
ness of the extinction and reignition process, and it
was argued that an FPV model based on the solu-
tions of unsteady flamelet equations will further im-
prove the results. It was shown that the results for
the case of strong local extinction and reignition can
be improved significantly by using a presumed beta
PDF instead of a delta distribution for the reaction
progress parameter. Although the beta distribution
improves results for the averaged quantities, its ap-
plication is limited due to the previously mentioned
constraints.

The present paper addresses the issue of modeling
the conditional FDF of Λ in an a priori sense us-
ing DNS data [24] and data from the Sandia flame
experiments [25,26]. The potential of a statistically
most likely distribution (SMLD) as model for the PDF
of the reaction progress parameter is analyzed, and
possible improvements over the commonly employed
delta or beta distributions are discussed. The key idea
of SMLD is to approximate the true distribution from
a reduced set of known (or assumed) higher moments
subject to the constraint that the resulting PDF, de-
noted by P̃SML,i , contains a minimum of statistical
information. Here, the subscript i indicates the num-
ber of enforced moments.

This paper is organized as follows. The general
concept of SMLD is presented in Section 2. The
SMLD is then applied as a closure model for the
reactive scalar distribution in the FPV combustion
model, and its potential advantages over conventional
presumed PDF models, such as the beta distribu-
tion and the delta function, are analyzed in an a pri-
ori study using direct numerical simulation data and
an experimental database. In addition to the reactive
scalar analysis, the SMLD is also applied to con-
served scalar distributions, which are presented in
Appendix A of this paper. Conclusions are drawn in
Section 5.
2. Statistically most likely distribution

The mean chemical source term in Eq. (10) is
computed using the FPV relation, given in Eq. (4),
and the joint PDF of Z and Λ. The exact form of
this PDF, however, can only be obtained from knowl-
edge of all statistical moments. In the absence of such
detailed information, presumed PDF closure models
are often employed that approximate the shape of the
joint PDF from knowledge about a limited set of mo-
ments. Often, the shape of the PDF is approximated
by a two-parameter family of functions that uses only
the first two moments to determine its form. Exam-
ples are the beta distribution and the Gaussian PDF.
These models, however, have the following two lim-
itations: (i) no systematic way exists to incorporate
higher-moment information into the presumed PDF
and (ii) although the shape of the PDF is determined
by the first few moments, these presumed PDFs im-
plicitly constrain higher moments. While the latter
issue can be of advantage in certain applications, as
shown in Appendix A.1, this is generally not the case
and a formal method is required that addresses both
issues.

The so-called maximum entropy principle [27] ad-
dresses these issues by enforcing only available mo-
ment information and otherwise maximizing the un-
certainty of the PDF [28]. Shannon [29] proposed
a formal definition for this probabilistic uncertainty,
and the key idea is illustrated using the following
example. If we consider a random process that is de-
scribed by the variable ψ with ψ− � ψ � ψ+, then
for a deterministic process with P̃ (ψ) = δ(ψ − ψ0)

the uncertainty of the outcome is zero, since ψ = ψ0.
If, on the other hand, no knowledge about the distribu-
tion of ψ is available, the only unbiased choice would
be P̃ (ψ) = 1/(ψ+ − ψ−). This uniform distribution
assigns an equal probability to the occurrence of all
events, and maximizes the uncertainty of the outcome
[28,30]. This is also known as “Laplace’s principle
of insufficient reason.” A measure of the uncertainty,
denoted by S, of the possible states of the stochastic
variable ψ can be defined as [27,29,31,32]

(13)S
(
P̃ (ψ)

) = −
∫
ψ

P̃ (ψ) ln

(
P̃ (ψ)

Q(ψ)

)
dψ,

where Q(ψ) is the so-called a priori PDF [28,32].
From this expression it can be seen that the uncer-
tainty S tends to −∞ for a deterministic state of ψ

with zero variance and S → ∞ for the variance ap-
proaching infinity. Shannon [29] referred to this mea-
sure of uncertainty that is embedded in a PDF as “en-
tropy.” Although Eq. (13) is similar to Boltzmann’s
formulation describing the entropy of a thermody-
namic system, it should here be understood as mea-
sure of the uncertainty in available information [28].
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An expression for P̃ (ψ) that maximizes the uncer-
tainty and enforces i known moments can be obtained
from Eq. (13) using variational calculus [33]. The re-
sulting PDF is referred to as the “statistically most
likely distribution” (SMLD) and can be written in the
following form [34]:

(14)P̃SML,i (ψ) = Q(ψ) exp

{
i∑

j=0

ajψj

}
.

The subscript i denotes the number of enforced mo-
ments and the vector of Lagrangian multipliers a is
determined subject to the constraints

(15a)
∫
ψ

P̃SML,i (ψ)dψ = 1,

(15b)
∫
ψ

ψP̃SML,i (ψ)dψ = ψ̃,

∫
ψ

(ψ − ψ̃)j P̃SML,i (ψ)dψ = ψ̃ ′′j ,

(15c)for j = 2, . . . , i,

which can be written formally in matrix form as

(16)P̃(a) = 0.

The roots of a for the nonlinear set of equations can
be found using, for instance, a Gauss–Newton algo-
rithm, or Broyden’s method [35]. Because of its bet-
ter convergence properties, Broyden’s method will be
employed in the present study.

The a priori distribution Q(ψ) accounts for the
bias in composition space [28,32], and it can be seen
from Eq. (14) that P̃SML,0(ψ) = Q(ψ) in the ab-
sence of any moment constraints, viz., i = 0. While
Q(ψ) is typically constant for conserved scalar dis-
tributions, the shape of the PDF for a reactive scalar
is affected by chemical time scales, which will be
incorporated into the a priori PDF. In particular, the
probability of finding a state in the composition space
is inversely proportional to its velocities in composi-
tion space caused by molecular mixing,

(17)vm = ψ ′
τψ

= χψ

ψ ′ ,

and chemical reactions,

(18)vr = ω̇ψ .

In Eq. (17), τψ denotes a characteristic mixing time

scale, ψ ′ =
√

ψ̃ ′′2 is the standard deviation of ψ , and
χψ is the scalar dissipation rate of ψ . Whereas large
values of Q(ψ) lead to bias at these values of ψ , small
values for Q(ψ) reduce the probability of finding a
possible state. A suggested form for Q(ψ) was pro-
posed by Pope [32,36,37] and reads as

(19)Q(ψ) = 1

ψ ′
[

1 +
(

vr

vm

)2]−1/2
.

The L2-norm has been introduced to guarantee that
the a priori PDF is a positive quantity.

The major advantage of the SMLD over conven-
tionally employed presumed PDF closure models is
that it provides a systematic framework to incorpo-
rate an arbitrary number of moment information. Fur-
thermore, the consideration of additional constraints
through the a priori PDF allows to apply the SMLD
also for reactive scalar distributions.

In the following, the potential of SMLD as pre-
sumed PDF model for reactive scalars will be investi-
gated and will be compared with the beta distribution
and the delta function. For this, a DNS database and
the experimental data for the Sandia flame series will
be used.

3. A priori study using direct numerical
simulation results

In the previous section the concept of SMLD was
introduced. In this formulation the shape of a PDF is
determined that maximizes the uncertainty of a distri-
bution subject to certain moment constraints. The fact
that the SMLD is able to enforce an arbitrary amount
of moment information and the consideration of time
scale information makes this formulation particularly
attractive as a presumed PDF closure for conserved
and reactive scalar distributions.

The objective of the present section and the fol-
lowing section is to investigate the performance of
the SMLD as a PDF closure model for the reaction
progress parameter in the context of the FPV com-
bustion model. For this, the following hierarchical
approach is taken. Using the DNS database by Sri-
pakagorn et al. [24], we first analyze the influence of
the a priori PDF, given in Eqs. (14) and (19), on the
statistical modeling results. This analysis is followed
by a convergence study in which up to the fourth cen-
tral moment (i.e., kurtosis) is used to constrain the
shape of the SMLD. With the objective of applying
the model in the context of the FPV model, we use
these findings to develop a model formulation for the
presumed PDF that requires only information about
statistical moments for the reaction progress variable
C rather than the reaction progress parameter Λ for
the construction of the SMLD.

To obtain a comprehensive understanding of the
SMLD performance, the investigation presented in
this section is supplemented by Appendix A.1, in
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which the SMLD is also applied as a model for the
conserved scalar distribution. The important finding
of that section is that results obtained with the beta-
distribution as presumed PDF model are in better
agreement with DNS results compared with SMLD
data. A detailed analysis showed that this can be at-
tributed to the following two reasons. First, the beta-
distribution implicitly enforces higher-moment infor-
mation, including both skewness and kurtosis. These
enforced moments are in excellent agreement with
DNS data. A second observation is that the SMLD
is not fully able to accurately represent the nearly un-
mixed condition that occurs at the beginning of the
simulation.

A summary of the DNS database is given next, fol-
lowed by the a priori analysis of the FPV combustion
model using the SMLD as presumed PDF closure for
the reactive scalar.

3.1. Direct numerical simulation

In the following, we will use the statistically most
likely distribution as PDF closure in the FPV combus-
tion model, and compare the results with DNS data
from decaying isotropic turbulence with a one-step
reversible chemical reaction at different levels of lo-
cal extinction and reignition [24]. In this numerical
simulation, a chemical reaction without heat release
has been studied. It is well known that heat release
significantly affects the flow field. However, it has
been found that results from incompressible DNS can
nonetheless capture important dynamic features, such
as extinction and peak temperature [38,39]. In this
DNS, fuel (F) and oxidizer (O) react to form a reac-
tion product (P),

(20)F + O � 2P.

The chemical source term of this one-step, reversible
reaction is a function of Z and the nondimensional
temperature Θ only. It is given by [24]

ω̇Θ = 2Ateddy exp

{
−β

γ

}
exp

{
− β(1 − Θ)

1 − γ (1 − Θ)

}
×

[
Zst(1 − Zst)

(
Z

Zst
− Θ

)(
1 − Z

1 − Zst
− Θ

)
(21)− 1

K
Θ2

]
,

where A is the frequency factor, γ is the heat release
parameter, β is the Zeldovich number, K is the equi-
librium constant of the global reaction, and teddy is
the initial large-eddy turnover time based on the in-
tegral length scale and rms velocity. Two DNS data
sets are used. The level of local extinction is varied
by changing the value of the frequency factor A in the
global reaction. A value of A = 80,000 corresponds
Table 1
Parameters used in the DNS

Case A γ β K τeddy Zst

Moderate extinction 80,000 0.87 4.0 100 1.015 0.5
Strong extinction 30,000 0.87 4.0 100 1.015 0.5

to moderate extinction, and a value of A = 30,000
exhibits strong extinction. As mentioned before, the
DNS studies are performed with passive chemistry so
that the velocity and mixture fraction fields, and hence
their PDFs, are identical for both simulations. All pa-
rameters used in this study are summarized in Table 1
and the interested reader is referred to Ref. [24] for a
more detailed discussion on the chemical reaction and
parameter specifications. In the present a priori study,
the reaction progress variable C is set to be the tem-
perature Θ , viz. C ≡ Θ . The equations for the first
two moments of mixture fraction and progress vari-
able, constituting the extended FPV model, reduce for
homogeneous isotropic turbulence to

(22a)∂τ Z̃ = 0,

(22b)∂τ Z̃′′2 = −2α ˜|∇Z′′|2,

(22c)∂τ C̃ = ˜̇ωC,

(22d)∂τ C̃′′2 = −2α ˜|∇C′′|2 + 2˜C′′ω̇C,

where τ = t/teddy is the nondimensional time, and
α denotes the mass diffusivity, which is kept identi-
cal and constant for all species. In the present a priori
study, only Eq. (22c) is integrated. All other quanti-
ties and higher moment information for the closure of
the presumed PDFs in Eq. (10) are directly extracted
from the DNS database. The modeling of Eqs. (22) for
the application in LES will be described in the second
part of the paper [40].

In order to resolve the larger, energy-containing
turbulent scales, the LES filter width, Δ, should be
located well inside the inertial subrange. However, be-
cause of the rather low Reynolds number of the sim-
ulation, the length scale ratio between integral length
and Kolmogorov length is �0/η � 27, and an inertial
subrange is not present. Therefore, filtering over the
entire DNS volume is performed, and all statistical
quantities are computed from an ensemble average,
which, for isotropic turbulence, can be approximated
by spatial averaging.

The FPV combustion model employs the steady
flamelet assumption, in which all thermochemical
quantities are projected onto the S-shaped curve using
the mixture fraction and reaction progress parame-
ter. The validity of this assumption in the presence
of extinction and reignition has been assessed using
DNS data [17]. In this study it was concluded that
this assumption is valid and all mean thermochemical
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quantities can be obtained using the FPV assumption,
Eq. (4), if the shape of the joint PDF for Z and Λ is
known.

3.2. Reactive scalar

In this paper, the SMLD is proposed as a presumed
PDF closure model in the FPV combustion model. To
test this model, the SMLD is applied to the mixture-
fraction-conditioned PDF of Λ, and the marginal PDF
for the mixture fraction Z is extracted from the DNS.
Thus, the mean chemical source term appearing in the
transport equation for the progress variable has the
form

˜̇ωC

(23)

=
∫
Λ

∫
Z

Fω̇C
(Z,Λ)P̃DNS(Z)PSML,i (Λ|Z)dZ dΛ,

and the statistically most likely distribution is

PSML,i (Λ|Z) = Q(Λ|Z) exp

{∑
i

aiΛ
i

}
, with

(24)Q(Λ|Z) = 1

Λ′
(

1 + v2
r

v2
m

)−1/2
,

with Eqs. (17) and (18) for vm and vr, respectively.
In this context, we wish to remind the reader

that the FPV relation, Eq. (4), is only employed in
Eq. (23) for the computation of the mean thermo-
chemical quantities. In a subsequent step, the Λ de-
pendence is eliminated and all mean thermochemical
quantities are parameterized only in terms of the mo-
ments of mixture fraction Z and progress variable C.
The advantage of this modeling approach is that it sig-
nificantly simplifies the mathematical modeling, since
it eliminates the solution of transport equations for
all Λ moments that contain cross-correlation terms
and are difficult to model in numerical simulations
of turbulent reacting flows. Instead, transport equa-
tions for the progress variable moments are solved,
and Eq. (7) is utilized to express all thermochemical
quantities in terms of statistical moments for Z and
C only. To derive a presumed PDF formulation for
P(Λ|Z) that depends only on information about the
reaction progress variable, a systematic approach is
taken that addresses the following questions:

(1) What is the influence of the a priori PDF on
PSML,i (Λ|Z) and on the evolution of C̃(τ )?

(2) Do PSML,i (Λ|Z) and C̃(τ ) converge to the DNS
data if higher-moment information is provided?

(3) Can the a priori PDF and the constraints on Λ

be expressed in terms of the progress variable C

rather than the reaction progress parameter Λ?
Table 2
Parameters used for the definition of the a priori PDF

Model Λ′ vm vr

1

√
˜Λ′′2|Z ˜χΛ|Z/

√
˜Λ′′2|Z ω̇C(Λ,Z)

2
√

Λ̃′′2 χ̃Λ/

√
Λ̃′′2 ω̇C(Λ,Z)

In the following, answers to these three questions
will be given that eventually lead to a self-consistent
model formulation for a presumed PDF of a reactive
scalar.

3.2.1. A priori PDF for the reactive scalar
The concept of SMLD is a general theory that can

account for higher-moment information and for the
competition of time scales between molecular mix-
ing and reaction. The latter aspect is described by the
a priori PDF, and a proper model for Q is of crucial
importance for the characterization of the presumed
PDF in Eq. (23). In the present section, we will test
the suggested form of the presumed PDF in the con-
text of the FPV model. Two different models for the
presumed PDF are tested against DNS data and the
beta distribution model for the conditional PDF of Λ.
In these models, only the first two moments are used
to constrain the shape of the PDF, and both models
are summarized in Table 2. The important difference
between the two models lies in the model for the mix-
ing time scale: In the first model, vm is computed
from conditional data. The second model is mainly
motivated by the later application of the FPV combus-
tion model in LES, where conditional information of
the reaction progress parameter is not directly avail-
able, so that the variance and scalar dissipation rate of
the reaction progress parameter are used to model the
mixing time scale.

Fig. 2 compares the evolution of the mean progress
variable which are obtained from the SMLD models
with results from the beta distribution model and DNS
data. Although the results obtained with the beta dis-
tribution closure model are in reasonable agreement
with the DNS data for both the moderate and strong
extinction case, Fig. 3 shows that the shapes do not
agree with the distribution from the DNS. Especially
for the strong extinction case, the skewed bimodal
distribution cannot be captured using the beta distri-
bution as PDF closure model. The PDFs in Fig. 3 are
shown in a logarithmic scale to emphasize the contri-
bution at low values of Λ caused by local extinction. It
is obvious from Fig. 3 that the beta distribution for the
strong extinction case leads to substantial errors for
the region of high probability, at which the chemical
source term is large. Good agreement with the DNS
data is obtained with the first model, in which the
conditional average of χΛ and the conditional vari-
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Fig. 2. Evolution of the mean progress variable C̃ obtained from SMLD closure models, beta distribution, and DNS data for
A = 80,000 (moderate extinction) and A = 30,000 (strong extinction). The two models for the a priori PDF of P̃SML,2(Λ|Z)

are shown in Table 2.

Fig. 3. Comparison of the conditional PDF PSML,2(Λ|Zst) for different a priori PDFs at τ = 1.00 and τ = 2.00 for A = 80,000
(moderate extinction, left column) and A = 30,000 (strong extinction, right column) for i = 2. The chemical source terms are
shown by the dashed lines in the upper panels.
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Fig. 4. Evolution of the mean progress variable C̃ obtained from the SMLD closure models using higher moment information
(i = {0,1,2,3,4}) and DNS data for A = 80,000 (moderate extinction) and A = 30,000 (strong extinction).
ance of Λ are used for the construction of Q(Λ|Z).
The shapes that are obtained using the SMLD are
in good agreement with those from the DNS data
in regions of large probability. The evolution of the
mean progress variable obtained with model 2 is over-
predicted for the moderate extinction case. This is
mainly attributed to the slight overprediction of the
PDF for Λ > 0.7, shown in the upper left panel in
Fig. 3. However, good agreement between the model
and DNS data is obtained for the case with strong ex-
tinction.

From this study it can be concluded that the func-
tional shape of the SMLD for a reactive scalar is in
better agreement with the DNS data compared to the
beta distribution. This is especially true with increas-
ing level of local extinction. The PDF and hence the
evolution of C̃ is dependent on the a priori PDF. Good
agreement with DNS data is obtained when condi-
tional information for the variance of the reaction
progress parameter and the scalar dissipation rate of
Λ is used for the a priori PDF.

In this study, PSML,2(Λ|Z) was constructed by
enforcing the first two moments only. It has been ar-
gued by Cha et al. [41] that at least three moments are
required in order to model bimodal-shaped PDFs that
occur during extinction and reignition. Therefore, in
the next section higher-moment information is used
to constrain the shape of the SMLD.
3.2.2. Higher-moment information
In this section, we will answer the question of

whether the results for C̃ obtained using the SMLD
will converge to the DNS solution when higher cen-
tral moments are enforced. Therefore, in the follow-
ing systematic study, up to the fourth central moments
are used to constrain the shape of the SMLD. In the
absence of solving transport equations for these quan-
tities, all data are extracted from the DNS database.
To allow a comparison of the different PDF models,
independent of the variation of the a priori PDF, the
following form of Q is used:

(25)Q(Λ|Z) = 1√
1 + ω̇2

C
(Z,Λ)

.

The temporal evolutions of C̃ that are obtained from
the five resulting SMLD closure models PSML,i (Λ|Z)

with i = {0,1,2,3,4} are shown in Fig. 4, and the re-
spective conditional PDFs are shown in Fig. 5. From
these figures, it can be observed that statistical infor-
mation up to the third and fourth central moments
needs to be enforced for both cases of moderate and
strong extinction in order to obtain excellent agree-
ment with the DNS data. This suggests that higher-
moment information, i.e., i > 2, needs to be provided
to obtain accurate predictions of extinction and reig-
nition processes. The bimodal shape of the PDF for
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Fig. 5. Comparison of the conditional PDF PSML,i (Λ|Zst) with increasing number of prescribed moments i = {0,1,2,3,4} at
τ = 1.00 and τ = 2.00 for A = 80,000 (moderate extinction, left column) and A = 30,000 (strong extinction, right column).

Fig. 6. Comparison of conditional PDF, PSML,i (Λ|Z), and PDNS(Λ|Z) for increasing number of prescribed moments i =
{0,1,2,3,4} for A = 30,000 (strong extinction) at τ = 0.25 (left) and τ = 2.00 (right). For the a priori PDF, Λ′ = 1.0 and
vm = 1.0 are used.
both cases is in good agreement with PDNS(Λ|Z) if
the fourth moment is enforced.

Fig. 5 shows that the probability of finding states
on the pure mixing line, i.e., Λ = 0, is very small for
the DNS, whereas the SMLD overpredicts the values
at this location. However, the probability decreases
with increasing number of prescribed moments (see
for instance the right column of Fig. 5). This discrep-
ancy is not of major concern, as the chemical source
term is very small or zero near Λ = 0. Fig. 6 compares
the conditional PDFs PSML,i (Λ|0.4 � Z � 0.6) for
A = 30,000 at τ = 0.25 (left), when local extinc-
tion starts to become important, and τ = 2.00 (right),
where reignition takes place, with the conditional dis-
tribution from the DNS. This interval corresponds
to the region, in which the chemical source term is
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Fig. 7. The evolution of the mean progress variable C̃ invoking steady flamelet assumption and Eq. (26) compared with DNS
data and beta PDF model for A = 80,000 (moderate extinction) and A = 30,000 (strong extinction).
substantial. The segment for i = 0 shows simply the
rescaled a priori PDF so that the normalization condi-
tion is enforced. For τ = 0.25, the DNS shows that
the maximum probability across this section is ap-
proximately constant with a peak around Λ = 0.7,
which is accurately resembled only by PSML,4(Λ|Z).
PDNS(Λ|Z) at τ = 2.0 corresponds to the nearly
fully burning state at Λmax, which is well predicted
for PSML,i (Λ|Z) with i � 2. However, nearly extin-
guished flame states around Λ ≈ 0.15 are only accu-
rately recovered with PSML,4(Λ|Z).

3.2.3. Description of PSML,i (Λ|Z) in terms of
progress variable

Solving a filtered form of the transport equations
for the reaction progress parameter is fairly compli-
cated compared with a typical reactive scalar equa-
tion, because such an equation involves additional un-
closed terms.

However, since the reaction progress parame-
ter can be expressed as function of the mixture frac-
tion and progress variable, a simpler approach is to
eliminate the reaction progress parameter and to for-
mulate the model in terms of the progress variable.
This issue was discussed in Section 3.2. In Ref. [17],
it was shown that this approach is valid for the present
DNS. Hence, the higher moments of C can be used
as constraints for the computation of PSML,i , and the
a priori PDF is determined using mixture-fraction-
conditioned values for the variance and scalar dissi-
pation rate of C. The model for PSML,i (Λ|Z) can
then be written as

PSML,i (Λ|Z)

= 1√
˜C′′2|Z

[
1 +

(
ω̇C

√
˜C′′2|Z

˜χC |Z

)2]−1/2

(26)× exp

{∑
i

aiΛ
i

}
,

and the vector of Lagrangian multiplier a is deter-
mined subject to the following constraints:

(27a)
∫
Λ

∫
Z

β(Z)PSML,i (Λ|Z)dZ dΛ = 1,

(27b)
∫
Λ

∫
Z

FC(Z,Λ)β(Z)PSML,i (Λ|Z)dΛ = C̃,

∫
Λ

∫
Z

(FC(Z,Λ) − C̃)j β(Z)PSML,i (Λ|Z)dΛ = C̃′′j

(27c)for j = 2, . . . , i.

Results obtained with the presumed PDF model
for i = 2 are shown in Fig. 7. Additionally, results
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Table 3
Conditions for Sandia flame experiments

Flame D Flame E Flame F

Jet bulk velocity (m/s) 49.6 (±2) (= Uref) 74.4 (±2) (= Uref) 99.2 (±2) (= Uref)
Pilot gas velocity (m/s) 11.4 (±0.2) 17.1 (±0.75) 22.8 (±1)
Coflow velocity (m/s) 0.9 (±0.05) 0.9 (±0.05) 0.9 (±0.05)
Reynolds number 22,400 33,600 44,800

Fuel stream (–, K) YCH4 = 0.156, YO2 = 0.196, YN2 = 0.648, Θ = 291
Oxidizer stream (–, K) YO2 = 0.233, YN2 = 0.767, Θ = 291
Stoichiometric condition (–) Zst = 0.351
Pressure (bar) 1.00616
Inner jet diameter (mm) 7.2 (= Dref)
Inner pilot diameter (mm) 7.7
Outer pilot diameter (mm) 18.2
obtained from the delta distribution model are also
presented from Ref. [17]. Compared with the SMLD
model, the results for the moderate extinction case
with the β(Λ|Z)-closure seem to be in slightly bet-
ter agreement with the DNS data for τ > 1.5 for the
case with moderate extinction. This, however, is not
the case for strong extinction, where very good agree-
ment with the DNS data is achieved using model
Eq. (26) together with the beta distribution as pre-
sumed PDF for the mixture fraction. Using DNS data,
it is demonstrated that the developed SMLD closure
model that uses only information about the reaction
progress variable yields improved results over previ-
ously employed closure models such as a beta distri-
bution or Dirac function.

4. A priori study using the Sandia flame
experiment

The DNS that was used in the previous section em-
ploys a one-step chemical reaction at low Reynolds
number and constant density. The conclusions from
this study are here corroborated for a physically more
realistic configuration. For this, the comprehensive
experimental database for the so-called Sandia flames
D, E, and F by Barlow and Frank [25,26] will be used
as a second validation case.

4.1. Experimental conditions

In the Sandia flame experiment, piloted partially
premixed methane/air diffusion flames at different
Reynolds numbers have been studied. With increas-
ing the Reynolds number from 22,400 (flame D) to
33,600 (flame E) and up to 44,800 (flame F), the
flame characteristic changes and local extinction and
reignition becomes increasingly important. Here, the
Reynolds number is based on the nozzle diameter,
jet bulk exit velocities and kinematic viscosity of
the fuel jet. The central jet nozzle has a diameter of
Dref = 7.2 mm and the annular pilot nozzle diameter
is 18.2 mm. The oxidizer air at 291 K is supplied in
a coflow. The fuel jet velocities are 49.6 (±2) m/s,
74.4 (±2) m/s, and 99.2 (±2) m/s and the pilot gas
velocities are 11.4 (±0.5) m/s, 17.1 (±0.75) m/s,
and 22.8(±1) m/s for flames D, E, and F, respec-
tively. The coflow velocity is 0.9 (±0.05) m/s. The
jet fluid consists of a mixture of methane and air at
a volumetric ratio of 1:3 with a stoichiometric mix-
ture fraction of Zst = 0.351. The pilot stream is a lean
premixed gas mixture of C2H2, H2, CO2, N2, and air
corresponding to an equivalence ratio of 0.77 and an
equilibrium composition similar to that of the jet fuel
with Z = 0.271. It has been reported that these flames
burn as diffusion flames and exhibit no significant
premixed reaction zone in the fuel-rich region. Point
measurements were obtained at streamwise locations
x/Dref = 7.5,15, 30, and 45. The statistical errors
of the measurements for the mean major species and
temperature are below 5% and for CO below 10%.
The operation conditions and geometrical configura-
tion of the Sandia flame experiments are summarized
in Table 3. In the following section, the SMLD is ap-
plied as a model for the distribution of the reaction
progress parameter, and Λ is defined using the stable
products CO2, CO, H2O, and H2. In Appendix A.2,
the SMLD is also used as a model for conserved scalar
distribution, and the quantitative comparison with the
beta distribution shows that the SMLD results in over-
all better agreement with experimental data for free-
shear flows.

4.2. Reactive scalar

In this section, the performance of the SMLD as a
model for the conditional PDF of the reactive scalar
is tested using the Sandia flame data. For this, single-
point measurements for CO2, CO, H2O, and H2 as
functions of mixture fraction are used to compute
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Fig. 8. Comparison of the shapes of the condition PDFs, obtained from the beta distribution and PSML,i (Λ|0.375 � Z � 0.425),
using up to the fourth central moment (i = {2,3,4}) as constraint, with experimental data, extracted from the Sandia flames D,
E, and F for x/Dref = 7.5 and 15.
P(Z,Λ). Equation (6) is hereby employed to deter-
mine Λ as function of Z and C. After the joint PDF
is computed, statistical data for mixture fraction and
reaction progress parameter can be evaluated. For the
evaluation of the mixing velocity, additional informa-
tion about the scalar dissipation rate of the reaction
progress parameter is required. This quantity, how-
ever, is not measured. In order to overcome this prob-
lem, we will express χ̃Λ in terms of χ̃Z by employing
the mixing time scale ratio

(28)γΛ = Λ̃′′2
χ̃Λ

χ̃Z

Z̃′′2 ,

and the experimental measurements by Karpetis and
Barlow [42] are used to express χ̃Λ in terms of χ̃Z .
With this, the mixing speed can be modeled as

(29)vm = 1

γΛ

χ̃Z

Z̃′′2

√
Λ̃′′2,

so that Q is a function only of Z̃′′2, Λ̃′′2, and χ̃Z .
An asymptotic analysis of the a priori analysis shows
that Q accounts for bias in composition space only
near the nozzle, and approaches a uniform distribution
with increasing downstream distance to the nozzle.

The SMLDs for Sandia flames D, E, and F are
computed and presented in Fig. 8 for the two axial
locations x/Dref = 7.5 and 15. The experimentally
determined PDFs and the beta distribution are also
shown for comparison. From this figure it is appar-
ent that the SMLD converges to the experimentally
obtained PDF with increasing number of constraints.
This is particularly obvious for flame F, which is char-
acterized by a pronounced bimodal shape due to the
presence of strong extinction and reignition events.

5. Conclusions

A modeling approach applicable in presumed PDF
methods has been developed. In this formulation,
a statistically most likely PDF is used. The main ad-
vantage of the SMLD over conventionally used pre-
sumed shape PDFs is that this PDF is able to account
for higher-order moments and time-scale information,
describing for instance turbulent mixing or reaction
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progress. This property is of particular importance for
the statistical description of reactive scalars, which of-
ten exhibit complex, multimodal shapes. The SMLD
closure is tested in a priori studies using DNS data of
homogeneous isotropic turbulence and experimental
results from the Sandia flame series.

In the first part of the paper the accuracy of the
SMLD is analyzed for the representation of reactive
scalar distributions. The importance of the a priori
PDF is investigated and convergence of the functional
shape of the PDF with increasing number of moments
has been demonstrated. Models for higher moments,
such as skewness or kurtosis, are not here discussed
and constitute interesting topics for future work.

A presumed PDF closure for application in the
context of the flamelet/progress variable model is
proposed. The model is analyzed using the DNS
data base, and improvements over previously de-
veloped models—particularly for the case of strong
extinction—are demonstrated.

The second part of the paper addresses the per-
formance of the SMLD in modeling conserved scalar
distributions. Using the Sandia flame data, it was
shown that the SMLD is a better model than the beta
distribution for the description of skewed conserved
scalar distributions when higher moment information
can be enforced. The commonly used beta distribu-
tion, however, better describes the nearly unmixed
scalar distribution which occurs near fuel inlets. This
has been attributed to the fact that the beta-PDF im-
plicitly enforces the first four moments of the con-
served scalar.

The developed model will be applied in LES of
Sandia flames D and E, which feature increasing lev-
els of extinction and reignition. Results of the a pos-
teriori study will be presented and discussed in the
second part of this work [40].
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Appendix A. Conserved scalar analysis

In the following sections, the potential of the
SMLD as a presumed PDF closure for a conserved
scalar distribution is analyzed.

A.1. Direct numerical simulation

In the following, the statistically most likely dis-
tribution is applied as a presumed PDF model for the
marginal PDF of the mixture fraction. Within the FPV
model, the mean chemical source term in Eq. (22c)
can be written as˜̇ωC =

∫
Λ

∫
Z

Fω̇C
(Z,Λ)P̃SML,i (Z)

(A.1)× P̃DNS(Λ|Z)dZ dΛ.

Here, P̃DNS(Λ|Z) = P̃DNS(Z,Λ)/P̃DNS(Z) is ex-
tracted from the DNS using N = 400 bins of equal
size in both Z and Λ-directions. For the construction
of P̃SML,i (Z), information up to the fourth moment
has been used, where

M1 = Z̃, M2 = Z̃′′2,

(A.2)M3 = Z̃′′3

Z̃′′23/2
, M4 = Z̃′′4

Z̃′′22
− 3.

The skewness M3 is a measure of the asymmetry of
the PDF, and the kurtosis M4 � −2 is the degree of
the peakedness or the dispersion around the values of
M1 ± M2 of a distribution [43]. All four moments
are shown in Fig. 9. Note that the set of Eqs. (22)
must be extended in the case that higher than second
moment information is used to model the presumed
PDFs. After the turbulence is fully developed, the
conserved scalar is initialized in discrete blobs with
smooth transition from Z = 0 to Z = 1. This distri-
bution is close to a double delta function for P̃ (Z)

with a mean value of Z̃ = 0.5 and a scalar variance
Z̃′′2 = 0.25. The scalar mean value obeys Eq. (22a)
and hence remains unchanged. The decay of the vari-
ance follows a power law with M2(τ ) ∝ τ−ξ and
ξ ≈ 1.2. The initially symmetric PDF is expected to
retain a symmetric shape around Z̃ during the simula-
tion. This is manifested by the near-zero skewness and
P̃DNS(Z) remaining platykurtic (M4 < 0) during the
simulation, where platykurtic refers to a distribution
with negative kurtosis.

The five models P̃SML,0 to P̃SML,4 for the pre-
sumed PDF of Z have been tested against the DNS
data and the presumed beta distribution. Central mo-
ments up to the fourth order have been extracted
from the DNS in order to constrain the parameter
vector a. From Eq. (19) follows that the a priori
PDF Q(Z) in Eq. (14) for the conserved scalar is

Q(Z) = 1/

√
Z̃′′2, where the variance is only depen-

dent on time. A qualitative comparison of the shapes
of P̃SML,2 and P̃SML,4 with the beta distribution and
DNS data is shown in Fig. 10. The beta distribution is
in good agreement with P̃DNS(Z).

It can be shown that the third and fourth central
moments of the beta distribution can be expressed in
terms of Z̃ and Z̃′′2 only:

(A.3a)Z̃′′3
β = 2Z̃′′22

(2Z̃ − 1)˜ ˜ ′̃′2 ,

Z(Z − 1) − Z
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Fig. 9. The evolution of the mean, variance, normalized skewness, and kurtosis of mixture fraction, extracted from DNS. Also
shown is M4 computed from the beta distribution, using Eq. (A.3b).

Fig. 10. Comparison of the shapes of the presumed marginal PDFs obtained from the beta distribution and P̃SML,i (Z) using the
second and fourth moments (i = {2,4}) as constraints, with P̃DNS(Z) extracted from the DNS.
Z̃′′4
β

(A.3b)

= 3(7Z̃2Z̃′′2 + Z̃2 − 2Z̃3 + Z̃4 − 7Z̃′′2Z̃ + 2Z̃′′2)Z̃′′22

(Z̃2 − Z̃ − 2Z̃′′2)(Z̃2 − Z̃ − Z̃′′2)
.

For the present case with Z̃ = 0.5, the beta distribu-
tion has zero skewness according to Eq. (A.3a). The
kurtosis obtained from Eq. (A.3b) is shown in Fig. 9.
Not surprisingly, given the level of agreement shown
in Fig. 10, M4 from the beta function, is in excellent
agreement with M4 from the DNS, implying that the
beta distribution implicitly enforces the first four mo-
ments correctly.
The statistically most likely distribution does not
predict the sharp gradients of the PDF at the bound-
aries of the mixture fraction space for early simulation
times, especially if the number of prescribed moments
is i < 4.

As can be anticipated from the evolution of M3,
consideration of the third central moment in the con-
struction of P̃SML,3(Z) does not result in major im-
provements of the approximation of P̃DNS(Z) over
P̃SML,2(Z). The presentation of P̃SML,3(Z) is there-
fore omitted in Fig. 10. When the fourth moment is
included in the formulation of P̃SML,4(Z), the distri-
bution displays an unphysical peak around Z = Z̃ at
early times. A comparison of the entropy, computed
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Fig. 11. The evolution of entropy of the marginal PDF of Z.

Fig. 12. Evolution of the mean progress variable C̃ obtained from the SMLD closure models using higher moment information
(i = {2,4}) and DNS data for A = 80,000 (moderate extinction) and A = 30,000 (strong extinction).
from Eq. (13), as a characteristic integral quantity of
the marginal PDF of the mixture fraction, is shown in
Fig. 11. At the beginning of the simulation the dis-
tribution of the conserved scalar is bimodal which is
reflected by small vales for the entropy. With increas-
ing simulation time, the PDF approaches a flat-topped
shape distribution around τ = 1.75, having maximum
entropy. Thereafter the PDF approaches a monomodal
distribution and S continues to decrease. For early
times, τ < 1.5, the beta distribution has a lower en-
tropy compared to the DNS and the SMLD. The pre-
sumed PDFs obtained from SMLD have a larger en-
tropy and hence contain less spurious information.
Additionally, the error between the PDF of the model
and the DNS, expressed by

(A.4)‖eP̃ (Z)‖2
2 =

∫
Z

(
P̃ (Z) − P̃DNS(Z)

)2
dZ,

is shown in Fig. 11. The distributions predicted using
the SML-concept have a large error for the unmixed
initial state, and decay almost continuously for later
times. Compared to the SMLD, the error for the beta
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Fig. 13. Comparison of the shapes of the presumed marginal PDFs, obtained from the beta distribution and PSML,i (Z), using
up to the fourth central moment (i = {2,3,4}) as constraint, with experimental data, extracted from Sandia flames D, E, and F.
distribution is initially smaller, has a local maximum
at τ ≈ 0.25, and decays thereafter. Here, the large dis-
crepancy between the beta distribution and P̃DNS(Z)

can mainly be attributed to the strong overprediction
of finding nearly unmixed states.

The evolution equation for the progress variable
is solved numerically using the above mentioned clo-
sure models for the marginal PDF. The evolution of
the mean progress variable using these different mod-
els is shown in Fig. 12 in a comparison with DNS
data. The prediction of C̃ using the beta distribution
as closure model is in very good agreement with the
DNS data for both cases. The mean progress variable
obtained from P̃SML,2 and P̃SML,3 is underpredicted
over the simulation interval because of the initially
low probability of finding mixed states around Z = Z̃,
where large values of the chemical source term occur.
The overprediction of C̃ for i = 4 is due to the ini-
tially high mean value of the chemical source term
given by the shape of P̃SML,4 (see Fig. 10).

We can conclude that for the present DNS, the
results obtained using the beta distribution as pre-
sumed PDF are more accurate than those obtained
using SMLD, even though the L2-error, defined in
Eq. (A.4), is smaller for the SMLD. This can be at-
tributed to the fact that the SMLD cannot accurately
predict the initial distribution of the nearly unmixed
mixture fraction states. In order to analyze this in
more detail, the a priori analysis has been extended
in Section A.2 to the data of the partially premixed
Sandia flame experiment.

A.2. Sandia flame analysis

The SMLD has been applied as a presumed PDF
model for a conserved scalar in the DNS of Ap-
pendix A.1, and it has been found that the beta distri-
bution appears to be a better model for the prediction
of the shape of the marginal PDF of the mixture frac-
tion when compared with the SMLD by both qual-
itative and quantitative means. The main reason for
this is the fact that the SMLD cannot predict the ini-
tial near unmixed state as shown in Fig. 10 for early
simulation times. In the present section, experimen-
tal data for three jet flame configurations are used to
analyze the SMLD for free-shear flow applications.
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Table 4
Comparison of the L2-norm obtained with the different models: statistically most likely distribution with i = {2,3,4} and beta
distribution

Flame x/Dref ‖eβ(Z)‖2 ‖ePSML,2(Z)‖2 ‖ePSML,3(Z)‖2 ‖ePSML,4(Z)‖2

Sandia D 7.5 4.238 × 10−1 5.929 × 10−1 5.981 × 10−1 5.632 × 10−1

15.0 5.539 × 10−1 4.426 × 10−1 3.362 × 10−1 3.425 × 10−1

30.0 1.491 × 10−1 2.369 × 10−1 1.155 × 10−1 1.063 × 10−1

Sandia E 7.5 1.642 8.786 × 10−2 8.789 × 10−2 7.954 × 10−2

15.0 3.177 × 10−1 1.601 × 10−1 6.887 × 10−2 6.500 × 10−2

30.0 1.563 × 10−1 1.900 × 10−1 1.050 × 10−1 8.514 × 10−2

Sandia F 7.5 1.674 1.781 × 10−1 1.749 × 10−1 1.740 × 10−1

15.0 1.413 × 10−1 1.303 × 10−1 1.236 × 10−1 1.268 × 10−1

30.0 3.434 × 10−1 3.560 × 10−1 1.704 × 10−1 1.707 × 10−1
The functional shapes of the non-density weighted
PDFs obtained with the SMLD and presumed beta
distribution are compared with the marginal PDF
from the single shot measurements. The results for
flames D, E, and F are shown in Fig. 13. The fol-
lowing general observations for the marginal PDF of
the mixture fraction, obtained from the experimen-
tal data, can be made. The marginal PDF at the first
measurement station x/Dref = 7.5 is stronger skewed
towards lean mixture fraction for flame D and F when
compared to flame E. It can be observed that mix-
ing between fuel and oxidizer increases with increas-
ing Reynolds number (from top to bottom). Since
the PDFs are evaluated over the entire cross-section
reaching into the coflow region, the PDFs at the sec-
ond measurement station, x/Dref = 15, show a large
peak at ambient air condition. Mixing of fuel and air
at this station is more advanced, but a local maximum
is still observable at very rich conditions. This peak
reduces with increasing Reynolds number. Because
of enhanced turbulent mixing for flame F, the width
of the marginal PDF reduces at x/Dref = 30 when
compared to flame D and E.

Contrary to the findings in Appendix A.1, the
SMLD for i = 2 is in better agreement with exper-
imental data compared with the beta distribution at
the first measurement station, and improves further
when higher moments are also enforced. At further
downstream stations, PSML,2(Z) leads to only minor
improvements over the beta distribution. This can be
attributed to the complex and skewed bimodal shape
of the PDF, which requires higher moment informa-
tion for an accurate description. Results for the L2-
norm, defined by Eq. (A.4), where PDNS(Z) is re-
placed by PExp(Z), are summarized in Table 4 for all

presumed PDFs. The convergence in the L2-norm is
essentially monotonic with increasing number of mo-
ments.
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