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a b s t r a c t 

Efficient reduction techniques are necessary for the construction of compact chemical kinetic mechanisms 

to enable the application to large-scale simulations. In this work, a new formulation is proposed to de- 

rive skeletal mechanisms by species elimination. The proposed method relies on a gradient-based non- 

linear optimization (NLO) method, allowing for direct error control on user-defined quantities of interest 

(QoIs). The key idea consists in formulating the species elimination by relaxing an integer-optimization 

problem into a continuous optimization problem that is solved iteratively. A species-targeted sensitivity 

analysis (SA) formulation is presented that can be combined with the optimization method to reduce 

the overall computational complexity of the procedure. After illustrating its principle, the NLO proce- 

dure is applied to different fuels of increasing chemical complexity, including methane, n-dodecane, and 

a four-component kerosene surrogate. Direct comparisons are performed with the directed relation graph 

method with error propagation (DRGEP) and SA. For the reduction of a detailed methane mechanism, 

consistency with DRGEP and SA is demonstrated, and the NLO procedure is shown to generate smaller 

mechanisms compared to the other two methods. In application to larger hydrocarbon and multicompo- 

nent transportation fuels, it is shown that significantly smaller mechanisms are obtained with the NLO 

procedure compared to the other approaches. 

© 2018 The Combustion Institute. Published by Elsevier Inc. All rights reserved. 
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1. Introduction 

Detailed reaction mechanisms for transportation fuels contain

thousands of chemical species and reactions [1–3] . Such mech-

anisms are only directly applicable in low-dimensional combus-

tion problems, because of their prohibitive computational cost.

Thus reduction techniques have been developed to derive reduced

chemical mechanisms that typically consist of tens to hundreds of

species, making them tractable for large-scale simulations of com-

plex combustion problems. 

Starting from a detailed mechanism, a general step in the re-

duction process is to identify operating conditions and quantities

of interest (QoIs), and eliminate unimportant species and reactions

to obtain a skeletal mechanism with reduced complexity. Signifi-

cant reduction in complexity can be achieved, as detailed mecha-

nisms are commonly constructed to be valid over a wide range of
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onditions (e.g. temperature, pressure and equivalence ratio), while

educed mechanisms may have a narrower range of validity based

n pre-identified conditions of interest. 

To enable the application to three-dimensional reactive flow

imulations, the number of species in the resulting reduced mech-

nism should be the primary metric to define its complexity, since

 large part of the cost arises from the species transport equations.

n addition, a small number of reactions and acceptable chemical

tiffness are also of interest to reduce the cost associated with the

emporal integration of the chemical system. It is also desirable to

ave a robust control over the error induced by the reduction pro-

ess on relevant canonical cases, as this error will impact the final

pplication. 

Various methods have been developed to perform skeletal re-

uction. A first family of methods relied on sensitivity analysis

SA), for which the response of the chemical system to a perturba-

ion is analyzed [4] . The sensitivity can be evaluated on the species

oncentrations (concentration sensitivity), the reaction rates (rate

ensitivity) or specific kinetics feature (feature sensitivity) such

s an induction period. Species-targeted sensitivity methods were

roposed more recently [5,6] . While these methods have been
. 

https://doi.org/10.1016/j.combustflame.2018.11.007
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Nomenclature 

N s Number of species in the detailed mechanism 

N reac Number of reactions in the detailed mechanism 

N 

red 
s Number of species in the reduced mechanism 

S Set of species 

˙ r i Net reaction rate of reaction i 

˙ r 
f 
i 

Forward reaction rate of reaction i 

˙ r b 
i 

Backward reaction rate of reaction i 

k 
f 
i 

Forward rate coefficient of reaction i 

k b 
i 

Backward rate coefficient of reaction i 

[ X k ] Molar concentration of species k 

ν′ 
k 

Reactant side stoichiometric coefficient of species k 

ν′′ 
k 

Product side stoichiometric coefficient of species k 

N r , i Number of reactants in reaction i 

N p , i Number of products in reaction i 

B Boolean ensemble {0, 1} 

D Set of discarded species 
˜ ˙ r i , ̂

 ˙ r i Modified reaction rate 

β Vector of species weights 

l Vector of lower bounds 

u Vector of upper bounds 

C Cost function 

εthres Threshold value 

M Vector of quantities of interests 

ε Vector of relative errors 

t Vector of error tolerances 

| · | L 1 -norm 

· Element-wise vector product 

H Heaviside function 

S k Sensitivity of species k 

IC Interaction coefficient from DRGEP 

T Temperature 

P Pressure 

φ Equivalence ratio 

τ AI Ignition delay time 

S l Laminar flame speed 

uccessfully employed, they exhibit limitations. Firstly, the re-

ponse of the system to small perturbations is generally consid-

red. However, the chemical system is highly non-linear, thus the

ensitivity evaluation may not reflect the impact on the full re-

ponse of the chemical system [7] if only local perturbations of

he chemical system are considered. Secondly, various variations

f methods are available to analyze these sensitivities to perform

echanism reduction, such as principal component analysis (PCA)

8] , or the construction of a species ranking [5,6] . The overall effi-

iency of the reduction may strongly depend on the choice of the

ethod and cannot guarantee that the smallest possible mecha-

ism is obtained. 

Another successful family of reduction methods is based on re-

ction flux analysis, such as the Directed Relation Graph (DRG)

ethod, initially proposed by Lu and Law [9] , or the path flux anal-

sis method [10] . This class of methods relies on the construction

f a graph of species influence (interaction coefficient) based on

hemical fluxes, from which unimportant species can be identified

nd eliminated. The main advantage of DRG is its linear cost in-

rease with mechanism size [11] , making it efficient for deriving

educed mechanisms for a wide range of hydrocarbon fuels (e.g.

ethane [12] , n-heptane [11] , dodecane [13] ). However, the con-

truction of the underlying graph only provides heuristic informa-

ion about the importance of a given species. Since this informa-

ion is used to rank the importance of the chemical species, the
esulting mechanism can lead to uncontrolled a posteriori errors

or QoIs, such as ignition delay or flame speed. This issue can be

ddressed by augmenting this method with SA, as done for exam-

le in DRG Aided Sensitivity Analysis (DRG-ASA) [5,14] or species-

argeted SA [6,15] . 

More general optimization techniques can also be used, such as

enetic algorithms [16,17] , non-linear integer programming [7] or

inear optimization [18] . With these methods, relevant error met-

ics are defined a priori , thereby providing direct control of the er-

or. The main limitation of these types of approaches is the diffi-

ulty to efficiently solve the optimization problem, and to ensure

n optimal solution with a given set of constraints on QoIs. So far,

hese methods have been applied to the elimination of chemical

eactions [17,18] but not to the direct elimination of species be-

ause of the strong and non-linear coupling between species. In

ddition, a shortcoming of these optimization methods is the risk

f overfitting, which can lead to mechanisms that are very accurate

or a narrow range of conditions, but perform very poorly outside

f this range. 

Based on these observations, the objective of this work is to

evelop an effective non-linear optimization (NLO) method in con-

unction with sensitivity analysis (SA), which allows (i) to directly

arget species elimination with (ii) a flexible and direct control of

he error on QoIs. These are two essential properties for efficient

hemical reduction applicable to three-dimensional reactive flow

imulations. 

The remainder of the paper has the following structure. In

ection 2 , the proposed formulations for the non-linear op-

imization and sensitivity analysis are presented. The princi-

le of the method is then illustrated by considering simple

est cases in Section 3 , and a metric is introduced to quan-

ify overfitting. Section 4 demonstrates the applicability of the

ethod to a range of fuels and operating conditions that in-

lude methane at atmospheric pressure, dodecane at interme-

iate pressure and a four-component jet fuel surrogate at high

ressure. Systematic comparisons are performed between NLO, SA

nd DRGEP. The performance of the different methods is eval-

ated and the reduced mechanisms obtained from the differ-

nt methods are compared in order to evaluate the capability

f the proposed method. The paper finishes with conclusions in

ection 5 . 

. Problem formulation 

In this section, the problem description is presented. This in-

ludes the transformation of the species elimination process into

n integer optimization problem ( Section 2.1 ), along with the for-

ulation of the error metrics for QoIs ( Section 2.2 ) that constitute

he optimization problem ( Section 2.3 ) and the sensitivity analysis

 Section 2.4 ). Finally, the implementation of the procedure is de-

cribed in Section 2.5 . 

.1. Species elimination formulated as integer problem 

We consider a detailed mechanism, consisting of a set of N s 

pecies S, and N reac reactions, with associated reaction rate ˙ r i for

eaction i , written in the general form 

˙ 
 i = 

˙ r f 
i 

− ˙ r b i , (1) 

ith 

˙ 
 

f 
i 

= k f,i 

N r,i ∏ 

k =1 

[ X k ] 
ν ′ 

k and 

˙ r b i = k b,i 

N p,i ∏ 

k =1 

[ X k ] 
ν ′′ 

k , (2) 

here ˙ r 
f 
i 

and ˙ r b 
i 

are, respectively, the forward and backward reac-

ion rates of reaction i, k f, i and k b, i are the forward and backward
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rate coefficients, ν ′ 
k 

and ν′′ 
k 

are the stoichiometric coefficients for

reactant and product side of species k in reaction i, N r, i and N p, i 

are the number of reactants and products in reaction i , and [ X k ] is

the molar concentration of species k . 

An approach that is commonly employed to perform skeletal re-

duction using optimization technique is to operate directly on the

reactions [17,18] . Unimportant reactions can be discarded by mul-

tiplying the pre-exponential coefficients k i by zero. The resulting

mechanism contains a reduced number of reactions, and can be

formally written as 

 ˙ r i = αi ̇ r i , (3)

where αi ∈ B = { 0 , 1 } . This formulation has the advantage of pro-

viding a linear relationship between the parameters αi and the

reaction rates, thus allowing the use of linear programming tech-

niques [18] to derive optimally reduced mechanisms. However, this

does not allow for a direct reduction of the number of species,

which is our primary objective. Indeed, in this approach, a species

is effectively removed only if all the reactions involving this species

are removed. Thus, an alternative formulation is followed [7] ,

where species are directly targeted, and all reactions involving the

set of discarded species D are removed. With this, the reaction

rates in Eq. (2) are modified as 

˜ ˙ r i = 

∏ 

k ∈S i 
βk ˙ r i = 

∏ 

k ∈S i 
βk 

(
˙ r f 
i 

− ˙ r b i 

)
, (4)

where S i is the set of species involved in reaction i (as reactant or

product) and the species weight βk is defined as 

βk = 

{
0 if species k ∈ D , 

1 otherwise . 
(5)

With this formulation the set of species retained in the reduced

mechanism becomes equivalent to the choice of the vector β ∈ B 

N s .

This approach allows to directly target the reduction of the number

of species and to reduce the number of control parameters, since

the number of species is typically an order of magnitude lower

than the number of reactions [19] . However, so far this approach

was not considered in an optimization context [7] because of the

strong coupling between species and the non-linearity introduced

by the multiplication of weighting coefficients in this formulation. 

2.2. Definition of error metrics 

Chemical reduction methods are typically based on a set of

canonical configurations that are used to analyze the chemical sys-

tem and to evaluate the a posteriori error on QoIs for conven-

tional SA and reaction flux analysis methods. In the present work,

the error metrics are used both to define constraints for the opti-

mization problem and to evaluate the sensitivity. Typical canon-

ical configurations include zero-dimensional configurations (e.g.

constant volume/pressure reactors, perfectly stirred reactors) and

one-dimensional problems (e.g. premixed flames and counterflow

diffusion flames). Phase-space trajectories from turbulent flow sim-

ulation can also be used [20] . The framework proposed allows for

flexibility in defining the target conditions. In this work, these tar-

get conditions are user-defined chemical problems that are solved

with Cantera [21] . Specifically, zero-dimensional isochoric reactors

and one-dimensional premixed flames are used, but other configu-

rations could also be considered. Based on these target conditions,

a set 

M = { m 1 , m 2 , . . . , m N m } (6)

of N m 

QoIs (e.g. flame speed, ignition time) is defined. The choice

is made to directly measure the relative error 

ε = { ε 1 , ε 2 , . . . , ε N m } (7)
n these quantities between reduced and original mechanisms.

nly global quantities are included here, but the requirement

bout the accuracy of spatial or temporal species profiles can also

e included, typically using an L 2 -norm [16,17] to target user-

pecific needs for species predictions, such as pollutants (NO x , CO,

tc.). 

.3. Formulation of the optimization problem 

Once the error constraints are defined, the optimal choice for

he vector of weights β ∈ B 

N s can be written as an optimization

roblem, where the goal is to minimize the number of species

iven a tolerance on the error metrics considered. This problem

an be formulated as follows 
 

 

 

minimize 
β

C = | β| = 

∑ N s 
k =1 

βk (Number of species) , 

subject to ε ≤ t (Error constraints) , 

β ∈ B 

N s (Binary species weights) , 

(8)

here | · | is the L 1 -norm, and t is the vector of relative tolerances

or the error metric ε. The difficulty of solving this problem is

wofold. First, this is a mixed-integer non-linear program (MINLP)

ith NP-hard complexity [22] . 

A standard approach to solve this problem is the use of branch-

nd-bound or branch-and-cut family of algorithms [23] . By the

ranching operations, a tree is generated, for which an optimiza-

ion problem is solved at each leaf. If each individual optimization

roblem is solved to optimality, then global optimality is obtained

23] . However in the present formulation, the error constraints are

ighly non-linear, as they result from solving complex chemistry

roblems that have no general convexity properties. Thus, the sec-

nd problem is that each optimization is relatively expensive to

olve and optimality is not guaranteed. 

A preliminary step to use these algorithms is to transform the

roblem into a continuous (or real-valued) optimization problem

y relaxing the binary constraint on species weights. This can be

ritten as: 
 

 

 

minimize 
β

C = 

∣∣J ( β) 
∣∣ (Number of species) , 

subject to ε ≤ t (Error constraints) , 

β ∈ [0 , 1] N s (Continuous species weights) , 

(9)

here J is a function that is applied element-wise to β such that

 (0) = 0 , J (1) = 1 , chosen here to be monotonic. 

Based on this continuous relaxation problem, Eq. (9) , the

ranch-and-bound method [24] constructs a binary tree, for which

n optimization problem is solved at each leaf. It starts by solving

he first continuous problem, defined above. If the solution is not

nteger-valued at the end of the optimization procedure, a branch-

ng decision is performed. It consists in selecting one of the species

index k branch ) and creating two new child optimization problems:

or one subproblem, the species weight βk branch 
is set to one, and

k branch 
is set to zero for the other. The algorithm proceeds recur-

ively, and each branch is traversed until (i) the problem at the

urrent leaf becomes infeasible, (ii) the solution of the problem at

he current leaf is integer-valued or (iii) a more optimal solution of

he optimization problem was already found on another leaf. Thus,

he number of optimization problems to solve is O (2 N spec ) in the

orst-case scenario. 

Since we aim at reducing large chemical mechanisms, the num-

er of variable is typically O (100), as it corresponds to the number

f species in the kinetic mechanism. Therefore, the tree approach

s impractical because of this combinatorial complexity. However, it

s observed that at the end of the first optimization problem, most

eight coefficients are either equal to zero at machine precision
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r are very close to 1, as will be illustrated in Section 3 . In partic-

lar, for species with weights below a certain threshold O (10 −3 ) ,

t is observed that thresholding the weights to 0 has no impact

n the error metrics. However, some outlier species remain with

k = 0 . 001 − 0 . 1 . In this situation, by attempting to directly con-

train the weight vector to integer values, the reduced mechanism

ay no longer satisfy the error constraints. To overcome this issue,

 simplified algorithm is proposed, which consists in reducing the

xploration of the tree to a single branch. The pseudo-code of the

lgorithm is shown in Algorithm 1 . First, the vectors of lower and

Algorithm 1: Pseudo-code of the iterative algorithm with 

simplified branching procedure. 

ExploreSingleBranch () : 
// Initialize bounds 
l = { 0 } N s , u = { 1 } N s ; 
// Set bounds for constrained species to 1 
l k = 1 ∀ k | S k ∈ S constrained ; 

// Begin iterative algorithm 
while True do 

β∗ = NLO( l , u ); 

// Make vector β∗ integer-valued 
β = H( β∗ − εthres ) ; 

if Error constraints( β) satisfied then 

// Final integer-valued solution 
return β ; 

else 

// Assign lower bounds of retained species 
to 1 before launching a new round of 
optimization 

l k = 1 ∀ k | βk = 1 ; 

end 

end 

Function NLO( l , u ) : 

minimize 
β

C = 

∣∣J ( β) 
∣∣ (Number of species) , 

subject to ε ≤ t (Error constraints) , 
l ≤ β ≤ u (Bounds for continuous 

species weights) . 

return β ; 

pper bounds of the weight vector l and u are initialized. This al-

ows the user to constrain certain species (e.g. fuel, CO 2 , H 2 O) that

ust be kept in the reduced mechanism. These constrained species

an also be identified with SA as done in Sections 4.2 and 4.3 to

educe the number of optimization variables. Then the continuous

ptimization procedure (noted NLO( l , u )) is performed and yields

 real-valued solution vector β∗ ∈ R 

N s . With this, the following

ranching procedure is executed: 

• An integer-valued weight vector β is constructed by setting

βk = 1 for each species k that could not be eliminated by the

optimization procedure ( β∗
k 

� = 0 ), and by setting βk = 0 for the

other species. This can be formally written as 

βk = H(β∗
k − εthres ) , (10) 

where H is the Heaviside function and εthres = 10 −3 is the

threshold value that defines if a species was eliminated. This

modification of the weight vector should lead to error recovery,

as the weights get closer to the detailed mechanism ( β = 1 ). If

the error constraints after the transformation of the weight vec-

tor are still satisfied, the iterative process is terminated with fi-

nal integer vector β and its corresponding reduced mechanism.
• However, if the error constraints for the QoIs are no longer

satisfied after the transformation, a child optimization problem

is created and solved. For this new round of optimization, the

weights are imposed to 1 for those species that were not dis-

carded at the previous step, by updating the components of the

vector bounds for each species k as 

l k = u k = 1 if β∗
k > εthres , (11)

and the new round of optimization NLO( l , u ) is launched with

the updated bounds. 

This iterative procedure was found to converge within a few

ounds to an integer-valued β vector that satisfies the error con-

traints, leading to the final mechanism. It is noteworthy to men-

ion that this procedure does not guarantee global optimality since

nly a portion of the full branch-and-bound tree is explored. How-

ver, the full iterative process only adds a limited number of

pecies compared to the original set obtained from solving the first

ptimization problem, thus it is expected to have a limited impact

n the final size of the mechanism. This aspect will be examined

n Section 4.1 by comparing this simplified algorithm with the full

ranch-and-bound method. 

For the cost function J in Eq. (9) , we consider a linear function

 : θ → θ , (12) 

nd the following quadratic function 

 : θ → θ + (1 − θ ) θ . (13)

oth functions verify J (0) = 0 and J (1) = 1 . The second term

(1 − θ ) θ in Eq. (13) introduces a bias to penalize weights that are

ar from 0 or 1, and this term is introduced to obtain a weight vec-

or β as close as possible to an integer value. The concave form of

he function of Eq. (13) also promotes βk values close to either 0

r 1. This can be illustrated by considering two canonical situations

nvolving two species. In the first situation, βk = 0 . 5 for the two

pecies, in the second situation, βk = 0 for one species and βk = 1

or the other. With the linear function of Eq. (12) , the contribution

o the objective function is the same in the two situations as 

 (0) + J (1) = 2 J (0 . 5) = 1 , (14)

hereas, for the quadratic cost function, which is preferable as the

eights are integer, the contribution to the cost function is lower

hanks to Jensen’s inequality, 

 = J (0) + J (1) < 2 J (0 . 5) = 1 . 5 . (15)

he role of this modification of the objective function will be ex-

mined in Section 3 . 

.4. Sensitivity analysis 

Based on the formulation proposed in Eq. (4) , species-targeted

ensitivity analysis (SA) is also considered. This method can be

mployed as a faster alternative to the full optimization problem.

t can also be employed for rapidly identifying species with very

igh and very low sensitivity. SA is therefore particularly attrac-

ive for application to complex mechanisms, and is used in this

ork as a preliminary evaluation step before conducting the op-

imization procedure for large hydrocarbon fuels as demonstrated

n Sections 4.2 and 4.3 . By considering the set of error metrics of

q. (7) , for each species k and each error metric j , the species sen-

itivity can be evaluated as 

 jk = 

∂ε j 
∂βk 

∣∣∣∣
β= 1 

. (16) 
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Fig. 1. Evolution of the complexity of the mechanism (| β|) and segregation of the 

variables ( | β · ( 1 − β) | ) with the number of gradient-descent iterations in the opti- 

mizer. Comparison between linear cost function and quadratic cost function. 
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However, due to the non-linearity of the problem, the species sen-

sitivity is better represented by considering the relative error in-

duced by a full removal of the species from the system which can

be formally written as 

s jk = 

m j ( β = β ′ 
) − m j ( β = 1 ) 

m j ( β = 1 ) 
. (17)

with 

β ′ 
i = 

{
0 if i = k , 

1 otherwise . 
(18)

With the definition of Eq. (17) , the overall sensitivity of a species k

is obtained by taking the maximum value over all the errors con-

sidered 

S k = max 
j 

∣∣s jk ∣∣ , (19)

similarly to the approach targeting species elimination proposed

by Stagni et al. [6] . Based on this measure of sensitivity, a species

ranking can be obtained to sort species by importance. This rank-

ing can then be used to perform sequential species elimination

while tracking a posteriori the evolution of the errors on QoIs, as

done in [6,15] , and the mechanism with the lowest number of

species satisfying the accuracy requirements can be obtained. 

2.5. Implementation 

The final iterative optimization problem of Algorithm 1 is

solved using a primal-dual interior-point algorithm with a filter

line-search method implemented in the ipopt optimization pack-

age [25] . The gradient of the constraints is evaluated using first-

order forward differencing. A Python interface ( pyipopt ) avail-

able through GitHub (see Supplementary Material) is developed to

couple ipopt optimization loop and Cantera computations [21] .

To speed-up one-dimensional computations, the solutions at the

current optimizer iteration are stored, allowing to quickly obtain

convergence for small perturbations during gradient evaluation.

The optimizer is run in a main process, and the Cantera compu-

tations required for the evaluation of constraints and correspond-

ing gradients are assigned as tasks to a pool of slave processes us-

ing the Message Passing Interface (MPI), allowing to significantly

speed-up the calculations on parallel compute architectures. 

3. Illustration of the method 

We illustrate the NLO methodology by deriving a series of

reduced mechanism for methane-air oxidation. To quantify the

choice of the target conditions and assess overfitting, we gradu-

ally increase the number of conditions that are included in the

set M . The GRI 3.0 mechanism [26] is used as the reference de-

tailed mechanism, excluding NO x chemistry and argon, leading to

an initial set of 35 species. A single canonical problem is targeted,

namely laminar freely-propagating flames at atmospheric pres-

sure with inlet temperature T = 300 K . Three reductions are per-

formed with an increasing range of equivalence ratio: φ = { 0 . 8 } ,
φ = { 0 . 8 , 1 . 2 } , and φ = { 0 . 8 , 1 . 2 , 1 . 4 } that are labeled NLO-1, NLO-

2 and NLO-3, respectively. The specified error tolerance for laminar

flame speed prediction in the optimization process is 10% ( t = 0 . 1

in Eq. (9) ). 

First, we illustrate the evolution of the optimization variables

during one optimization. The initial set of species that are con-

strained (i.e., weights βk are imposed to 1) are chosen to be CH 4 ,

N 2 , CO 2 , CO, H 2 O, O 2 , H 2 , OH and HO 2 . This reduces the number

of species to be considered in the optimization to 26, and corre-

spond to the species that are listed in Table 1 . The first optimiza-

tion round is then performed. The evolution of the complexity of
he mechanism (| β|) and segregation of the optimization variables

 | β · ( 1 − β) | ) is shown in Fig. 1 , for linear and quadratic cost func-

ions, as detailed in Section 2.3 for this first round of optimiza-

ion. For both cases, the optimization procedure converges within

0 iterations of the gradient descent procedure. However, the seg-

egation plateaus at a smaller value for the quadratic cost function,

ecause of the penalty introduced by the quadratic term. 

For the initial set of constrained species, the components of

he β vector are imposed to 1 and cannot evolve. For the rest

f the species, the changes in the components of β as a func-

ion of iteration number are illustrated in Fig. 2 . In the first few

terations, a decrease of the weights is observed. Subsequently, for

ost species, the weight βk either rapidly falls to zero or returns

ack to 1. The comparison of the results obtained for the two cost

unctions shows that the quadratic cost function promotes weight

oefficients that are closer to integer values of 0 or 1. Thus, the

uadratic cost function is retained for the rest of the study. 

The details of the iterative procedure is provided in Table 1 for

he NLO-2 case. At the end of the first optimization round, the

pecies weights are either equal to zero to machine precision,

qual to one to machine precision or have intermediate val-

es. Based on the threshold value εthres , a binarized ( βk = 0 or 1 )

echanism is constructed. In this case, the reduced mechanism

oes not satisfy the error constraints. Therefore, a second round

s initialized, in which species with weight coefficients above the

hreshold value are now constrained to βk = 1 (denoted as “Kept”),

hereas the weights of the remaining species are considered in

he vector of optimization variables. After two more rounds of op-

imization, a reduced mechanism with fully binarized weight co-

fficients is obtained that satisfies the target constraints. This ter-

inates the procedure, resulting in the final mechanism that is re-

orted in the last column of Table 1 . 

Similar behaviors are also obtained for the other two cases

LO-1 and NLO-3. The three mechanisms are compared in terms

f mechanism size in Table 2 , showing that the mechanism size in-

reases with the number of constraints that are considered in the

ptimization procedure. 

To evaluate the performance of the resulting mechanisms

nd their generality for application to unseen conditions, one-

imensional premixed flames with equivalence ratios in the range

∈ [0.5, 1.6] are computed. Predictions of flame speed with equiv-

lence ratio are shown in Fig. 3 a and compared with results ob-

ained from the detailed mechanism; the corresponding relative
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Fig. 2. Trajectories of weights βk for linear cost function (left) and quadratic cost function (right) with the number of gradient-descent iterations in the optimizer. 

Fig. 3. (a) Flame speed vs. equivalence ratio for detailed and reduced mechanisms and (b) relative error on flame speed. Comparison between NLO-1, NLO-2 and NLO-3. The 

vertical lines indicate the equivalence ratio conditions that are considered in the optimization process. 
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Table 1 

Illustration of the reduction method for NLO-2, with three rounds of optimization to 

obtain a binarized solution corresponding to the final mechanism. 

Species Round 1 Round 2 Round 3 Final 

Initial Result Initial Result Initial Result mechanism 

H 1 1.0 Kept Kept Kept Kept Kept 

O 1 1.0 Kept Kept Kept Kept Kept 

H 2 O 2 1 10 −8 1 10 −8 1 10 −8 Discarded 

C 1 10 −8 1 10 −8 1 10 −8 Discarded 

CH 1 10 −8 1 10 −8 1 10 −8 Discarded 

CH 2 1 0.04 Kept Kept Kept Kept Kept 

CH 

∗
2 1 0.36 Kept Kept Kept Kept Kept 

CH 3 1 0.23 Kept Kept Kept Kept Kept 

HCO 1 10 −8 1 10 −8 1 0.01 Kept 

CH 2 O 1 10 −8 1 0.09 Kept Kept Kept 

CH 2 OH 1 10 −8 1 10 −8 1 10 −8 Discarded 

CH 3 O 1 10 −8 1 10 −8 1 10 −8 Discarded 

CH 3 OH 1 10 −8 1 10 −8 1 10 −8 Discarded 

C 2 H 1 10 −8 1 10 −8 1 10 −8 Discarded 

C 2 H 2 1 10 −8 1 10 −8 1 10 −8 Discarded 

C 2 H 3 1 10 −8 1 10 −8 1 10 −8 Discarded 

C 2 H 4 1 10 −8 1 10 −8 1 10 −8 Discarded 

C 2 H 5 1 10 −8 1 10 −8 1 10 −8 Discarded 

C 2 H 6 1 10 −8 1 10 −8 1 10 −8 Discarded 

HCCO 1 10 −8 1 10 −8 1 10 −8 Discarded 

CH 2 CO 1 10 −8 1 10 −8 1 10 −8 Discarded 

HCCOH 1 10 −8 1 10 −8 1 10 −8 Discarded 

C 3 H 7 1 10 −8 1 10 −8 1 10 −8 Discarded 

C 3 H 8 1 10 −8 1 10 −8 1 10 −8 Discarded 

CH 2 CHO 1 10 −8 1 10 −8 1 10 −8 Discarded 

CH 3 CHO 1 10 −8 1 10 −8 1 10 −8 Discarded 

Table 2 

Comparison of skeletal mechanism size 

obtained with NLO for different equiv- 

alence ratio ranges. 

φ Number of species 

{0.8} 13 

{0.8, 1.2} 16 

{0.8, 1.2, 1.4} 20 
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errors are presented in Fig. 3 b. As expected, the errors for the

three NLO mechanisms fall in the bound of the specified error

constraints for target equivalence ratios of the reduction. Outside

these conditions, the error rapidly increases for NLO-1 and NLO-2,

reaching errors above 40% for fuel-rich conditions. In contrast, the

NLO-3 mechanism generalizes well and leads to flame speed pre-

dictions that are within the prescribed error tolerance of 10% for

the whole range of equivalence ratios. This illustrates a common

issue of overfitting of global optimization techniques, which can

lead to mechanisms that rapidly deteriorate outside their intended

operating range due to error compensation by species elimination. 

To assess the level of overfitting, we proceed by introducing a

quantitative measure for the fitness of the derived mechanisms.

In Eq. (17) , the sensitivity for a given species is evaluated by

computing the relative deviation in the metrics that is introduced

by the species removal. Here, conversely, for each species k that

is discarded in the reduced mechanism, the QoIs are recomputed

with the species reintroduced in the reduced mechanism to eval-

uate the relative deviation from the reduced mechanism. This can

be formally written as 

F k = max 
j 

∣∣∣∣∣m j ( β
′ 
) − m j ( β) 

m j ( β) 

∣∣∣∣∣ , (20)
here β is the integer vector that defines the skeletal mechanism

esulting from the NLO procedure and β ′ is defined as 

′ 
i = 

{
1 if i = k , 

βi otherwise . 
(21)

f there is no or low error compensation, the QoIs should be insen-

itive to the reintroduction of a species in the mechanism and the

esulting relative deviation F k in QoIs should be low. However, if

arge error compensation occurs in the reduction, it will result in

arge F k values. The maximum variation is defined 

 = max 
k ∈D 

(F k ) (22)

here D is the set of discarded species. It measures the fitness

f the mechanism, values that are of the same order or lower

han the target error tolerance indicate that there is no signifi-

ant error compensation. Resulting F k values for the three reduced

echanisms are shown in Fig. 4 . For NLO-1 ( Fig. 4 (a)), which is

erived based on a single flame condition, very large deviations

ppear, especially for CH 2 O with F CH 2 O 
= 80% , showing that there

s significant error compensation and that the mechanism con-

truction may not be robust. However, by considering a wider

ange of equivalence ratios in the optimization, acceptable levels

re obtained for F k values ( Fig. 4 (b–c)), indicating that there is no

ignificant error compensation for these two cases. This illustrates

hat a sufficient number of conditions must be considered in the

ptimization to obtain mechanisms that generalizes well and are

ot subject to overfitting. 

. Applications to different fuels and comparison with DRGEP 

nd SA 

.1. Methane-air mechanism reduction 

We apply the NLO methodology to derive reduced mechanisms

or methane-air oxidation, and benchmark the results against

RGEP [27] and SA. We focus hereby on atmospheric pressure
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Fig. 4. Fitness for the three derived mechanisms. 
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Fig. 5. Methane-air mechanism: number of species remaining in the skeletal mech- 

anism vs. threshold value εDRGEP . The vertical line indicates a threshold value result- 

ing in 10% a posteriori error. 

Fig. 6. Methane-air mechanism: Maximum relative error evolution (ignition time 

and flame speed) vs. number of species in the skeletal mechanism for DRGEP and 

SA. Species name label above a marker indicates the last species that has been 

removed for DRGEP. The skeletal mechanisms resulting from NLO-10%, NLO-7.5%, 

NLO-5%, NLO-2.5%, NLO-1% are also reported. 
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onditions. The detailed GRI 3.0 mechanism [26] that was also con-

idered in the previous section is employed. Two target conditions

re considered, and are used for DRGEP, NLO and SA: 

(i) constant volume reactors with equivalence ratio φ =
{ 0 . 6 , 0 . 7 , 0 . 8 , 0 . 9 , 1 . 0 , 1 . 1 , 1 . 2 , 1 . 3 , 1 . 4 } and initial tempera-

ture T = { 120 0 , 140 0 , 160 0 , 180 0 } K , resulting in a total of 36

conditions, and 

ii) freely-propagating flames with inlet temperature T = 300 K and

equivalence ratio φ = { 0 . 6 , 0 . 7 , 0 . 8 , 0 . 9 , 1 . 0 , 1 . 1 , 1 . 2 , 1 . 3 , 1 . 4 } . 
These two types of cases allow to cover the built-up of the

adical pool at moderate temperatures and the high temperature

hemistry with existing radical pool. The QoIs retained are ignition

elay time for constant volume reactors and laminar flame speed

or one-dimensional flames. 

First, DRGEP is applied with CH 4 , CO 2 and heat release rate

s targets for the directed graph construction. From this, interac-

ion coefficients (ICs) are computed for each species, allowing to

ort them in decreasing order of importance. Subsequently, skele-

al mechanisms are constructed by eliminating species with ICs in-

erior to a threshold value εDRGEP . The evolution of the number of

pecies in the mechanism as a function of the prescribed thresh-

ld value is shown in Fig. 5 . Only few species have very small IC

 < 10 −2 ), followed by a large number of species with intermediate

Cs between 10 −2 and 1. Finding the suitable threshold value can

e done by tracking the error evolution, and performing sequential

limination of species based on this ranking. The evolution of this

rror, defined as the maximum relative error on the metrics con-

idered, is shown in Fig. 6 . Initially, species removal induces very

ittle error. A first jump is obtained when CH 2 OH is removed, and a

econd significant jump is observed when CH 

∗
2 is removed, show-
ng that the removal of a single species can have an unexpected

mpact on the overall error. 

By evaluating the global error a posteriori , three skeletal mech-

nisms are obtained from DRGEP with 10, 5, and 2.5% error with,

espectively, 22, 27 and 29 species and are named DRGEP-10%,

RGEP-5% and DRGEP-2.5% in the following. 

The NLO mechanisms obtained for the three cases (NLO-

2.5,5,10}%) are compared with DRGEP and SA in Fig. 6 , showing

hat these mechanisms exhibit better trade-off between accuracy

nd mechanism size compared to DRGEP and SA. The number of

pecies obtained for the three methods with different error tol-

rances are summarized in Table 3 , showing that smaller mech-

nisms are obtained with NLO. 

The performance of the resulting mechanisms is first compared

y considering constant volume reactor simulations. The depen-

ence of the ignition time on temperature is presented in Fig. 7 (a).

he relative errors obtained for NLO-{10, 5, 2.5}% and DRGEP-5%

re compared in Fig. 7 (b). As expected, the errors for the three NLO
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Fig. 7. Methane-air mechanism: (a) ignition delay vs. temperature and (b) relative error on ignition delay for an equivalence ratio φ = 1 . 4 . Comparison between DRGEP with 

5% a posteriori error and NLO with three different error tolerances (10%, 5% and 2.5%). The vertical lines indicate the target conditions for DRGEP and NLO. 

Table 3 

Methane-air mechanism: comparison of the 

size of skeletal mechanisms from DRGEP, 

NLO, SA, and branch-and-bound (BB) algo- 

rithm for different error tolerances. 

Error Number of species 

tolerance DRGEP NLO SA BB 

10% 22 20 20 20 

5% 27 24 25 23 

2.5% 29 26 28 25 

Fig. 8. Methane-air mechanism: comparison of relative error on flame speed vs. 

equivalence ratio. Comparison between DRGEP with 10% a posteriori error and NLO 

with three different error tolerances (10%, 5% and 2.5%). The vertical lines indicate 

the target conditions for DRGEP and NLO. 

 

 

 

 

 

 

Table 4 

Methane-air mechanism: Fitness metric for the 

three NLO mechanisms. 

NLO-10% NLO-5% NLO-2.5% 

Fitness F 11.6% 4.7% 4.6% 
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mechanisms fall in the bound of the specified error constraints

over the whole temperature range, and error levels of DRGEP-5%

are comparable to NLO-5%. 

The resulting mechanisms are further scrutinized by consider-

ing one-dimensional premixed flames. The relative error on flame

speed for the NLO mechanisms and DRGEP-10% is shown in Fig. 8 .

The error for the NLO mechanisms is within bounds for the whole
ange of equivalence ratios considered, but a slight overshoot oc-

urs for NLO-10% at φ = 1 . 35 , which could be remedied by includ-

ng additional target equivalence ratios in the NLO procedure. 

A detailed comparison of the species contained in the mecha-

ism is provided in Fig. 9 . The species are sorted according to their

nteraction coefficients obtained from DRGEP; for each NLO mech-

nism, the vertical bar indicates if the species is kept or discarded.

he comparison between the two methods shows that there is a

eneral agreement in the set of retained species, and the mecha-

isms obtained with DRGEP and NLO are similar. However, a main

ifference between NLO and DRGEP is the elimination of H 2 O 2 for

he lowest accuracy (NLO-10%). More salient differences are appar-

nt for the carbon-containing species, such as HCCO, C, and CH 2 CO,

hich are discarded in the three NLO mechanisms, and CH which

s only retained in the NLO mechanism with the highest accuracy

equirement (NLO-2.5%). 

Finally, the fitness metric F of Eq. (22) for the three mecha-

isms is presented in Table 4 . With the significant number of ap-

lications considered here for the derivation of the mechanisms

36 constant volume reactors and 9 one-dimensional flames), it

ppears that there is no significant overfitting for NLO-10% and

LO-5%. For NLO-2.5%, the fitness metric F is slightly larger than

he target error tolerance, indicating that there is some acceptable

evel of error compensation to reach the target accuracy. 

Because of the relatively small size of the optimization problem

n this case, it is feasible to solve an MINLP-problem. Therefore,

n order to evaluate how far the solution obtained with the sim-

lified NLO-algorithm deviates from the optimal solution, we ap-

ly the full branch-and-bound algorithm described in Section 2.3 .

 comparison of the size of the resulting mechanisms is shown

n Table 3 . For an accuracy requirement of 10%, the mechanism

btained with the branch-and-bound algorithm is identical to its

LO counterpart. For 5% and 2.5% accuracy, the mechanisms ob-

ained with branch-and-bound is smaller by one species. The dif-
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Fig. 9. Methane-air mechanism: species sorted by decreasing IC (from left to right) obtained from DRGEP. The vertical separations indicate when a given target error 

tolerance (2.5-5-10%) is reached when sequentially eliminating species with respect to their IC; the horizontal arrows indicate the set of species that are kept for that given 

error tolerance. The vertical bars indicate if a species is kept or discarded for NLO-10%, NLO-5%, and NLO-2.5% skeletal mechanisms. 

Fig. 10. Methane-air mechanism: comparison of mechanisms obtained with NLO and branch-and-bound (BB) algorithms. Only species that differ between NLO and BB are 

shown. 
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Fig. 11. Reduction performed for dodecane: Evolution of maximum relative error 

for ignition delay and flame speed as a function of the number of species in the 

skeletal mechanism for DRGEP. The maximum relative error for mechanisms ob- 

tained from NLO-a and NLO-b are also reported for ignition delay and flame speed. 
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erences in terms of species between the mechanisms with the

wo methodologies are compared in Fig. 10 , revealing that the

echanisms only differ by a few species, indicating that the NLO

ethodology is overall able to obtain reduced mechanisms that are

ery close to global optimality. 

.2. Dodecane-air skeletal mechanism at intermediate gas-turbine 

onditions 

The second fuel considered in this study is dodecane ( n −
 12 H 26 ) , which is a compound typically found in many surrogates

epresentative of jet fuels [28] . The kinetic mechanism considered

s the JetSurF 1.0-l mechanism [29] , consisting of a detailed reac-

ion model for the pyrolysis and the oxidation of small hydrocar-

ons ( C 1 − C 4 ) based on USC-Mech. II [30] , and a lumped model

or the cracking of larger hydrocarbons. The mechanism consists of

22 species (excluding argon) and 977 reactions. 

The NLO procedure is applied on homogeneous isochoric reac-

ors with initial temperature T 0 = { 120 0 , 140 0 , 160 0 } K and pres-

ure P = 10 bar and laminar freely propagating flames with ini-

ial temperature T = 600 K and equivalence ratios in the range φ =
 . 6 − 2 . 0 with an increment �φ = 0 . 1 . This corresponds to typical

as turbine conditions at intermediate pressure. Two NLO proce-

ures are performed, NLO-a with 15% error tolerance for autoigni-

ion delays and 10% for flame speed, and NLO-b with 15% error

olerance for autoignition delays and 5% for flame speed. 

Considering the large number of species in this mechanism, a

wo-step procedure is adopted to reduce the computational cost

or optimization. First, sensitivity analysis is performed, following

he methodology described in Section 2.4 . Based on this, 24 species

ith sensitivity coefficients S k > 0.2 are defined as the constrained

pecies, for which βk = 1 is imposed, resulting in 98 species con-

idered in the optimization. Similarly, DRGEP and SA are applied

n the same cases. 

For DRGEP, the error resulting from the sequential elimination

f the species with respect to their ICs is shown in Fig. 11 . Again,
he removal of the first species with very low ICs leads to a grad-

al error increase. Larger jumps in the error evolution are ob-

erved around 55 species and the error for ignition delay rapidly

ncreases. Significantly smaller mechanisms are obtained with NLO

onsisting of 31 and 33 species for NLO-a and NLO-b, respectively.

he comparisons of the species contained in the NLO (a, b) and

RGEP (a, b) mechanisms are shown in Fig. 12 . For species, hav-

ng larger ICs (first row), good agreement between NLO and DRGEP

s observed, and the same species are retained. However, differ-

nces in the inclusion of species for smaller values of ICs are ap-

arent (second row). This indicates that the interaction coefficients

ight be less effective in identifying weaker species contribution,

hich explains that the final mechanisms are significantly smaller

or NLO. 
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Fig. 12. Reduction performed on dodecane: species sorted by decreasing IC (from left to right and top to bottom) obtained from DRGEP. The vertical separations indicate 

when a given target error tolerance is reached when sequentially eliminating species with respect to their IC and the horizontal arrows indicate the range of species that 

are kept for that given error tolerance. The vertical bars indicate if a species is kept or discarded for NLO-a and NLO-b skeletal mechanisms. The 54 species with the lowest 

ICs are not shown, as they are discarded from all DRGEP- and NLO-derived mechanisms. 

Table 5 

Reduction performed for dodecane mechanism: comparison of skele- 

tal mechanism size between DRGEP, NLO and SA for different error 

tolerances. 

Error Number of species 

tolerance DRGEP NLO SA 

a - 15% ignition delay, 10% flame speed 51 31 34 

b - 15% ignition delay, 5% flame speed 55 33 37 

Table 6 

Reduction performed for dode- 

cane: Fitness metric for NLO-a 

and NLO-b. 

NLO-a NLO-b 

Fitness F 27% 27% 
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A comparison of the overall size of the resulting mechanisms

is given in Table 5 , confirming that significantly smaller mecha-

nisms are obtained with NLO and SA compared to DRGEP. Finally,

the fitness metric is provided in Table 6 . The discarded species

H 2 O 2 shows the largest sensitivity, leading to a 27% variation in the

QoIs. 

4.3. Multi-component jet fuel surrogate at high pressure 

The last application considered is a surrogate mixture that

is representative of Jet A fuel (POSF 4658). The composition of

the 2nd generation surrogate for this fuel [28] is 40.4% dode-

cane, 29.5% iso-octane, 7.3% 1,3,5- trimethylbenzene and 22.8%

n-propylbenzene (by volume). The underlying detailed kinetic

mechanism is the POLIMI mechanism [31] , containing 451 species

and 17848 reactions. High pressure gas turbine conditions are

targeted, corresponding to Derived Cetane Number (DCN) condi-

tions, with a pressure P DCN = 22 . 1 atm and temperature T DCN =
833 K . These conditions were previously investigated by Stagni

et al. [32] using a methodology combining DRGEP and SA. Fol-

lowing this previous work, a similar metric is adopted for this

reduction, which is the ignition delay time on a series of zero-
imensional isochoric reactors with initial pressure P DCN , initial

emperature T = { 70 0 , 90 0 , 110 0 , 130 0 , 150 0 , 170 0 } K and equiva-

ence ratio φ = { 0 . 25 , 0 . 4 , 0 . 6 , 0 . 8 , 1 . 0 , 1 . 2 , 1 . 4 , 1 . 6 , 1 . 8 , 2 . 0 } . This

ange of conditions covers both high- and low-temperature au-

oignition regimes. The same target cases are retained for compar-

son with DRGEP and SA. 

Given the large number of species in this mechanism, we adopt

 two-step procedure to reduce the computational cost for op-

imization. SA is first performed to reduce the number of opti-

ization variables. Starting from the detailed mechanism, species

re eliminated sequentially according to their sensitivity coeffi-

ient until a 1% maximum relative error is reached. The eliminated

pecies are considered to be unimportant, thus βk is imposed

o 0 for these species in the subsequent optimization procedure.

his preliminary step allows to eliminate 222 species without in-

ucing any significant error on the target metric. Furthermore,

5 species with sensitivity coefficient S k > 0.2 are defined as con-

trained species, with βk set to 1. This approach speeds up the op-

imization process, by avoiding to perform optimization on overly

ensitive species. The final number of optimization variable is 193.

he optimization procedure is applied by considering three differ-

nt target errors on ignition delay: 35%, 20% and 10%. 

Similarly to previous reductions, a comparison is performed be-

ween DRGEP, SA and NLO. No significant error is observed above

00 species for DRGEP and SA. For N 

red 
s < 300 , the evolution of

he error by sequential elimination based on the ranking (IC for

RGEP, S k for SA) is shown in Fig. 13 . For DRGEP, the error rapidly

ncreases around N 

red 
s = 275 . For SA, the error gradually increases

or N 

red 
s < 225 and increases steeply for N 

red 
s < 130 . On the same

raph, the reduced mechanism from Stagni et al. [32] is also re-

orted, along with NLO for the three target error tolerances. The

echanism of Stagni et al. was obtained with a methodology com-

ining DRGEP and SA [32] , for which separate mechanisms are de-

ived for each individual fuel compounds, which are then com-

ined to obtain the full mechanism for the surrogate fuel. A main

ifference is that the accuracy constraints on ignition delay are

nly imposed for the four-component fuel mixture in the current

echanism derivation, whereas they were imposed for each pure

uel compounds in [32] , which was a more conservative choice.

ompared to SA and DRGEP, the NLO methodology leads to mech-
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Fig. 13. Reduction performed on POSF4658 surrogate: Maximum relative error for 

ignition time as a function of the number of species for DRGEP and SA. The skeletal 

mechanisms resulting from NLO-35%, NLO-20% and NLO-10% ( + ) and the skeletal 

mechanism derived by Stagni et al. [32] are also reported. 

Table 7 

Reduction performed for POSF4658-surrogate mechanism: com- 

parison of skeletal mechanism size between DRGEP, NLO and SA 

for different error tolerances. 

Error tolerance Number of species 

DRGEP NLO SA Stagni et al. [32] 

35% 256 82 112 –

20% 258 101 113 –

10% 262 110 129 181 
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nisms smaller by 10 to 30 species, as shown by the comparison

f the size of the resulting mechanisms in Table 7 . 

A validation of the reduced mechanisms in terms of ignition

elay prediction is also performed. The evolution of ignition de-

ay with temperature for the detailed mechanism of Fig. 14 (a)

hows that the negative temperature coefficient (NTC) region oc-

urs around 10 0 0 /T = 1 . 1 − 1 . 2 for the two equivalence ratios con-

idered ( φ = 1 . 0 and φ = 2 . 0 ). The corresponding relative errors on
ig. 14. Reduction performed on POSF4658. (a) Ignition delay vs. temperature for detail

= 2 . 0 . Comparison between NLO with three different error tolerances (35%, 20% and 10

onditions for optimization. 
gnition delay are shown in Fig. 14 (b). Note that the DRGEP mech-

nism is not reported on this graph, as it leads to very small er-

ors due to the significantly larger number of species retained in

he mechanism. Despite the limited set of equivalence ratios con-

idered for the target application, with only one target condition

alling in the NTC region, the relative error is lower than the a

riori defined bounds for a large part of the temperature range,

ith acceptable overshoots in the range 10 0 0 /T = 1 . 1 − 1 . 4 , show-

ng that the optimization procedure is capable of preserving the

ain features of the low-temperature chemistry. 

A detailed comparison of the species retained for the differ-

nt skeletal mechanisms is shown in Fig. 15 . Species are sorted

rom left to right and top to bottom according to their respec-

ive ICs obtained from DRGEP, and the bar plot indicates if a

pecies is retained or discarded in the NLO mechanisms. It can

e observed that a good consistency is obtained between DRGEP

nd NLO for very low ICs (two last rows of the graph). In this

ange, species discarded with DRGEP are also consistently dis-

arded by the NLO methodology. Similarly, for high IC (first row of

he graph), all species are kept in the skeletal mechanism obtained

ith DRGEP, and the majority of them are also retained in the NLO

echanisms. 

The main differences, however, arise for intermediate species.

n this region (second and third row), only a few species are re-

ained in the NLO mechanisms, and they are scattered in terms of

Cs. This shows that overall, the DRGEP methodology is efficient at

iscriminating species that have very little or no importance and

he most important species. However, for this large mechanism, a

ignificant number of species can induce large errors when elimi-

ated, despite having weak contributions to the reaction fluxes or

ow sensitivity. This indicates the potential limitation of the use

f ICs, which only provide heuristic information about the impor-

ance of the connection between species in the chemical network.

n this context, the error-controlled approach of NLO is beneficial

nd allows to optimally select the relevant species to meet specific

ccuracy requirements, explaining the substantial gains obtained in

his case. 

Finally, the fitness metric for the three mechanisms are pre-

ented in Table 8 , showing again that the sensitivity of the QoIs

o the reintroduction of a discarded species is of the order of the

arget error tolerance, showing that there is no significant overfit-
ed mechanism and (b) relative error on ignition delay for an equivalence ratio of 

%) and the mechanism from Stagni et al. [32] . The vertical lines indicate the target 
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Fig. 15. Reduction performed on POSF4658: species sorted by ranking from DRGEP (from top to bottom). The last 150 species, discarded from all mechanisms, are not shown. 

The vertical separations indicate when a given target error tolerance (5-10%) is reached by sequentially eliminating species. The vertical bars indicate if a species is kept or 

discarded for the skeletal mechanisms NLO-20% and NLO-10%. 
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Table 8 

POSF4658 mechanism: Fitness metric for the three 

NLO mechanisms. 

NLO-35% NLO-20% NLO-10% 

Fitness F 58.6% 10.9% 10.7% 
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ing of the derivation of the mechanisms, despite the large number

f optimization variables (193) for these derivations. 

.4. Computational cost 

The large part of the computational cost of the NLO method

rises from the evaluation of the gradient of constraints which

epresents N s × N m 

Cantera computations, which is O (10 4 ) for the

ulti-component jet fuel surrogate presented above. The optimiza-

ion procedure typically converges in less than hundred iterations,

o that the overall cost is O (100 N s × N m 

). This is an appreciable ad-

itional cost compared to sequential species elimination through

eaction-flux or sensitivity-analysis methods for which the overall

ost is typically O ( N s × N m 

). To achieve acceptable run-time perfor-

ance, parallelization of the gradient evaluation is required. This is

asily accomplished due to the low level of data interdependence

s described in Section 2.5 . 

For the methane reduction, presented in Section 4.1 , the CPU

ost for the construction of one mechanism is about 10 CPU hours

n an Intel Ivy architecture. For the multi-component jet fuel sur-

ogate, discussed in Section 4.3 , the computational cost was re-

uced by a factor of two by using sensitivity analysis as a prelim-

nary step. However, the construction of a mechanism performed

n 400 cores represents 10,0 0 0 CPU hours, resulting in a day of

all-clock time. This is appreciable but corresponds to an extreme

ase in terms of chemical complexity, with the original mechanism

omprising more than ten thousands reactions, and could be re-

uced by eliminating more species or reactions in the SA pre-step.

. Conclusions 

In this work, a new formulation is proposed to efficiently per-

orm skeletal reduction based on gradient-based optimization tech-

iques, with explicit error control on target quantities. Based on

his formulation, two methodologies are constructed that directly

arget species elimination. The first one is the primary focus of this

ork and is based on a non-linear integer optimization problem,

hich is solved by an iterative procedure, with a continuous relax-

tion of the optimization problem. Based on this continuous for-

ulation, a species-targeted sensitivity method is also constructed,

here the importance of a species is evaluated by the sensitivity

f a small perturbation of the chemical system. The method can be

mployed prior to the full optimization methodology to reduce the

verall computational cost of the optimization process. 

The validity of the procedure is first illustrated on simple test

ases, and a metric is introduced to quantify overfitting, which is a

ypical caveat of global optimization techniques. Then, a systematic

omparison is performed with SA and DRGEP, which is an effective

ethod based on reaction flux analysis. The NLO method is first

emonstrated by considering a chemical mechanism for methane-

ir combustion. In this case, consistency is shown between DRGEP,

A, and NLO, both in terms of retained and discarded species.

urthermore, a posteriori validations performed on zero- and one-

imensional combustion configurations confirm that the optimiza-

ion methodology is able to match the accuracy requirements de-

ned a priori . The resulting mechanisms are similar in terms of

umber of species, and the NLO method slightly outperforms the

ther two methods for small methane-air mechanisms, leading to
keletal mechanisms that are smaller by up to 10%, depending on

ccuracy requirements. 

The method is then applied to large hydrocarbon transporta-

ion fuels to demonstrate its applicability and evaluate the gain

btained for larger chemical mechanisms. For dodecane at inter-

ediate pressure conditions, SA and NLO outperform DRGEP by

lmost a factor of two in terms of the number of species. The fi-

al application is a jet fuel surrogate at high pressure. In this case,

LO shows significant improvements compared to SA and DRGEP,

hich is attributed to the very large number of species with low

o moderate impact on the chemical mechanism. Without direct

rror control, the sequential elimination process of DRGEP and SA

eads to pronounced and irregular variations in the error below a

ertain number of species. In contrast, the optimization procedure

llows for the direct error control on user-specific QoIs. Overall,

his results in an improved selection of the species with interme-

iate contribution, leading to significantly more compact mecha-

isms, that are more robust in terms of the number of species

nder consideration of user-specific requirements on the accuracy

f the mechanism. The NLO mechanisms derived in this work are

rovided as Supplementary Material. In addition to the mecha-

ism reduction presented in this work, NLO was applied to the

onstruction of skeletal mechanisms for dimethyl ether [33] and

cetone [34] . 

Only global QoIs (flame speed, ignition time etc.) are considered

n this study, but the developed framework is generic and flexible,

o that other application-specific QoIs could be defined, such as

emporal or spatial profiles for specific targets (e.g CO, NO x ). Sim-

larly, the framework can be extended to consider other relevant

pplications such as counterflow flames, perfectly-stirred reactors

nd micro-mixing problems. 
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