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This paper presents the development of a discontinuous Galerkin (DG) method for
application to chemically reacting flows in subsonic and supersonic regimes under the
consideration of variable thermo-viscous-diffusive transport properties, detailed and stiff
reaction chemistry, and shock capturing. A hybrid-flux formulation is developed for
treatment of the convective fluxes, combining a conservative Riemann-solver and an
extended double-flux scheme. A computationally efficient splitting scheme is proposed,
in which advection and diffusion operators are solved in the weak form, and the
chemically stiff substep is advanced in the strong form using a time-implicit scheme. The
discretization of the viscous-diffusive transport terms follows the second form of Bassi and
Rebay, and the WENO-based limiter due to Zhong and Shu is extended to multicomponent
systems. Boundary conditions are developed for subsonic and supersonic flow conditions,
and the algorithm is coupled to thermochemical libraries to account for detailed reaction
chemistry and complex transport. The resulting DG method is applied to a series of test
cases of increasing physico-chemical complexity. Beginning with one- and two-dimensional
multispecies advection and shock–fluid interaction problems, computational efficiency,
convergence, and conservation properties are demonstrated. This study is followed by
considering a series of detonation and supersonic combustion problems to investigate
the convergence-rate and the shock-capturing capability in the presence of one- and
multistep reaction chemistry. The DG algorithm is then applied to diffusion-controlled
deflagration problems. By examining convergence properties for polynomial order and
spatial resolution, and comparing these with second-order finite-volume solutions, it is
shown that optimal convergence is achieved and that polynomial refinement provides
advantages in better resolving the localized flame structure and complex flow-field
features associated with multidimensional and hydrodynamic/thermo-diffusive instabilities
in deflagration and detonation systems. Comparisons with standard third- and fifth-order
WENO schemes are presented to illustrate the benefit of the DG scheme for application to
detonation and multispecies flow/shock-interaction problems.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

A fundamental understanding and computational analysis of combustion systems is of practical importance for several
applications, including gas turbine and internal combustion engines for power generation and transportation systems, in
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risk mitigation associated with reactor safety and accidental fires, and in astrophysical investigations related to supernova
explosions. While significant progress has been made on the theoretical analysis of detonation systems [1–3] and subsonic
premixed and diffusion flames at idealized conditions [4–7], numerical simulations of combustion problems enable the con-
sideration of realistic geometries and complex reaction systems that are otherwise not accessible with analytical methods.
Despite these opportunities, the accurate numerical description of combustion systems introduces multiple challenges:

• Disparity of spatiotemporal scales: The investigation of combustion systems is a multiscale problem in which combus-
tion-physical processes evolve on different spatiotemporal scales that span several orders in magnitude. These character-
istic scales are the shock thickness ζ , the characteristic flame thickness δ, the viscous-dissipative turbulence length scale
η, the induction length �, and the characteristic geometric scale L. By employing classical scaling arguments [8–10], the
following relations among these spatial scales are obtained1:

L ∼ Da� ∼ Re3/4η ∼ Re3/4

√
Ka

δ ∼ Ma

Kn
ζ, (1)

where the Damköhler number, Da, is the ratio between the characteristic convective time scale and the chemical time
scale, which is here defined with respect to the ignition time at the von Neumann state, Re is the Reynolds number,
Ma is the Mach number, the Karlovitz number Ka is the ratio between thermal flame thickness and Kolmogorov length
scale, and Kn is the Knudsen number. When typical values for detonation conditions [11], with Kn ∼ 10−7 and Ma ∼ 10
are inserted, it can be seen that the ratio between the largest and the smallest length scales is L/ζ ∼O(106).
Apart from the disparity in spatial scales, the conversion of chemical species evolves on vastly different time scales.
While radical species (such as hydroxyl and atoms of hydrogen and oxygen) are consumed on time scales of O(10−12)

seconds, stable species, post-reaction products, and pollutants evolve on significantly longer time scales, typically in
excess of O(10−3) seconds [12].
Although these spatiotemporal scales are separated, they are not mutually independent but rather interact dynami-
cally [1]. This results in complex flow-field structures, localized extinction and reignition events, irregular and transient
detonation structures, and the development of hydrodynamic instabilities. Therefore, numerical methods are required to
accurately represent relevant scales that control combustion-physical processes.

• Combustion-chemical complexity: The combustion of reactive mixtures involves a large number of chemical species. For
example, even the chemical reaction of hydrogen fuel, which has the lowest chemical complexity, requires the con-
sideration of nine species, a number which increases to O(102) for more complex hydrocarbon fuels. Apart from the
disparity of the chemical time scales of the elementary reactions involved, the spatiotemporal evolution of these species
introduces significant computational complexities and memory requirements. To reduce this complexity, simulations of
detonation systems and direct numerical simulations often consider drastically simplified chemical systems in which
the reaction chemistry is reduced to global models with single-step Arrhenius chemistry. Although such approaches en-
able the consideration of geometrically complex and multidimensional flows, quantitative and qualitative implications
in capturing essential flow features, flame structures, and dynamical processes that develop on different time scales are
often not well understood.

• Complexity of flow-field structures: Combustion processes are characterized by complex and unsteady flow-field structures
that are associated with the flame topology, the development of thermo-diffusive and hydrodynamic instabilities, and
shock instabilities. For example, the development of shock instabilities can lead to the formation of transverse, galloping,
and triple-point configurations [13,14]. Collisions of transverse shock waves lead to the formation of detonation cells
that – depending on the activation energy – form regular or irregular cellular detonation structures [11,15,16]. Apart
from these dynamic shock wave interactions, supersonic combustion systems are also accompanied by the formation of
hydrodynamic instabilities. These instabilities play a critical role in controlling the detonation wave structures and the
fuel-consumption rates behind the shock front [13,17,18].

• Variations in thermodynamic properties: Common to combustion and chemically reacting flows is the variability of ther-
modynamic properties. Specifically, the heat capacity of the mixture exhibits a strong dependence on temperature and
local species composition. This is illustrated in Fig. 1, showing the mole-specific heat capacity at constant pressure, cp ,
and the ratio of specific heats, γ , as a function of temperature for a set of representative chemical species. Although
simplifying assumptions, such as the calorically perfect gas approximation, are widely employed in simulating detona-
tion systems, these thermodynamic properties affect fuel conversion, species composition, and product gas temperature.
Accurate consideration of these effects, however, introduces numerical challenges [19] that are most apparent in the
construction of conservative flux-based schemes.

Apart from a few exceptions, numerical schemes for combustion problems are based largely on finite difference (FD) or finite
volume (FV) methods that are sometimes combined with adaptive mesh refinement techniques to increase spatial resolution.

1 The following scaling relations are used:

η/L ∼ Re−3/4, �/L ∼ (γ 2 − 1
)
Da−1, η/δ ∼ Ka−1/2, ζ/L ∼ Kn Ma

(
Ma2 − 1

)−1
.
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Fig. 1. Illustration of temperature-dependent thermodynamic properties, showing (a) constant-pressure mole-specific heat capacity and (b) ratio of specific
heats.

Due to shock-capturing requirements in their application to high-speed combustion, these schemes are typically limited to
second-order accuracy and are combined with upwind-biased flux-splitting schemes. These schemes introduce numerical
dissipation errors, thereby limiting their accuracy in capturing subtle flow features and sharp concentration fronts.

By addressing these problems, this work aims to develop a discontinuous Galerkin (DG) method for chemically reacting
flows under the consideration of detailed reaction chemistry, complex transport-properties, and shock/flame coupling. The
DG method was introduced by Reed and Hill [20] for the solution of linear neutron transport problems, and has been ex-
tended to non-linear hyperbolic conservation laws. Although advantages of the DG method are widely appreciated in fluid
and plasma-dynamical applications [21,22], the potential impact of DG on the simulation of combustion and chemically re-
acting flows is currently not fully recognized. The DG method exhibits many desirable properties to solve reactive transport
problems, including high-order accuracy, local mass conservation, and compact discretization. Furthermore, the DG method
is well suited for advanced refinement strategies utilizing both local mesh adaptation and refinement in polynomial order
(hp-refinement). DG exhibits optimal convergence properties and is characterized by small numerical dissipation and dis-
persion, which become important for combustion problems and chemically reacting flows involving steep species gradients
and reaction layers.

To illustrate the numerical properties of the DG method, a linear scalar advection problem of the form ∂t u + ∂xu = 0 in
a one-dimensional periodic domain is analyzed [23,24]. We consider a harmonic solution of the form u = exp{i(κx − ωt)},
with κ and ω being the normalized wave number and angular frequency, respectively. The exact dispersion relation is then
given as ω = κ . The spatial discretization results in a complex-valued dispersion relation, which can be written in the form
Ω = K (κ), with the real part representing the dispersion relation and the imaginary part corresponding to the dissipation.
The modified dispersion relation K (κ) is then obtained as an eigenvalue solution to the semi-discrete DG approximation, and
details can be found in Refs. [23,24]. Results from this analysis are presented in Fig. 2, showing dispersion and dissipation
curves for different polynomial representations. For comparison, we also present results for an explicit FD discretization
using first- and second-order unwinding schemes. This direct comparison emphasizes the benefit of using high-order DG
schemes to reduce the numerical dispersion and dissipation of high-frequency wave components. It can also be seen that
the numerical dissipation decreases with increasing polynomial order, further highlighting the benefit of high-order DG
schemes for convection-dominated flows.

Although some progress has been made in extending DG to chemically reacting flows and detonation [25–27], these
studies considered constant thermodynamic properties and/or one-step chemical reaction systems. Such approximations
are justified for algorithmic developments, but severely limits their application to practically relevant combustion systems.
Therefore, further developments are necessary to enable the application of the DG method to realistic combustion prob-
lems. These algorithmic developments require consideration of (i) the representation of variable thermodynamic properties,
(ii) the treatment of chemically stiff reaction chemistry, (iii) the consideration of consistent boundary conditions, and (iv) the
implementation of a compatible shock-capturing scheme. All of these aspects will be considered in this work. Specifically,
the significant algorithmic developments of this contribution are:

1. Hybrid flux formulation, which combines a conservative upwind-biased Riemann flux for the description of shocks and
a double-flux method [28] away from shock discontinuities. So far, the double-flux formulation has been used for
interfacial flows, and its application to reacting flows has been limited to WENO schemes [29]. The proposed algorithm
extends this method to DG for all-regime combustion applications, and comparisons with the classical double-flux
method show that the hybrid flux formulation can reduce the error by as much as an order of magnitude.
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Fig. 2. Dispersion and dissipation relations for DG discretization of a linear scalar advection equation with upwind flux. Details on the mathematical
formulation can be found in Refs. [23,24].

2. Strang-splitting scheme for the time-advancement of the chemically stiff reaction source term and non-stiff advection
and diffusion operators. To reduce computational complexity and the storage requirements for application to DG, an
algorithm is proposed in which the numerical solution is advanced pointwise instead of temporally integrating the
vector of polynomial expansion coefficients. The polynomial coefficients are then evaluated by projection, resulting in a
reduction of the storage requirement by N p , where Np is the number of polynomial coefficients per element.

3. Formulation of a shock-capturing scheme that extends the WENO-based DG limiting procedure by Zhong and Shu [30]
to multicomponent chemically-reacting systems. The proposed formulation enables the oscillation-free representation
of variable thermodynamic properties by reconstructing the ghost-cell information using primitive variable solutions in
the exterior cell and cell-local information about the thermodynamic property.

The remainder of this paper has the following structure. The governing equations are presented in Section 2, and the discon-
tinuous Galerkin formulation is outlined in Section 3. Algorithmic developments regarding the formulation of non-uniform
thermodynamic properties, time-integration, the shock-capturing scheme, and the treatment of boundary conditions are pre-
sented in Section 4. The resulting DG scheme is subsequently applied to a series of test configurations of increasing physical
complexity to demonstrate the accuracy and capability of this algorithm. We finish the paper by presenting conclusions.

2. Governing equations

The present study considers the reactive Navier–Stokes equations with a detailed thermo-diffusive transport model and
complex reaction chemistry. The governing equations, describing conservation of species, momentum, and energy, can be
written as:

∂t(ρY ) + ∇ · (ρuY ) = −∇ · j + ω̇, (2a)

∂t(ρu) + ∇ · (ρuu + p I) = ∇ · τ , (2b)

∂t(ρe) + ∇ · (ρu(e + p/ρ)
)= −∇ · q + ∇ · (u · τ ), (2c)

where Y ∈ R
N S is the vector of species mass fractions, ω̇ ∈ R

N S is the vector of species production rates, u ∈ R
ND is the

velocity vector, ρ is the density, p is the pressure, e is the total energy, and I is the identity matrix. The spatial dimension
is denoted by ND and N S is the number of species in the system. The density is computed from the species conservation:

ρ =
N S∑

α=1

ρYα. (3)

The thermo-viscous-diffusive transport terms, appearing in Eqs. (2), take the following form:

j = −ρα∇Y , (4a)

τ = −2

3
μ∇ · uI + μ

[∇u + (∇u)T ], (4b)

q = −κ∇T , (4c)
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in which the species diffusion flux matrix j is represented by Fick’s law, the viscous stress tensor τ is described using
Newton’s law, and the heat-flux vector is modeled using Fourier’s law. In these equations, α ∈ R

N S is the vector of the
mixture-averaged species diffusivities, μ is the dynamic viscosity, and κ is the thermal conductivity.

The specific total energy of the mixture is evaluated as:

e =
N S∑

α=1

Yα

(
h0

f ,α +
T∫

T0

cp,α dT

)
− p

ρ
+ 1

2
u2, (5)

in which T is the temperature and h0
f ,α is the formation enthalpy of species α. The constant-pressure mass-specific heat

capacity of species α is denoted by cp,α , which is here expressed in polynomial form as a function of temperature [31].
Eqs. (2) are complemented by the ideal gas law, relating pressure to density, temperature, and species composition:

p = ρRT
N S∑

α=1

Yα

Mα
, (6)

where R is the universal gas constant and Mα is the molecular weight of species α.
In the following, Eq. (5) is reformulated into an expression that resembles the calorically perfect gas expression. This

equivalent expression simplifies the mathematical formulation and overcomes potential issues that arise from inverting
Eq. (5) to obtain the pressure from an iterative procedure [19]. To this end, we introduce an effective specific heat capacity:

c∗
p,α(T ) = 1

T − T0

T∫
T0

cp,α dT , (7)

which remains a function of temperature, and can be evaluated in analytic form from NASA’s polynomial expressions [31].

Remark 1. To simplify the formulation, we define the reference temperature T0 to be 0 K, allowing evaluation of the
mean specific heat capacity as c∗

p,α = (hα(T ) − h0
f ,α)/T , where hα combines the chemical and sensible specific enthalpies.

Although the heat of formation in Ref. [31] is defined with respect to ambient conditions, the shift with respect to the
reference temperature can be incorporated into the polynomial expressions, i.e., in our case h0

f ,α = hα(0). Constraints on the
polynomial representation of hα on temperature should still be respected.

After inserting Eq. (7) into Eq. (5), the specific internal energy can then be written as:

e =
N S∑

α=1

Yαh0
f ,α + 1

(γ ∗ − 1)

p

ρ
+ 1

2
u2, (8)

where γ ∗ = c∗
p/(c∗

p − R) is a function of temperature and species compositions. Compared with the formula introduced in
[27], this expression enables rigorous splitting between the temperature-independent formation enthalpy and temperature-
dependent sensible energy, simplifying the numerical representation of the flux formulation.

Remark 2. Eq. (8) is an equivalent but more convenient representation of the total internal energy, written in a form similar
in structure to that of a calorically perfect gas. With this, the effect of variable thermodynamic properties is contained in
the coefficient γ ∗ , which is consistent with the modeling strategy introduced in Section 4.1.

The first term on the right-hand side of Eq. (8) represents the chemical energy, and the last two terms are the total
non-chemical energy, which in the following are collectively denoted by E . Using this expression, the energy equation (2c)
can then be rewritten as:

∂t(ρE) + ∇ · (ρu(E + p/ρ)
)= −∇ · q + ∇ · (u · τ ) −

N S∑
α=1

h0
f ,αω̇α, (9)

with

E = 1

(γ ∗ − 1)

p

ρ
+ 1

2
u2. (10)

The reactive Navier–Stokes equations can then be recast in vector form as:

∂t U + ∇ · F = ∇ · D + S, (11)
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where U = ((ρY )T , (ρu)T ,ρE)T ∈ R
NU and NU = N S + ND + 1 is the dimension of the state vector. Expressions for the

convective flux tensor F ∈ R
NU ×ND , the viscous-diffusive flux tensor D ∈ R

NU ×ND , and the source term vector S ∈ R
NU

directly follow from Eqs. (2).

3. Discontinuous Galerkin method

3.1. Variational formulation

The starting point for a DG discretization is the weak formulation, which is obtained by multiplying Eq. (11) by a test
function φ(x) ∈ R

NU , and then integrating it over the domain, which is here considered to be stationary. Note that, in this
framework, no global continuity on the state vector U and the test function φ is enforced.

The computational domain is partitioned into a set of non-overlapping elements {Ωe} with boundaries ∂Ωe . With this,
the following variational formulation is obtained:∫

Ωe

φ∂t U dΩe +
∫
Ωe

φ∇ · F dΩe =
∫
Ωe

φ∇ · D dΩe +
∫
Ωe

φS dΩe. (12)

By applying integration by parts, the convective flux term can be written as:∫
Ωe

φ∇ · F dΩe = −
∫
Ωe

∇φ · F dΩe +
∮

∂Ωe

φ+ F̂ · n̂ dΓe, (13)

where n̂ is the outward-pointing normal vector. The notations (·)+ and (·)− refer to the interface quantities at the interior
and exterior elements sharing the element face ∂Ωe . All elements are coupled through the numerical flux F̂ , which is here
evaluated using a hybrid flux formulation.

The viscous-diffusive flux, appearing as the first term on the right-hand side of Eq. (12), includes second-order deriva-
tives. The approximation of this term follows the second form of Bassi and Rebay (BR2) [32]. For this, a partial integration
is performed,∫

Ωe

φ∇ · D dΩe = −
∫
Ωe

∇φ · D dΩe +
∮

∂Ωe

φ+ D̂ · n̂ dΓe, (14)

where the last term on the right-hand side is the viscous flux across neighboring elements. The viscous-diffusive flux is
then linearized about the state vector,

D = A : ∇U , (15)

which introduces the fourth-order tensor A = ∂ D/∂(∇U ). The mathematical expression for the viscous-diffusive flux Jaco-
bian is given in Appendix A. Using Eq. (15) and integrating twice, one can introduce the contribution of the viscous flux
from adjacent elements [32]:∫

Ωe

∇φ · D dΩe = −
∫
Ωe

∇ · (∇φ · A) · U dΩe +
∮

∂Ωe

∇φ+ · (A+ · Û
) · n̂ dΓe,

=
∫
Ωe

∇φ · (A : ∇U )dΩe −
∮

∂Ωe

∇φ+ · [A+ · (U + − Û
)] · n̂ dΓe, (16)

where the two terms on the right-hand side represent the interior contribution and the dual consistency term. Quantities
denoted by ·̂ require evaluation at the element faces. By considering the stability properties, the following flux function is
used [32]:

D̂ = {A : ∇U } − η{δ} and Û = {U }, (17)

where the averaging operator {·} := 1
2 [(·)+ + (·)−] is the mean value across the element face, η is a parameter, and δ is a

stabilization term. In the BR2 method, δ is determined by solving the following local problem on each face:∮
∂Ω+

e

ψδ+ · n̂ dΓe +
∮

∂Ω−
e

ψδ− · n̂ dΓe =
∮

∂Ωe

ψ
[

A · (U + − U −)] · n̂ dΓe. (18)

The system is solved by introducing the test function ψ , which is defined on ∂Ωe . A common way of evaluating δ+ and δ−
is by constructing a set of coupled equations that are evaluated by setting ψ = φ+ and ψ = φ− , respectively. This results
in a determined system of two equations for the penalty terms. Additional details for the specification of the boundary
conditions are presented in Section 4.4.
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3.2. Discretization

A spatial discretization is obtained by introducing the finite-dimensional vector-space V p
h with

V p
h = {φ ∈ L2(Ω): φ|Ωe ∈ Pp, ∀Ωe ∈ Th

}
, (19)

where Th is the partition, and Pp denotes the space of polynomial functions of degree p. The test function φ is then
approximated by φe ∈ V p

h , and the numerical solution to U is represented as:

U e
h(t, x) =

N p∑
l=0

Ũ
e
l (t)φ

e
l (x), (20)

and Ũ
e
l (t) is the time-dependent expansion coefficient. Here, the tensor-product basis is considered, so that the number

of polynomial coefficients Np in element Ωe is Np = (p + 1)ND . In the present work, identical test functions are used for
all state variables. Therefore, the explicit vector notation for φ is dropped in the following, with the understanding that φ

acts on each state variable in the solution vector U . With this, the element-wise semi-discrete form of Eq. (12) takes the
following form:( ∫

Ωe

N p∑
m=0

φe
l φe

m dΩe

)
dt Ũ

e
m =

∫
Ωe

∇φe
l · (F e − Ae : ∇U e

h

)
dΩe +

∫
Ωe

φe
l Se dΩe −

∮
∂Ωe

φe+
l ( F̂ − D̂) · n̂ dΓe

+
∮

∂Ωe

∇φe+
l · [Ae+ · (U e+

h − Û
e
l

)] · n̂ dΓe, (21)

where F̂ and D̂ are the numerical advection and viscous-diffusive fluxes.
By introducing the mass matrix,

Mlm =
∫
Ωe

φe
l φe

m dΩe, (22)

Eq. (21) can be reformulated to obtain an expression that can be solved by using the method of lines. To introduce the time
integration scheme in Section 4.2, this expression is written as:

dt Ũ
e = F +D +S, (23)

where Ũ
e = (Ũ

e
m)m=0,...,N p and F and D are the spatially discretized convection and diffusion operators, respectively, and S

is the discretized source term. All integrals in Eq. (21) are evaluated using Gaussian quadrature with an order of accuracy not
less than 2p + 1 in each dimension. The integration is performed on a reference element, which is defined as ξ ∈ [−1,1]ND .
The mapping between global and reference space is then represented through the Jacobian J = ∂ξ x with determinant J .

The present study considers the orthogonal Legendre space, and the corresponding polynomials up to p = 3 are given in
the one-dimensional space as:

φ0(ξ) = 1, (24a)

φ1(ξ) = ξ, (24b)

φ2(ξ) = 1

2

(
3ξ2 − 1

)
, (24c)

φ3(ξ) = 1

2

(
5ξ3 − 3ξ

)
. (24d)

4. Algorithmic developments

As noted in Section 1, the simulation of combustion systems requires consideration of several numerical aspects, asso-
ciated with the treatment of variable thermodynamic properties, shock capturing, boundary conditions, detailed reaction
chemistry, complex viscous-diffusive transport, and the temporal integration of the stiff reaction chemistry. These algorith-
mic developments are addressed in the present section, resulting in a DG formulation for application to detonation, subsonic
combustion, and inert and chemically reacting multicomponent flows.
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4.1. Variable thermodynamic properties

Thermodynamic properties in multicomponent flows are not constant but depend on temperature and species composi-
tion. It was shown by Abgrall and Karni [19] that differences in the specific heat ratio across the material interface, δγ ∗ �= 0,
induce spurious pressure oscillations if fully conservative schemes are used. These spurious oscillations can be avoided by
constraining the energy through the solution of an advection equation for the ratio of specific heats [33–35]. Although this
constraint is suitable for well-defined interfacial flows with inert species, it is not applicable for chemically reacting systems
with spatially varying temperature and species compositions. Instead, in the present work a hybrid flux formulation is pro-
posed that combines a conservative Riemann flux in regions of shock discontinuities with an extended double-flux method
in smooth regions [28,27].

The extended double-flux scheme relies on an effective energy formulation, Eq. (8), and consists of two steps. First, ghost
states at the interior and exterior of the element face, ∂Ω±

e , are constructed using γ ∗ from opposite sides of the face. The
numerical fluxes at the face are then evaluated using an HLLC Riemann solver [36]. Details on the HLLC-flux evaluation
are presented in Appendix B. This is followed by a relaxation step, in which the energy is reevaluated from the local
thermochemical state vector (ρ, p, Y )T and the effective specific heat ratio, which is computed from the first moments of p
and ρY . By relaxing the energy across the interface, an energy conservation error is introduced that is proportional to the
magnitude of δγ ∗ [19]. However, since changes in γ ∗ are large at discontinuities, these conservation errors accumulate at
shocks and detonation fronts, resulting in mispredictions of fundamental flame properties [37]. This issue is here addressed
with the hybrid flux formulation, and a fully conservative upwind-biased flux-formulation is employed at shock fronts.
Spurious pressure oscillations at the shock front are then prevented by a limiter, which is discussed in Section 4.3. A detailed
description of the hybrid flux formulation is presented in Algorithm 1.

Algorithm 1: Hybrid flux formulation for the treatment of convective fluxes, combining a conservative Riemann solver
and an extended double-flux scheme (I refers to the index of the state vector).

while t < tend do
At t = tn freeze γ ∗ in the elements Ω+

e and Ω−
e that share the same element face

if |pΩ+
e

− pΩ−
e

|/min(pΩ+
e

, pΩ−
e

) > ε then
Apply shock capturing: Compute interface fluxes using conservative upwind-biased Riemann solver

F̂
+ = F̂

− = F̂
else

Evaluate ghost-states at the face by only modifying the energy value
U +

ghost(I|ρE ) = f (γ ∗
Ω−

e
, γ ∗

Ω+
e

, U +)

U −
ghost(I|ρE ) = f (γ ∗

Ω+
e

, γ ∗
Ω−

e
, U −)

with f (γ1, γ2, U ) = γ2−1
γ1−1 (U (I|ρE ) − U (I|ρu)2

2
∑Ns

α=1 U(I|ρYα )
) + U (I

∣∣
ρu)2

2
∑Ns

α=1 U(I|ρYα )

Evaluate interface flux based on HLLC approximate Riemann solver and double-flux model
F̂

+ = F̂ (U +, U −
ghost)

F̂
− = F̂ (U −, U +

ghost)

end
Time-advancement: t = tn + �t using Strang-splitting scheme
Energy relaxation: Evaluate first moments, p and ρY in Ω±

e using temporally advanced state vector U Ω±
e

if |pΩ+
e

− pΩ−
e

|/min(pΩ+
e

, pΩ−
e

) � ε then
Evaluate γ ∗

Ω±
e

= γ ∗(p,ρY ) Correct energy state using U Ω±
e

and γ ∗
Ω±

e
through DG projection

end
end

In the following, a canonical example is considered to demonstrate the benefit of the hybrid flux formulation in com-
parison to the double-flux model. The problem describes the propagation of a shock in a one-dimensional domain. The
pre-shock state consists of stationary air at room temperature, and the post-shock state is described by the velocity up . The
thermodynamic properties are functions of temperature and mixture composition. By changing up , different shock Mach
numbers are achieved, and the exact numerical value is obtained using the Rankine–Hugoniot relation under consideration
of variable thermodynamic properties. Comparisons of results for computed shock Mach numbers obtained from the hybrid
formulation and the double-flux method are presented in Table 1. Grid-independence of the simulation results is confirmed
through a convergence study. The threshold for the pressure-switching criterion ε was set to 1/4, assuming that the shock
occupies at most three elements. A comparison with the exact solution demonstrates that the hybrid formulation improves
the accuracy by more than an order of magnitude compared to the original double-flux model.

4.2. Temporal integration scheme

In the present study, the Strang operator splitting scheme is employed, which separates different physical processes into
fractional steps. Starting with Eq. (23), the Strang splitting scheme can be written in the following form:
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Table 1
Comparisons of predicted shock Mach number for hybrid flux formulation, double-flux method, and results from
the exact Riemann solver for different shock strengths (Error in percent is given in brackets).

up [m/s] Shock Mach number

Exact Hybrid flux formulation Double-flux model

2500 8.3949 8.3934 (−0.018%) 8.2824 (−1.340%)
2000 6.8037 6.7991 (−0.068%) 6.7052 (−1.448%)
1500 5.2234 5.2161 (−0.140%) 5.1461 (−1.450%)
1000 3.6644 3.6619 (−0.068%) 3.6317 (−0.893%)

500 2.1735 2.1768 (−0.152%) 2.1541 (−0.893%)

dt Ũ
e = F +D with Ũ

e
(0, x) = Ũ

e(
tn, x

)
, for t ∈ (0,�t/2], (25a)

dt Ũ
e = S with Ũ

e
(0, x) = Ũ

e
(�t/2, x), for t ∈ (0,�t], (25b)

dt Ũ
e = F +D with Ũ

e
(0, x) = Ũ

e
(�t, x), for t ∈ (�t/2,�t], (25c)

where the operators F and D are non-stiff and the source term operator S is chemically stiff. The output of the ODE
time integration is then the solution for the next time-step t = tn + �t . The temporal accuracy of this splitting scheme is
second order. Note, however, that for sufficiently small CFL-conditions, both spatial and temporal discretization errors are
independent so that the benefit of the higher-order spatial discretization is retained. This is further examined in Section 5.

The non-stiff convection and diffusion operators are advanced in explicit form using a strong-stability preserving Runge–
Kutta method (SSPRK) [38]. This method consists of three stages:

Ũ
e(1) = Ũ

e(0) + �τ(F +D), (26a)

Ũ
e(2) = 3

4
Ũ

e(0) + 1

4

[
Ũ

e(1) + �τ(F +D)
]
, (26b)

Ũ
e(3) = 1

3
Ũ

e(0) + 2

3

[
Ũ

e(2) + �τ(F +D)
]
, (26c)

which gives the solution at t = t + �τ for �τ = �t/2, and Ũ
e(0)

is the initial condition at time t . Numerical stability is
ensured by bounding the CFL number by (2p + 1)−1 [39].

The time-advancement of the stiff chemical source term is performed using a fifth-order implicit backward difference
formulation [40] with absolute and relative tolerances of 10−5 and 10−12, respectively. The discretized weak form of the
ODE for the stiff integration step, (25b), is written as:

dt Ũ
e = M−1

Nq∑
q=0

J wqφ
e
l (ξq)S

(
U e

h(t, ξq)
)
, (27)

where wq and ξq are the Nq weights and points of the quadrature, and J is the Jacobian determinant. Due to the choice of
the orthogonal function space, note that the mass matrix M is diagonal.

Remark 3. The system of Eqs. (27) couples all degrees of freedom in each element and can be directly solved. However, the
resulting dimension of the system scales as Nq × Np , thereby rapidly increasing the computational complexity for high-order
multidimensional representations.

By exploiting the orthogonality of the basis functions, a computationally more efficient substep integration scheme can
be derived by solving the stiff integration step in the direct form. This is achieved by multiplying Eq. (27) by the following
matrix:⎡⎢⎢⎣

φe
1(ξ0) · · · φe

N p
(ξ0)

...
. . .

...

φe
1(ξ N p

) · · · φe
N p

(ξ Nq
)

⎤⎥⎥⎦ . (28)

After some algebraic simplifications, the resulting expression for the stiff source-term evaluation recovers the direct form:

dt U e
h(t, ξq) = S

(
U e

h(t, ξq)
)

for q = 1, . . . , Nq, (29)

which requires the point-local ODE-integration only at the quadrature nodes. The polynomial coefficients are then evaluated
through projection onto the orthogonal basis functions:
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Ũ
e
m =

∫
Ωe

U e
hφ

e
m dΩe∫

Ωe
(φe

m)2 dΩe
=
∑Nq

q=0 J wqU e
h(t, ξq)φ

e
m(ξq)∑Nq

q=0 J wq(φ
e
m(ξq))

2
. (30)

Time-advancement of the stiff reaction substep requires the consideration of effective thermodynamic properties, and
algorithmic details for treating this are presented next. We start by recalling NASA’s polynomial expressions for the specific
heat capacity and enthalpy of species α [31]:

cp,α =
NC∑

k=0

aα,k T k, (31a)

hα =
NC∑

k=0

aα,k

k + 1
T k+1 + h0

f ,α, (31b)

where NC is the number of polynomial coefficients, hα combines the sensible and chemical enthalpies, and h0
f ,α is the

formation enthalpy at 0 K. The effective heat capacity is evaluated from Eq. (7):

c∗
p,α =

NC∑
k=0

aα,k

k + 1
T k, (32)

from which the effective ratio of specific heats follows:

γ ∗ =
∑N S

α=1 Yαc∗
p,α∑N S

α=1 Yα(c∗
p,α − Rα)

. (33)

Evaluation of the stiff substep (25b) requires the consideration of equations for species and energy:

dt(ρY ) = ω̇, (34)

dt
(
ρc∗

v T
)= −

N S∑
α=1

h0
f ,αω̇α. (35)

By keeping ρ constant during the substep and by relating the effective heat capacity at constant volume, cv , to Y and T ,
Eq. (35) can be rewritten as:

dt T = − 1

ρcv

N S∑
α=1

(
h0

f ,α + c∗
v,αT

)
ω̇α. (36)

Following the procedure discussed before, the set of coupled ODEs (34) and (36) are solved at the quadrature points ξq , and
are then projected onto the polynomial basis functions using Eq. (30).

4.3. Shock-capturing scheme

The WENO-based limiter by Zhong and Shu [30] is extended in the present DG formulation to capture flow discon-
tinuities and detonation waves. This limiter exhibits good accuracy-preserving properties in smooth regions and robust
shock-capturing capabilities. The limiter proceeds in two steps: In the first step, so-called troubled cells are identified us-
ing a shock detector. The local solution in elements that require limiting is then represented by a convex combination of
solutions in their current and neighboring elements. This is done in the characteristic space by diagonalizing the local flux
Jacobian matrix A = ∂ F/∂U . By denoting the left and right eigenvectors as L and R, the local characteristic variables are
evaluated as V = LU . After limiting V in polynomial space using the WENO procedure [30], this state vector is then trans-
formed back into physical space by evaluating RV lim. Limiting is performed along each spatial direction separately, and the
solution is then constructed by averaging results over all ND spatial directions.

The consideration of variable thermodynamic properties requires modifications to the limiter implementation. Since we
assume that the thermodynamic properties are locally frozen in each element, limiting the solutions in troubled elements
introduces spurious coupling effects due to the element-wise variation of γ ∗ . Therefore, instead of directly using the total
energy from neighbors, we propose the following modification. By recalling the discussion in Section 4.1, we note that
the treatment of variable thermal properties via the double-flux method ensures that the pressure across the interface or
contact discontinuities is in equilibrium. The pressure in the neighboring element can then be evaluated from the solution
vector:

pΩ−
e

= (γ ∗
Ω−

e
− 1
)(

U e−
h (I|ρE) − U e−

h (I|ρu)2

2
∑Ns U e−(I| )

)
, (37)
α=1 h ρYα
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Table 2
Boundary conditions for the DG formulation. Superscripts “b,” “+”, and “∞” denote conditions at the external boundary, interior, and exterior, respectively;
J denotes the characteristics.

Index BC type Euler BC Viscous BC

(i) Symmetry U b = U+ for ρY and ρE; (ρu)b · n̂ = −(ρu)+ · n̂;
(ρu)b · ŝ = (ρu)+ · ŝ with n̂ · ŝ = 0

Zero out all components of D̂ · n̂ that
correspond to ρY and ρE

(ii) Supersonic inflow Specify all state variables for U b Impose Dirichlet conditions for all state
variables

(iii) Supersonic outflow Interpolate boundary state from interior U b = U + Impose Neumann conditions: ∇U b = ∇U +

(iv) Subsonic outflow Evaluate U b from pressure, entropy, and one outgoing
characteristic J+

Zero out all components of D̂ · n̂

(v) Characteristic
non-reflecting

Evaluate flow direction at boundary using U ∞ and J+;
if outflow, interpolate U b using incoming characteristic
J∞ , J+ and interior entropy; otherwise, interpolate U b

using J∞ , J+ , and exterior entropy

Zero out all components of D̂ · n̂

where U e−
h is obtained from Eq. (20). Note that I denotes the index of the state vector U e

h . The limiter [30] was originally
developed for calorically perfect gas, and utilizes the energy to construct a stabilized solution. However, since the energy is
affected by thermal properties, it is proposed to reconstruct the ghost-energy solution from information about the pressure
in neighboring elements and thermal properties from the interior of the troubled element. Since this procedure relies on
pressure-equilibrium, it ensures an oscillation-free solution. With this, the ghost-energy solution is evaluated as:

U e+
ghost(I|ρE ) = pΩ−

e

γ ∗
Ω+

e
− 1

+ U e−
h (I|ρu)2

2
∑Ns

α=1 U e−
h (I|ρYα )

. (38)

Since mean total energy is not modified by this, the resulting limiting procedure does not introduce any conservation error,
and retains the high-order accuracy for smooth solutions even for variable thermal properties.

4.4. Boundary conditions

In the following, the developed DG method is applied to a series of test cases that include subsonic and supersonic
flow conditions. This requires description of a set of boundary conditions that are compatible with different flow condi-
tions. All boundary conditions are imposed in the weak sense, which requires the solution of a Riemann problem at the
physical boundaries of the computational domain. The specifications of the boundary values U b to obtain the appropriate
interior states U + are summarized in Table 2. This table distinguishes between boundary conditions for inviscid and viscous
operators, and reference to it is made in subsequent sections on the specification of boundary conditions.

In addition to the specification of convective fluxes, consideration of the viscous-diffusive fluxes in Eq. (21) is required.
For the case in which Dirichlet conditions are specified (i.e., no-slip wall), we impose D̂ = Ab : ∇U + − ηδb and Û = U b for
the corresponding variables at the boundary. In this formulation, the stabilization term δb is computed as:∮

∂Ωe

ψδb · n̂ dΓe =
∮

∂Ωe

ψ
[

Ab · (U + − U b)] · n̂ dΓe, (39)

which can be solved by setting ψ = φ+ . On the other hand, if Neumann-type conditions are applied, for instance by consid-
ering heat-flux or species diffusion at physical boundaries, we directly impose the value for the corresponding component
of D̂ · n̂ in Eq. (21). The resulting discretization yields a compact expression with good stability properties.

5. Results

In the following, the DG method developed in the previous section is applied to a series of test cases of increasing
physico-chemical complexity. These test cases are selected to evaluate the accuracy of the resulting algorithm, to quantify
convergence properties, and to assess the computational complexity. The first four test cases consider the scalar advec-
tion, the evolution of a multicomponent inert mixture in a one-dimensional shock tube system, and the two-dimensional
shock/bubble-interaction problem. This is followed by considering three detonation cases involving a global one-step mecha-
nism and detailed H2/O2 reaction chemistry in one and two dimensions. We complete this analysis by considering one- and
two-dimensional deflagration cases to illustrate the performance of the DG method in applications to viscous-dominated
combustion systems.
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Fig. 3. Simulation results for one-dimensional gaseous thermal bubble advection (case 1), showing (a) temperature and (b) pressure for three polynomial
representations at a spatial resolution of h = 0.5; the thin solid line shows the solution from a fully conservative formulation.

5.1. Multispecies non-reacting inviscid test cases

5.1.1. Case 1: one-dimensional gaseous thermal bubble advection
Problem formulation. The objective of this test case is to evaluate the treatment of variable thermodynamic properties and the
performance of the limiter for smooth problems. For this, a continuous species interface with the following non-dimensional
initial conditions is considered:

u = 1, (40a)

YH2 = 1

2

[
1 − tanh

(|x| − ξ
)]

, (40b)

YO2 = 1 − YH2 , (40c)

T = 1

2

[
(1 + θ) + (1 − θ) tanh

(|x| − ξ
)]

, (40d)

p = 1. (40e)

Temperature and pressure are non-dimensionalized by 300 K and 1 bar, respectively, and the temperature ratio is set
to a numerical value of θ = 7. The computational domain is x ∈ [−25,25] with periodic boundary conditions, and four
different spatial resolutions with h = {1,0.5,0.25,0.125} are considered. Simulations are performed over one convective
period, corresponding to t = 50. The analytic solution corresponds to a linear displacement of the initial profile. Although
this problem is inherently smooth, simulations are also performed in which the limiter is activated to assess the numerical
accuracy in the presence of limiting. Polynomial representations up to third order (i.e., p = {1,2,3}) are considered, and CFL
numbers are set to 0.33, 0.2, and 0.13, respectively. In the limit where the interface thickness approaches zero, the model
problem (40a)–(40e) reduces to the sharp-interface configuration that has been studied by Houim and Kuo [29] and Johnsen
and Ham [41].

Simulation results. Fig. 3 shows a comparison of simulation results for linear, quadratic, and cubic polynomials for a constant
element size of h = 0.5. From the temperature results (Fig. 3(a)), it can be seen that with increasing polynomial order the
results improve considerably. Specifically, the linear approximation with p = 1 introduces oscillations due to insufficient
resolution. These oscillations disappear for p = 2 and p = 3. The treatment of variable thermodynamic properties using the
hybrid flux formulation provides a stable pressure solution without spurious oscillations (Fig. 3(b)). To illustrate the impor-
tance of this flux treatment, we also present results from a fully conservative formulation [29,41]. Since heat release and
reaction rate have a strong non-linear temperature dependence, the over prediction of temperature and spurious pressure
oscillations can have a detrimental effect on the simulation results of flame structure, fuel conversion, and flame speed.

Quantitative convergence results for the three different polynomial representations and element sizes h are presented in
Table 3 and Fig. 4(a). The L2-errors for the temperature and the hydrogen mass fraction exhibit optimal (p +1) convergence.
The effect of the limiting on the solution is well controlled, only marginally affecting the solution for h = 1 (corresponding
to an interface representation with one element). However, with increasing resolution and polynomial representation, the
solution accuracy is not influenced by the limiting procedure.

The computational cost is shown in Fig. 4(b), emphasizing the benefit of higher-order methods. In particular, it can be
seen that for the same CPU time, the numerical error (measured in the L2-norm) for p = 3 reduces by more than two orders
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Table 3
Convergence study for one-dimensional gaseous thermal bubble advection (case 1) (“∼” indicates that the solution is not affected
by limiting).

h L2-error of T L2-error of YH2

Without limiter With limiter Rate Without limiter With limiter Rate

Polynomial order: p = 1
1 4.537E−1 4.900E−1 – 2.340E−2 1.299E−2 –
1/2 1.360E−1 1.611E−1 1.74 1.039E−2 9.986E−3 1.17
1/4 2.438E−2 2.697E−2 2.48 3.650E−3 3.665E−3 1.51
1/8 3.293E−3 ∼ 2.89 5.370E−4 ∼ 2.76
1/16 4.533E−4 ∼ 2.85 6.794E−5 ∼ 2.98

Polynomial order: p = 2
1 6.541E−2 1.066E−1 – 8.904E−3 2.785E−2 –
1/2 4.247E−3 4.680E−2 3.95 5.896E−4 1.610E−3 3.92
1/4 1.745E−4 ∼ 4.61 2.103E−5 ∼ 4.81
1/8 1.323E−5 ∼ 3.72 1.727E−6 ∼ 3.61
1/16 1.558E−6 ∼ 3.09 2.063E−7 ∼ 3.07

Polynomial order: p = 3
1 6.573E−3 3.414E−2 – 7.044E−4 1.515E−3 –
1/2 1.048E−4 ∼ 5.97 1.460E−5 ∼ 5.59
1/4 2.901E−6 ∼ 5.17 4.808E−7 ∼ 4.92
1/8 1.719E−7 ∼ 4.08 2.904E−8 ∼ 4.05
1/16 1.085E−8 ∼ 3.99 1.811E−9 ∼ 4.00

Fig. 4. Convergence analysis for the one-dimensional gaseous thermal bubble advection (case 1) showing (a) L2-error of YH2 as a function of degrees of
freedom; (b) corresponding L2-error of YH2 as a function of normalized CPU cost and polynomial order. CPU time is normalized with time for p = 1, h = 1
solution.

in magnitude compared to a linear polynomial representation. Similarly, for a specified numerical accuracy, higher-order
discretization schemes show considerable reduction in computational cost.

The energy conservation error introduced by the hybrid flux formulation is quantified in Fig. 5, showing the relative error
against time for different polynomial orders and resolutions. After an initial transition time, the conservation error reaches
a plateau, and the error magnitude decreases with increasing resolution and polynomial order.

5.1.2. Case 2: one-dimensional multicomponent shock tube problem
Problem formulation. This test case describes a shock tube, which is filled with a binary inert gas mixture, and the problem
description follows that studied by Abgrall and Karni [19]. The problem is non-dimensionalized and the computational
domain is x ∈ [−5,5]. Initial conditions are given as:

(ρ, u, p, YHe, YN2)
T =

{
(1,0,1,1,0)T for x � 0,

(0.125,0,0.1,0,1)T for x > 0,
(41)

and variable thermodynamic properties are considered. Simulations are performed for t ∈ (0,2], and the domain is dis-
cretized with 200 elements. Boundary conditions of type (iii) are imposed at both ends of the computational domain.

The following analysis considers a refinement study in polynomial order with p = {1,2,3}, and CFL numbers are set to
0.33, 0.2 and 0.13, respectively. The “exact” solution is obtained using 6400 elements and cubic polynomial representation.
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Fig. 5. (Color online.) Energy-conservation error for one-dimensional gaseous thermal bubble advection (case 1) for h = 1/2 (black) and h = 1/8 (blue).

Simulation results. Fig. 6 compares profiles of density and pressure for different polynomial representations with the “exact”
solution. From this comparison it can be seen that the resolution at the shock front improves with increasing polynomial
order, and no spurious pressure oscillations are evident.

The energy conservation error is assessed in Fig. 7. Since the total energy remains constant for the duration of the
simulation time, the relative error can be directly evaluated. After an initial accumulation phase, the error levels off and
reaches a stable plateau for p = 2 and p = 3. This, however, is not observed for the solution employing a linear polynomial
basis function. The slow increase in the energy error can be attributed to the mixing of the initially separated species. This
is a direct result of the numerical dissipation at the contact discontinuity. It can also be seen that the energy conservation
error continuously decreases with increasing polynomial order. Overall, the energy error that is introduced by the hybrid
flux formulation does not exceed 0.1% for this problem.

5.1.3. Case 3: one-dimensional multicomponent shock–density wave interaction
Problem formulation. This test case is concerned with assessing the accuracy of the DG method in predicting the interaction
of a density wave with a shock front. For this, the Shu–Osher problem [42] is extended by considering a binary mixture
of Helium and Nitrogen which is initially separated by a shock. The shock Mach number is Ma = 3, and the computational
domain is x ∈ [−5,5]. Boundary conditions of type (iii) are imposed at both ends of the computational domain. All quantities
are non-dimensionalized, and the initial conditions are given as:

(ρ, u, p, YHe, YN2)
T =

{
(3.8571,2.6294,10.3333,0,1)T for x �−4,

(1 + 0.2 sin(5x),0,1,1,0)T for x > −4.
(42)

Simulations are performed for t ∈ (0,1.8], and the domain is discretized with 200 elements. The CFL numbers are set to
0.33, 0.2, and 0.13 for the simulations with polynomial representation of p = 1,2, and 3, respectively. The “exact” solution
is obtained using 6400 elements with cubic polynomial representation (p = 3).

Simulation results. Comparisons of simulation results for p = {1,2,3} with the “exact” solution are presented in Fig. 8,
showing that the results improve with increasing polynomial order. The energy conservation error is evaluated and the
results are presented in Fig. 9. The total time-dependent energy in the system is evaluated in analytic form and is denoted
as Eanaly. Following an initial accumulation due to the numerical adjustment of the initial condition, the energy conservation
error continuously decreases with time due to error cancellation. Comparing results from the three different polynomial
representations, it can also be observed that the high-order polynomial representation reduces the error that is introduced
by the hybrid flux scheme.

To illustrate the potential benefit of the DG method, we also present comparisons with a standard WENO method. For
this, a finite volume WENO method is implemented. The solver follows the standard WENO procedure [43] to interpolate
conservative variables at the cell edges along each spatial direction. An HLLC Riemann solver [36] is used to compute the
numerical fluxes, and a WENO implementation of the double-flux model, proposed by Houim and Kuo [29], is used to
consider variable thermodynamic properties. The temporal integration is identical to that presented in Section 4.2. For all
cases considered, the CFL-number is kept below 0.5, and results from third- and fifth-order WENO solutions are presented
in Fig. 10. To achieve an objective comparison, the third-order (WENO3) and fifth-order (WENO5) solutions were obtained
using the same number of degrees of freedom as that of the DG solution with quadratic polynomial representation. This
direct comparison shows that the WENO3 method under-resolves the density profile compared to the DG solution at the
same spatial accuracy; a fifth-order WENO method is required to obtain a result comparable to that of a fourth-order
accurate DG method with p = 3.
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Fig. 6. Simulation results for the one-dimensional multicomponent shock tube problem (case 2), showing (left) density and (right) pressure for (a) p = 1,
(b) p = 2, and (c) p = 3. Symbols are DG results and solid lines refer to the “exact” solution; results are reported at time t = 2.

5.1.4. Case 4: two-dimensional shock/bubble-interaction problem
Problem formulation. This test case is concerned with the two-dimensional interaction of an Ma = 1.22 shock wave with
a Helium bubble in air. Experiments at identical conditions were performed by Hass and Sturtevant [44], and this config-
uration has been previously considered as a validation case for algorithmic developments [35,45,46]. A schematic of the
computational configuration is shown in Fig. 11. The two-dimensional computational domain is [0,6.5] × [0,0.89], and
the spatial coordinates are non-dimensionalized with the bubble diameter of D = 50 mm. The domain is initialized with



120 Y. Lv, M. Ihme / Journal of Computational Physics 270 (2014) 105–137
Fig. 7. Energy conservation error for one-dimensional multicomponent shock tube problem (case 2).

Table 4
Initial conditions for the two-dimensional shock/bubble-interaction problem (case 4).

Quantity Pre-shock air Post-shock air Helium bubble

ρ [kg/m3] 1.29 1.7756 0.2347
u [m/s] 0 −110.62 0
v [m/s] 0 0 0
p [bar] 1 1.5698 1
γ 1.4 1.4 1.648

a shock at x = 2, and the bubble is centered at x0 = 3. Slip-wall and symmetric boundary conditions (both belonging to
BC type (i)) are imposed at the top and at the centerline, and conditions of supersonic inflow (type (ii)) and outflow (type
(iii)) are used at the right and left sides of the domain, respectively. Initial conditions are identical to those reported in the
experiment [44], and are summarized in Table 4.

The mesh consists of quadratic elements, and three different refinement levels, with element size h = {0.02,0.01,0.005}
(where h = �x = �y), are considered in the following study. Simulations with polynomial order of p = 1 and p = 2 are
performed. The temporal resolution is kept identical for all cases with �t = 5 × 10−8 s in physical time, corresponding to
a maximum CFL number of 0.2 on the finest mesh. In order to eliminate start-up errors, initial conditions in the elements
intersecting the interface are prescribed by projecting onto the p = 0 polynomial space.

Simulation results. A comparison of results of instantaneous density fields for three different time instances and different
polynomial representations and mesh resolutions are presented in Fig. 12. As the shock wave impacts the bubble, the Helium
gas is compressed and the bubble deforms. The shock wave is partially transmitted through the bubble and reflects, leading
to recompression and expansion of the fluid. During the jetting process, a vortex pair is generated, and the hydrodynamic
instability that develops at the interface enhances the mixing between both fluids [47].

The direct comparison of density fields in Fig. 12 shows that the results for p = 2 exhibit significantly richer structures
than for the solution with a linear polynomial representation. This can be attributed to the increasing number of degrees
of freedom and the reduced numerical dissipation. For all computations, no spurious oscillations are observed along the
material interface, further confirming the effectiveness of the developed algorithm in handling variable thermodynamic
properties. To demonstrate the benefit of the present DG method, comparisons with third- and fifth-order WENO schemes
are presented. Both WENO simulations use the same number of degrees of freedom as the DG solution with p = 2 and
h = 0.005. The results are presented in the last two rows of Fig. 12, and this direct comparison with the DG results illustrates
that finer resolutions are necessary to capture the interface instabilities with the WENO scheme.

Quantitative comparisons of simulations and measurements are presented in Fig. 13(a). In this figure, the spatiotemporal
evolution of three distinct locations (see upper left panel in Fig. 12) on the surface of the hydrogen bubble is tracked.
Simulation results are in good agreement with experimentally reported data [44] and previous simulations [45,48]. This
comparison shows that the results obtained with the DG method are in good agreement with the reference data, and the
prediction of these characteristic points on the interface exhibits insignificant sensitivity to mesh resolution and polynomial
order.

A comparison of the temporal evolution of the integrated mixing rate, defined as:

MR =
∫

|∇YH2 |2 dΩ, (43)
Ω
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Fig. 8. Simulation results for one-dimensional multicomponent shock–density wave interaction problem (case 3), showing (left) density and (right) pressure
for (a) p = 1, (b) p = 2, and (c) p = 3. Symbols are simulation results, and solid lines refer to the “exact” solution; results are reported at time t = 1.8.

is shown in Fig. 13(b). Due to the initialization, the mixing rate is initially zero. In the absence of viscous effects, the mixing
rate increases continuously as a result of the increasing interface area due to the formation of primary and secondary
instabilities. By considering the solution with quadratic polynomials, it can be seen that the mixing rate is initially unaffected
by h-refinement. However, with increasing time, differences become more pronounced. The mixing rates are also evaluated
from the WENO solutions using different orders of spatial accuracy and resolutions. Results from this analysis are presented
in Fig. 14. Since the gradient is evaluated in the finite-different sense, initially a non-zero value for MR is obtained. After
t = 50 μs (vertical line), the shock interacts with the bubble, after which the performance of the numerical scheme on
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Fig. 9. Energy conservation error for the one-dimensional multicomponent shock–density wave interaction problem (case 3).

Fig. 10. (Color online.) Simulation results for the one-dimensional multicomponent shock–density wave interaction problem (case 3), comparing solution
from the DG method with WENO schemes. WENO3 and WENO5 use the same number of degrees of freedom as the p = 2 DG solution; results are reported
at time t = 1.8.

Fig. 11. Schematic of the two-dimensional shock/bubble-interaction problem (case 4). Spatial coordinates are non-dimensionalized by the bubble diame-
ter D .

results can be assessed. Compared to the DG results, presented in Fig. 13(b), it can be seen that all WENO solutions give
significantly lower mixing rates, which is also evident from the flow-field results in Fig. 12.

5.2. Multispecies reacting inviscid test cases

5.2.1. Case 5: one-dimensional unsteady overdriven detonation wave
Problem formulation. This problem considers the spatiotemporal evolution of an unsteady detonation wave in a one-
dimensional domain [49]. The gas mixture is assumed to be calorically perfect with γ = 1.2. The reaction chemistry is
described by a single-step irreversible unimolecular reaction, so that the chemical conversion can be fully characterized by
a single species mass fraction Y . Written in non-dimensional form, the reaction rate follows the Arrhenius form:

ω̇ = A exp

{
− Ta

}
, (44)
T
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Fig. 12. Comparison of density fields at three different time instances for the two-dimensional shock/bubble-interaction problem (case 4).

with reaction-rate multiplier A = 230.75 and activation temperature Ta = 50. The overdrive factor is ξ = 1.6, and the initial-
ization is identical to that of Ref. [49], imposing a Chapman–Jouguet (CJ) wave, which is followed by a smooth transition to
the desired post-detonation condition. The inflow condition is prescribed from the post-detonation condition using BC-type
(ii), and boundary conditions of type (iii) are used at the outflow. The shock location is defined by the pressure value of
{p} = (pmax + p0)/2, where pmax and p0 are, respectively, the maximum pressure and the pressure in the unburned region.
A second-order differentiation is then employed [50] to determine the shock velocity, and the von Neumann pressure, pvN,
is evaluated from the Hugoniot condition. For this problem, the CFL-numbers are set to 0.2, 0.2, and 0.13 for polynomial
orders p = 1,2, and 3, respectively.

For the following convergence study, we consider four different refinement levels with �/h = {10,20,40,80}, where � is
the reaction zone thickness, corresponding to the distance from the shock at which half of the reactants are consumed [49].

Simulation results. Fig. 15 shows the temporal evolution of the von Neumann pressure for three simulations at different
polynomial order (p = {1,2,3}). After an initial transition phase, the pressure reaches a stable oscillating pattern, and
pressure traces for p = 2 and p = 3 are nearly indistinguishable.

The temporal accuracy of the Strang splitting scheme is evaluated in Fig. 16(a), showing the L2-error norm of the shock
location as a function of the time-step size �t , as well as results at three different time instances. The shock location
is defined at which p = {p}, and the reference solution is obtained by performing a separate simulation at a very fine
time-step size of �t = 2 × 10−4 and spatial resolution of �/h = 20. These results confirm that the temporal integration
scheme recovers the expected second-order convergence rate.
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Fig. 13. (Color online.) Quantitative simulation results for two-dimensional shock/bubble-interaction problem (case 4), showing (a) spatiotemporal evolution
of characteristics points along the bubble interface from simulations (lines) with h = 0.01 and reported data by Terashima and Tryggvason [48], and
(b) temporal evolution of the H2 mixing rate for h = 0.02 (black), h = 0.01 (red), and h = 0.005 (blue) with linear (dashed lines) and quadratic (solid lines)
polynomial basis functions.

Fig. 14. (Color online.) Mixing rate evaluated for two-dimensional shock/bubble-interaction problem (case 4) with WENO approach [29].

Fig. 15. (Color online.) Simulation results for the one-dimensional unsteady overdriven detonation-wave problem (case 5), showing temporal evolution of
von Neumann pressure for �/h = 8. The “exact” solution is obtained with �/h = 20 and p = 2.
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Fig. 16. Convergence analysis for the one-dimensional unsteady overdriven detonation-wave problem (case 5), showing (a) L2-error norm of shock location
as a function of temporal resolution (for �/h = 20 and p = 2) and (b) convergence of von Neumann pressure as a function of mesh resolution and
polynomial order.

Fig. 17. (Color online.) Comparison of DG results with WENO for the one-dimensional unsteady overdriven detonation-wave problem (case 5), showing
(a) temporal evolution of von Neumann pressure (using the same number of degrees of freedom as for DG with p = 2 and l/h = 1/8) and (b) the
convergence of von Neumann pressure as a function of spatial resolution.

Results from a mesh convergence study are shown in Fig. 16(b). The asymptotic value for pvN is 96.8, which is consistent
with previously reported results [49,50]. Although a direct effect of the high-order polynomial representation on the accu-
racy and convergence rate can be observed, the mesh refinement at the shock discontinuity is of equal importance. This is
further investigated in the next section.

To further assess the benefit of the DG method, we also present direct comparisons with third- and fifth-order WENO
results in Fig. 17. Fig. 17(a) shows that WENO3 substantially under predicts the von Neumann pressure and the phase of the
oscillation. Results in Fig. 17(b) show the convergence as a function of spatial resolution. The slow convergence of WENO3 is
observed for increasing resolution, and WENO5 gives comparable results, although pvN appears to be slightly over predicted
compared to the third-order DG results.

5.2.2. Case 6: one-dimensional detonation wave with detailed reaction chemistry
Problem formulation. We next consider the detonation of an Argon-diluted Hydrogen/Oxygen mixture, having a molar ratio
of H2:O2:Ar = 2:1:7. The initial temperature is 298 K and the pressure is 6670 Pa. The reaction chemistry is described by
the detailed reaction mechanism of Westbrook [51], consisting of nine species (O2, H2, H2O, O, H, OH, HO2, H2O2, Ar) and
34 reversible reactions.
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Fig. 18. (Color online.) Convergence study for the one-dimensional detonation-wave problem with detailed Hydrogen chemistry (case 6), showing (a) pres-
sure and (b) minor species of Hydroperoxyl radical (reference solution for p = 3 and �/h = 28 is shown in black).

Fig. 19. Structure of the one-dimensional detonation wave with detailed Hydrogen chemistry (case 6) for (a) temperature and density, and (b) species mass
fractions of H, O, OH, and H2; results are obtained for p = 3 and �/h = 28.

The one-dimensional computational domain was initialized by a shock and CJ post-shock condition. Boundary conditions
of type (iii) are used at both ends of the computational domain. After the mixture is ignited, the system evolves until a
steady-state detonation wave is established. To assess the performance of the DG method, we consider three different poly-
nomial representations with p = {1,2,3} and different mesh refinement levels with h = {200,100,50} μm, corresponding
to �/h = {7,14,28} (with � = 1.4 mm being approximately the thickness of the induction zone). The same diagnostics as
those described in the previous section are employed. A CFL number of 0.18 is used for p = {1,2}, and CFL = 0.13 is used
for p = 3.

Simulation results. Comparisons of simulation results for different polynomial representations and mesh resolutions are pre-
sented in Figs. 18 and 19. To facilitate an objective comparison, all simulation results are presented at the same time
instance of t = 190 μs. Due to the sensitivity of the detonation speed to the spatial resolution and the polynomial repre-
sentation, the computed flame profiles are not necessarily collocated; no corrections have been made to align the flame
profiles.

The comparison of computed pressure profiles in Fig. 18(a) shows that the results obtained with a linear polynomial rep-
resentation exhibit unphysical pressure oscillations. This can be attributed to the insufficient spatial resolution. Increasing
the polynomial order, for the same spatial resolution, provides oscillation-free results. Detailed representations of detona-
tion flame structures are given in Figs. 18 and 19. In addition to the mesh converged solution (p = 3, �/h = 28; shown in
black), we also present results for p = 1 and �/h = 28 (thin red lines with symbols). Compared to the fully resolved solu-
tion, the profile obtained with the linear polynomial approximation shows a shift in the HO2 peak location and a slightly
faster detonation speed. Additional simulation results for density, temperature, and minor species mass fractions of atomic
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Fig. 20. Assessment of computational cost and convergence for the one-dimensional detonation wave with detailed Hydrogen chemistry (case 6). CPU time
is normalized with CPU time for p = 1, �/h = 7 solution: (a) von Neumann temperature, (b) von Neumann pressure, and (c) mesh resolution for all test
cases.

Table 5
Converged results for target quantities for the one-dimensional detonation-wave problem with detailed Hydrogen chemistry (case 6) and comparison with
results reported from the literature.

Simulation pvN [kPa] TvN [K] udet [m/s] Remarks

Present simulation 179.4 1926.0 1634.6 Hybrid flux formulation, Euler equations, p = 3,
�/h = 28

Houim and Kuo [29] 173.9 1915.2 1619.8 Double-flux model; Navier–Stokes equations
Lv and Ihme [37] 183.5 1965.7 1665.7 Double-flux model; Euler equations; DG method
Deiterding [52] 177.3 1921.7 1626.9 Extended Roe solver; reported oscillations along contact

discontinuity

hydrogen (H), atomic oxygen (O), hydroxyl (OH), and molecular hydrogen (H2) are presented in Fig. 19. These results are
obtained with a polynomial approximation of order p = 3 and element size of h = �/28.

An analysis of the computational cost is performed. The normalized CPU time for simulations with three different reso-
lutions (�/h = {7,14,28}) and polynomial representations (p = {1,2,3}) are reported in Fig. 20. The CPU time is normalized
with the CPU time for the calculation with p = 1 and �/h = 7. Figs. 20(a) and 20(b) show convergence rates for target
quantities of the von Neumann temperature and detonation speed as a function of normalized CPU time. These quantitative
results show that the solution with cubic polynomial representation reduces the computational cost by 60% compared to the
solution with p = 2, and even further savings are achieved when compared to the convergence rate of the linear polynomial
solution. For reference, we also included details on the corresponding mesh resolutions for all parametric investigation in
Fig. 20(c).

We conclude this investigation by reporting converged simulation results for target quantities in Table 5. For comparison,
we also present results reported from other simulations [29,37,52]. Although all reference results are obtained using differ-
ent numerical methods, these results are all in good agreement, deviating only by at most two percent from the present DG
results.

5.2.3. Case 7: two-dimensional detonation of an H2/O2/Ar mixture
Problem formulation. This test case considers the spatiotemporal evolution of a two-dimensional Argon-diluted H2/O2 deto-
nation wave. This case is identical to previous investigations [29,52,53]. The computational domain is [0,15] × [0,3] cm2 in
axial and spanwise directions. To reduce the influence of the temporal resolution, the maximum CFL number is limited to a
value of 0.18 for all test cases. The flow field is initialized with the one-dimensional detonation solution from Section 5.2.2.
Boundary conditions at the inflow and the outflow are specified by BC type (iii) from Table 2. A pocket of unburned reac-
tants is then placed at the centerline behind the shock front to disturb the initially planar shock front, promoting transition
to cellular instabilities. The chemical reaction is described by the detailed chemical model of Westbrook [51] and the com-
position of the unburned mixture is H2:O2:Ar = 2:1:7. The computational domain is discretized using quadratic elements
with h = 100 μm, corresponding to �/h = 7 (where � is the induction zone thickness), and linear and quadratic polynomial
representations are considered. With the finest resolution and quadratic polynomial representation, the total number of de-
grees of freedom with NU = 12 amounts to 48.6 × 106. All simulations were performed in parallel on 1500 processors on
an Intel Westmere-EP cluster.

Simulation results. Fig. 21 shows instantaneous Schlieren results for six different time instances. These instantaneous results
illustrate the complex multidimensional flow-field structure, the presence of a Kelvin–Helmholtz-type instability in the
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Fig. 21. Schlieren visualization (numerically evaluated as exp{−|∇ρ|/|∇ρ|max}) of the cellular detonation structure (case 7) at six different time-instances
that are separated by 6 μs. Computations are performed with p = 2 and h = 100 μm.

burned gas mixture, and regions of strong shock/shock interaction. A qualitative comparison with previous simulations
[52,53] showed that these results are in very good agreement. Consistent with the experimental observation [11], the
presence of a “strong” triple point is observed in Fig. 21(b). The primary triple point connects the Mach stem and incident
shock, while the second triple point is inert and located slightly downstream of the primary detonation front. Thanks to the
high-order accuracy, the vortex structures, which are induced by the Kelvin–Helmholtz instability along the slip line, are
fully captured even with the coarse resolution compared to that in previous numerical studies [29]. The detonation cellular
structure, shown in Fig. 22, is generated using numerical soot foil, which is defined as the local maximum heat release.
From this result, the track angle β = arctan(η/λ) can be evaluated, describing the ratio of the transverse wave speed to
the incident shock velocity. Numerical evaluation of the track angle from the simulation results shows that 32◦ � β � 35◦ ,
which is in good agreement with the experimentally reported results of 33◦ [11].

Fig. 23 compares numerical results for different resolutions. The convex reaction zone behind the Mach stem is well
captured, and results obtained with quadratic polynomial representation on the finer mesh (p = 2, h = 100 μm; Fig. 23(c))
provide a better description of the vortex roll-up and the shear layer-generated instability.

5.3. Multispecies reacting viscous test cases

The objective of the following two test configurations is to examine the accuracy of the implementation of the viscous-
diffusive transport model, the assessment of the hyperbolic operator in the limit of subsonic operating conditions, and the
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Fig. 22. Numerical soot foil of the cellular detonation wave from the simulation of a two-dimensional detonation of an H2/O2/Ar mixture with detailed
chemical kinetics (case 7). Computations are performed with p = 2 and h = 100 μm.

Fig. 23. Comparison of OH mass fraction fields for different polynomial representations and spatial resolutions (white: YOH = 0; black: YOH = 0.02) for a
two-dimensional H2/O2/Ar detonation system with detailed chemical kinetics (case 7).

algorithmic compatibility of the detailed chemistry solver. These investigations are performed by considering one- and two-
dimensional deflagration systems and the spatiotemporal evolution of a cellular instability of a diluted hydrogen/oxygen
mixture.

5.3.1. Case 8: one-dimensional H2/O2/Ar deflagration system
Problem formulation. This test case considers the one-dimensional deflagration of Argon-diluted Hydrogen/Oxygen mixtures
at different equivalence ratios φ. The thermodynamic state in the unburned mixture is specified at T = 300 K and p = 1 bar,
and the computational domain, with the length of 3 cm, is initialized with fresh mixture on the left and equilibrium product
composition on the right. The detailed chemical model due to Westbrook [51] is used to describe the combustion chemistry.
To eliminate any thermoacoustic coupling, non-reflecting boundary conditions (type (v)) are specified at the left inlet with
zero velocity. Conditions at the outflow are prescribed using BC type (iv). In the following, the flame speed as integral
quantity is used to compare the different simulation results. This quantity is evaluated at the location at which the flame
temperature is 400 K, and a bi-section method is used to evaluate the flame location from the DG solution. The CFL numbers
are set to 0.2, 0.2, and 0.13 for polynomial orders of p = 1,2, and p = 3, respectively.

Simulation results. Quantitative comparisons of computational costs and OH-profiles for different polynomial representations
and mesh resolutions are presented in Fig. 24. These results are obtained for a constant dilution ratio of 50% and an
equivalence ratio of φ = 1. Compared to shock-driven problems that have been considered in previous sections, the solution
to this deflagration wave is inherently smooth, so that the high-order convergence is not affected by the limiting procedure.
The comparison of the OH-profiles obtained with linear polynomial representation and different spatial resolutions shows
convergence to a continuous representation of the flame structure and the rapid build-up of the OH-concentration in the
primary reaction zone.

To further verify the fidelity of the developed algorithm, additional comparisons with results from Cantera [54] are
presented for different equivalence ratios and dilution ratios in Fig. 25. Cantera solves the steady-state structure of an
unstrained premixed flame at constant pressure as an eigenvalue problem by adjusting the inlet velocity in a flame-local
coordinate frame. The spatial operators are discretized using a second-order finite difference method on an adaptive mesh.
For the present comparison, the minimum grid size inside the flame region for the Cantera-simulations was set to 7.5 μm.
To facilitate a direct comparison in Fig. 25, all Cantera profiles are collocated with the flame position, which is defined as
the point with T = 400 K. The DG results are obtained with p = 3 and h = 100 μm.
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Fig. 24. (Color online.) Species profiles and computational cost for one-dimensional H2/O2/Ar deflagration wave (case 8) at equivalence ratio φ = 1 and 50%
Ar-dilution. The reference solution is obtained using p = 3 and h = 100 μm. CPU time is normalized with that for p = 1 and h = 100 μm. The resolutions
used for CPU cost analysis in (b) are: h = {100,200} μm for p = 3; h = {50,100,200} μm for p = 2; and h = {25,50,100,200} μm for p = 1.

Fig. 25. (Color online.) Verification of DG method (lines) with Cantera (symbols) for the one-dimensional H2/O2/Ar deflagration wave (case 8) showing
profiles of (a) temperature and (b) HO2 radical mass fraction for a constant dilution ratio of 50% and different equivalence ratios φ = {0.5,1,1,5}; (c) quan-
titative comparisons of flame speed for two different dilution ratios; closed symbols correspond to DG results with p = 3 and h = 100 μm, and open
symbols denote Cantera results.
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Direct comparisons of temperature and HO2 profiles show good agreement, demonstrating the accuracy of the developed
DG method. Quantitative comparisons of the flame speed as a function of φ and two different dilution ratios are illustrated
in Fig. 25(c). In this figure, solid symbols denote results from the DG method, and open symbols correspond to Cantera

results. Results obtained with both methods are in good agreement, and the differences are less than 5% over the range of
investigated operating conditions. The consistent underprediction of the flame speed from the Cantera simulations can be
attributed to the low-Mach formulation, enforcing a constant thermodynamic pressure. This approximation is not considered
in the DG formulation, which solves the fully compressible reactive Navier–Stokes equations.

5.3.2. Case 9: two-dimensional lean H2/O2/Ar deflagration wave
Problem formulation. This test case extends the deflagration-problem to a two-dimensional configuration of an ultra-lean
H2/O2/Ar flame. Differences in species mass diffusivities of the reactants lead to the formation of a thermo-diffusive insta-
bility [55,56]. The variations induced in the local flame propagation speed are characterized by the Markstein parameter,
relating flame speed and heat release to the flame curvature. The equivalence ratio of the mixture is φ = 0.4 and the re-
actants are diluted with 70% Argon by volume. The flame speed of the unstrained one-dimensional flame is sL = 0.44 m/s
and the flame thickness is approximately 540 μm. The computational domain is 2 × 1 cm2, and is discretized by quadratic
elements with spatial resolution of h = 100 μm. The DG solution is represented by cubic polynomials (p = 3); this amounts
to a total of 3.2 × 105 degrees of freedom for each state variable (with NU = 12). CFL numbers are set to 0.2, 0.2, and 0.13
for polynomial orders of p = 1,2 and p = 3, respectively. Periodic boundary conditions are applied at the top and bottom
of the domain. To prevent the reflection of spurious waves, boundary conditions of type (v) and (iv) are applied at the inlet
and outlet, respectively. The flow field is initialized with the one-dimensional freely-propagating flame solution (obtained
from precomputed one-dimensional DG solution), and the flame is perturbed by imposing a harmonic velocity perturbation
in the region of the burned mixture.

Simulation results. The temporal evolution of the flame front for this fuel-lean hydrogen mixture is shown in Fig. 26. The
flame dynamics is controlled by hydrodynamic and thermo-diffusive instabilities. In response to the initial perturbations
and the thermal expansion, the flame stretches, leading to the formation of the hydrodynamic instability. This instability
is eventually stabilized by the thermal-diffusive mechanism due to preferential diffusion effects. Specifically, at the front
of the convex flame segments, the lighter species of H2 and H tend to diffuse into the post-reaction zone, which leads to
increased burning rates and the formation of a radical pool. In contrast, local straining and depletion of hydrogen in the
flame-concave region decrease the local burning rate and the available radical pool, which is accompanied by disconnection
of the reaction zone. The physical processes that describe the instability behavior, shown in Fig. 26, are consistent with
theoretical results [56] and previous numerical investigations [57].

To further investigate the convergence in polynomial order and spatial resolution, quantitative comparisons along line
cuts through the inflection points are performed (see Fig. 26). These measurement locations are denoted by “line A” (at
y = 1.5 mm) and “line B” (at y = 2.5 mm). Presented in Fig. 27 are comparisons of the hydrogen consumption rate and
the OH mass fraction as a function of axial distance through the flame at t = 0.6 ms. All results are normalized by values
of maximum fuel-consumption rate and YOH of a freely propagating unstretched flame. Direct comparison of the results
for different polynomial representations further emphasizes the benefit of the high-order method for combustion. In par-
ticular, it can be seen that a fourfold finer grid is necessary for p = 1 in order to achieve accuracy comparable to that
obtained with a cubic polynomial representation. Expressed in terms of degrees of freedom, this translates to a factor of
four difference in DOF for a two-dimensional application, and further improvement can be anticipated for three-dimensional
simulations.

6. Conclusions

In this work, a discontinuous Galerkin method for simulating combustion and chemical reacting flows was developed. The
presented algorithm enables the consideration of temperature- and mixture-dependent thermo-viscous-diffusive properties
and complex reaction chemistry. A hybrid flux formulation was developed which combines a conservative Riemann solver
at shock discontinuities with an extended double-flux formulation in smooth regions.

A computationally efficient splitting scheme was proposed in which the chemically stiff substep is advanced in the strong
form using a time-implicit scheme, and convective and diffusive fluxes are solved in the weak form. The WENO-based limiter
by Zhong and Shu [30] was extended to multicomponent systems, and all viscous-diffusive terms were approximated using
the second form of Bassi and Rebay [32]. A set of boundary conditions for the treatment of convective and viscous operators
was proposed for supersonic and subsonic conditions.

A series of one- and two-dimensional test cases were considered to assess the performance and accuracy of this DG
algorithm. These cases included multicomponent shock-interaction problems in one- and two-dimensions to demonstrate
accuracy and performance of the flux-formulation, the shock-capturing scheme, and convergence properties. Simulation
results of a two-dimensional shock/bubble-interaction problem were compared with data reported in the literature, and
the effects of increasing polynomial resolution and spatial refinement on the temporal evolution of the mixing rate were
assessed, showing that increasing spatial resolution is beneficial in representing the interface compared to polynomial re-
finement.
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Fig. 26. (Color online.) Temporal evolution of an unstable ultra-lean H2/O2/Ar flame (case 9) showing (left) temperature and isocontours of fuel-consumption
rate and (right) OH mass fraction at four different time instances. Simulations are performed with p = 3 and h = 100 μm.

Following these inert test configurations, a series of detonation problems were considered, which were performed with
one-step and detailed reaction chemistry. In these test cases, the temporal convergence rate of the splitting scheme was
evaluated, demonstrating second-order accuracy, and the grid convergence was assessed up to cubic polynomial order. Two-
dimensional simulations of a stoichiometric Argon-diluted H2/O2 system were performed to provide a qualitative assessment
of the polynomial refinement on the representation of cellular detonation structures, the spatiotemporal evolution of the
hydrodynamic instabilities, and the complex triple-point structure.

Discretization of the viscous operator and subsonic boundary conditions in the absence of shock discontinuities was then
investigated by considering two different deflagration problems. Quantitative comparisons of the flame structure and global
flame properties were performed to examine the convergence rate with respect to polynomial refinement (up to p = 3)
and spatial resolution. It was shown that the p-refinement provides a better description of the localized reaction zone and
flame structure. Furthermore, the lower dissipation of the higher-order polynomial approximation captures short-wavelength
perturbations, which are often associated with the onset of hydrodynamic instabilities and the development of vortical
structures.



Y. Lv, M. Ihme / Journal of Computational Physics 270 (2014) 105–137 133
Fig. 27. Comparison of simulation results for (a, b) fuel consumption rate and (c, d) OH mass fraction along line segments A at time t = 0.6 ms for ultra-lean
H2/O2/Ar flame (case 9). All results are normalized with maximum values of OH mass fraction and H2 reaction rate of an unstretched freely propagating
flame.
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Appendix A. Viscous-diffusive flux Jacobian

The detailed description of the viscous-diffusive flux Jacobian, which is used for discretization of the viscous operator, is
given for the case of ND = 2 in this section. The viscous flux D = D(U ,∇U ) ∈R

NU ×ND can be written in index form for the
spatial dimensions,

D i = Ai j∂ j U with Ai j = ∂ D i

∂(∂ j U )
, (45)

where i and j are indices in ND . For any combination of (i, j), the viscous-diffusive matrix is Ai j ∈R
NU ×NU .

Before introducing the matrices Aij , we first derive expressions for temperature and recall that we use the effective ratio
of specific heats γ ∗ . The temperature T can be obtained from the conservative state vector as:

T = M(γ ∗ − 1)

ρR

(
ρE − 1

2

(ρu)2

ρ

)
with M =

(
1

ρ

N S∑ ρYα

Mα

)−1

, (46)

α=1
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where ρ =∑N S
α=1 ρYα . With this, the temperature can be linearized as:

dT =
N S∑

α=1

∂T

∂(ρYα)
d(ρYα) + ∂T

∂(ρu)
d(ρu) + ∂T

∂(ρE)
d(ρE), (47)

with

∂T

∂(ρYα)
= 1

2

M(γ ∗ − 1)

ρ2R
(ρu)2

ρ
− T M

ρMα
, (48a)

∂T

∂(ρu)
= − M(γ ∗ − 1)

ρ2R
(ρu), (48b)

∂T

∂(ρE)
= M(γ ∗ − 1)

ρR
. (48c)

The components of the matrix A for a two-dimensional configuration take the following form:

A11 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0

B
...

...
...

0 0 0

− 4
3νu1 . . . − 4

3νu1
4
3ν 0 0

−νu2 . . . −νu2 0 ν 0

C1 + κ ∂T
∂(ρY1)

. . . C1 + κ ∂T
∂(ρY N S )

4
3νu1 + κ ∂T

∂(ρu1)
νu2 + κ ∂T

∂(ρu2)
κ ∂T

∂(ρE)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (49)

A12 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 · · · 0 0 0 0
...

. . .
...

...
...

...

0 · · · 0 0 0 0
2
3νu2 · · · 2

3νu2 0 − 2
3ν 0

−νu1 · · · −νu1 ν 0 0

− 1
3νu1u2 · · · − 1

3νu1u2 νu2 − 2
3νu1 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (50)

A21 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 · · · 0 0 0 0
...

. . .
...

...
...

...

0 · · · 0 0 0 0

−νu2 · · · −νu2 0 ν 0
2
3νu1 · · · 2

3νu1 − 2
3ν 0 0

− 1
3νu1u2 · · · − 1

3νu1u2 − 2
3νu2 νu1 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (51)

A22 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0

B
...

...
...

0 0 0

−νu1 · · · −νu1 ν 0 0

− 4
3νu2 · · · − 4

3νu2 0 4
3ν 0

C2 + κ ∂T
∂(ρY1)

· · · C2 + κ ∂T
∂(ρY N S )

νu1 + κ ∂T
∂(ρu1)

4
3νu2 + κ ∂T

∂(ρu2)
κ ∂T

∂(ρE)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (52)

where ν = μ/ρ is the kinematic viscosity, and

C1 = −1

3
ν
(
4u2

1 + 3u2
2

)
, (53)

C2 = −1

3
ν
(
3u2

1 + 4u2
2

)
. (54)
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The matrix B , appearing in Eqs. (49) and (52), has the following form:

B =

⎛⎜⎜⎜⎜⎜⎝
α1(1 − Y1) α1 α1 · · · α1

α2 α2(1 − Y2) α2 · · · α2

...
. . .

. . .
. . .

...

αN S−1 · · · αN S−1 αN S −1(1 − Y N S−1) αN S −1

αN S · · · αN S αN S αN S (1 − Y N S )

⎞⎟⎟⎟⎟⎟⎠ , (55)

and the thermo-viscous-diffusive transport coefficients, α,μ, and κ , are evaluated from Chemkin transport libraries [58].

Appendix B. HLLC flux formulation

This section provides details on the HLLC flux formulation [36] used for discretizing the convective fluxes. The computa-
tion of the approximate Riemann flux in the HLLC formulation follows a three-step procedure. In the first step, the primitive
variables are evaluated from U , and the pressure at the interface is computed as:

p∗ = max(0, ppvrs) with ppvrs = 1

2
(pL + pR) − 1

2
(uR − uL)ρ̄ c̄, (56)

where the subscripts “L” and “R” refer to the left and right states, “pvrs” denotes Primitive Variable Riemann Solver, and

ρ̄ = 1

2
(ρL + ρR), (57a)

c̄ = 1

2
(cL + cR), (57b)

uL = uL · n̂, (57c)

uR = uR · n̂, (57d)

where n̂ refers to the unit vector normal to the interface.
In the second step, the wave speeds based on the three wave configurations, including left, right, and intermediate waves,

are evaluated:

S∗ = pR − pL + ρLuL(SL − uL) − ρRuR(SR − uR)

ρL(SL − uL) − ρR(SR − uR)
, (58)

with

SL = uL − cLqL, (59a)

SR = uR + cRqR, (59b)

and

qK =
{

1 if p∗ � pK,

[1 + γ ∗+1
2γ ∗ (

p∗
pK

− 1)]1/2 if p∗ > pK,
(60)

where K ∈ {L, R}. From this, the flux is evaluated in the last step as:

( F̂ · n̂)HLLC =

⎧⎪⎪⎨⎪⎪⎩
F L · n̂ if 0 < SL,

F L · n̂ + SL(U ∗
L − U L) if SL � 0 < S∗,

F R · n̂ + SR(U ∗
R − U R) if S∗ � 0 < SR,

F R · n̂ if SR � 0,

(61)

where F K refers to the Euler flux on the left or right states, and

U ∗
K =

(
SK − uK

SK − S∗

)⎡⎣ ρKY T
K

ρKuK + ρK(S∗ − uK)̂n
ρK EK + (S∗ − uK)[ρK S∗ + pK

(SK−uK)
]

⎤⎦ . (62)

It can been seen that the HLLC flux automatically reduces to an upwind flux at the shock front, which supports the rationale
of introducing the hybrid flux formulation for variable thermodynamic properties.
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