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This manuscript is concerned with the detection of shock discontinuities in the solution of 
conservation laws for high-order discontinuous Galerkin methods. A shock detector based 
on the entropy residual is proposed to distinguish smooth and non-smooth parts of the 
solution. The numerical analysis shows that the proposed entropy residual converges if the 
true solution is smooth and sufficiently regularized in space and time. To precisely localize 
discontinuities of different natures, an approach is developed that dynamically sets the 
threshold on the detection function, such that the detection criterion retains its sensitivity 
to the characteristics of the local solution. The implementation is conducted in an entropy-
bounded discontinuous Galerkin framework, and numerical tests confirm the convergence 
property of the entropy-residual formulation and the effectiveness of the thresholding 
procedure. This shock detector is combined with an artificial viscosity scheme for shock 
stabilization. Comparison with other detectors is performed to demonstrate the excellent 
performance of the entropy-residual based shock detector for a wide range of problems on 
regular and triangular grids.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

The lack of robustness, especially for under-resolved flow features, is one of the major barriers impeding the application 
of high-order numerical schemes to technical problems. Flow-field discontinuities, such as shocks and contacts, are typical 
examples of such under-resolved flow features. Without any treatment, high-order approximations of these discontinuities 
result in unbounded oscillations (often referred to as non-linear instabilities [1]) that lead to the divergence of the solver. 
Due to this issue, the development of shock-stabilization techniques gained substantial attention over the past years. How-
ever, the accurate detection of discontinuities is an essential requirement for effectively applying these shock-stabilization 
techniques. Without a robust shock detector, the solution in smooth flow regions might be improperly modified, resulting in 
the deterioration of the numerical accuracy and the physical description. Hence, this motivates the development of a robust 
shock detector for localizing discontinuous solutions. In this regard, numerous works have addressed the development of 
shock detection in the context of finite-volume and finite-difference schemes. Jameson et al. [2] proposed to use the cell-
wise pressure jump as shock sensor for finite-volume schemes, which was widely used for supersonic aerodynamic flow 
calculations. For high-order reconstruction-based finite-volume schemes, the relative difference between the reconstructed 
face value and the cell-centered value for pressure or density are proven to be very robust for localizing shocks even in 
complex flow configurations [3,4]. Ducros et al. [5] extended Jameson’s shock detector to finite-difference schemes, and 
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combined it with the relative magnitude between dilatation and vorticity, for the application to shock/turbulence interac-
tion problems. Later, Bhagatwala and Lele [6] extended the idea by Ducros et al. to consider the dilatation in the vicinity of 
shocks. Sjögreen and Yee [7] proposed a wavelet shock detector that determines the discontinuity by referring to the Lips-
chitz exponent of a characteristic variable expanded on a chosen non-orthogonal wavelet basis. Ziegler et al. [8] developed 
a shock detector for hybrid WENO-central finite difference schemes based on Liu’s entropy condition that localizes shocks if 
the characteristic speed is locally bounded by the values on the left and right sides of the stencil.

For high-order discontinuous Galerkin schemes, several shock detectors have been proposed. An earlier version of the 
shock detector is embedded in the TVB-limiter with a tunable parameter [9]. This detector has been primarily adopted 
in DGP1 and DGP2 schemes, and it was shown that the results are insensitive to this value over a relatively broad range 
of conditions. Krivodonova et al. [10] proposed a shock detector that is based on the jump of density or entropy at ele-
ment interfaces. This detector shows good performance in most of the tests but might result in some mis-detection along 
shear layers. Persson and Peraire [25] formulated a detector that assesses the smoothness based on the modal decay of the 
polynomial solution approximation. Vuik et al. [11] developed a detection procedure by projecting the DG-solution onto a 
multiwavelet basis. Troubled cells are then determined if the growth of the high-level modes in the multiwavelet decompo-
sition are noticeable. For comparison of the performance of different detectors, the reader is referred to the review by Qiu 
and Shu [12]. Essential requirements on a shock detector are:

1) capability to distinguish smooth and discontinuous parts of the solution;
2) adaptability to different problem settings and a wide range of operating conditions;
3) extendability to arbitrary discretization schemes and spatial dimensions.

With this in mind, the objective of this work is to develop a shock detector that is based on an entropy residual. For 
generic conservation laws, the entropy residual is zero where the solution is sufficiently regularized, and strictly negative 
in the region with non-smooth and discontinuous solutions [13,14]. Physically, the entropy residual plays an essential role 
in distinguishing discontinuities from smooth solutions. This property naturally fulfills the first requirement listed above, 
with which we attempt to explore the potential of using the entropy residual as a shock detector for high-order numerical 
schemes on general grids and a wide range of flow conditions. Similar to other detectors, a flagging criterion for troubled 
cells takes the form:

|R̃U (Ue)| > ε , (1)

where the left-hand-side (LHS) is the detection function that is built on the entropy-residual R̃U and ε is a threshold value. 
An attractive property of this method, demonstrated in this work, is that the detection function converges to zero for smooth 
solutions, so that the shock stabilization is strictly applied only to non-smooth and under-resolved regions in the flow field. 
In addition, a dynamic threshold-setting (DTS) procedure is proposed to automatically determine ε by considering shocks of 
different characteristics.

The utilization of the entropy residual for shock capturing has been considered in the past [15,16]. Compared to pre-
vious work, the significance and difference of the present work is threefold: (1) develop a robust shock detector that is 
independent of any stabilization technique; (2) present a simple formulation for an entropy-residual approximation and 
prove the convergence property; and (3) develop a parameter-free criterion that is able to identify discontinuities of differ-
ent strengths and characteristics. To test the performance, this detector is combined with an artificial viscosity (AV) method 
that is specifically developed for explicit calculations.

The remainder of the manuscript is organized as follows: Section 2 introduces the governing equations, the discretization 
scheme and the artificial-viscosity formulation. The formulation and the consistent discretization of the entropy residual is 
introduced in Sec. 3. This is followed by analyzing the convergence property, which represents the essential part of this 
work. To supplement this shock-detection approach, a detailed discussion on setting the threshold will be given in Sec. 4. 
This is followed by the description of the algorithm and the integration of the shock detector in a shock-stabilization 
technique in Sec. 5. Section 7 is concerned with the application of the detector to a number of test cases, including several 
supersonic problems with different discontinuities, shock-vortex interaction, and a detonation configuration. Comparison 
with different shock detectors is included. The manuscript finishes with conclusions.

2. Mathematical model and numerical techniques

2.1. Governing equations

The governing equations that are the basis of the present work are a system of conservation laws, written as:

∂tU + ∇ · F = 0 , (2)

where the solution variable U ∈ R
Nv and the convective flux term F ∈ R

Nv ×Nd . Here, Nv is the dimension of the solution 
vector and Nd denotes the spatial dimension. The temporal derivative is denoted by ∂t , and ∂i represents the derivative with 
respect to the spatial dimension xi . This system has an associated entropy extension. For a convex function U = U(U), we 
have the relation [14]:

∂tU + ∇ ·F ≤ 0 , (3)
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where F is the corresponding entropy flux. In the region of a smooth solution, the equality holds, while the LHS becomes 
negative in the vicinity of discontinuous solutions. To regularize the system at discontinuities, a Laplacian viscosity term is 
added to the right-hand-side (RHS) of Eq. (2):

D = ∇ · FAV = ∇ · (μe∇U) , (4)

with μe being the artificial viscosity. Since we consider a variational formulation, we assume that μe is element-wise 
constant in the present study.

2.2. DG-discretization

We consider the problem to be posed in the domain � with boundary ∂�. A mesh partition is defined as � = ∪Ne
e=1�e , 

where �e corresponds to a discrete element of this partition. The edge of element �e is defined as ∂�e . To distinguish 
different sides of the edge, the superscripts “+” and “−” are used, denoting the interior and exterior, respectively. We 
define a global space of test functions as:

V = ⊕Ne
e=1Ve with Ve = span{ϕn(�e)}N p

n=1 , (5)

where ϕn is the nth polynomial basis, and Np is the number of bases. On the space Ve we seek an approximate solution to 
Eq. (2) of the form:

U � U = ⊕Ne
e=1Ue , Ue ∈ Ve , (6)

where the solution vector Ue in each individual element takes the general form:

Ue(t, x) =
N p∑

m=1

Ũe,m(t)ϕm(x) . (7)

The unknown vector of basis coefficients Ũe,m ∈R
Nv ×N p is obtained as solution of the discretized variational form of Eq. (2)

with the addition of the artificial viscosity:

dŨe,m

dt

∫
�e

ϕnϕmd� −
∫
�e

∇ϕn · F (Ue)d� +
∫

∂�e

ϕ+
n F̂ (U+

e , U−
e , 	n)d� = D(Ue,ϕn) , (8)

∀ϕn with n = 1, . . . , Np . The numerical Riemann flux F̂ is evaluated based on the states at both sides of the interface ∂�e

and the outward-pointing normal vector 	n. In this study, we use the Rusanov flux [17] to compute F̂ .
The RHS of Eq. (8), D(Ue, ϕn), is the discretized diffusion term for shock stabilization. Among the different choices of 

discretization formulations, the BR2-scheme [18] is used because of the compactness-preserving and optimal convergence 
properties. In BR2, D(Ue, ϕn) is expanded as [18]:

D(Ue,ϕn) =
∫
�e

∇ϕn · (μe∇Ue)d� −
∫

∂�e

(∇ϕ+
n · 	n) [μe(U+

e − Û )]d� +
∫

∂�e

ϕ+
n F̂AV · 	nd� , (9)

where ̂· denotes the interface quantity, and the choice of this type of quantities are substantiated in [18]. Time integration 
is facilitated by a Runge–Kutta scheme, leading to a RKDG framework, originally developed by Cockburn and Shu [9,19]. 
This framework was further extended [20] to enhance the robustness by imposing entropy boundedness. This treatment 
avoids the appearance of nonphysical quantities. Because of this significant advantage, all algorithms in the present study 
are implemented in this entropy-bounded discontinuous Galerkin (EBDG) solver.

2.3. A simple artificial-viscosity technique

To test the performance of the proposed detection procedure, we combine our shock detector with an artificial-viscosity 
shock-stabilization technique. From a general point of view, shock-stabilization techniques are typically separated into two 
categories, namely limiters and artificial viscosity (AV). Limiters are generally applied after the solution is updated for each 
time step. Well-known examples include the classic TVB-limiter [9,19], the moment limiter [21] and the WENO-limiter [22,
23]. Shortcomings of these limiting techniques are the lack of support for multi-dimensional curved elements and for ap-
proximation orders higher than three. Compared to limiting, AV-techniques have advantages in terms of preserving sub-cell 
resolution and adapting to curved elements. Because of this, AV has gained considerable attention over recent years. Hart-
mann [24] developed an AV-formulation using the scaled residual for solving steady-state problems. Another well-known 
formulation, proposed by Persson and Peraire [25], builds on the high-order moment representation in cell-local solutions, 
with the viscosity magnitude scaled as h/p. Nguyen et al. [26] extended this formulation to RANS simulations. Other AV-
implementations for high-order schemes can be found in [16,27,28]. Although considerable progress has been made on this 
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Fig. 1. (a) Eigen-structure modification by AV and the scaling of (b) R(λadv )min and (c) R(λAV )min with respect to element size h.

aspect, most AV-schemes can lead to significant time-step restrictions for explicit calculations, resulting from the stiffness 
that is introduced by diffusion. To address this issue, we propose an AV-scheme that is based on the eigen-spectrum of the 
discretization operator to minimize the stiffness addition. This AV shock-stabilization technique is subsequently combined 
with the proposed shock detector in the present study.

The proposed AV-formulation is developed based on the Fourier analysis of the discretized scalar equation, for which the 
governing equations, Eq. (2), are simplified to

∂t U + a∂xU = μe∂
2
x U , (10)

where a is the advection speed and we assume that μe is added locally into one element. With the DG-scheme, given in 
Sec. 2.2, the semi-discretized form of this equation can be written in matrix form [29]:[

dŨe,m

dt

]
=

(
Madv +MAV

)[
Ũe,m

]
, (11)

where the eigenvalues of Madv correspond to all advection modes. We use the smallest negative real eigenvalue, 
R(λadv)min, to denote the dominating mode, which might be approximated as:

R(λadv)min ≈ −B1(p)
a

h
. (12)

The addition of MAV affects the eigen-structure, as illustrated in Fig. 1(a), consequently leading to the change of R(λadv )min
to R(λadv+AV )min. Since this modification results from viscous effects, we approximate this through the following expres-
sion:

R(λadv+AV )min −R(λadv)min ≈ −B2(p)
μ0

h2
. (13)

For explicit time integration, the larger magnitude of R(λadv+AV )min leads to a smaller time-step size. Therefore, to control 
the amplification effect of the AV-addition on the eigenvalue mode, we introduce a linear relation:

R(λadv+AV )min = βR(λadv)min , (14)

in which β is a parameter determining both the amount of AV-addition and the time-step size for explicit time integration. 
Based on the above argument, a suitable choice for β is 1 ≤ β ≤ 2; β ≥ 2 implies that viscous effects introduced by AV 
locally overwhelm the advection dynamics. Therefore, the range of the parameter is significantly constrained. To find the 
proper value for μe , we combine the relations in Eqs. (12)–(14), resulting in the following expression for AV:

μe = (β − 1)
B1(p)

B2(p)
ah , (15)

in which the constants B1 and B2 are both functions of p and can be determined numerically, as shown in Fig. 1(b, c) 
and in Table 1. Since 	t ∼ O(h) for convection-dominated problems, the scaling of μe , μe ∼ O(h), is consistent with the 
formulation due to Persson and Peraire [25]. However, the advantage of this new formulation is that a rigorous expression 
is given for different orders of bases, instead of a simple scaling argument. Although the optimal value of β has to be 
determined though numerical experiments, we found a rather robust selection of β with β = 1.15 for linear cases and 
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Table 1
Constants derived from the stability analysis for different orders of polyno-
mial bases.

Order B1 B2

DGP0 (p = 0) 2.0 2.0
DGP1 (p = 1) 6.0 20.5
DGP2 (p = 2) 11.8 74.0
DGP3 (p = 3) 19.1 173.0
DGP4 (p = 4) 27.8 362.3

β = 1.5 for nonlinear cases. For nonlinear conservation laws which are the main focus of this study, Eq. (15) can be directly 
extended to an element-wise AV-formulation:

μe = (β − 1)
B1(p)

B2(p)
λehe , (16)

where he is the local element size and λe is taken to be the maximum characteristic speed over all quadrature points in �e .

3. Development of shock detector based on entropy residual

In this section, we will introduce the concept of entropy residual and its discretization. This is followed by numerical 
analysis of the fully discretized form of the entropy residual.

3.1. Entropy residual

For a generic system of conservation laws with entropy extension, the entropy residual of an entropy function, U(U), is 
defined as [14,30]:

RU = ∂tU + ∇ ·F , (17)

for the exact solution. To facilitate shock detection, we construct a measure for the entropy residual of the discretized 
solution. For this, we represent the exact solution in Eq. (17) with the cell-local approximation, Ue , and evaluate the 
element-wise entropy residual by the following semi-discrete form:

RU (Ue) = 1

|�e|
∫
�e

[∂tU(Ue) + ∇ ·F(Ue)] d� . (18)

Since Ue is a local approximation to Ue , the property of the “true” entropy residual is expected to be retained in this 
formulation, subject to approximation errors. The temporal derivative is approximated by a finite difference scheme,

R̃U (Ue) = 1

|�e|
∫
�e

[
U(Ue(t + 	t)) − U(Ue(t))

	t
+ 1

2
∇ · (F(Ue(t)) +F(Ue(t + 	t))

]
d� , (19)

which produces the fully discretized approximation to the element-wise entropy residual. Here we only present one way to 
discretize the entropy residual, and other methods, such as variational discretization, are equally possible. Since, however, 
we are using Eq. (19) as a detector, we found that this expression introduces the least computational overhead, and provides 
a straightforward and intuitive implementation.

3.2. Numerical analysis

To conduct numerical analysis, necessary notations and preliminaries are first introduced. We use ‖ · ‖r to denote the 
Sobolev norm in H r, where H is a Hilbert space. When r = 0, this reduces to the standard L2-norm. In addition, we use 
the notation Pp to denote a polynomial space of order p. In addition, we recall the following theorem [31], forming the 
foundation for our analysis.

Theorem 1. For X ∈ H r(�e) and its polynomial approximation Xh ∈Pp(�e), we have

‖X − Xh‖q,�e ≤ Chσ−q
e ‖X‖r,�e ,

for 0 ≤ q ≤ σ , and σ = min(p + 1, r), where he is the size of the element �e and C is a constant that is independent of X and he.
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Remark 1. According to this theorem, if X is sufficiently smooth, for instance, X ∈ H∞ , we can expect optimal convergence 
for the approximation error in L2:

‖X − Xh‖0,�e ≤ C1hp+1
e ,

‖∂i X − ∂i Xh‖0,�e ≤ C2hp
e .

For convenience, here we embedded ‖X‖ into the constants C1 and C2, since it is not essential to the analysis.

By utilizing these results, an error estimate for the proposed detection function can be established. Consider an ap-
proximation to a sufficiently regularized solution that satisfies RU (U) = 0. Upon applying RKDG, there is strong evidence 
[9,19] that the optimal convergence can be achieved in the L2-norm under a proper CFL-constraint. In other words, for 
t ∈ [tn, tn + 	t],

‖U − U‖0,� ≤ C3hp+1
m , (20)

where hm = max
e

{he} and C3 might depend on U, t or p, but is independent of hm (the same is true for the constants intro-

duced next). According to Theorem 1, this observation implies that the exact solution U is at least in Hp+1. Furthermore, 
with the relation ‖U − U‖2 = ∑

e
‖Ue − Ue‖2, we can also obtain an error estimate for a cell-local solution in �e , taking the 

form

‖Ue − Ue‖0,�e ≤ C3hp+1
m . (21)

Then based on Remark 1, we also conclude that

‖∇ · Ue − ∇ · Ue‖0,�e ≤
∑

i

‖∂iUe − ∂i Ue‖0,�e ≤ C4hp
m . (22)

The next step is to derive the error estimate for the entropy function and the flux terms. For this, it generally requires that 
U and F both are at least H1 functions of U , so that

‖U(Ue) − U(Ue)‖0,�e � sup
�e

∣∣∂U/∂U
∣∣ ‖Ue − Ue‖0,�e ≤ C5hp+1

m , (23)

‖∇ ·F(Ue) − ∇ ·F(Ue)‖0,�e � sup
�e

|∂F/∂U| ‖∇ · Ue − ∇ · Ue‖0,�e ≤ C6hp
m , (24)

where the absolute-valued operator | · | is applied to each entry of the vector. Under the desired CFL-constraint, the es-
tablished error estimates, Eqs. (21)–(24), hold over the entire time interval [tn, tn + 	t]. With these relations and the 
Cauchy–Schwarz inequality, the manipulation leads to the following relation (see derivation in Appendix A):

	t|�e||R̃U (Ue)| ≤ C7|�e|1/2hp+1
m + C8|�e|	t2 + C9|�e|1/2	thp

m . (25)

By introducing the relation |�e| ∼ hNd
m and a generic CFL-constraint 	t ∼ hm for convection-dominated problems, we obtain

|R̃U | ≤ C10hr
m, r = min

(
p − Nd

2
,1

)
. (26)

Hence, for a high-order approximation (p ≥ 2 with at least third-order accuracy) to smooth problems, the detection function 
introduced here, |R̃U |, has first-order convergence with respect to grid refinement under the condition p ≥ 1 + Nd/2. The 
numerical property has important implications: Suppose that troubled cells are initially flagged due to a poor resolution. 
With increasing resolution (i.e. p or h refinement) the magnitude of the detection function decreases, and after the res-
olution reaches a certain level such that |R̃U | becomes less than the threshold ε, no troubled cells will be flagged. This 
numerical property will be verified though test cases in Sec. 7.

4. Dynamic threshold setting (DTS)

In the previous section, numerical properties of the proposed entropy-residual formulation were analyzed for sufficiently 
smooth solutions. For non-smooth solutions, the entropy-residual detection function is expected to be of order unity. Based 
on this significant magnitude difference, a threshold value ε is commonly set in the detection criterion, Eq. (1). However, 
based on our experience, this direct approach often fails due to its insensitivity to shock discontinuities with different 
characteristics. For example, if gas-dynamic applications are of concern, it is easy to imagine that the threshold designated 
for hypersonic flows has to be different from that for a weak shock with Mach number slightly above one. Therefore, from 
a practical point of view, we have to incorporate the sensitivity into our detection criterion so that it is adaptable to the 
local solution with different characteristics.
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Now the question is what is the magnitude of the detection function in the presence of a shock discontinuity. For this, 
we attempt to estimate a local upper bound by using the element-averaged information in the troubled cell and compact 
neighbors. In the following, an element-averaged quantity is denoted by an overbar, and the maximum value among its 
compact neighborhood is denoted by a star. For this, we consider the Euler system, and assume that the total change in 
entropy in �e is small over 	t . For a numerically diffused shock front inside or around �e , the detection function can be 
approximated as:

|R̃U | ∼ 1

|�e|
∫
�e

∂(ρus)

∂x1
d�e , (assume the maximum of entropy flux variation along x1)

∼ 1

he
(ρ̄∗ū∗ s̄∗ − ρ̄ūs̄) , (approximate sub-cell using neighboring information)

∼ s̄

he
(ρ̄∗ū∗ − ρ̄ū) , (s̄∗ = s̄ +O(	u3))

∼ s̄ρ̄vs

he

(
ρ̄∗

ρ̄
− 1

)
, (introduce vs as shock velocity)

∼ 1

he

(
|ū| + c̄

√
γ − 1

2γ
+ γ + 1

2γ

p̄∗
p̄

) 2
γ −1

(
p̄∗
p̄ − 1

)
s̄ρ̄

γ +1
γ −1 + p̄∗

p̄︸ ︷︷ ︸
Ce

11

. (shock jump relation and shock velocity)

According to this analysis, it is confirmed that the magnitude of the detection function is of order unity in the presence of 
shock discontinuities due to the CFL-constraint 	t ∼ h. Meanwhile, the introduced parameter Ce

11 contains the influence of 
the local flow characteristics on the entropy residual, in the presence of a local pressure ratio, p̄∗/p̄. Based on this estimate, 
we conservatively propose ε = Ce

11 as a local threshold in �e , which is one order of magnitude smaller than the estimated 
value and incorporates the local solution characteristics. In addition, by comparing this result with Eq. (26), we can expect 
this threshold to be effective in avoiding mis-detection of smooth solutions since it is generally one order of magnitude 
larger than the resulting detection function. In the above estimate, p̄∗/p̄, applies under the assumption of the existence of a 
shock discontinuity. If this ratio is lower than the pressure ratio resulting from a shock, for consistency with the assumption, 
we replace p̄∗/p̄ in the above formulation with the pressure ratio across a weak shock.

As a closing remark, it is worth mentioning that this shock detector is developed independently of any specific 
shock-stabilization technique. In the following, the artificial viscosity method given in Sec. 2.3, will be adopted as the 
shock-stabilization technique in this study. At the algorithmic level, the implementation of the shock-detection and 
the shock-stabilization follows directly and will be addressed in Sec. 5.

5. Algorithmic details

Here, we will provide implementation details concerning the integration of the proposed shock detector with the shock-
stabilization technique. The algorithm is implemented in an entropy-bounded DG framework [20] with standard RK45 time 
integration. The advantage of this EBDG-framework is the guaranteed robustness by imposing the entropy-bounding operator 
L at each RK-stage to avoid the appearance of non-physical conditions. Considering that the addition of artificial viscosity 
interferes with the shock detection, we alternate the application of artificial viscosity between successive time steps. The 
details are summarized in Algorithm 1, in which DetectFlag is used as an alternating controller. When DetectFlag is 
true, the shock detector is activated and artificial viscosity is omitted, and vice versa.

6. Reference detectors for comparative study

The developed entropy-residual detector is compared to the shock detectors proposed by Krivodonova et al. [10] and by 
Persson and Peraire [25].

The detector by Krivodonova et al. [10] flags troubled cells based on the solution jump along elemental interfaces:

Ie = | ∫
∂�e

(e − nbe )d�|
h(p+1)/2|∂�e| ‖e‖ , (27)

where  is a scalar quantity, often chosen to be density or entropy [10]. According to the original paper, an element �e is 
identified as troubled cell for the condition that satisfies

Ie > cK with cK = 1 . (28)
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Algorithm 1: Implementation of the proposed shock-capturing method in the EBDG framework.

Initialization: Initialize solution vector U (x, 0) = U0 and determine s0 for EBDG formulation
DetectFlag ← True
while t ≤ tend do

Find the minimum permissible time step 	tmin over all elements (see [20] for more details)
for each stage k of the Runge–Kutta integration do

for each element do
D = 0
if DetectFlag = False then

Evaluate D according to Eq. (9)
end
Compute residual with contribution of D and update solution vector
Apply EBDG bounding operator L on the updated solution U k+1 (see [20] for details)

end
end
if DetectFlag = True then

Compute entropy-residual and mark troubled cells according to Eq. (1)
end
DetectFlag ← !DetectFlag
Advance time t = t + 	tmin

end

The detector by Persson and Peraire [25] assess the smoothness of the local solution through the following equation

Se =
∫
�e

(
e − 

p−1
e

)2
d�∫

�e
2

e d�
, (29)

in which  is also a scalar quantity and p−1
e refers to the representation on a truncated basis with order p − 1. According 

to the Fourier expansion, the quantity, Se , is proportional to p−4 for smooth profiles. For non-smooth solution, Se becomes 
large and deviates from this scaling arguments. Therefore, the following criterion, adapted from Persson and Peraire [25], 
can be proposed

Se > cPPp−4 , (30)

for selecting troubled cells, where cPP is a tunable parameter and depends on flow configurations and scheme resolutions. 
To establish an objective comparison, an a posteriori analysis is performed to identify an optimal threshold value cPP (see 
Sec. 7.1), and  is chosen to be the physical entropy. Although the entropy is attributed to all the shock detection procedures 
considered here, for the shock detectors by Krivodonova et al. [10] and by Persson and Peraire [25] the entropy is used as a 
scalar field while in our approach entropy is only a part of the contribution from the entropy-residual evaluation of Eq. (19). 
The developed DTS procedure is also applied for our entropy-residual detector. From Eqs. (28) and (30), it is evident that 
the detection criteria are dependent on element size, h, and polynomial order, p. The performance of the different detectors 
to mesh resolution and polynomial order is examined in Appendix B.

7. Numerical test cases

For the following numerical test cases, we consider the set of Euler equations, Eq. (2), with

U = (ρ, ρu, ρe)T , (31a)

F = (ρu, ρu ⊗ u + I p, u(ρe + p))T , (31b)

in which ρ , u, p and e refer, respectively, to density, velocity, pressure, and specific total energy. The closure for this system 
is the ideal gas law:

p = (γ − 1)ρ

(
e − |u|2

2

)
, (32)

and γ , the ratio of specific heat capacities, is set to a constant value of 1.4. We use the physical entropy to define the 
entropy variable and entropy flux, so that

U = −ρs , (33a)

F = −ρus , (33b)

where s = ln(p) − γ ln(ρ) + s0. The CFL condition for the following simulations are taken from Table 1 of [20].
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Fig. 2. Refinement study of the Sod shock-tube problem using the proposed shock-capturing framework (black solid line – h = 1/50; blue solid line – 
h = 1/100; red solid line – h = 1/200; black dashed line –“Exact”). Results are shown at time t = 0.25. (For interpretation of the references to color in this 
figure legend, the reader is referred to the web version of this article.)

7.1. Sod shock-tube problem

This test case is considered to evaluate the performance of the developed shock-capturing framework in a configuration 
with three waves of different types. Initial conditions are given as:

(ρ, u, p)T =
{

(1,0,1)T for x ≤ 0.5 ,

(0.125,0,0.1)T for x > 0.5 ,
(34)

on a one-dimensional domain with x ∈ [0, 1]. The simulation runs until t = 0.25, and the reference solution is obtained 
using WENO5 with 12000 finite-volume cells. Fig. 2 shows results for a grid refinement study with different orders of 
polynomial representation, confirming the sub-cell shock resolution. The inset panels are included to highlight the numerical 
performance at the discontinuities of two different characteristics. The solutions around the contact and the shock are 
observable at the left-bottom and the right-top panels, respectively. As shown, the solution profiles at both discontinuities 
become sharp as the grid is refined for cases with the same polynomial order; in addition, by comparing the prediction 
with different polynomial orders, we see the improvement of the solution sharpness as the polynomial order increases. The 
consistency of the refinement is well preserved for different types of solutions with the present computational framework 
(combining shock detection and artificial viscosity). Fig. 3(a) illustrates the locations of troubled elements that are detected 
by the entropy-residual detector. For comparisons space–time trajectories for the troubled cell indicator obtained from the 
detectors by Krivodonova et al. and Persson and Peraire are presented in Figs. 3(b) and 3(c), respectively. This comparison 
shows that the detector by Krivodonova et al. behaves similarly to the entropy-residual detector at the shock front, but 
tends to be too aggressive inside the expansion wave. The selection of the threshold values for the detector by Persson 
and Peraire [25] requires user intervention, and it can be see from Fig. 3(d–f) that the selection of troubled elements 
shows sensitivity to the threshold value for cPP, and we found that cPP = 0.01 yields good performance. If cPP is too small, 
the solution tends to be contaminated by the Gibbs phenomenon, which is apparent in Fig. 4. In the following, we only 
present the results obtained from Persson and Peraire’s shock detector [25] with an optimal threshold value of cPP = 0.01. 
Interestingly, all three shock detectors do not select the elements along the contact discontinuity in this problem, but certain 
amount of AV is likely introduced at the early stage of the simulation. This is inferred from the smeared-out density profiles 
at the contact, as shown in the left-bottom panel of Fig. 5.

7.2. Blast wave problem

This case is considered to test the performance in the presence of extremely strong shocks. The initial conditions are 
defined as:

(ρ, u, p)T =

⎧⎪⎨⎪⎩
(1,0,1000)T for x ≤ 0.1 ,

(1,0,0.01)T for x > 0.1 and x ≤ 0.9 ,

(1,0,100)T for x > 0.9 ,

(35)

on a one-dimensional domain with x ∈ [0, 1]. The simulation runs until t = 0.038. The reference solution is obtained using 
WENO5 with 12000 finite-volume cells. Fig. 6 shows results for the grid convergence study and different orders of poly-
nomial approximation. It can be seen that with increasing grid resolution, the wave front becomes consistently sharper 
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Fig. 3. Temporal tracking of the locations of troubled elements obtained from three different shock detectors in the Sod shock-tube problem (h = 200 and 
p = 4).

Fig. 4. Prediction of Sod shock-tube problem using shock detector by Persson and Peraire [25] with different values for threshold coefficient. Results are 
shown at time t = 0.25. Right plot shows the predictions around the shock front. (Color online)

for EBDGP2–EBDGP4, confirming the feasibility of the scaling argument that was introduced in Eq. (16). The performance 
of the entropy-residual shock detector is illustrated in Fig. 7(a), which is compared to the performance of the other two 
detectors, given in Fig. 7(b) and (c). In general, the behavior of each detector is consistent with its behavior in the problem 
of Sec. 7.1. Compared to the detector by Krivodonova et al., the entropy-residual detector avoids the selection of troubled 
elements inside expansion waves. Furthermore, the entropy-residual detector tends to be more conservative than the detec-
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Fig. 5. Prediction of the Sod shock-tube problem using three different shock detectors with h = 1/200 and p = 4. Results are shown at time t = 0.25. Right 
plot shows the predictions around the shock front. (Color online)

Fig. 6. Refinement study of the blast wave problem with proposed entropy-residual shock-capturing framework. Results are shown at time t = 0.038. (Color 
online)

Fig. 7. Temporal tracking of the locations of troubled elements detected for three different shock detectors for blast wave problem (h = 400 and p = 4).
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Fig. 8. Prediction of blast wave problem using three different shock detectors with h = 1/800 and p = 4 (red solid line – entropy-residual detector; blue 
solid line – detector by Krivodonova et al. [10]; green solid line – detector adopted from Persson and Peraire [25] with cPP = 0.01; black dashed line – 
“Exact”). Results are shown at time t = 0.038. Right plot shows the predictions around the shock front. (For interpretation of the references to color in this 
figure legend, the reader is referred to the web version of this article.)

Fig. 9. Grid refinement study of the Shu–Osher problem using the proposed shock-capturing framework (black solid line – h = 1/100; blue solid line – 
h = 1/200; red solid line – h = 1/400; black dashed line – “Exact”). Results are shown at time t = 0.18. (For interpretation of the references to color in this 
figure legend, the reader is referred to the web version of this article.)

tor by Persson and Peraire in selecting troubled elements along the shock fronts. In this comparison, the main advantage 
of the entropy-residual detector is that it is parameter-free and does not require the user’s intervention. For this specific 
problem, we found that the left contact front is rather sensitive to numerical dissipation and requires substantial numerical 
resolution. After tuning, the detector adopted from Persson and Peraire [25] introduces the least dissipation and provides 
the best agreement with the reference solution; however, the appearance of a more pronounced Gibbs phenomenon along 
the shock at about x = 0.65 is observed, as shown in the right panel of Fig. 8.

7.3. Shu–Osher problem

This test aims at examining the performance of the shock-capturing scheme in the presence of high-frequency density 
waves. The setup was originally proposed by Shu and Osher [32]. The initial conditions are defined as:

(ρ, u, p)T =
{

(3.8571,2.6294,10.3333)T for x ≤ 0.125 ,

(1 + 0.2 sin(50x),0,1)T for x > 0.125 ,
(36)

on a one-dimensional domain with x ∈ [0, 1]. The simulation runs until t = 0.18 according to the original setting [32]. 
The reference solution is obtained using WENO5 with 12000 finite-volume cells. Results for the grid convergence study 
for different orders of polynomial representation are shown in Fig. 9. Similar to previous tests, the shock front is well 
stabilized for all conditions. Comparatively speaking, at the same refinement level, EBDGP3 and EBDGP4 results are much 
closer to the reference solution. The performance of the entropy-residual shock detector is assessed and compared to the 
two competing shock detectors. To challenge the shock-detection procedure, we extend the simulation time to t = 0.30, 
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Fig. 10. Temporal tracking of the locations of troubled elements detected by three different shock detectors in the Shu–Osher problem (h = 1/200 and 
p = 4).

Fig. 11. Prediction of Shu–Osher problem using three different shock detectors with h = 1/200 and p = 4 at t = 0.30. Right plot shows the predictions 
around the shock front. (Color online)

allowing for the spontaneous formation of several shock fronts at 0.3 < x < 0.9. As we can see in Fig. 10, the characteristics 
on selecting troubled elements around the shock front is consistent with those observed for the previous two cases. Both the 
entropy-residual detector and the detector by Krivodonova et al. [10] capture the forming shocks, but the latter introduces 
more numerical dissipation, which can be observed in Fig. 11 (at x > 0.9). The shock detector adopted from Persson and 
Peraire [25] with the threshold value of cPP = 0.01 yields a comparable performance to the entropy-residual detector in 
selecting troubled elements (see Fig. 10). However, as shown in Fig. 11, a smaller value for cPP is required in order to 
remove the Gibbs phenomenon in the vicinity of forming shocks.

7.4. Compressible vortex transport

This test case is selected to evaluate the numerical properties of the entropy residual in a smooth problem setting and 
to test the effect of the threshold-setting procedure. A constant threshold of ε = 0.01 is purposely applied to activate the 
artificial viscosity at the considered range of resolutions. For comparison, the dynamic threshold setting procedure and a 
simulation without artificial viscosity are also considered. The initial vortex is prescribed using the following formulation 
(see [1] for derivation):

ρ =
(

1 − a2c2(γ − 1)

4bγ
exp

(
1 − r2

c2

)) 1
γ −1

, (37a)

u = a(y − y0)exp

(
1 − r2

c2

)
, (37b)

v = −a(x − x0)exp

(
1 − r2

2

)
, (37c)
c
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Table 2
L2-error of density calculated on a regularly aligned mesh with different AV-settings.

Level Edge 
size

EBDGP2 EBDGP3 EBDGP4

AV AV+DTS w/o AV AV AV+DTS w/o AV AV AV+DTS w/o AV

1 10/4 3.42e−1 2.82e−1 2.82e−1 2.47e−1 1.47e−1 1.47e−1 3.25e−1 1.66e−1 1.66e−1
2 10/8 3.75e−1 1.43e−1 1.43e−1 2.81e−1 6.49e−2 6.49e−2 1.62e−1 2.32e−2 2.32e−2
3 10/16 2.76e−1 1.69e−2 1.69e−2 2.06e−1 6.79e−3 6.79e−3 9.80e−4 9.80e−4 9.80e−4
4 10/32 2.10e−1 2.51e−3 2.51e−3 2.73e−4 2.73e−4 2.73e−4 2.36e−5 2.36e−5 2.36e−5

Table 3
L2-error of density calculated on a randomly aligned mesh with different AV-settings.

Level Edge 
size

EBDGP2 EBDGP3 EBDGP4

AV AV+DTS w/o AV AV AV+DTS w/o AV AV AV+DTS w/o AV

1 10/4 1.95e−1 1.41e−1 1.41e−1 5.96e−2 5.96e−2 5.96e−2 3.62e−1 2.02e−1 2.02e−1
2 10/8 3.79e−1 1.42e−1 1.42e−1 3.22e−1 6.32e−2 6.32e−2 2.49e−1 2.22e−2 2.22e−2
3 10/16 2.95e−1 1.55e−2 1.55e−2 2.57e−1 2.77e−3 2.77e−3 4.84e−4 4.84e−4 4.84e−4
4 10/32 2.28e−1 1.56e−3 1.56e−3 1.29e−4 1.29e−4 1.29e−4 1.32e−5 1.32e−5 1.32e−5

p = ργ , (37d)

r =
√

(x − x0)2 + (y − y0)2 , (37e)

where the initial vortex center is at (x0, y0) = (5, 5), and the parameters are a = −2/π , b = exp(−2) and c = 1. The 
transport velocity (u0, v0) = (1, 1) is superimposed onto the above initial condition. The simulation is conducted on a 
two-dimensional periodic domain, [0, 10] × [0, 10], which is partitioned in two different ways, namely regularly aligned 
triangles and randomly aligned triangles. For both types, four levels of refinement are considered for convergence study. All 
grids are generated using a Delaunay triangulation by specifying the length of the triangle edge at the domain boundary. 
Hence, each refinement is done by reducing the length by half. The L2-error of density for different computational settings 
is evaluated at the end of the simulation, t = 10, and listed in Tables 2 and 3. We can see that by adding AV with constant 
threshold (ε = 0.01) the accuracy is reduced, but with increasing grid resolution, for EBDGP3 and EBDGP4 the error reverts 
to the optimal value that is obtained without AV. This observation is also illustrated by results from EBDGP3 in Figs. 12
and 13. Troubled cells in which AV is applied are shown in gray. In both cases, a fine-grid calculation in panel (c) is com-
pared to a coarser one in panel (a). With increasing resolution, the entropy residual decreases for smooth solutions, which 
can be seen by comparing panel (d) to panel (f) in Fig. 12; after the residual is smaller than the given threshold (ε = 0.01), 
AV is completely deactivated, leading to the recovery of the scheme’s optimal accuracy. This property is consistent with 
the numerical analysis from Sec. 3.2. We also examine the effect of the proposed DTS-procedure. From Tables 2 and 3, we 
observe that with the addition of DTS, the error for each case considered here stays the same at the corresponding optimal 
value. The benefit of using DTS is also confirmed in Figs. 12 and 13. By comparing panels (a) and (b), we can see that DTS 
completely avoids the mis-identification of troubled cells for this smooth problem over the entire domain. This property 
is also illustrated in Figs. 12(d) and (e), we can see that the estimated threshold value ε is larger than the magnitude of 
entropy residual |R̃U |; therefore, the AV addition is effectively avoided.

7.5. Two-dimensional Riemann problems

This configuration tests the performance of the developed shock-capturing framework in handling multi-dimensional 
waves over a broader range of conditions. For this, we consider a two-dimensional region that is partitioned into four 
zones, as shown in Fig. 14, with 100 × 100 elements. Three different initial settings are selected from [33] and listed in 
Table 4. EBDGP2 and EBDGP4 schemes are used for solving these problems. The results are shown in Fig. 15. Troubled 
cells are marked in gray behind the density contours. It can be observed that the cells around normal shocks are correctly 
flagged as troubled cells. In addition, some troubled cells are also selected along weak bow shocks and shear-contacts. 
The selectivity in identifying troubled cells is satisfactory with the developed shock detector. EBDGP4-results are slightly 
more oscillatory compared to those for EBDGP2, but it provides more resolution on the shear instability that is triggered 
between zone 1 and zone 2 and between zone 1 and zone 4, occurring both in problems II and III. Compared to low-order 
finite-volume results [33], the high-order DG scheme is able to predict more subtle flow features.

7.6. Shock-vortex interaction

This test case was initially proposed by Jiang and Shu [34] for examining the performance of high-order schemes for 
stabilizing shocks and resolving smooth flow structures. A stationary shock is placed at x = 0.5 and a moving vortex, initially 
imposed in the pre-shock region, gradually moves towards the shock. The shock Mach number is set to M = 1.1, and the 
vortex, centered at (x0, y0) = (0.25, 0.5), is mathematically described by Eqs. (37a)–(37e), where the parameters a, b and 
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Fig. 12. EBDGP3 results of compressible vortex transport at time t = 3 on a regularly aligned mesh with different AV-settings (results without AV are 
identical to those obtained with AV+DTS since DTS effectively avoids the activation of AV for this smooth problem; troubled cells in which AV are applied 
are shown in gray). (Color online)

Fig. 13. EBDGP3 results of compressible vortex transport at time t = 3 on a randomly aligned mesh with different AV-settings (results without AV are 
identical to those obtained with AV+DTS since DTS effectively avoids the activation of AV for this smooth problem; troubled cells in which AV are applied 
are shown in gray). (Color online)
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Fig. 14. Setup of two-dimensional Riemann problems.

Table 4
Initial conditions of two-dimensional Riemann problems.

Problem I Problem II Problem III

zone 1 zone 2 zone 3 zone 4 zone 1 zone 2 zone 3 zone 4 zone 1 zone 2 zone 3 zone 4

ρ 1.1 0.5065 1.1 0.5065 0.8 1.0 0.5197 1.0 0.8 1.0 0.5313 1.0
u 0.8939 0.0 0.0 0.8939 0.1 0.1 0.1 −0.6259 0.0 0.0 0.0 0.7276
v 0.8939 0.8939 0.0 0.0 0.1 −0.6259 0.1 0.1 0.0 0.7276 0.0 0.0
p 1.1 0.35 1.1 0.35 1.0 1.0 0.4 1.0 1.0 1.0 0.4 1.0

Fig. 15. Two-dimensional Riemann problems calculation on a 100 × 100 grid at time t = 0.25, showing thirty equally-spaced density contours. (Color 
online)
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Fig. 16. EBDGP4 solution of shock-vortex interaction (color contours: pressure with 41 levels between 0.84 and 1.44; black regions in background represent 
troubled cells). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

c are set to 7.358, 0.204 and 0.05, respectively. The post-shock state is evaluated using the Rankine–Hugoniot relation. The 
computational domain is [0, 2] × [0, 1]. The elements are stretched along the x-direction for better resolving the shock 
front, and the average element size is approximately 1/60. The EBDGP4 scheme is applied in this case, and the calculation 
runs until t = 0.80. In this case, the shock strength is quite weak, and hence setting a proper threshold is essential for 
detecting troubled cells. To demonstrate this, we consider ε = 1 for comparison, and the corresponding results are shown in 
Fig. 16(a–c). Because of this improper threshold setting that causes malfunction of the shock-detector, troubled cells around 
this weak shock cannot be flagged. We can see that pressure oscillations triggered by numerical instabilities propagate out 
from the shock front. In contrast, by applying the proposed DTS-method, these numerical instabilities are largely avoided, 
as shown in Fig. 16(d–f). Because the threshold is evaluated based on the nature of the discontinuity, the detector is able to 
correctly flag troubled cells, in which numerical oscillations can potentially be generated. The results for the pressure field 
are comparable to the results obtained using a WENO scheme [34].

7.7. Double Mach reflection

This case is designed to test the performance in the presence of complex wave configurations on a fully unstructured 
triangular mesh. This case predicts a Mach-10 moving shock impinging on a wedge with an angle of 30◦ . The setup of 
this problem is consistent with that used by Woodward and Colella [35], but instead of a conformal rectangular domain, 
we consider a domain that includes the actual wedge. The domain is partitioned by triangles with characteristic size of 
h = 1/100. The entire domain is initialized using the pre-shock state. A Mach 10 inflow is imposed on the left boundary; the 
top and bottom boundaries are slip walls; the right boundary is prescribed as supersonic outflow. Three different orders of 
approximation, including EBDGP2, EBDGP3 and EBDGP4, are considered. The simulation runs until t = 0.35, and comparisons 
of the different results are shown in Fig. 17. By comparing the density profiles and the locations of troubled cells, we can 
see that the shock detector retains its robustness for different orders of approximation. The troubled cells are primarily 
identified around the incident shock, the Mach shock and the transverse shock, which are connected through the triple 
point, and the elongated bow-shock. A zoom of the density profile around the triple point is also given in Fig. 17(c, f, i). It 
can be observed that the high-order approximation improves the resolution in predicting the Kelvin–Helmholtz instabilities 
along the slip-line and the wall-jet. We also note that some small oscillations are not fully removed in this case, which might 
be due to the simplified AV-specification on triangular elements. To substantiate this point, we also solve this problem 
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Fig. 17. Simulations of double Mach reflection on a geometry-conforming domain with triangular elements with h = 1/100. Results are shown at time 
t = 0.35. (Color online)

on a regular mesh with rectangular elements with sizes h = 1/100 and h = 1/200. The density profiles and trouble-cell 
distributions are shown in Fig. 18, from which we can see that the shock detector performs equally well. As shown in 
Fig. 19, sharp wave fronts and fine hydrodynamic structures are well captured around the triple point. In addition to that, 
the small oscillations that are shown in Fig. 17(c, f, i) do not appear on rectangular elements. This observation indicates 
that for triangular elements the AV-specification at the sub-cell might be required, and this issue is subject of further 
investigation.

8. Application to detonation

This section extends the present method, and examines the capability of the newly proposed shock-capturing approach 
in application to more complex flows, involving chemical reaction and detonation. Here, we describe the chemical reaction 
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Fig. 18. Simulations of double Mach reflection on a regular domain with rectangular elements with h = 1/100. Results are shown at time t = 0.35. (Color 
online)

by considering a one-step irreversible reaction, F + O → P. With this, the governing equations, Eqs. (2), are supplemented 
with a transport equation for the mass fraction of fuel:

∂t(ρYF) + ∇ · (ρuYF) = A(1 − YF)exp(−Ta/T ) , (38)

with which the mass fractions of oxidizer and product can be determined according to the reaction relation. The chemical 
energy will be included in the total energy by the relation:

e = p

(γ − 1)ρ
+ Q YF + 1

2
|u|2 , (39)

where Q denotes the heat release. The frequency factor and the activation energy are specified as A = 490 and Ta/T0 = 20, 
and the heat release is Q ρ0/p0 = 31.4, so that the induced detonation wave exhibits strong intrinsic instabilities [36]. 
The geometric setup is similar to the double Mach reflection case from Sec. 7.7, and considers a Mach-2 shock aligned at 
a 45◦ angle with respect to the horizontal direction. This problem is solved with the EBDGP2 scheme on a rectangular 
mesh with h = 1/50. Fig. 20 shows the results of this simulation. Due to the shock-wall interaction, the ignition kernel at 
the near wall region appears behind the Mach shock at t = 7, and propagates towards the shock front. At t = 10, a wall 
jet forms, which advects to flame kernel towards the shock front. At t = 13 we can observed a fully coupled shock-flame 
front, indicating the formation of detonation. It is also noted that wrinkles and cellular structures start forming along the 
detonation front. At t = 16, several cellular detonation structures are observable from the temperature fields. Due to the 
multi-mode transverse wave interaction, the pressure field shows a very complex pattern. In regard to the performance of 
the shock detector (shown in the right panels and offset by a small distance), it can been seen that only DG-elements in the 
vicinity of shocks are flagged as troubled cells, and their locations are highly confined and well aligned with discontinuities. 
Thanks to the good performance of the shock detector, the accuracy and resolution of the scheme is preserved away from 
the shock fronts, which, to a large extent, contribute to capturing the very complex detonation structures and wave patterns. 
As comparison, calculations with the shock detector by Krivodonova et al. [10] are performed, and the results are shown 
in Fig. 21. Consistent with the results shown in [10] and the performance assessment in the one-dimensional test case 
of Sec. 7, a large amount of DG-cells are flagged behind the shock front, which introduces significant amount of artificial 
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Fig. 19. Zoom-in of the density profile around triple point of the double Mach reflection on a rectangular grid. Results are shown at time t = 0.35. (Color 
online)

viscosity. Therefore, waves triggered due to the detonation dynamics tend to be damped out. As we can see, the predicted 
pressure field qualitatively agrees with that shown in Fig. 20; however, the small-scale structures are not captured.

9. Conclusions

An entropy-residual approach was proposed for shock detection with application to high-order DG-schemes. The entropy 
residual was introduced in a fully discretized setting and was numerical analyzed. It was shown that for smooth solutions, 
the detection function converges to zero. This property guarantees the deactivation of the shock stabilization for smooth 
solutions. A dynamic threshold setting procedure was proposed by estimating an upper bound of the entropy-residual 
magnitude according to cell-averaged information from local and compact neighbors. Assessment of the shock detection 
was conducted by combining this method with an artificial viscosity approach and a well-designed algorithm that applies 
shock-detection and shock-stabilization in an alternating manner. The resulting framework was examined and compared 
against other shock-detectors by considering a series of configurations. The assessment of the performance is summarized 
as follows:

• The detector is capable of capturing troubled elements around shocks over a broad range of conditions that includes 
weak shocks with Mach number 1.1 up to a blast-wave problem with Mach number O(100).

• The detector robustly identifies discontinuous regions in the solution and preserves the accuracy in smooth regions. 
Because of this, benefits of high-order schemes in resolving fine scales, such as hydrodynamic instabilities and vortices, 
are retained.

• Application to smooth problems confirms numerical properties of the formulated entropy-residual function. Compared 
to a constant global threshold, the dynamic threshold-setting procedure leads to a more selective criterion, which avoids 
activation for smooth problems and certain conditions (i.e. the very weak shock in the shock-vortex interaction case).

• The proposed shock detector is able to be applied to detonation problems, showing superior performance over existing 
shock-detection approaches.
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Fig. 20. EBDGP2 prediction of shock-induced ignition and detonation initiation with the entropy-residual detector (left column: evolution of temperature 
field; right column: dynamics of pressure profile; trouble cells are overlaid with a small spatial shift). (Color online)

With these features, a shock-capturing capability was successfully formulated for high-order schemes (up to a fifth-order 
DGP4 scheme) and was demonstrated on unstructured meshes.

As a final remark, it is noted that this shock-capturing method is general. No constraints on element shape, polyno-
mial order, basis functions and quadrature rules are imposed for the implementation. Although a DG-scheme was used as 
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Fig. 21. EBDGP2 prediction of shock-induced ignition and detonation initiation with the shock detector due to Krivodonova et al. [10]. Results are shown at 
time t = 16. (Color online)

Fig. 22. Temporal tracking of troubled elements detected by the entropy-residual shock detector for the Sod shock-tube problem.

discretization scheme, it is equally applicable to other high-order methods, such as spectral finite volume [37] and flux 
reconstruction [38] schemes.
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Fig. 23. Temporal tracking of troubled elements detected by the shock detector proposed by Krivodonova et al. [10] for the Sod shock-tube problem.

Appendix A. Mathematical derivation for Eq. (25)

To substantiate Eq. (25), we provide the detailed derivation for it:

	t|�e||R̃U (Ue)| ≤
∫
�e

∣∣([U(Ue(t + 	t)) − U(Ue(t + 	t))] − [U(Ue(t)) − U(Ue(t))]

+
[
U(Ue(t + 	t)) − U(Ue(t)) − 	t

2

(
∂tU(Ue(t

n)) + ∂tU(Ue(t
n + 	t))

)]
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2
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2
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∫
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∣∣d�

+ 	t

2

∫
�e

∣∣∇ ·F(Ue(t)) − ∇ ·F(Ue(t))
∣∣d�

≤ |�e|1/2 (‖U(Ue(t + 	t)) − U(Ue(t + 	t))‖ + ‖U(Ue(t)) − U(Ue(t))‖)
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Fig. 24. Temporal tracking of troubled elements detected by the shock detector adopted from the work of Persson and Peraire [25] (cPP = 0.01) for the Sod 
shock-tube problem.

+ 	t2|�e|
2

sup
x∈�e

∣∣∂2
t U(Ue(x, tn))

∣∣
+ 	t|�e|1/2

2
(‖∇ ·F(Ue(t + 	t)) − ∇ ·F(Ue(t + 	t))‖ + ‖∇ ·F(Ue(t)) − ∇ ·F(Ue(t))‖)

≤ C7|�e|1/2hp+1
m + C8|�e|	t2 + C9|�e|1/2	thp

m .

This result is used in Sec. 3.2 for deriving the convergence property of the proposed discretized form of the entropy-residual 
function.

Appendix B. Dependence of shock-detector performance on element size and polynomial order

In this part, the dependence of the shock-detector performance on element size and polynomial order is assessed for 
the three different shock detectors considered in this work. This assessment is performed by solving the Sod shock-tube 
problem, which contains three elementary flow features, namely shock, contact and expansion wave. The time histories 
of detected troubled elements with the entropy-residual shock detector are illustrated in Fig. 22, which are obtained by 
considering a variety of element sizes and polynomial orders. The proposed detector shows good consistency in flagging 
troubled elements in the vicinity of the shock front. The troubled element around the contact and the expansion wave is 
only flagged at very early stage of the temporal evolution. It should be pointed out that the numerically smeared contact 
and expansion wave belong to smooth flow features. Therefore, the detection of the troubled elements around there are 
sustained for a shorter period in EBDGP4 than in EBDGP2. In general, the performance of the proposed shock detector 
does not show strong dependence on h. Fig. 23 shows the performance of the shock detector proposed by Krivodonova et 
al. [10] with different element sizes and polynomial orders. It can be seen that a large amount of troubled elements inside 
the expansion wave are flagged. As the polynomial order increases, the number of troubled elements are substantially 
increased. This is attributed to the power-law dependence of the detection criterion (given in Eq. (28)) on polynomial 
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order. The consistency of detecting troubled elements around shocks agrees very well with that of the entropy-residual 
shock detector. However, comparatively speaking, the shock detector proposed by Krivodonova et al. [10] exhibits a stronger 
dependence on the polynomial order. Fig. 24 shows the performance of the shock detector adopted from the work of Persson 
and Peraire [25] with an optimal threshold of cPP = 0.01. For this detector, the troubled elements only appear in the vicinity 
of shocks, and no troubled element is flagged around the expansion wave and the contact. Compared to the other two 
detectors, this detector provides a narrower troubled-element layer around the shock.

Appendix C. Supplementary material

Supplementary material related to this article can be found online at http://dx.doi.org/10.1016/j.jcp.2016.06.052.
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