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a b s t r a c t 

This work focuses on assessing a set of discontinuous Galerkin (DG) discretization methods for high- 

fidelity simulations of compressible turbulence, considering a range of conditions that include very high 

turbulence Mach numbers. The sensitivities of numerical results to solution-stabilization techniques, vis- 

cous/inviscid flux formulations, hp -refinement, and operating conditions are investigated. Emphasis is 

placed on an entropy-bounded DG (EBDG) method that can genuinely enforce physical-realizability con- 

straints for discrete solutions. The behaviors of EBDG solutions are characterized in a set of underresolved 

simulation settings. It is found that for turbulence at low and moderate Mach numbers, an increase 

in polynomial order ( p -refinement) is more effective in capturing turbulence characteristics, while for 

highly compressible turbulence regimes, h -refinement becomes beneficial. The EBDG method is further 

benchmarked against an optimized finite-volume (FV) scheme that has second-order accuracy on generic 

meshes while retaining fourth-order accuracy on Cartesian meshes. As a result of this fact, the bench- 

mark study shows that on regular hexahedral meshes FV scheme is less costly than the EBDG scheme for 

the same accuracy, while the EBDG method becomes significantly more efficient than the FV scheme on 

tetrahedral and irregular meshes. 

© 2017 Elsevier Ltd. All rights reserved. 
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. Introduction 

Over recent years there has been an increasing interest in

sing high-order discontinuous Galerkin (DG) methods for high-

delity simulations of turbulent flows, such as large-eddy simu-

ations (LES) and direct numerical simulations (DNS). In particular,

G methods have shown potential for improving the predictive ca-

ability for LES/DNS applications. Carton de Wiart et al. [1] com-

ared the performance of DG schemes with a non-dissipative

nite-difference (FD) scheme for the prediction of inviscid vor-

ical flows. They showed that their DG method outperforms the

D method in representing the turbulence spectrum at medium

avenumbers. Collis and Scott [2] , Wei and Pollard [3] , and Car-

on de Wiart et al. [4] applied DG schemes to turbulent chan-

el flows. Wall-resolved simulations showed excellent agreement

ith well-established reference data from high-order FD and spec-

ral methods. In the work of Collis and Scott [2] , the benefit of

sing adaptive p -refinement to resolve near-wall flow structures

as highlighted. The accuracy of DG schemes in underresolved cal-
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ulations was assessed in the study of Gassner and Beck [5] by

onsidering a Taylor–Green vortex case. It was found that simu-

ations without explicitly adding sub-grid scale (SGS) models are

omparable to those generated by low-order schemes with SGS-

odels. The same Taylor–Green case was also considered to ex-

mine the performance of other variations of DG schemes [6–9] .

eck et al. [10] and Carton de Wiart and Hillewaert [11] further

xplored implicit LES strategies for practical configurations by con-

idering a separated flow over an airfoil. Compared to experimen-

al data, their predictions for aerodynamic loads and separation lo-

ations were comparable with those obtained from FD/FV (finite-

olume) schemes. The related research on developing new DNS/LES

apabilities is also observable in the study of flux-reconstruction

chemes [12–15] . 

Despite these encouraging results, DG methods have not yet

een fully established for high-fidelity simulations. Several re-

earch questions remain open, especially in regard to applying

G methods to LES. Solution stabilization is one of the impor-

ant issues. Previous studies [5,6,13] have exemplified the failure

f underresolved DG simulations for turbulent flows. To improve

he robustness of DG simulations, application of de-aliasing tech-

iques, such as over-integration [5] , can be helpful. However, the

ffectiveness of these treatments was mostly evaluated for in-
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compressible flow regimes. For transonic or supersonic turbulence

regimes, eddy motions induce dilatation effects, leading to the for-

mation of shocklets, which can further challenge the robustness

of DG calculations. Successful simulations of turbulent flows un-

der these conditions require DG schemes that avoid the genera-

tion of unphysical numerical solutions. In this context, positivity-

preserving [16,17] and entropy-bounded DG schemes [18] , in which

the solution is regularized using physical principles, represent at-

tractive candidates to be applied to LES. Evaluating the merit of

these methods for turbulent flow simulations, however, requires

further assessment. 

In addition to the stabilization of the numerical solution, an-

other important question is related to the selection of the optimal

algorithmic implementation. DG schemes, although based on the

same variational form, can vary in different manners, such as by

order of accuracy, representation of basis function, or the formu-

lation of convective and viscous fluxes. Understanding the behav-

ior of different schemes, especially in the context of LES, is still

not adequate. In general, the order of accuracy (polynomial order)

greatly alters the properties of DG schemes, subsequently influenc-

ing the behavior of the DG scheme in LES calculations [1,19] . In

this regard, one interesting point is to examine if the high-order

accuracy will benefit LES predictions, in which simulations are un-

derresolved. DG schemes also vary in the form of Riemann solvers

and viscous discretization schemes that are employed, and stud-

ies [4] found that Riemann solvers can affect the energy spectra

predicted by DG-based LES. However, the optimal combination of

Riemann solver and viscous discretization for DG-based LES calcu-

lations remains an open question. 

To advance DG-based LES techniques, it is also useful to rec-

ognize the performance of DG methods and computational cost

as compared to state-of-the-art numerical techniques. However, an

objective evaluation of the efficiency of a method requires analyz-

ing the computational accuracy, and an objective comparison of

the computational cost should be done with respect to the same

numerical error. Although previous studies [1,5] reported bench-

mark results, a comprehensive LES benchmark between DG and

commonly used FV schemes, which considers a broader range of

turbulence regimes and variations in mesh topologies, is still miss-

ing. 

By addressing these aspects, the objective of this work is to as-

sess the performance of high-order DG schemes in application to

under-resolved turbulent flow calculations. In the context of LES,

this topic is related to the so-called implicit LES methodology, in

which no subgrid-scale closures are employed to represent unre-

solved scales of the governing equations. The subgrid-scale effects

are implicitly represented by the inherent dissipation of the nu-

merical scheme. The performance of LES is linked to the numerical

resolution. Since the focus of this study is in utilizing DG schemes

for high-performance computations, these investigations are con-

cerned with relatively well resolved LES applications that are able

to at least capture the inertial subrange. With this scope, it is ex-

pected that the order of accuracy of the DG scheme will play a

key role in determining the performance of LES. Therefore, the fo-

cus will be placed on assessing an entropy-bounded DG (EBDG)

scheme up to 4th-order polynomial representation ( p = 4 ) that are

more likely to be employed in practically relevant LES computa-

tions. 

To assist further development of DG-based LES techniques, the

specific objectives of this work are: i) to evaluate suitable solu-

tion stabilization techniques for underresolved DG calculations; ii)

to understand the performance of different implementations of DG

schemes in terms of polynomial order, and convective-viscous flux

formulations; iii) to assess the status of DG methods through de-

tailed comparisons against a state-of-the-art FV method. 
e

The remainder of this manuscript is structured as follows.

ection 2 introduces the governing equations, which is followed

y providing details of the DG discretization in Section 3 . Af-

er the problem configurations of the benchmark cases are dis-

ussed in Sections 4 and 5 focuses on examining different solution-

tabilization techniques. Section 6 discusses the performance of

ifferent DG im plementations with different Riemann solvers and

iscous discretization schemes. Section 7 reports results of the

BDG solver versus a state-of-the-art FV solver. The manuscript

nishes by summarizing the findings of this study. 

. Governing equations 

The governing equations under consideration describe the con-

ervation of mass, momentum and energy: 

 t ρ + ∇ · (ρu ) = 0 , (1a)

 t (ρu ) + ∇ · (ρuu + p I ) = ∇ · τ, (1b)

 t (ρe ) + ∇ · (ρu (e + p/ρ)) = −∇ · q + ∇ · (τ · u ) , (1c)

here ρ , u, p , and e are density, velocity, pressure and specific total

nergy, respectively, and I is the identity matrix. The viscous stress

ensor τ and the heat flux vector q are written as: 

= −2 

3 

μ(∇ · u ) I + μ
[∇u + (∇u ) T 

]
, (2a)

 = −κ∇T , (2b)

n which μ is the dynamic viscosity and κ is the heat conductiv-

ty. The system of equations, Eq. (1), is closed with the ideal gas

elation: 

p = (γ − 1) 
(
ρe − 1 

2 

ρu · u 

)
, (3)

here γ is the ratio of specific heat capacities. 

. DG discretization 

This section introduces the DG discretization scheme. For nota-

ional clarity, Eq. (1) is written in the vector form as: 

 t U + ∇ · F − ∇ · Q = 0 , (4)

n which U ∈ R 

N v , F ∈ R 

N v ×N d and Q ∈ R 

N v ×N d refer to the vector of

he solution variables, the convective fluxes and the viscous fluxes,

espectively, with N v being the number of solution variables and

 d being the number of spatial dimensions. Similar to common

FD methods, the DG discretization of Eq. (4) is based on a domain

artition. We consider the problem to be posed on the domain �

ith boundary ∂�. A mesh partition is defined as � = ∪ 

N e 
e =1 

�e ,

here N e is the total number of elements and �e corresponds to

 discrete element of this partition. The edge of element �e is de-

ned as ∂�e . On each element, �e , any L 2 -function can be used to

pproximate the solution. Polynomial functions are typically used

n this regard due to the well-known mathematical properties and

he ease to carry out numerical integrations. Thus, we introduce

he function space P 

p to denote a set of polynomials with order

ot higher than p . With this, the mathematical definition of a DG-

pace can be written as: 

 

p 

h 
= { φ ∈ L 2 (�) : φe ≡ φ| �e 

∈ P 

p , ∀ �e ∈ �} , (5)

here φe is the basis function defined on �e . With this, the

lement-wise solution U e that approximates U takes the form: 
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 e (t, x ) = 

N p ∑ 

i =1 

˜ U e,i (t) φe,i (x ) , x ∈ �e , (6)

here N p is the number of basis functions and 

˜ U e,i refers to the

oefficient associated with the i th basis function, φe, i . Since conti-

uity across element interfaces is not required, we can denote the

olution representation of the entire domain � as, 

 � U = �N e 
e =1 

U e , (7)

here � refers to a direct sum in function space. With this, U e ∈
 

p , U ∈ V 

p 

h 
, which means that the global solution falls into the DG

pace defined by Eq. (5) . 

The semi-discrete form of the Navier–Stoke equations on the el-

ment �e is obtained by multiplying Eq. (4) with the test function

and integrating over �e : 
 

�e 

φe ( ∂ t U + ∇ · F − ∇ · Q ) dx (8a) 

 

∫ 
�e 

(φe ∂ t U − ∇φe · F ) dx + 

∫ 
∂�e 

φ+ 
e F · ̂ n ds −

∫ 
�e 

φe ∇ · Q dx, (8b)

� 

[∫ 
�e 

φe φ
T 
e dx 

]
d t ̃  U e (t) −

∫ 
�e 

∇φe · F (U e ) dx 

+ 

∫ 
∂�e 

φ+ 
e ̂

 F ds −
∫ 
�e 

φe ∇ · Q dx, (8c) 

n which Eq. (8) utilize integration-by-parts, and Eq. (8c) is ob-

ained by approximating U on element �e by U e . The last term

n the right-hand-side of Eqs. (8b) and (8c) , describing the vis-

ous flux, requires further treatment, which will be addressed in

he following paragraph. The outward-pointing normal vector with

espect to the element �e is denoted by ̂ n , and 

̂ F is the Riemann

ux. It is important to note that the DG solution at the element

dge ∂�e is double-valued. Therefore, the superscripts + and - are

ntroduced to distinguish the interior and exterior of the solution

ith respect to �e . By setting Eq. (8c) to zero, the semi-discretized

G form for the Navier–Stokes equations is obtained. The remain-

ng issues are then the approximation of the viscous operator

nd the Riemann flux ̂ F . Approximations of the Riemann fluxes

ave been examined extensively in the FV community [20] . In the

resent study, we will assess the numerical performance of differ-

nt DG implementations associated with Rusanov [21] , Roe [22] ,

entral and preconditioned Roe [23] fluxes. 

Since the Navier–Stokes equations involve a set of diffusion

erms, the first step in the formulation of a discretized form is

o linearize Q , with respect to ∇U . Using the index i to represent

he first dimension of Q , we denote Q i as the diffusion flux of the

avier–Stokes equations for the i th solution variable. Q i ∈ R 

N d and

ach component of Q i can involve contributions from all spatial

erivatives of the solution variables. Therefore, Q i can be written

s Q i = 

∑ N v 
j=1 

Q 

( j) 
i 

(omitting Einstein summation convention), with

 

( j) 
i 

≡ D i j ∇U j , where D i j ∈ R 

N d ×N d . In the following, we will pro-

ide the discretization for Q 

( j) 
i 

, and the discretization for Q i di-

ectly following using the distributive property of addition. The bi-

inear form of Q 

( j) 
i 

can then be derived as follows [24] : ∫ 
�e 

φe ∇ · Q 

( j) 
i 

dx (9a) 

= −
∫ 
�e 

(D i j ∇U j ) · ∇φe dx + 

∫ 
∂�e 

φe Q 

( j) 
i 

· ̂ n ds, (9b) 

= −
∫ 
�

∇ U j · (∇ φe D i j ) dx + 

∫ 
∂�

φe Q 

( j) 
i 

· ̂ n ds, (9c) 

e e t  
= 

∫ 
�e 

U j ∇ · (∇φe D i j ) dx −
∫ 
∂�e 

U j (∇φe D i j ) · ̂ n ds + 

∫ 
∂�e 

φe Q 

( j) 
i 

· ̂ n ds, 

(9d) 

� 

∫ 
�e 

U j ∇ · (∇φe D i j ) dx −
∫ 
∂�e ̂

 U j (∇φe D i j ) 
+ · ̂ n ds + 

∫ 
∂�e 

φ+ 
e 

̂ Q 

( j) 
i 

ds, 

(9e) 

= −
∫ 
�e 

(∇φe D i j ) · ∇U j dx + 

∫ 
∂�e 

(U 

+ 
j 

− ̂ U j )(∇φe D i j ) 
+ 

·̂ n ds + 

∫ 
∂�e 

φ+ 
e 

̂ Q 

( j) 
i 

ds. (9f) 

The first three equalities are obtained by applying integration-

y-parts twice, after which the exact expression is approximated

n the solution space defined by Eq. (5) . By applying integration-

y-parts once again, we obtain the final form that includes one

olumetric integral and two surface integrals. With the relation

 

( j) 
i 

= 

∑ N v 
j=1 

Q 

( j) 
i 

, the element-wise discretization of ∇ · Q i can

hen be written as: ∫ 
�e 

φe ∇ · Q i dx (10a) 

= 

N v ∑ 

j=1 

(∫ 
�e 

φe ∇ · Q 

( j) 
i 

dx 

)
(10b) 

= −
∫ 
�e 

N v ∑ 

j=1 

(∇φe D i j ) · ∇U j dx + 

∫ 
∂�e 

N v ∑ 

j=1 

(U 

+ 
j 

− ̂ U j )(∇φe D i j ) 
+ 

·̂ n ds + 

∫ 
∂�e 

φ+ 
e 

̂ Q i ds, (10c) 

here both 

̂ Q i (with 

̂ Q i = 

∑ N v 
j=1 ̂

 Q 

( j) 
i 

) and 

̂ U are the flux terms that

eed to be specified for the complete discretization. Analogous to

he discretization of the Euler equations, different methods have

een suggested for specifying ̂ Q i and 

̂ U [24–27] . In this work, three

ifferent discretization schemes for the diffusion operator are con-

idered, including the standard interior penalty (SIP) method [24] ,

he optimized interior penalty (SIP op ) method [27,28] and the sec-

nd form of Bassi–Rebay (BR2) [25] . For all three schemes, ̂ U takes

n identical form, ̂ U = { U} (with {·} ≡ ((·) + + (·) −) / 2 ), while ̂ Q i is

iven as: 

̂ 

 i = 

⎧ ⎪ ⎨ 

⎪ ⎩ 

{∑ N v 
j=1 D i j ∇U j 

}
+ σSIP 

(
max x ∈ ∂�±

e 
μ(x ) 

)
� U i � /h for SIP {∑ N v 

j=1 D i j ∇U j 

}
+ σSIP 

∑ 

j { D i j } � U j � for SIP op {∑ N v 
j=1 D i j ∇U j 

}
+ σBR2 δi (D i , U) for BR2 

(11) 

nd � ·� ≡ (·) + ̂ n − (·) −̂ n ; h = | �e | 1 /N d characterizes the size of the

G element and the parameters σ are introduced to ensure nu-

erical stability. The recommended values for σ SIP were obtained

hrough numerical analysis [29] . The main advantage of the BR2

cheme is the clear definition of the stability parameter, σ BR2 ,

hich is commonly selected to be the number of element faces. In

he BR2 scheme, the stability term δi requires evaluation on each

dge, which introduces additional computational complexity. The

tabilization terms for ̂ Q i in Eq. (11) are in a similar form as the

pwind terms in Riemann solvers. 

. Problem configurations and description of DG solver 

.1. Problem configurations 

The present study considers compressible decaying isotropic

urbulence, and similar configurations have been studied in
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Table 1 

Operating conditions for the isotropic turbulence cases and DNS resolution 

(note L = 2 π and p 0 refers to the initial pressure). 

Case no. Re λ Ma t p 0 η0 / L DNS resolution 

1 40 0.1 214.3 0.04 128 3 

2 40 0.6 5.95 0.04 128 3 

3 100 0.6 5.95 0.026 256 3 

4 100 1.5 0.95 0.026 256 3 
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[1,4–6,10,30] . However, except of the work by Johnsen et al. [31] ,

previous investigations focused mostly on low Mach number con-

ditions (Ma t ≤ 0.1). To examine the performance of DG schemes

in applications to compressible turbulence over a relatively broad

range of conditions, the present study considers four cases with

different Reynolds and Mach numbers. As listed in Table 1 , these

cases are described by the turbulence Reynolds number, Re λ =
u ′ λ/ 〈 ν〉 , and the turbulence Mach number, Ma t = 

√ 

3 u ′ / 〈 c〉 , where

c is the speed of sound, λ is the Taylor microscale, u ′ is the root-

mean-square (RMS) velocity, and 〈 · 〉 is the volumetric averaging

operator. The associated eddy turnover time is defined as τ = λ/u ′ ,
and τ is chosen to be 0.5 for all cases considered. A 3D periodic

domain, [ −π, π ] 3 , is employed. The specific heat ratio is set to

a value of γ = 1 . 4 , and the pressure and density are normalized

so that the gas constant is unity. The molecular viscosity is calcu-

lated by considering the power law dependence on temperature,

μ/μ0 = (T /T 0 ) 
0 . 76 , where μ0 = 0 . 0125 Pa · s. The Prandtl number

is set to be a constant with a value of 0.7. 

Initial conditions for the current study are given by a

divergence-free velocity field and constant thermodynamic quan-

tities ( ρ0 = 1 and p 0 provided in Table 1 ). The energy spectrum for

the initial field for u ′ is prescribed as: 

E u (k ) = 16 

√ 

2 

π
u 

′ 2 k 4 

k 5 
0 

exp 

(
−2 k 2 

k 2 
0 

)
, (12)

where k 0 is the most energetic wavenumber, which is related to

the initial Taylor microscale through k 0 = 2 λ0 . Based on this spec-

trum, a 3D velocity-field database is generated and used through-

out this study. The velocity data is provided as supplementary ma-

terials. No spatial variation is introduced to the density and pres-

sure. In Table 1 , a combination of different Re λ and Ma t is pre-

sented along with corresponding thermodynamic quantities and

initial Kolmogorov length scale η0 . It is noted that Case 3 is iden-

tical to the flow configuration considered in [31,32] . A more chal-

lenging case, Case 4, is also considered, in which the turbulence is

in the supersonic regime. From this table, it can be seen that the

initial pressure corresponding to Case 4 is very low, and enforcing

physical realizability for numerical solutions becomes a major issue

in this case. In regard to the initialization, for each DG calculation

the pre-generated velocity data is directly projected onto the DG

space using a least-square method. This approach is adequate for

obtaining identical initial conditions for DG schemes with different

polynomial bases, because the initial velocity field only contains

larger scales that can be fully represented with the given resolu-

tion. Specific effort s are t aken to make sure that the initial condi-

tions for DG and FV solvers are consistent for all LES cases. The ve-

locity fields for the FV simulations are not directly initialized using

the databases; instead, each FV simulation uses the corresponding

initial DG solution evaluated at the cell-center coordinates as the

initial condition. This approach effectively guarantees the consis-

tency of initial conditions between different schemes. 

In terms of quantities of interests, the emphasis of the present

study is directed towards examining: i) the representation of com-

pressibility effects, and ii) the accuracy in predicting the decay rate
f turbulence kinetic energy (TKE), which is given as: 

 = 

1 

2 

∫ 
�

ρu · udx. (13)

n the following, the temporal decay rate of TKE is computed using

 fourth-order finite difference approximation. 

.2. DG solver 

In the present study, an EBDG solver is employed, which has

een extensively validated for several flow configurations [18,33–

6] . These simulations confirmed that the numerical solutions ob-

ained by the solver are able to achieve (p + 1) th-order conver-

ence on different types of meshes and sufficiently smooth flows.

onvergence and validation study will not be repeated in the

resent study. This DG solver supports a variety of solution pro-

edures with different polynomial bases, Riemann solvers and vis-

ous discretization schemes. For the purpose of the present study,

agrange polynomial bases are utilized to represent the numer-

cal solution. Different element shapes, including hexahedra and

etrahedra, are considered and illustrated in Fig. 1 . The number of

olynomial bases per element is N p = (p + 1) 3 on hexahedra and

 p = (p + 1)(p + 2)(p + 3) / 6 on tetrahedra. Gauss quadrature with

ensor product augmentation is employed for hexahedral elements,

hile quadrature on tetrahedral elements is conducted using the

uadrature method proposed in [37] . The quadrature rules that can

xactly integrate polynomials of order 2 p + 1 are applied for reg-

lar calculations. To keep a generic framework, we only consider

he nodal DG implementation, in which equidistant nodes (on the

eference element) are used for interpolation and the points spec-

fied by a given quadrature rule are used for numerical integra-

ion. The collocation-type approximation [38] is not investigated.

he present DG solver employs an entropy-bounded scheme [18] ,

hich will be assessed as a technique for solution stabilization in

ection 5 . A standard fourth-order Runge–Kutta scheme is used for

ime-integration. 

. Solution-stabilization techniques 

It has been recognized that robustness issues arise from high-

rder DG simulations with insufficient resolutions, even for incom-

ressible flow conditions [6,13] . It is anticipated that for turbu-

ence at transonic or supersonic regimes the robustness of DG-

ased LES techniques will become more severe, due to dilatational

ffects and the formation of shocklets. Therefore, the introduc-

ion of certain mechanisms to stabilize LES solutions is necessary

rom a pragmatic point of view. De-aliasing using over-integration

as adopted in high-order DG solutions for LES, primarily for in-

ompressible flow conditions [5,10] . A hierarchic limiting proce-

ure was applied for simulations of turbulence at transonic con-

itions [7] , but it was found that this implementation becomes

ather involved for DG schemes with polynomial order higher than

wo. Artificial viscosity methods provide another treatment to sta-

ilize DG solutions. Recent studies on Case 3 [19] showed that the

ntroduction of artificial viscosity can effectively avoid the solution

ivergence for LES of turbulence at transonic conditions. However,

he TKE prediction exhibits strong sensitivity to the magnitude

f artificial viscosity, and additionally there is a lack of guideline

or determining the magnitude of artificial viscosity. The present

tudy places interests on assessing the EBDG scheme [18] for

ES of turbulence. This scheme is a generalization of Zhang and

hu’s positivity-preserving DG schemes [16,17] to arbitrarily high-

rder discretizations and arbitrarily shaped elements. Compared to

ther solution-stabilization approaches mentioned above, the EBDG

cheme provides mathematically provable stability for compress-

ble flow calculations by preventing unphysical quantities. This
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Fig. 1. Illustration of mesh topologies considered in the present study. 

Fig. 2. Effects of the magnitude of the entropy bound s b on the LES solutions of Case 3 (Re λ = 100 and Ma t = 0 . 6 ), calculated on a hexahedral mesh with 64 3 DOF. 
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roperty makes it potentially useful for LES applications. The key

dea of the EBDG scheme is to enforce entropy boundedness on

ubcell solutions. For this, an entropy bound is determined initially

ased on the flow conditions, s b = ln (Cp 0 /ρ
γ
0 

) , where p 0 and ρ0 ,

espectively, correspond to the pressure and density of the initial

ondition, and C is a user-input parameter. At the algorithmic level,

he entropy of the subcell solution U e in each element is monitored

uring time advancement. Once U e produces entropy undershoots

ith respect to s b (at quadrature points), a local and conservative

caling operator, initially proposed in [16,17] , is utilized to correct

he subcell solutions in troubled elements. The corrected subcell

olution can be expressed as L U e = U e + ε(U e − U e ) . The correction

s formulated as a problem that is to find the maximum of ε such

hat the entropy of L U e is not lower than s b (at quadrature points).

his treatment ensures that the entropy values of the subcell solu-

ions are bounded from below. 

To examine the sensitivity of the solutions to s b , two different

alues of s b are selected in the present investigation. This includes

 restrictive bound with C = 0 . 9 and a less restrictive bound with

 = 0 . 001 . As for more details related to the EBDG scheme, the

eader is referred to the original paper [18] . For comparison, DG

olutions with overintegration as a de-aliasing treatment are also

onsidered. Overintegration is performed using twice the amount

f quadrature points along each spatial dimension. Due to the com-
utational cost, further increase of quadrature points was found to

ake the calculations impractical. The procedure of overintegra-

ion technique was described in [5] . 

To examine the solution-stabilization technique, we consider

ases 3 and 4. These case are characterized by strong turbulence

nd compressibility effects and are expected to induce robustness

ssue in the DG solution. Simulations are performed using a set

f EBDG schemes with different polynomial representations on a

esh with 64 3 DOF. The results for Cases 3 and 4 are provided

n Figs. 2 and 3 , respectively. The solutions of Case 3, including

oth the decay of TKE and density fluctuations, are insensitive to

he value of s b . This behavior is observed for the considered EBDG

chemes of different polynomial orders. The de-aliased DG calcu-

ations using overintegration are able to capture the first peak of

he TKE decay that is triggered by strong dilatational effects; how-

ver, all calculations diverge at around t/τ = 0 . 6 . In contrast to

ase 3, solutions of Case 4 exhibit some sensitivity to the value

f s b . Comparatively speaking, the solutions corresponding to the

ess restrictive value of s b are closer to the DNS reference solu-

ions. The solutions obtained using the restrictive entropy bound

end to produce larger overpredictions in the decay rate, when the

KE is dominated by initial dilatational effects. Due to the stronger

ilatation in Case 4 as compared to Case 3, the overintegrated DG

alculations diverge at a much earlier time. It is evident that all
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Fig. 3. Effects of the magnitude of the entropy bound s b on the LES solutions of Case 4 (Re λ = 100 and Ma t = 1 . 5 ), calculated on a hexahedral mesh with 64 3 DOF. 

Table 2 

Specification of different DG implementations ( − means smaller; + means larger). 

Setup Convection Diffusion Allowable Comments 

time-step size 

1 Rusanov − − Inviscid case 

2 Rusanov SIP − Combined 

stabilization term 

3 Roe SIP − −
4 Central SIP + No stabilization for 

convection flux 

5 Preconditioned Roe SIP + 

6 Central SIP op + 

̂ Q = 0 for density ρ

7 Preconditioned Roe SIP op + 

̂ Q = 0 for density ρ

8 Preconditioned Roe BR2 + 

 

 

 

 

 

 

 

 

 

C

 

 

 

 

 

 

 

 

 

 

 

 

 

 

6

 

l  

T  

f  

a  

l  

s  

t  

(  

c  

l  

l  

n  

t  

u  

a  

s  

m  

i  

s  

v  

c  

e  

f  

f

 

i  

t  

t  

i  

i  

i  

m  

s  

R  

r  

t  

a  

m  

a  

S  

l  
EBDG solutions slightly underpredict the density fluctuation. This

can be explained since the EBDG scheme regularizes solutions by

constraining the variations of thermodynamic quantities. There-

fore, setting a more restrictive entropy bound, which is equivalent

to setting a stronger constraint, enlarges the resulting underpre-

diction for density fluctuation. Overall, for the flow configuration

considered in this study, it is suggested to apply a relatively less

restrictive entropy bound for the application of EBDG scheme. In

the following investigation, s b = ln (0 . 001 p 0 /ρ
γ
0 

) , corresponding to

 = 0 . 001 , will be used for all EBDG calculations. 

6. Different flux-function formulations 

The discussion in this section focuses on the performance of

different DG im plementations. As introduced in Section 3 , there

are a number of options for Riemann and viscous flux formulations

for DG schemes. These different implementations affect the accu-

racy of turbulence predictions. Therefore, it is necessary to exam-

ine the behavior of different schemes and select an implementa-

tion to achieve optimal accuracy and computational efficiency. We

recognize that the difference between the behaviors of different

implementations is only noticeable on considerably coarse meshes.

Therefore, the discussion focuses on simulation results on 32 3 DOF

resolution; further mesh refinement leads to identical results in-

dependent of the choice of a particular flux discretization. Several

permutations of flux formulations are considered in this study, as

listed in Table 2 . For all simulations, an EBDGP3 scheme is em-

ployed to perform the assessment. 
.1. Choice of Riemann flux formulations 

Fig. 4 presents simulation results for the decay rates of turbu-

ence kinetic energy predicted with Setups 2–5 for Cases 1 and 3.

he results show that the decay rate of TKE behaves distinctly dif-

erent for both cases. Specifically, the decay rate for Case 1 exhibits

 slow initial growth as the flow adapts to the initial condition, fol-

owed by a gradual decrease. In contrast, the decay rate for Case 3

hows very strong fluctuations at the early stage of the calcula-

ion due to dilatation. Because of the high Mach-number condition

Ma t = 0 . 6 ) of Case 3, the turbulence is strongly coupled with the

ompressibility of the fluid. The turbulence introduces strong di-

atation in local fluid elements, triggering the formation of shock-

ets [32] . This physical aspect, as an additional dissipative mecha-

ism, accelerates the decay of TKE [39] , which is consistent with

he first peak of the TKE decay observed in Case 3. Results from

nderresolved simulations also behave differently between Case 1

nd Case 3. Specifically for Case 1, the TKE obtained for underre-

olved calculations decays faster than that of the DNS, which is

ost observable in the time interval of 0.1 ≤ t / τ ≤ 1.0. This behav-

or is due to the numerical dissipation and the lack of resolution;

imilar observations were made by considering the Taylor–Green

ortex problem [5,12] . In contrast to Case 1, the under-resolved

alculations for Case 3 tend to underpredict the TKE decay at the

arly stage, t/τ = 0 . 1 ∼ 0 . 3 . From these results, only marginal dif-

erences in the prediction of the TKE decay rate can be observed

or different Riemann flux formulations for Cases 1 and 3. 

Since this study is concerned with compressible turbulence, it

s important that the numerical schemes can accurately represent

he compressibility effects that are induced by turbulent flow mo-

ions. For this, density fluctuations are commonly considered as an

ndicator for assessing the accuracy [40–42] . Therefore, we exam-

ne the error of the root-mean-square (RMS) of density, 
√ 〈 ρ′ 2 〉 ,

n order to assess the performance of different Riemann flux for-

ulations. This error is evaluated as difference between the den-

ity RMS predicted for the underresolved setting and the density

MS of the corresponding DNS solution. For the low Mach number

egime of Case 1, the density fluctuations are coupled with acous-

ic disturbances. Therefore, we observe very small density fluctu-

tions through the simulation. The performance of different Rie-

ann solvers in predicting the correct density RMS for Case 1

re shown in Fig. 5 (a). It can be seen that Setup 2 (Rus-SIP) and

etup 3 (Roe-SIP) cause relatively large underpredictions at the

ate stage of the calculation, compared to Setup 4 (cent-SIP) and
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Fig. 4. Decay of TKE predicted by different Riemann solvers for (a) Case 1 (Re λ = 40 and Ma t = 0 . 1 ) and (b) Case 3 (Re λ = 100 and Ma t = 0 . 6 ) on a hexahedral mesh with 

32 3 DOF using EBDGP3 scheme. 

Fig. 5. Error of density fluctuations obtained by different Riemann solvers for (a) Case 1 (Re λ = 40 and Ma t = 0 . 1 ) and (b) Case 3 (Re λ = 100 and Ma t = 0 . 6 ) on a 32 3 DOF 

mesh using EBDGP3 scheme. 
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etup 5 (pRoe-sIP). This behavior is consistent with the observa-

ions from previous studies of low-Mach Riemann solvers [43–45] .

he conventional Riemann flux implementations (e.g. Roe and Ru-

anov formulations) often generate considerable numerical dissi-

ation at low Mach number conditions, causing excessive damp-

ng of acoustic waves. In contrast, the numerical dissipation in the

reconditioned-Roe solver is penalized at low Mach number condi-

ions. As consequence, it is observed in Fig. 5 (a) that Setup 5 with

he preconditioned-Roe solver behaves very similarly to Setup 4

ith a non-dissipative central flux formulation. As for Case 3 (see

ig. 12 ), the magnitude of the density fluctuations is considerably

arger than that in Case 1 due to strong dilatation effects. With in-

ufficient numerical resolution, Setups 2, 3 and 5 all underpredict

he density RMS of Case 3 throughout the simulation, resulting in

 weaker dilatation strength. The underprediction of density RMS

t the very early stage, t/τ = 0 . 1 ∼ 0 . 3 , coincides well with the un-

erprediction of the TKE decay observed for the same time interval

n Fig. 4 (b). In terms of the performance of Riemann solvers, the

oe solver (Setup 3) and the preconditioned Roe solver (Setup 5)

erform identically. The Rusanov scheme (Setup 2), regarded to be

ore dissipative, leads to a slightly lower level of density fluctua-
ions, and overall reduces the discrepancies between the underre-

olved simulation and DNS. This observation requires further anal-

sis. The error behavior for the density fluctuations is related to

he density field produced by strong dilatation effects at the very

arly stage of Case 3 realization. With the added numerical dissi-

ation from the Rusanov scheme, the resulting density field, along

ith the velocity field, could be physically more consistent with

he DNS results (see the example [4] ), which leads to slight im-

rovements in the overall accuracy. However, this kind of advan-

age is case specific; as shown in Fig. 5 , comparatively the Rusanov

cheme performs better in Case 3 than in Case 1. 

Another important criterion for selecting the optimal flux im-

lementation is the computational efficiency. For the examined

chemes (Setups 1 to 5), the main impact associated with the com-

utational efficiency is the allowable time step size. The differ-

nce of the allowable time step size between setups are more pro-

ounced in Case 1. It should be noted that the time step size does

ot only influence the stability but also the accuracy of the simula-

ions. Therefore, we seek the largest time step size for a given so-

ution accuracy. For each setup, multiple realizations are performed

y varying the time step size �t , and evaluating the correspond-
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Fig. 6. Comparison of predictive errors of density fluctuation as a function of 

time-step size for different setups and 64 3 DOF using EBDGP3 scheme for Case 1 

(Re λ = 40 and Ma t = 0 . 1 ) (legend: red - Rus-SIP (Setup 2); black - Roe-SIP (Setup 

3); blue - cent-SIP (Setup 4); green - pRoe-SIP (Setup 5)). (For interpretation of the 

references to color in this figure legend, the reader is referred to the web version 

of this article.) 
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ing errors of the predicted density fluctuation. This error is pre-

sented in Fig. 6 as a function of time-step size �t . It is evident that

conventional Riemann solvers used in Setups 2 and 3 significantly

restrict the time-step size, due to the considerably larger spectral

radius of the overall discretized operator. Applying less dissipative

Riemann solvers, as done in Setups 4 and 5, can significantly im-

prove the allowable time step size. It is also noted that the CFL

condition proposed in the context of convection-dominated flow

problems [46] does not effectively apply to this case. For a purely

inviscid calculation, the Rusanov flux (Setup 1) retains the stabil-

ity and accuracy up to a time-step size of �t/τ = 2 . 6 × 10 −3 . With

the inclusion of the viscous term (Setup 2), the time-step size re-

quires further reduction to around 1 . 7 × 10 −3 , as shown in Fig. 6 .

In summary, it is found from this assessment that the precondi-

tioned Riemann solver provides a better representation of density

fluctuations while admitting relatively large time-steps. 
Fig. 7. Decay of TKE predicted by different viscous discretization schemes for (a) Case 1 

mesh using EBDGP3 scheme. 
.2. Choice of viscous flux formulations 

The performance of different schemes for the viscous-flux dis-

retization are examined in this section. Fig. 7 shows the TKE de-

ay rate obtained from underresolved simulations by Setups 5, 7

nd 8, which are equipped with the same Riemann solver but dif-

erent viscous flux formulations. It can be seen that these three

etups do not yield noticeable differences in the predicted decay

f TKE. However, by examining the results in Fig. 8 , we find that

he performance of the three setups differ in terms of predicted

ensity fluctuations. In particular, SIP op tends to cause larger over-

redictions of the magnitude of density fluctuations, compared to

IP and BR2 schemes. This behavior can be attributed to the lack of

he viscous flux ̂ Q for the density variable. Once the inter-element

ump is triggered by convection, the dissipative effect on density

as to be indirectly realized through momentum conservation. This

ndirect response, although seemingly more physical, introduces a

agging effect in the underresolved calculations. This hypothesis is

urther verified by removing the numerical stabilization from the

onvective flux, which leads to Setup 6 (cent-SIP op ). By compar-

ng Setup 6 (cent-SIP op ) to Setup 7 (pRoe-SIP op ), it can be ob-

erved that errors for density RMS are amplified. Therefore, we can

onfirm that this error is genuinely related to the characteristics

f the numerical stabilization terms. In contrast to SIP op , the SIP

cheme employed in Setup 5 is formulated with a scalar stabiliza-

ion, which numerically introduces a direct response of the density

eld to inter-element solution jumps. This treatment appears to be

ore effective in capturing density fluctuations in underresolved

alculations, at least for the cases examined in Fig. 8 . The density

elds obtained by Setups 5 and 7 are illustrated in Fig. 9 . The den-

ity fluctuations, as well as the density jumps across element in-

erfaces, are more apparent in the calculation by Setup 7 than by

etup 5. 

As for the computational efficiency, it is found that the compu-

ational costs for the considered viscous flux formulations vary due

o the required operations, although the allowable time step sizes

re comparable. In particular, it was found that the BR2 scheme

equires twice as much computational cost compared to SIP and

IP op schemes due to the required lifting operator for computing

he stabilization terms. It is worth mentioning that this observa-

ion on computational cost is based on the specific implementa-

ion of our solver. In fact, on hexahedral elements, the BR2 scheme

ight become as fast as SIP by considering a collocation-type im-

lementation [38] and tensor-product structures. 
(Re λ = 40 and Ma t = 0 . 1 ) and (b) Case 3 (Re λ = 100 and Ma t = 0 . 6 ) on a 32 3 DOF 
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Fig. 8. Error of density fluctuations obtained by different viscous discretization schemes for (a) Case 1 (Re λ = 40 and Ma t = 0 . 1 ) and (b) Case 3 (Re λ = 100 and Ma t = 0 . 6 ) 

on a 32 3 DOF mesh using EBDGP3 scheme. 

Fig. 9. Density field (at t/τ = 0 . 3 ) for (a) Setup 5 (pRoe-SIP) and (b) Setup 7 (pRoe-SIP op ) for Case 1 (Re λ = 40 and Ma t = 0 . 1 ) on a 32 3 DOF mesh obtained using EBDGP3 

scheme. 
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Considering the accuracy and computational efficiency, in the

ollowing the SIP scheme is selected as viscous flux formulation.

his choice is identical to that employed in previous studies [1,4] .

herefore, Setup 5 (pRoe-SIP) will be used in the benchmark study

gainst a state-of-the-art FV solver. Based on the study in this sec-

ion, it is concluded that i) the DG solution for TKE decay rate is

nsensitive to the choice of the inviscid and viscous flux discretiza-

ion schemes; ii) the prediction of density fluctuations exhibits cer-

ain sensitivity to the choice of the viscous flux formulation; iii)

etup 5 (pRoe-SIP op ) provides better predictive accuracy with min-

mum computational cost. Based on this finding, Setup 5 will be

mployed for the subsequent benchmark study. 

. Benchmark against FV solver 

.1. Description of the CharlesX solver 

CharlesX is a reconstruction-based unstructured FV solver,

hich has been extensively used for turbulent flow calcula-

ions [47–49] . Third-order polynomial reconstruction is utilized for

he evaluation of the left- and right-biased face centroid values of

he flow variables. A blending between central scheme and Rie-

ann flux is performed based on the local grid quality. This flux
omputation procedure is formally second-order accurate and has

aximum fourth-order accuracy on perfectly uniform Cartesian

eshes with no numerical dissipation. This purely non-dissipative

umerical procedure is employed for the calculations of Cases 1–3

n regular hexahedral meshes. For computations of shock-related

roblems (Case 4), CharlesX utilizes a sensor-based hybrid central-

NO scheme to minimize the numerical dissipation while stabi-

izing the simulation. For regions where shocks are present, a

econd-order ENO reconstruction is used on the left- and right-

iased face values. A number of sensors are available for detect-

ng shocks in CharlesX. For the current study, the “relative solu-

ion” (RS) sensor is adopted [50,51] . This sensor compares the dif- 

erence between the left- and right-biased reconstructed face val-

es of density and pressure to the minimum of the correspond-

ng values in the two neighboring cells of the face. When this

ifference exceeds a certain fraction of the minimum cell value,

he ENO reconstruction scheme will be used. For the following

tudy, a value of 0.5 was found to be sufficiently effective. De-

ails on the discretization of the viscous flux and gradient calcula-

ions can be found in Ham & Iaccarino [52] and Pecnik et al. [53] .

he semi-discretized form of the governing equations is solved

sing a fully explicit, third-order Runge–Kutta time integration

cheme. 
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Fig. 10. LES prediction of the decay of TKE obtained from EBDG and CharlesX for (a) Case 1 (Re λ = 40 , Ma t = 0 . 1 ); (b) Case 2 (Re λ = 40 , Ma t = 0 . 6 ); (c) Case 3 (Re λ = 100 , 

Ma t = 0 . 6 ); (d) Case 4 (Re λ = 100 , Ma t = 1 . 5 ). 
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7.2. Benchmark on regular hexahedral meshes 

This section focuses on the comparison of LES solutions ob-

tained on hexahedral meshes using the EBDG solver and CharlesX.

LES calculations are performed with 32 3 DOFs for the low

Reynolds-number cases (Cases 1 and 2), and 64 3 DOFs for the

cases with higher Reynolds and Mach numbers (Cases 3 and 4).

EBDG solutions of different polynomial orders are considered, and

the number of elements are adjusted according to the polynomial

order to match the number of DOFs. The decay of TKE for all cases

are presented in Fig. 10 . For Case 1, it is observed that all EBDG

solutions tend to overpredict the initial rate of decay, followed by

a slight underprediction after around t/τ = 1 . In contrast, LES so-

lutions obtained from CharlesX exhibit the opposite behavior. It is

worth noting that the benefit of using higher-order accurate EBDG

schemes is evident for Case 1, and EBDGP4 predicts the decay of

TKE closer to the DNS solutions compared to the other EBDG solu-

tions of lower polynomial orders. This trend is directly attributed

to the smooth flow characteristics at these low Mach and Reynolds

number conditions. Different from the observation for Case 1, the

decay of TKE is largely affected by dilatation effects in the other

cases, and this is mostly noticeable at the early stage when the

decay rate approaches its maximum. As for Cases 2 and 3, both

solutions perform equally well in terms of capturing the initial

peak of the decay rate. After the peak, discrepancies among dif-
erent LES solutions become apparent as the flow field evolves fur-

her. An undershoot in the CharlesX prediction is observed for the

ecay rate of TKE between t/τ = 0 . 5 and 1.5. In contrast to this,

BDG schemes, having inherent numerical dissipation, overpredict

he decay rate of TKE during this time interval. EBDGP4 solution

hows small discrepancies with the DNS solutions compared to

ther DG and FV results. It is interesting to note that the benefit

f the high-order accuracy remains at the high turbulence condi-

ions for Cases 2 and 3, which are characterized by considerable

ilatation effects and the formation of shocklets. However, for Case

, the dilatation effects are much stronger, and shocks form almost

verywhere in the flow field at the early stage of the realization,

s observed in Fig. 11 . It was discussed in Section 5 that the solu-

ion stabilization plays an important role in this case. Solutions ob-

ained with different stabilization methods show a relatively large

catter in representing the initial peak of the TKE decay. Compara-

ively, the CharlesX solution yields slightly less overprediction than

BDG solutions. The EBDGP2 scheme provides improved predic-

ions compared to EBDGP3/4 schemes. 

Predictions for density fluctuations, between EBDG and FV

chemes, are presented in Fig. 12 . For the low Mach-number condi-

ion of Case 1, the thermodynamic variation is acoustic-controlled,

nd therefore the density signals exhibit strong fluctuations. It is

ound that high-order methods improve the representation of the

uctuating modes. LES solutions obtained by both EBDGP3 and
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Fig. 11. Density field for Case 4 (Re λ = 100 , Ma t = 1 . 5 ) at t/τ = 0 . 6 obtained using 

EBDGP3 scheme. 
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Fig. 12. Comparison of predictions for density fluctuations for (a) Case 1 (Re λ = 40 , Ma t =
4 (Re λ = 100 , Ma t = 1 . 5 ). 
BDGP4 schemes are in better agreement with DNS results for

ensity RMS for all cases. EBDGP2 solution produces considerably

arger errors. This is particularly at the early stage of the simula-

ion. CharlesX solutions are comparable to results obtained with

BDGP3 and EBDGP4, but deteriorate slightly at the late stage of

he simulation with small undershoots in the prediction. As for the

ES calculations of Cases 2 and 3, high-order DG solutions, both

rom EBDG3 and EBDGP4, shows less discrepancies with respect to

he DNS reference. CharlesX tends to produce slightly larger den-

ity fluctuations at LES resolution. This can be attributed to the

umerical error introduced in representing the initially strong di-

atational flows using a non-dissipative scheme. For Case 4, the so-

ution behavior in predicting density RMS is consistent with results

f the decay of TKE. The sensor-based hybrid central-ENO scheme,

mployed in CharlesX, is more effective than EBDG schemes in

apturing density fluctuations. Solutions obtained from EBDG show

arger sensitivities to polynomial order. EBDGP2 outperforms other

BDG schemes, producing a solution that agrees with CharlesX.

BDG solutions with p > 2 introduce larger discrepancies to the

NS solution for this case. This behavior might be unique to

BDG schemes, and this observation is not necessarily generaliz-

ble to DG schemes that employ other stabilization techniques.

owever, the behavior of the EBDG scheme is generally consis-

ent with the current understanding of the behavior of high-order

chemes [12] in that polynomial refinement benefits in capturing
 0 . 1 ); (b) Case 2 (Re λ = 40 , Ma t = 0 . 6 ); (c) Case 3 (Re λ = 100 , Ma t = 0 . 6 ); (d) Case 
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Fig. 13. Comparison of predictions for velocity spectra of LES solutions at t/τ = 4 for (a) Case 1 (Re λ = 40 , Ma t = 0 . 1 ); (b) Case 2 (Re λ = 40 , Ma t = 0 . 6 ); (c) Case 3 (Re λ = 

100 , Ma t = 0 . 6 ); (d) Case 4 (Re λ = 100 , Ma t = 1 . 5 ). 
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smooth solutions while mesh refinement is more effective in re-

solving discontinuous solutions. 

The velocity spectra of the resulting turbulence fields, calcu-

lated using different methods, are compared in Fig. 13 . It can

be seen that the solutions obtained by each individual method

show a consistent behavior for all cases. Due to the inherent

numerical dissipation, EBDG schemes result in consistent under-

shoots of energy, which is mostly visible near the cutoff wavenum-

ber. An increase in polynomial order can clearly improve the

representation of turbulence energetics for Cases 1–3. However,

this trend does not translate to Case 4. Fundamentally different

from the EBDG solutions, CharlesX results show significant en-

ergy pileup around the cutoff wavenumber. Besides this, the part

of the spectra around intermediate wavenumbers is adversely af-

fected, which is most prominent from Case 1 and Case 2. These

issues have been recognized in previous LES calculations using

non-dissipative schemes [54] , and can be resolved by applying

SGS models [40,55] . This conventional modeling approach, how-

ever, might not be suited to DG schemes due to the dissipative

properties of the scheme itself. 

7.3. Benchmark on tetrahedral meshes 

Cases 1 and 3 are selected for the benchmark study on tetra-

hedral meshes. For comparison, computations are carried out with
 × 44 3 ( ≈ 75 3 ) DOFs for both the EBDG solver and CharlesX. This

umber of DOFs corresponds to 5 × 16 3 DGP3 hexahedral ele-

ents and 5 × 21 3 DGP2 elements, respectively. CharlesX’s purely

on-dissipative scheme that was successfully employed on hex-

hedral meshes leads to certain stability issues on tetrahedral

eshes. To achieve numerical stability, a blending of central and

iemann fluxes based on the local cell skewness is employed [50] .

he blending factor is purely grid-based and can be evaluated

rior to the simulation. For regular hexahedral meshes, stud-

ed in Section 7.2 , the blending scheme reverts to the purely

on-dissipative scheme. However, for the considered tetrahedral

eshes, the blending procedure yields a blending factor of 0.075,

hich means that 7.5% of the flux evaluations at the faces are com-

uted from a HLLC flux while the remaining portion is evaluated

sing a central flux. 

The LES results obtained from EBDG solver and CharlesX are

ompared in Fig. 14 . On tetrahedral meshes the accuracy of

harlesX reduces to second order. In contrast, EBDG solutions do

ot reveal apparent sensitivity to the mesh topology. Given the

ame resolution (5 × 44 3 ), the FV results are significantly less ac-

urate than the EBDG solutions. Further mesh refinement is con-

ucted using CharlesX, showing that two more levels of refinement

re required for the FV scheme to obtain comparable predictions

or TKE and spectra. However, the prediction for density fluctua-

ions from CharlesX is still not as accurate as the EBDG predictions
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Fig. 14. Comparison of turbulence LES solutions obtained by EBDG and CharlesX for Case 1 (Re λ = 40 , Ma t = 0 . 1 ) and Case 3 (Re λ = 100 , Ma t = 0 . 6 ) on tetrahedral meshes. 
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or Case 1 with Re λ = 40 and Ma t = 0 . 1 , confirming the sensitiv-

ty of density fluctuations to numerical errors. The slow conver-

ence also emphasizes the difficulty in discretizing viscous terms

ith the FV scheme on unstructured meshes [56] . In contrast, the

iscretization operator for viscous-diffusive terms in EBDG, which

s built completely on a weak formulation, provides more advan-

ages in this regard. To illustrate the quality of solutions on differ-

nt mesh topologies, the vorticity fields obtained from both EBDG

olver and CharlesX are illustrated in Fig. 15 . From this figure, it

s evident that the accuracy of the FV solution deteriorates, with
 s  
ubstantial loss of small scales, while the EBDG prediction remains

nsensitive to the mesh topology. 

.4. Estimation of computational cost 

The previous sections focused on the assessment of the accu-

acy of FV and DG solutions. This section complements this analy-

is by comparing computational cost between the DG scheme and

he FV implementation in CharlesX. It is recognized that there are

everal aspects that affect computational efficiency, including com-
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Fig. 15. Vorticity magnitude obtained using the DG and CharlesX FV solvers for Case 3 (Re λ = 100 , Ma t = 0 . 6 ) on both hexahedral mesh with 64 3 DOF and tetrahedral mesh 

with 5 × 44 3 DOF. 
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puting architecture, programming language, parallel environment,

and extent of solver optimization. As such, having direct compar-

isons between solvers does not objectively imply the fact of per-

formance difference between different numerical schemes. In fact,

several examples show that solvers, built on either DG [57] or

FV [58] schemes, are able to scale on massively parallel comput-

ing environments. Here, we provide an estimate of FLOP demands

of the examined numerical schemes, following the analysis per-

formed in [32] , rather than determining which scheme (or solver)

is more efficient. Time-step size is another influence factor for

computational cost. In this regard, we find that CFL-constraint pro-

posed for linear convection [46] is not sufficiently reliable for tur-

bulence simulations due to the nonlinearities of the fluid-flow so-

lutions. To obtain a sharp estimate for the time-step size for this

problem is nontrivial. To this end, we employ a direct approach

to determine the maximum allowable time-step sizes for both DG

and FV cases, and it is shown that the FV solver (CharlesX) allows

a 10–15% larger time-step size than the DG solver. The difference is

not very notable compared with the difference in FLOP demands,

which will be given in the following. 

A summary of FLOP counts for the DG implementation is listed

in Table 3 . As discussed in the context of Eqs. (8) and (9), there

are five terms to be calculated for each residual evaluation of the
DG discretization: two volumetric terms and three surface terms. p  
ince the DG solver is implemented based on numerical quadra-

ure, the number of quadrature points for different element types

nd polynomial orders are given in Table 3 . The implementations

or the different terms of the same type are grouped together

or enabling variable reuse and reducing FLOPs. For each group,

t typically requires solution interpolation ( N q N v DOF FLOPs), gra-

ient interpolation (3 N q N v DOF FLOPs) onto quadrature points, and

rojection of the spatial residual onto local DG space (3 N q N v DOF

LOPs for volumetric terms and N q N v DOF FLOPs for edge terms,

s indicated in Eq. (8). The counts are doubled on the edges since

oth the left and right sides should be taken into account. There

re some remaining FLOPs, as shown in Table 3 , which have to

e done with the evaluation of nonlinear fluxes and the mul-

iplication of the fluxes by quadrature weights. Apparently, the

LOPs cost for different terms are different. As shown in Table 3 ,

he evaluation of the diffusion terms requires an order of magni-

ude more FLOPs than that of the convective terms. This is par-

ially attributed to the generality of the DG diffusion discretiza-

ion, which involves several matrix-vector multiplications. By uti-

izing collocation-type treatment [38] , a more efficient implemen-

ation can be achieved [59] ; however, the treatment might be re-

tricted to certain element types and polynomial orders. Neverthe-

ess, the FLOPs estimate provided here is based on the specific im-

lementation of the DG solver. Compared to the DG solver, the im-
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Table 3 

FLOP counts for DG scheme per RK step (Note that N v denotes the number of so- 

lution variables; N f = 6 N e / 2 for hexahedron and N f = 4 N e / 2 for tetrahedron, where 

N q is the number of quadrature points, and N f and N e are the numbers of faces and 

elements, respectively; variable reuse is considered in FLOP-count; DOF per element 

is equal to (p + 1) 3 for hexahedron and (p + 3)(p + 2)(p + 1) / 6 for tetrahedron). 

Volumetric 

terms 

interior convection term N e N 
v ol 
q N v (10 + 1 DOF ) 

interior diffusion term N e N 
v ol 
q N v (130 + 6 DOF ) 

Edge terms convective flux N f N 
edge 
q N v (40 + 4 DOF ) 

dual-consistency diffusion N f N 
edge 
q N v (270 + 12 DOF ) 

diffusion flux N f N 
edge 
q N v (190 + 2 DOF ) 

No. of 

quadrature 

points 

hexahedron P4 N v ol 
q /N edge 

q = 125 / 25 

hexahedron P3 N v ol 
q /N edge 

q = 64 / 16 

hexahedron P2 N v ol 
q /N edge 

q = 27 / 9 

tetrahedron P4 N v ol 
q /N edge 

q = 70 / 19 

tetrahedron P3 N v ol 
q /N edge 

q = 35 / 13 

tetrahedron P2 N v ol 
q /N edge 

q = 15 / 7 

FLOPs per DOF hexahedron P4 13,330 

hexahedron P3 9130 

hexahedron P2 6570 

hexahedron CharlesX 2690 

tetrahedron P4 9110 

tetrahedron P3 8040 

tetrahedron P2 7460 

tetrahedron CharlesX 1450 
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Fig. 16. Temporally averaged error of TKE versus normalized FLOP-count on differ- 

ent mesh resolutions; FLOPs are normalized by 10 7 ; four lines fitted for DG-hex, 

FV-hex, DG-tet and FV-tet. 
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lementation in CharlesX is more efficient. The volumetric terms

o not exist in the FV discretization and viscous terms only re-

uire 36 gradient evaluations, each of which utilizes pre-processed

esh information and only involves one vector-vector multiplica-

ion. Further, since the evaluation of the viscous terms in CharlesX

s tailored to the specific form of governing equations, it also leads

o large savings in operation counts over the DG solver. With this,

he FLOPs-per-cell count of CharlesX is 2440, which is only about

ne quarter of the FLOPs required for the DGP3 implementation,

s presented in Table 3 . Although some FLOPs might be saved in

he DG implementation, for example, by customizing the viscous

perators for specific equations, it is anticipated that in general a

actor of three or four is a reasonable estimate of the difference

n operating counts between DG solver and FV solver for the same

umber of DOFs. 

To examine the performance from the accuracy-vs-cost point of

iew, we report the mean TKE error as a function of FLOPs for dif-

erent mesh resolutions in Fig. 16 for Case 3. This figure shows that

n regular hexahedral meshes CharlesX is able to achieve the same

ccuracy as the DG solver using less FLOPs. However, on tetrahe-

ral meshes, the DG solver shows significant advantages over the

harlesX for the same number of DOF. As presented in Section 7.3 ,

harlesX predictions are still not as accurate as the EBDG results

ven after two levels of mesh refinement, which already introduces

 factor of 4 3 = 64 increase in cost. 

In summary, to achieve the same accuracy, on regular hexahe-

ral meshes, CharlesX only requires one quarter of FLOPs of the

G solver, while on tetrahedral meshes CharlesX requires one or-

er of magnitude more FLOPs than the DG solver, to achieve the

ame accuracy. 

. Findings and conclusions 

In this study, an entropy-bounded DG scheme as a numerical

echnique for large-eddy simulations is assessed by considering de-

aying isotropic turbulence. This assessment concerns the suitabil-

ty of the entropy-bounding treatment for capturing turbulence,

he effects of Riemann and viscous flux formulations on LES so-

utions, and the performance of the EBDG schemes with different
olynomial orders. A benchmark study of the EBDG solver against

 state-of-the-art FV solver is carried out to identify the status and

otential merit of EBDG methods as LES technique. The main find-

ngs are summarized as follows: 

• As a solution stabilization technique, entropy-bounding is

shown to be more effective than overintegration to enforce nu-

merical stability, especially for compressible turbulent flows at

higher Reynolds- and Mach numbers. The entropy bound in the

EBDG scheme does not introduce noticeable effects on the so-

lution representation of turbulence characteristics at conditions

of low and moderate compressibility. For conditions involving

supersonic turbulence considered in this study, it is found that

the application of a less restrictive entropy bound results in im-

proved accuracy. 
• From the benchmark tests on hexahedral meshes, it is found

that i) an increase in the polynomial order of the EBDG scheme

improves the accuracy of LES predictions at low and moderate

turbulence Mach numbers; ii) at supersonic turbulence condi-

tions, h -refinement is more effective over polynomial refine-

ment in capturing turbulence; iii) non-dissipative FV predic-

tions for the decay rate of TKE are comparable to those of

higher-order EBDG schemes (EBDGP3 and EBDGP4) for flow

conditions at low and moderate turbulence Mach numbers,

while prone to produce appreciable errors for representing fluc-

tuations of thermodynamic quantities. 
• From the benchmark test on tetrahedral meshes, it was found

that i) DG solutions retain a similar accuracy as on hexahedral

meshes; ii) FV solvers suffer from a significant deterioration in

solution accuracy. With the same number of DOF, the FV so-

lution is considerably less accurate due to the deterioration of

the order of accuracy (reduction from 4th-order accuracy on

regular hexahedral meshes to 2nd-order accuracy on tetrahe-

dral meshes). In order to achieve comparable accuracy, the FV

method requires at least two additional levels of mesh refine-

ment. 
• FLOP demands for a DG solver and CharlesX are estimated.

For the same DOF, the DG solver requires approximately three

times more FLOPs as the FV solver given the specific imple-

mentation considered in this study. From a cost-accuracy view-

point, the FV solver holds advantages over the DG solver on

regular hexahedral meshes; however, if the geometric complex-
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ity requires the discretization with unstructured and tetrahedral

meshes, high-order DG methods become more beneficial over

FV methods. 
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Appendix A. Consistency of DNS results 

This section reports on the consistency between the DNS results

obtained from the EBDG solver and CharlesX. For the DG solution,

an EBDGP3 scheme is selected to retain the same order of accu-

racy as the FV scheme of the CharlesX solver. Regular hexahedral

meshes are utilized and the mesh resolutions are chosen accord-

ing to the estimate of the Kolmogorov scales listed in Table 1 . DNS

for all four cases are carried out, and for each case one additional

calculation with a refined mesh is performed to confirm solution

convergence. The solutions are shown in Fig. A.17 . There is very

good agreement between predictions obtained from both solvers

for TKE, density fluctuation, dilatation and velocity spectrum. It is

found that the dilatation for Case 4 is not fully converged with the
Fig. A.17. Resolved solutions obtained from EBDG solver and CharlesX (dash l
esh resolution estimated by the corresponding Kolmogorov scale.

his is due to the formation of shocklets, which leads to the gen-

ration of smaller scales in the turbulent field. All other quantities

resented in Fig. A.17 are converged. For the purpose of numerical

ssessment, this set of solutions are adequate to serve as a refer-

nce for the LES studies on coarser meshes. 

ppendix B. Sensitivity of entropy bound 

From Section 5 , it is found that the LES solutions obtained us-

ng the EBDG scheme exhibit certain sensitivities to the magnitude

f the imposed entropy bound s b . This discussion is here supple-

ented to examine the effect of the magnitude of s b on the LES

olution. For the cases presented in Figs. 2 and 3 , we sample the

ercentage of troubled elements (referred to elements in which

he scaling limiter of EBDG scheme is applied) and the amount of

runcated TKE through the scaling limiter over the whole compu-

ational domain. These two quantities are presented as a function

f simulation time in Figs. B.18 and B.19 , corresponding to Case 3

nd Case 4, respectively. As we can see, a restrictive entropy bound

 b = ln 0 . 9 p 0 /ρ
γ
0 

tends to identify a larger number of troubled ele-

ents and truncates more TKE for both cases, compared to a relax-

ng bound s b = ln 0 . 001 p 0 /ρ
γ
0 

. For Case 3, the number of troubled

lements is less than 1.5% throughout the simulation for any of the

onsidered setups, and the overall impact of applying the limiter

s small. Therefore, the solutions of Case 3, as exhibited in Fig. 2 ,
ine in (d) corresponds to the velocity spectrum of the initial condition). 
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Fig. B.18. Behaviors of the scaling limiter of EBDG scheme on LES solutions subject to different magnitudes of entropy bounded s b for Case 3. 

Fig. B.19. Behaviors of the scaling limiter of EBDG scheme on LES solutions subject to different magnitudes of entropy bounded s b for Case 4. 

a  

i  

C  

t  

m  

t  

n  

t  

d  

l  

E

A

 

c  

e

t

R

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

re insensitive to the magnitude of s b , although the scaling lim-

ters with different values of s b perform differently. In contrast to

ase 3, the LES solutions for Case 4 exhibit a stronger sensitivity

o the magnitude of s b . At the maximum, nearly 70% of the ele-

ents are identified as troubled elements with the restrictive en-

ropy bound. With the application of a less restrictive bound, the

umber of troubled elements reduces to around 30%. In terms of

he performance of the EBDG scheme with different polynomial or-

ers, the scaling limiter for the EBDGP2 scheme tends to truncate

ess TKE in Case 4, which could explain the better performance of

BDGP2 observed in Fig. 3 . 

ppendix C. Data of initial conditions 

Initial conditions for different mesh resolution used in the

urrent study are available for downloading at http://web.stanford.

du/group/ihmegroup/archive/LvMaIhme _ CF2017/initial _ condition. 

ar.gz . 

eferences 

[1] Carton de Wiart C , Hillewaert K , Duponcheel M , Winckelmans G . Assessment
of a discontinuous Galerkin method for the simulation of vortical flows at high

Reynolds number. Int J Numer Meth Fluids 2014;74(7):469–93 . 
[2] Collis SS . Discontinuous Galerkin methods for turbulence simulation. In: Pro-
ceedings of the Summer Program, Center for Turbulence Research. Stanford

University; 2002. p. 155–67 . 
[3] Wei L , Pollard A . Direct numerical simulation of compressible turbulent

channel flows using the discontinuous Galerkin method. Comput Fluids
2011;47(1):85–100 . 

[4] de Wiart CC , Hillewaert K , Bricteux L , Winckelmans G . Implicit LES of free and

wall-bounded turbulent flows based on the discontinuous Galerkin/symmetric
interior penalty method. Int J Numer Meth Fluids 2015;78(6):335–54 . 

[5] Gassner GJ , Beck AD . On the accuracy of high-order discretizations
for underresolved turbulence simulations. Theor Comp Fluid Mech

2013;27(3–4):221–37 . 
[6] Diosady L., Murman S.. Higher-order methods for compressible turbulent flows

using entropy variables. 2015. AIAA Paper 2015-0294. 

[7] Johnsen E., Nair A. A simple method to improve the accuracy of advection in
discontinuous Galerkin methods for Navier-Stokes simulations. 2014. AIAA Pa-

per 2014-1276. 
[8] Liu X , Xia Y , Luo H , Xuan L . A comparative study of Rosenbrock-type and

implicit Runge-Kutta time integration for discontinuous Galerkin method for
unsteady 3D compressible Navier-Stokes equations. Commun Comput Phys

2016;20(4):1016–44 . 

[9] Liu X , Xuan L , Xia Y , Luo H . A reconstructed discontinuous Galerkin method for
the compressible Navier-Stokes equations on 3D hybrid grids. Comput Fluids

2017;152:217–30 . 
[10] Beck AD , Bolemann T , Flad D , Frank H , Gassner GJ , Hindenlang F , et al. High-

-order discontinuous Galerkin spectral element methods for transitional and
turbulent flow simulations. Int J Numer Meth Fluids 2014;76(8):522–48 . 

[11] Carton de Wiart C , Hillewaert K . DNS and ILES of transitional flows around
a SD7003 using a high order discontinuous Galerkin method. Seventh in-

ternational conference on computational fluid dynamics (ICCFD7), Big Island,

Hawaii; 2012 . 

http://web.stanford.edu/group/ihmegroup/archive/LvMaIhme_CF2017/initial_condition.tar.gz
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0001
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0001
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0001
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0001
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0001
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0002
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0002
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0003
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0003
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0003
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0004
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0004
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0004
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0004
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0004
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0005
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0005
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0005
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0006
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0006
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0006
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0006
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0006
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0007
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0007
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0007
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0007
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0007
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0008
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0008
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0008
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0008
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0008
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0008
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0008
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0008
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0009
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0009
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0009


106 Y. Lv et al. / Computers and Fluids 161 (2018) 89–106 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

[12] Wang ZJ , Fidkowski K , Abgrall R , Bassi F , Caraeni D , Cary A , et al. High-
-order CFD methods: current status and perspective. Int J Numer Meth Fluids

2013;72:811–45 . 
[13] Bull JR , Jameson A . Simulation of the Taylor–Green vortex using high-order

flux reconstruction schemes. AIAA J 2015;53(9):2750–61 . 
[14] Vermeire BC , Witherden FD , Vincent PE . On the utility of GPU accelerated

high-order methods for unsteady flow simulations: A comparison with indus-
try-standard tools. J Comput Phys 2017 . 

[15] Wang ZJ , Li Y , Jia F , Laskowski GM , Kopriva J , Paliath U , et al. Towards indus-

trial large eddy simulation using the FR/CPR method. Comput & Fluids 2017 . 
[16] Zhang X , Shu C-W . On positivity-preserving high order discontinuous Galerkin

schemes for compressible Euler equations on rectangular meshes. J Comput
Phys 2010;229(23):8918–34 . 

[17] Zhang X , Shu C-W . Positivity-preserving high order discontinuous Galerkin
schemes for compressible Euler equations with source terms. J Comput Phys

2011;230(4):1238–48 . 

[18] Lv Y , Ihme M . Entropy-bounded discontinuous Galerkin scheme for Euler equa-
tions. J Comput Phys 2015;295:715–39 . 

[19] Hillewaert K , Cagnone JS , Murman SM , Garai A , Lv Y , Ihme M . Assessment of
high-order DG methods for LES of compressible flows. In: Proceedings of the

Summer Program, Center for Turbulence Research. Stanford University; 2016.
p. 363–72 . 

[20] Toro EF . Riemann Solvers and Numerical Methods for Fluid Dynamics: a Prac-

tical Introduction. Springer; 2013 . 
[21] Rusanov VV . Calculation of intersection of non-steady shock waves with obsta-

cles. J Comp Math Phys USSR 1961;1:267–79 . 
[22] Roe PL . Approximate Riemann solvers, parameter vectors, and difference

schemes. J Comput Phys 1981;43(2):357–72 . 
[23] Turkel E , Radespiel R , Kroll N . Assessment of preconditioning methods for mul-

tidimensional aerodynamics. Comput Fluids 1997;26(6):613–34 . 

[24] Arnold DN , Brezzi F , Cockburn B , Marini LD . Unified analysis of dis-
continuous Galerkin methods for elliptic problems. SIAM J Numer Anal

2002;39(5):1749–79 . 
[25] Bassi F , Rebay S . GMRES discontinuous Galerkin solution of the compress-

ible Navier-Stokes equations. In: Cockburn B, Shu C-W, editors. Discontinu-
ous Galerkin Methods: Theory, Computation and Applications. Springer; 20 0 0.

p. 197–208 . 

[26] Cockburn B , Shu C-W . The local discontinuous Galerkin method for
time-dependent convection-diffusion systems. SIAM J Numer Anal

1998;35(6):2440–63 . 
[27] Hartmann R , Houston P . An optimal order interior penalty discontinuous

Galerkin discretization of the compressible Navier–Stokes equations. J Comput
Phys 2008;227(22):9670–85 . 

[28] Gassner G , Lörcher F , Munz C-D . A discontinuous Galerkin scheme based on

a space-time expansion II. Viscous flow equations in multi dimensions. J Sci
Comput 2008;34(3):260–86 . 

[29] Shahbazi K . An explicit expression for the penalty parameter of the interior
penalty method. J Comput Phys 2005;205(2):401–7 . 

[30] Flad D , Beck AD , Munz C-D . Simulation of underresolved turbulent flows by
adaptive filtering using the high order discontinuous Galerkin spectral element

method. J Comput Phys 2016;313:1–12 . 
[31] Johnsen E., Varadan S., van Leer B.. A three-dimensional recovery-based dis-

continuous Galerkin method for turbulence simulations. 2013. AIAA Paper

2013-0515. 
[32] Johnsen E , Larsson J , Bhagatwala AV , Cabot WH , Moin P , Olson BJ , et al. As-

sessment of high-resolution methods for numerical simulations of compress-
ible turbulence with shock waves. J Comput Phys 2010;229(4):1213–37 . 

[33] Lv Y , Ihme M . Discontinuous Galerkin method for multicomponent chemically
reacting flows and combustion. J Comput Phys 2014;270:105–37 . 

[34] Lv Y , See YC , Ihme M . An entropy-residual shock detector for solving conser-

vation laws using high-order discontinuous Galerkin methods. J Comput Phys
2016;322:448–72 . 

[35] Lv Y , Ihme M . Computational analysis of re-ignition and re-initiation mech-
anisms of quenched detonation waves behind a backward facing step. Proc

Combust Inst 2015;35(2):1963–72 . 
[36] Ching E., Lv Y., Ihme M.. Entropy residual as a feature-based adaptation indi-
cator for simulations of unsteady flow. 2016. AIAA 2016-0837. 

[37] Zhang L , Cui T , Liu H . A set of symmetric quadrature rules on triangles and
tetrahedra. J Comput Math 2009:89–96 . 

[38] Kopriva DA , Gassner G . On the quadrature and weak form choices in collo-
cation type discontinuous Galerkin spectral element methods. J Sci Comput

2010;44(2):136–55 . 
[39] Lee S , Lele SK , Moin P . Eddy shocklets in decaying compressible turbulence.

Phys Fluids 1991;3(4):657–64 . 

[40] Moin P , Squires K , Cabot W , Lee S . A dynamic subgrid-scale model for com-
pressible turbulence and scalar transport. Phys Fluids 1991;3(11):2746–57 . 

[41] Spyropoulos ET , Blaisdell GA . Evaluation of the dynamic model for simulations
of compressible decaying isotropic turbulence. AIAA J 1996;34(5):990–8 . 

[42] Garnier E , Mossi M , Sagaut P , Comte P , Deville M . On the use of shock-captur-
ing schemes for large-eddy simulation. J Comput Phys 1999;153(2):273–311 . 

[43] Guillard H , Viozat C . On the behaviour of upwind schemes in the low Mach

number limit. Comput Fluids 1999;28(1):63–86 . 
[44] Thornber B , Drikakis D . Numerical dissipation of upwind schemes in low Mach

flow. Int J Numer Meth Fluids 2008;56(8):1535–41 . 
[45] Rieper F . A low-Mach number fix for Roe’s approximate Riemann solver. J

Comput Phys 2011;230(13):5263–87 . 
[46] Cockburn B , Shu C-W . Runge-Kutta discontinuous Galerkin methods for con-

vection-dominated problems. J Sci Comput 2001;16(3):173–261 . 

[47] Hickey J-P , Ma PC , Ihme M , Thakur S . Large eddy simulation of shear coaxial
rocket injector: real fluid effects. In: 49th AIAA/ASME/SAE/ASEE Joint Propul-

sion Conference. San Jose, CA; 2013 . Number 2013–4071. 
[48] Larsson J , Laurence S , Bermejo-Moreno I , Bodart J , Karl S , Vicquelin R . Incipi-

ent thermal choking and stable shock-train formation in the heat-release re-
gion of a scramjet combustor. part II: large eddy simulations. Combust Flame

2015;162(4):907–20 . 

[49] Wu H , Ma PC , Lv Y , Ihme M . MVP-Workshop contribution: modeling of
volvo bluff body flame experiment. 55th AIAA Aerospace Sciences Meeting.

Grapevine, TX; 2017 . Number 2017-1573. 
[50] Khalighi Y., Nichols J.W., Lele S., Ham F., Moin P. Unstructured large eddy sim-

ulation for prediction of noise issued from turbulent jets in various configura-
tions. 2011. AIAA Paper 2011–2886. 

[51] Ma PC , Lv Y , Ihme M . An entropy-stable hybrid scheme for simulations of tran-

scritical real-fluid flows. J Comput Phys 2017;340:330–57 . 
[52] Ham F , Iaccarino G . Energy conservation in collocated discretization schemes

on unstructured meshes. In: Annual Research Briefs, Center for Turbulence Re-
search, Stanford University; 2004. p. 3–14 . 

[53] Pecnik R , Terrapon VE , Ham F , Iaccarino G , Pitsch H . Reynolds-av-
eraged Navier-Stokes simulations of the HyShot II scramjet. AIAA J

2012;50(8):1717–32 . 

[54] Fureby C , Tabor G , Weller HG , Gosman AD . A comparative study of
subgrid scale models in homogeneous isotropic turbulence. Phys Fluids

1997;9(5):1416–29 . 
[55] Kosovi ́c B , Pullin DI , Samtaney R . Subgrid-scale modeling for large-eddy simu-

lations of compressible turbulence. Phys Fluids 2002;14(4):1511–22 . 
[56] Diskin B , Thomas JL , Nielsen EJ , Nishikawa H , White JA . Comparison of node–

centered and cell-centered unstructured finite-volume discretizations: viscous
fluxes. AIAA J 2010;48(7):1326–38 . 

[57] de Wiart CC , Hillewaert K . Development and validation of a massively par-

allel high-order solver for DNS and LES of industrial flows. In: IDIHOM: In-
dustrialization of High-Order Methods-A Top-Down Approach. Springer; 2015.

p. 251–92 . 
[58] Bermejo-Moreno I , Bodart J , Larsson J , Barney BM , Nichols JW , Jones S . Solving

the compressible Navier-Stokes equations on up to 1.97 million cores and 4.1
trillion grid points. In: SC13: International Conference for High Performance

Computing, Networking, Storage and Analysis. New York: ACM, IEEE; 2013.

p. 1–10 . 
[59] Hindenlang F , Gassner GJ , Altmann C , Beck A , Staudenmaier M , Munz C-D . Ex-

plicit discontinuous Galerkin methods for unsteady problems. Comput Fluids
2012;61:86–93 . 

http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0010
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0010
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0010
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0010
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0010
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0010
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0010
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0010
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0011
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0011
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0011
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0012
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0012
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0012
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0012
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0013
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0013
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0013
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0013
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0013
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0013
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0013
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0013
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0014
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0014
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0014
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0015
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0015
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0015
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0016
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0016
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0016
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0017
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0017
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0017
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0017
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0017
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0017
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0017
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0018
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0018
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0019
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0019
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0020
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0020
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0021
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0021
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0021
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0021
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0022
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0022
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0022
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0022
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0022
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0023
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0023
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0023
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0024
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0024
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0024
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0025
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0025
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0025
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0026
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0026
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0026
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0026
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0027
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0027
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0028
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0028
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0028
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0028
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0029
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0029
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0029
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0029
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0029
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0029
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0029
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0029
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0030
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0030
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0030
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0031
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0031
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0031
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0031
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0032
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0032
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0032
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0033
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0033
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0033
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0033
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0034
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0034
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0034
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0035
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0035
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0035
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0035
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0036
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0036
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0036
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0036
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0036
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0037
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0037
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0037
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0038
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0038
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0038
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0038
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0038
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0038
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0039
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0039
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0039
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0040
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0040
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0040
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0041
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0041
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0042
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0042
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0042
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0043
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0043
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0043
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0043
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0043
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0043
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0044
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0044
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0044
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0044
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0044
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0044
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0044
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0045
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0045
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0045
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0045
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0045
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0045
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0046
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0046
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0046
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0046
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0047
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0047
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0047
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0048
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0048
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0048
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0048
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0048
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0048
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0049
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0049
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0049
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0049
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0049
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0050
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0050
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0050
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0050
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0051
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0051
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0051
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0051
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0051
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0051
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0052
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0052
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0052
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0053
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0053
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0053
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0053
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0053
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0053
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0053
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0054
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0054
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0054
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0054
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0054
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0054
http://refhub.elsevier.com/S0045-7930(17)30424-3/sbref0054

	On underresolved simulations of compressible turbulence using an entropy-bounded DG method: Solution stabilization, scheme optimization, and benchmark against a finite-volume solver
	1 Introduction
	2 Governing equations
	3 DG discretization
	4 Problem configurations and description of DG solver
	4.1 Problem configurations
	4.2 DG solver

	5 Solution-stabilization techniques
	6 Different flux-function formulations
	6.1 Choice of Riemann flux formulations
	6.2 Choice of viscous flux formulations

	7 Benchmark against FV solver
	7.1 Description of the CharlesX solver
	7.2 Benchmark on regular hexahedral meshes
	7.3 Benchmark on tetrahedral meshes
	7.4 Estimation of computational cost

	8 Findings and conclusions
	 Acknowledgments
	Appendix A Consistency of DNS results
	Appendix B Sensitivity of entropy bound
	Appendix C Data of initial conditions
	 References


