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Abstract The performance, efficiency and emissions of internal combustion (IC) engines
are affected by the thermo-viscous boundary layer region and heat transfer. Computational
models for the prediction of engine performance typically rely on equilibrium wall-function
models to overcome the need for resolving the viscous boundary layer structure. The wall
shear stress and heat flux are obtained as boundary conditions for the outer flow calcula-
tion. However, these equilibrium wall-function models are typically derived by considering
canonical flow configurations, introducing substantial modeling assumptions that are not
necessarily justified for in-cylinder flows. The objective of this work is to assess the valid-
ity of several model approximations that are commonly introduced in the development of
wall-function models for IC-engine applications. This examination is performed by con-
sidering crank-angle resolved high-resolution micro-particle image velocimetry (µ-PIV)
measurements in a spark-ignition direct-injection single cylinder engine. Using these mea-
surements, the performance of an algebraic equilibrium wall-function model commonly
used in RANS and LES IC-engine simulations is evaluated. By identifying shortcomings of
this model, a non-equilibrium differential wall model is developed and two different clo-
sures are considered for the determination of the turbulent viscosity. It is shown that both
wall models provide adequate predictions if applied inside the viscous sublayer. However,
the equilibrium wall-function model consistently underpredicts the shear stress if applied
in the log-layer. In contrast, the non-equilibrium wall model provides improved predictions
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of the near-wall region and shear stress irrespective of the wall distance and the piston
location. By utilizing the experimental data, significant adverse pressure gradients due to
the large vortical motion inside the cylinder (induced by tumble, swirl and turbulence) are
observed and included in the non-equilibrium wall model to further improve the model
performance. These investigations are complemented by developing a consistent wall heat
transfer model, and simulation results are compared against the equilibrium wall-function
model and Woschni’s empirical correlation.

Keywords Thermoviscous boundary layer · Non-equilibrium wall model · IC-engine ·
Heat transfer · Turbulent boundary layer

1 Introduction

The performance of internal combustion (IC) engines is affected by the thermo-viscous
boundary layer region. Mass, momentum and energy transfer processes in the boundary
layer of IC-engines have a substantial impact on heat exchange, combustion phasing and
wall-film dynamics [1, 2]. As result, methods for predicting heat transfer have received
substantial attention as summarized in Heywood [3, Chapt. 12] and Borman & Nishi-
waki [4]. However, most of the correlations that have been developed over the past eighty
years provide spatially averaged heat-transfer coefficients [5–9]. As such, these correla-
tions lack a detailed description of the local heat transfer and boundary-layer structure,
which is necessary for the near-wall representation in multidimensional numerical simu-
lations. Multidimensional simulations, such as Reynolds-averaged Navier-Stokes (RANS)
and large-eddy simulation (LES) techniques solve the governing equations for mass,
momentum, energy, and species conservation, together with an appropriate turbulence clo-
sure model. For application to IC-engine simulations, LES can offer significant advantages
over traditional RANS-modeling approaches [10, 11]. Because of the physical complexity
of in-cylinder flows, involving moving geometries, charge-exchange, liquid fuel injection,
ignition, combustion, and emission formation, current research is mainly directed towards
the modeling of these processes, and less attention has been dedicated to the accurate
representation of the near-wall region.

The boundary-layer thickness in IC-engines scales inversely with engine speed and com-
pression ratio (see Appendix A for the development of the scaling relation). This indicates
that at low engine speeds and conditions near bottom-dead-center, it may be feasible to
fully resolve the boundary layer. However, at high-load conditions and high compression
ratios, the viscous sublayer becomes O(10μm)1 so that wall-resolved LES computations
of in-cylinder flows remain out of reach for technical applications. To overcome these reso-
lution requirements, computational models for the prediction of in-cylinder flows typically
employ algebraic wall-function models that are based on the law-of-the-wall to describe
both momentum and thermal boundary layers [12, 13]. Wall models have been developed for
RANS-calculations [14–16]. Because of their simplicity and computational efficiency these
models have also been utilized in LES-applications [10, 17–20]. In these models, the near-
wall region is not resolved and effects on flow structure and heat transfer are modeled using

1Using Eq. 25 with ω = 628.31 rad/s (6000 rpm), r = 11, D = 86 mm, a = 43 mm, νw,BDC = 2.77 × 10−5

m2/s and VBDC = 549.05 cm3, the minimum viscous sublayer thickness is estimated as δv,min ≈ 3μm.
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a self-similar boundary-layer profile. To enable the derivation of analytical expressions,
however, several assumptions have been introduced that include [14, 16]:

A1: Wall-parallel flow,
A2: Quasi-steady flow,
A3: Constant density and transport properties in the boundary layer,
A4: High Reynolds number flow regime,
A5: Zero-pressure gradients,
A6: No combustion and chemically inert mixture.

Although it is acknowledged that these assumptions are not justified for IC-engine appli-
cations and efforts have been undertaken to relax some of them [16, 21, 22], a systematic
assessment of momentum wall-function models has so far not been performed for engine-
relevant conditions. The reason for this has been the lack of detailed measurements of the
viscous boundary-layer structure and wall-shear stresses. Because of this limitation, most
investigations have focused on the comparison of measured and predicted wall-heat flux.

Another approach that has been employed for simulations of wall-bounded aerodynamic
flows is the so-called zonal approach [23, 24]. In this approach, a mesh with fine resolution
is embedded between the matching location (usually the first grid point) of the outer mesh
and the wall. The wall model takes information from the outer flow-field solution in the form
of instantaneous data as the upper boundary condition and a simplified set of equations,
generally RANS equations, is solved in the embedded mesh with no-slip boundary condi-
tions applied at the wall. The wall shear stress and wall heat flux are then returned as wall
boundary condition to the outer flow calculation. Although zonal approaches have shown
great promise in aerodynamic simulations [25–28], so far they have not been extended
to in-cylinder flows. Zonal approaches commonly utilize algebraic mixing-length closures
for its simplicity and computational efficiency. However, the rapid mean-flow deformation
during the compression phase and the break-up of coherent large-scale tumble and swirl
motions increase the intensity and anisotropy of the turbulence at top-dead-center [29–32].
To describe the evolution of the boundary layer during the compression and expansion, a
more detailed representation of non-equilibrium effects becomes necessary.

While several measurements were performed to examine flows in the engine core
region, only few studies have been conducted to measure the near-wall flow structure.
Hall & Bracco [33] conducted laser Doppler velocimetry (LDV) measurements near the
cylinder wall of a non-fired and a skip-fired spark-ignition (SI) engine as close as 0.5 mm
from the cylinder wall. Foster & Witze [34] carried out LDV measurements at 300 revolu-
tions per minute (rpm) as close as 60 µm from the engine head at motored and skip-fired
conditions. Dependent on the level of in-cylinder swirl, the thickness of the boundary layer
was found to vary between less than 200 µm and 1 mm, and the boundary layer thickness
increased for fired conditions. Pierce et al. [35] investigated the near-wall velocity using
LDV and multi-exposure particle image velocimetry (PIV) was performed in two- and four-
stroke engines. Measurements within 50 µm of the wall were achieved next to the cylinder
head with custom geometries.

Alharbi & Sick [36, 37] performed high-speed micro-particle image velocimetry (µ-PIV)
to examine the evolution of the boundary layer flow at the cylinder head of a motored four-
valve engine during compression and expansion phases. Vortical structures were observed
to penetrate the boundary layer and the geometry of the engine introduced a flow reversal
in the boundary layer during the expansion stroke. Jainski et al. [38] extended this work
and considered three different engine speeds. A PIV sum-of-correlation method (SOC) was
adopted to provide more reliable results very close to the wall (< 150 µm). In the present
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investigation, these measurements will be used to analyze a hierarchy of wall models that
employ different levels of model approximations.

Lucht et al. [39] performed broadband coherent anti-Stokes Raman scattering measure-
ments in an engine to characterize the temperature profile near the cylinder head. Measure-
ments of wall-heat flux and surface temperature in IC-engines were obtained using different
measurement techniques [4]. Recently, Cho et al. [40] performed in-cylinder heat transfer
measurements using fast-response thermocouples in an SI-engine for both homogeneous
and stratified operating modes. Chang et al. [1] conducted wall-heat-flux measurements
in a gasoline-fueled homogeneous charge compression ignition (HCCI) engine to provide
insight into the heat-transfer process in HCCI engines. Fuhrmann et al. [41] demonstrated
phosphor thermometry to measure the surface temperature at the spark plug dummy inside
an optically accessible IC-engine.

By utilizing high-speed µ-PIV measurements, the objective of this study is to exam-
ine the performance of an algebraic equilibrium wall-function model that has been widely
employed in RANS and LES IC-engine simulations [14, 15]. Specific focus is hereby
directed towards the assessment of essential modeling assumptions that have been intro-
duced in an ad hoc way. Through direct comparisons with measurements, the accuracy in
predicting the wall shear stress is evaluated, and the model sensitivity to the wall resolution
is studied. Following this investigation, a non-equilibrium wall model is considered that is
based on a zonal modeling approach [25, 27], and extensions in the description of closure
models for the turbulent viscosity are proposed. Further, contributions of the pressure gra-
dient are considered to examine effects of vortex-break-down and adverse pressure on the
boundary layer structure. This modeling effort is complemented by considering a model for
the thermal boundary layer, and simulation results are compared against currently employed
thermal wall-function models and Woschni’s empirical correlation.

The remainder of this paper has the following structure. The experimental setup con-
sidered in this study is summarized in Section 2. Governing equations are presented in
Section 3. In this section, the law-of-the-wall and its major assumptions are reviewed and
the classical equilibrium wall-function model is presented. Two non-equilibrium differen-
tial wall models are adopted to IC-engine boundary layers for the description of the velocity
and temperature profiles. These models are based on the mixing-length and k-ω turbu-
lence closures to account for non-equilibrium effects in the near-wall region. In Section 4,
the boundary layer structure is presented and results from the model analysis of different
wall models are discussed. Velocity profiles and shear velocities, predicted from numerical
simulations using different wall models are compared against experimental measurements.
Wall-heat transfer results are presented and discussed along with Woschni’s commonly used
empirical correlation [6]. The paper finishes with conclusions in Section 5.

2 Experimental Setup

High-resolution µ-PIV measurements by Jainski et al. [38] are used in this study. The
experimental setup is summarized in this section, and further details can be found in [38].
Measurements were conducted near the cylinder head of a motored single cylinder four-
valve spark-ignition direct-injection (SIDI) optical engine. The aluminum cylinder head has
a pent-roof design and a twin-cam controls four overhead valves. The intake system consists
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of a bulk flow port and a tangential port that is responsible for swirl production in the cylin-
der. Both ports were operated fully open, which leads to a dominant in-cylinder tumble flow.
The spark plug was replaced by a spark plug dummy that was flush with the cylinder head
surface. The engine was motored at 400, 800 and 1100 rpm with no fuel injection. Intake
air was conditioned to 45 ◦C and 95 kPa. Details of the engine geometry and operating
conditions are summarized in Table 1.

Comprehensive optical access to the combustion chamber was established by a transpar-
ent quartz cylinder and two flat quartz windows that are located at opposite sides of the
pent-roof cylinder head. Measurements were performed at the cylinder head between the
intake and exhaust valves. The µ-PIV setup with a long distance microscope (Questar QM
100) was used to image through one of the flat quartz windows in the head with a field of
view of 2×2.25 mm2. Additional measurements were performed with a regular lens and
large field of view (11.7×9.7 mm2) to characterize the bulk flow. A schematic of the engine
and the field-of-views are shown in Fig. 1.

Mie-scattering signals from silicone oil droplets with diameter of 1 µm injected through
the intake valve were captured with a high-speed 14-bit CMOS camera (Vision Research
Phantom 7.3), equipped with 16 GB onboard memory and operated to read the full 800×600
pixel chip. Lasers and camera were synchronized via the engine crank angle encoder and
double-frame images were recorded at frequencies optimized for each engine speed.

Results from standard PIV and PIV-SOC [42] were used for post-processing ensemble-
averaged velocity profiles in the outer region and flow field within 150 µm to the wall,
respectively. This provided a vector spacing of 50 µm (16 pixel grid) and corresponds to a
spatial resolution of 100 µm. The first vector was located 50 µm from the wall. The results
from engine speeds at 400 and 800 rpm are considered in this study. Ensemble-averaged
velocity profiles for the analysis presented in this paper were determined from 74 and 148
cycles for 400 and 800 rpm, respectively. Crank-angle resolved measurements between 176
and 334 CAD are used, where CAD 180 corresponds to the bottom-dead-center (BDC) at
the end of the intake stroke and CAD 360 is the top-dead-center (TDC) at the end of the
compression stroke.

Table 1 Specifications of the
optical SIDI engine Parameter Value

Connecting rod 159 mm

Bore 86 mm

Stroke 86 mm

Displacement 499.15 cm3

Clearance volume 49.9 cm3

Compression ratio 11:1

Intake valve opens 717 CAD

Intake valve closes 231 CAD

Exhaust valve opens 497 CAD

Exhaust valve closes 12 CAD

Intake pressure 95 kPa

Intake temperature 45◦C
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Fig. 1 Schematic of the optical SIDI engine and position of the measuring field in the cylinder head. Fields
of view shown are for both low- and high-resolution experiments. Vertical velocity profiles discussed in this
paper are taken from the center of the field of view from high-resolution measurements unless otherwise
stated

3 Mathematical Formulations

3.1 Governing equations

Since the characteristic velocity in IC-engines is on the order of 10 m/s, the in-cylinder flow
during compression and expansion can be represented by the low-Mach flow regime. Under
this condition, fluctuations in density can be neglected, so that Favre-averaged quantities
are essentially equivalent to Reynolds-averaged quantities through the relation [43]:

ũ − u

u
= Rρu(γ − 1)M2

t , (1)

where ũ is the Favre-averaged velocity, u is the Reynolds-averaged velocity, γ is the spe-
cific heat ratio, Mt is the turbulent Mach number, and Rρu is the correlation coefficient
between velocity and density fluctuations. Considering this low-Mach flow regime, the fol-
lowing analysis will be performed using Reynolds-averaged quantities. This facilitates a
direct comparison of simulation results with experimental data in the absence of density
measurements. In this context, it is noted that this formulation is not limited and can be
directly extended to a density-weighted formulation.

The governing equations considered here are the ensemble-averaged variable density,
low-Mach Navier-Stokes equations [43–45]. Since the engine considered in this study is
operated under motored conditions, the gas is inert and chemical reactions are not consid-
ered under the assumption A6.2 The governing equations describing the conservation of

2For application to fired operating conditions, assumption A6 can be relaxed by including the heat release
term in the energy equation and augmenting Eqs. 2 by the species conservation equations.
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mass, momentum and energy, together with the ideal gas law as state equation take the
following form:

∂ρ

∂t
+ ∇ · (ρ u) = 0 , (2a)

ρ

(

∂u

∂t
+ u · ∇u

)

= −∇p + ∇ · (τ + τ t ) , (2b)

ρcp

(

∂T

∂t
+ u · ∇T

)

= ∂p0

∂t
− ∇ · (q + q t ) , (2c)

p0 = ρRT , (2d)

where p0 is the thermodynamic pressure, p is the hydrodynamic pressure, cp is the specific
heat at constant pressure, and R is the gas constant. The viscous stress tensor and the heat
flux vector are defined as:

τ = μ
[

∇u + (∇u)T
]

− 2

3
μ(∇ · u)I , (3a)

q = −λ∇T , (3b)

in which μ is the dynamic viscosity and λ is the thermal conductivity. The turbulent
stress tensor and the turbulent heat flux vector are denoted by τ t and q t , respectively,
and the viscous heating term is neglected as a result of the low-Mach formulation. With
non-equilibrium effects retained, the set of governing equations can be reduced to the
thin-shear-layer equations [45] describing the thermo-viscous boundary layer:

∂ρ

∂t
+ ∂

∂x
(ρ u) + ∂

∂y
(ρ v) = 0 , (4a)

ρ

(

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y

)

= −∂p

∂x
+ ∂

∂y

(

(μ + μt)
∂u

∂y

)

, (4b)

ρcp

(

∂T

∂t
+ u

∂T

∂x
+ v

∂T

∂y

)

= ∂p0

∂t
+ ∂

∂y

(

(λ + λt )
∂T

∂y

)

, (4c)

p0 = ρRT , (4d)

in which the ensemble-averaged hydrodynamic pressure gradient ∂p/∂x is assumed to
be independent of the wall-normal direction y, p0 is homogeneous, μt is the turbulent
viscosity, and λt is the turbulent conductivity.

3.2 Wall models

3.2.1 Equilibrium wall-function model

The equilibrium wall-function model, commonly employed to describe the near-wall
boundary layer in IC-engines, was derived by invoking assumptions A1-A6 to obtain a
closed-form analytic expression. Detailed derivations of the near-wall-region for flat-plate
boundary layers and related steady-state quasi-one-dimensional flows can be found in stan-
dard textbooks [45, 46]. In the following, the main results are briefly summarized, and
important assumptions and notations are presented, serving as foundation for the remainder
of this paper.
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The momentum boundary layer structure is non-dimensionalized in terms of the viscous
scale δν and the shear velocity uτ , which are defined as:

δν = νw

uτ

and uτ =
√

τw

ρw

, (5)

where

τw = μw

∂u

∂y

∣

∣

∣

∣

w

(6)

is the wall shear stress, ρw and μw are the density and the dynamic viscosity at the wall,
respectively, and νw = μw/ρw . With this, the velocity and wall distance can be expressed
in terms of an inner velocity and an inner wall coordinate, respectively:

u+ = u

uτ

and y+ = y

δν

. (7)

Under the assumptions A1-A6, introduced in Section 1, the governing equations, Eq. 4,
can be reduced to a set of ordinary differential equations (ODEs). With density and transport
quantities inside the boundary layer assumed to be constant, the momentum and temper-
ature equations can be decoupled into two separate ODEs. The momentum equation can
then be integrated analytically using the mixing-length closure in its asymptotic limits for
the viscous sublayer and the log-layer; along with the buffer layer, they are referred to as
the law-of-the-wall [45, 46]. The buffer layer can be represented by the van Driest damp-
ing function [47], and coincides with the peak production of turbulence kinetic energy.
With this, the resulting equilibrium wall-function model takes the following analytic form
[14, 15]:

u+ =
{

y+ if y+ < 11
1
κ
ln(y+) + B if y+ ≥ 11

, (8)

where κ = 0.41 is the von Karman constant and B = 5.2 is the log-law constant.
In analogy to the momentum boundary layer, a thermal law-of-the-wall, though less

universal [48], can be defined by introducing the shear temperature:

Tτ = qw

ρwcpuτ

where qw = λw

∂T

∂y

∣

∣

∣

∣

∣

w

(9)

is the heat flux from the gas phase to the wall and λw is the thermal conductivity at the
wall. The inner temperature is then defined as T + = (T − Tw)/Tτ . The two-layer thermal
wall-function model can be written as [13]:

T + =
⎧

⎨

⎩

Pr y+ if y+ < 11

Prt
(

1
κ
ln y+ + B

)

+ P if y+ ≥ 11
, (10)

in which Pr is the laminar Prandtl number, Prt is the turbulent Prandtl number, and the term
P takes the form [13]:

P = Prt
π/4

sin(π/4)

(

A+

κ

)
1
2
(

Pr

Prt
− 1

) (

Prt
Pr

) 1
4

, (11)

where A+ = 26 is the van Driest constant.
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In this context it is noted that the assumptions of constant thermoviscous properties inside
the boundary layer are not justified for IC-engines. In the following, these assumptions will
be relaxed through the formulation of the non-equilibrium differential wall models.

Wall-function models were introduced by Launder & Spalding [13] in RANS-
simulations to overcome the computational requirements that would be necessary for
resolving the thermo-viscous boundary layer region. These models were later extended to
IC-engine LES [10, 17–20]. These models are applied in the near-wall region at a matching
location yp, which is usually the first grid point. Depending on the operating conditions,
engine configurations, and computational setup, typical resolutions for IC-engine simula-
tions are around 1 mm. Velocity and temperature at the matching location, defined as up

and T p , are fed to the wall-function model from which the shear stress and the heat flux
are computed and returned to the outer calculation as boundary conditions. The equilibrium
wall-function models for both momentum and thermal boundary layers will be examined in
the following.

Several variations of thermal wall-function models exist in literature [16, 21, 22, 49].
Rakopoulos et al. [21] developed a modified wall-function model, which includes the
pressure work term in the energy equation and variations in density and transport quan-
tities. Keum et al. [22] considered the effect of variable density and variable viscosity in
the wall-function model formulation and applied this model to an HCCI engine. Because
of the practical relevance and the common use in IC-engine simulations, the classical
wall-function model from Launder & Spalding [13] is considered in this work.

3.2.2 Non-equilibrium wall models

Non-equilibrium wall models are formulated from Eqs. 4 by retaining all contributions from
the transient term, convection, pressure gradient and pressure work in the momentum and
temperature equations. In addition, we also retain temperature-dependent variations in den-
sity and transport properties, which are not included in the algebraic form of the equilibrium
wall-function model. As such, these non-equilibriumwall models relax assumptions A1-A5.
In the following, two different closure models for the turbulence are considered.

Algebraic mixing-length model The first turbulence model is the commonly applied
algebraic mixing-length model. In this model, the turbulent viscosity is evaluated from the
following expression:

μt = ρ l2m
∂u

∂y
with lm = κy

[

1 − exp

(

y+

A+

)]

, (12)

where lm is the mixing length.

Two-equation k-ω model Two-equation turbulence models have been used extensively
in IC-engine RANS-simulations. To assess the importance of the turbulence model on
the boundary layer description, we consider a two-equation low-Reynolds-number k-ω
model [50]. In this model, the turbulent viscosity is evaluated from the turbulent kinetic
energy k and the specific dissipation ω,

μt = ρα∗ k

ω
. (13)
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The transport equations for k and ω take the following form:

ρ

(

∂k

∂t
+ u

∂k

∂x
+ v

∂k

∂y

)

= ∂
∂y

(

(μ + σ ∗μt)
∂k
∂y

)

+ ρP − ρβ∗ωk , (14a)

ρ

(

∂ω

∂t
+ u

∂ω

∂x
+ v

∂ω

∂y

)

= ∂
∂y

(

(μ + σμt )
∂ω
∂y

)

+ ρα Pω
k

− ρβω2 , (14b)

where P = νt (∂u/∂y)2 is the turbulence production term, and the model coefficients α∗, α,
σ ∗, σ , β∗, β, and other related quantities can be found in Wilcox [50, Chapt. 4].

The models based on the algebraic mixing-length and two-equation k-ω closures are
referred to as Model-ML and Model-KW, respectively. In the following, the performance
of these non-equilibrium wall models is assessed by considering experimental measure-
ments. For this, the system of partial differential equations is solved numerically using a
second-order central differencing scheme for the discretization of the spatial operators and
a first-order Euler scheme is used for time advancement. A third-order Runge-Kutta time
advancement was also tested and no significant difference was found in the results due to the
selection of the small time stepping. A temperature-dependent viscosity is considered using
Sutherland’s law [51]. Thermal and turbulent conductivities are evaluated through laminar
and turbulent Prandtl numbers using standard values of Pr = 0.71 and Prt = 0.9, respectively.

In the present µ-PIV experiments, the streamwise variation of the ensemble-averaged
velocity in the cylinder-head region was found to be negligible compared to experimental
uncertainties [36–38], so that the streamwise convection terms were omitted, resulting in a
one-dimensional wall model. Similar approximations have been invoked by other groups [8,
21, 52]. Boundary conditions for velocity at the matching location yp are prescribed from
the µ-PIV data and no-slip boundary conditions are applied at the wall. In addition, the
temperature equation is constrained by prescribing a constant wall temperature of Tw = 400
K and the temperature at the matching point yp is obtained from the results of Model-KWPG
in which the engine-core temperature is prescribed at the matching location yp = 2.4 mm
as boundary condition. Wall boundary conditions for k and ω can be found in Wilcox [50]
and consist of a homogeneous Dirichlet condition for k and an analytic expression for ω:

ω → 6νw

βy2
as y → 0 . (15)

The upper boundary condition for k is evaluated from experimental data, and a homoge-
neous Neumann boundary condition is applied for ω at yp. Initial conditions for the velocity
profile are from experimental data. Initial conditions for the temperature are prescribed by
an error function which is obtained from the steady-state solution.

The pressure gradient term, appearing in Eq. 4b, is commonly neglected in wall-model
formulations. However, studies by Borée et al. [30, 53] have shown that wall pressure
gradients arise at TDC as a result of the presence of vortical stretching, which is intro-
duced by tumble and swirl inside the cylinder. These results suggest that effects of the
induced pressure gradient on the boundary layer require consideration for the current engine
configuration, which is operated in the tumble-dominated flow regime [36, 38].

In practical applications of wall models, the pressure gradient term is provided from the
outer solution, and prescribed at the matching point. In the present study, the pressure gra-
dient is obtained from the experimental data as solution to a pressure Poisson equation.
Following the work by van Oudheusden et al. [54], this Poisson system is derived from the
instantaneous Navier-Stokes equations by retaining all viscous terms. The pressure equation
is solved in the region close to the engine core (0.35 ≤ x ≤ 1.65 mm; 1.65 ≤ y ≤ 2.25 mm;
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Fig. 2 Region where the
pressure Poisson equation is
solved (shown in red box:
0.35 ≤ x ≤ 1.65 mm,
1.65 ≤ y ≤ 2.25 mm);
background shows representative
instantaneous velocity profiles
from µ-PIV measurements
(showing every other
measurement point). Engine
speed is 400 rpm and CAD = 320
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see red box in Fig. 2) and density and viscosity inside this integration domain are assumed
to be spatially constant and equal to the values in the engine core. The right-hand-side of the
Poisson equation is evaluated from velocity measurements, and all spatial derivatives are
discretized using a second-order accurate central differencing scheme. Dirichlet conditions
for pressure were applied at the boundary opposite of the wall, corresponding to the pres-
sure in the core region; Neumann conditions are imposed at the remaining three boundaries
of the integration domain. The pressure gradient is evaluated from the pressure field, and
ensemble-averaged results are then obtained by averaging over 74 cycles and 148 cycles for
400 rpm and 800 rpm, respectively.

Figure 3 shows the pressure gradient that is evaluated using this method. It can be seen
that the increasing piston compression introduces noticeable adverse pressure gradients as

Fig. 3 Pressure gradient extracted from experimental data as solution to a Poisson equation, the pressure
gradient fitted with piecewise third-order polynomials for (a) 400 rpm and (b) 800 rpm. Experimental data
are shown at every six CADs for clarity and error bars correspond to one standard deviation of the ensemble
average
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a result of the large tumble motion inside the cylinder. This result is consistent with the
findings by Borée et al. [30]. In the following, we will investigate the effect of the pressure
gradient on the boundary layer. To this end, the extracted pressure gradient profile is fitted
by a piecewise third-order polynomial to avoid oscillations due to uncertainties from exper-
iments. The temporal evolution of the pressure gradient obtained from the measurements is
included in the non-equilibrium wall-model, thereby relaxing assumption A5; this model is
referred to as Model-KWPG.

Table 2 summarizes the hierarchy of wall models that are considered in the present study,
along with the underlying model assumptions and governing equations that are solved.

4 Results and Discussions

In this section, results from the a priori analysis of the wall models are presented. All
simulations are performed using high-resolution measurements at the cylinder head [38].
After investigating the boundary layer structure in Section 4.1, modeling results for the
viscous boundary layer are presented and compared with experimental measurements in
Section 4.2; the thermal boundary layer is examined in Section 4.3.

4.1 Boundary-layer structure

It is known that the law-of-the-wall is universal for quasi-planar and stationary flows. How-
ever, it is difficult to categorize IC-engine flows as any of these types of flows. Specifically,
unlike channel flows and zero-pressure flat plate boundary layers having a constant free-
stream velocity, the in-cylinder mean flow in the core region of the engine is controlled by
large vortical motion that is induced during the intake and compression. PIV-measurements
were performed to obtain details about the outer flow and these results are shown in Fig. 4.
The large-scale tumble motion can be seen in the ensemble-averaged flow fields, corre-
sponding to a clockwise rotation in the image plane.While the center of this vortex is outside
the field of view for the present measurements evidence of this vortical motion is seen in
the lower right panel of Fig. 4.

The high-resolution measurements provide information about the flow in the near-
wall region at the cylinder head, and these measurements are subsequently used for the
analysis of different wall models. The spatial resolution was increased to enable the visu-
alization of the boundary-layer structure in much more detail compared to low-resolution

Table 2 Summary of wall models considered in the present study

Wall model Identifier Assumptions Equations Turbulence closure

Algebraic equilibrium Model-ALG A1-A6 Eqs. 8 and 10 –

wall-function

Non-equilibrium; Model-ML A5, A6 Eq. 4, ∂p/∂x = 0 Eq. 12

zero pressure gradient

Non-equilibrium; Model-KW A5, A6 Eq. 4, ∂p/∂x = 0 Eqs. 13 and 14

zero pressure gradient

Non-equilibrium; Model-KWPG A6 Eq. 4 Eqs. 13 and 14

with pressure gradient
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Fig. 4 Ensemble-averaged flow field showing the tumble motion in an extended field-of-view from low-
resolution measurements at four selected crank angles. Engine speed is 400 rpm

measurements. The ensemble-averaged wall-parallel velocity profile was determined at the
center of the field of view. Four adjacent vector columns (corresponding to a horizontal
span of 204 µm) were averaged to increase the statistical significance of the velocity vectors
close to the wall. This was necessary due to the low seeding density in the near-wall region,
and this averaging did not introduce any appreciable bias [36–38]. Ensemble-averaged pro-
files for the wall-parallel velocity component u are shown in Fig. 5 for selected crank angles
at engine speeds of 400 and 800 rpm. From this figure, it can be seen that the near-wall
structure exhibits similar behavior for both engine speeds. At the beginning of the compres-
sion stroke (180 CAD), the bulk velocity is large because of the high momentum of the air
entering through the open intake valves. The wall-parallel velocity decreases rapidly to a
local minimum at around 220 CAD. With increasing compression, the velocity increases
until about 300 CAD. Besides the variation of the velocity profile, the magnitude of the
wall-parallel velocity is found to have a linear relation with engine speed.

To evaluate the shear velocity from the µ-PIV data, a linear regression routine was used
by considering data points adjacent to the wall in the wall-normal direction. The num-
ber of regression points is determined iteratively based on the error in the slope and the
coefficient of regression returned by the linear regression routine. Details can be found in
Jainski et al. [38]. The shear velocity uτ is then computed from Eq. 5 in which thermody-
namic quantities are evaluated from isentropic compression and Sutherland’s law [51]. For
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Fig. 5 Ensemble-averaged high-resolution wall-parallel velocity profiles at (a) 400 rpm and (b) 800 rpm.
Data are shown for selected crank angle degrees. Vertical bars denote cyclic fluctuations (one standard
deviation)

both engine speeds considered, the number of data points in the viscous sublayer is typi-
cally on the order of ten. Uncertainties of velocity gradients are estimated to be less than
16 %, which translates to 8 % uncertainty of the shear velocity.

The viscous sublayer δν is evaluated from measurements and is shown in Fig. 6 as a
function of crank angle for the two engine speeds investigated. This quantity is used for
non-dimensionalization of wall distance and velocity. From this figure, it can be seen that
after an initial peak around 210 CAD, δν decreases with increasing piston compression.

Figure 7 shows ensemble-averaged inner-scale velocity profiles for both engine speeds
at six selected crank angles. For qualitative comparison, viscous sublayer and log-layer
velocity profiles from the law-of-the-wall (Eq. 8) are shown in black. From this figure,
good agreement between measurements and the viscous sublayer is observed, confirming
the validity of the linear regression routine. The comparison shows that for CAD between
180 and 300 the buffer layer is shifted towards the wall. Over this range, a small region
of the log-layer can be identified having a negative velocity offset. These results show that
due to non-equilibrium effects of the in-cylinder flow, the law-of-the-wall only provides an
insufficient description of the boundary layer and deteriorates with increasing engine speed.
Therefore, it can be expected that the utilization of the law-of-the-wall will introduce errors
in the prediction of the shear velocity, and this will be further quantified in the following
section.

Fig. 6 Evolution of the viscous
scale δν as a function of crank
angle for the two engine speeds
investigated. This scale is used
for the normalization of wall
distance and velocity
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Fig. 7 Ensemble-averaged high-resolution wall-parallel velocity profiles at 400 and 800 rpm, shown in
inner-scale variables. Data are shown for selected crank angle degrees. Vertical bars denote cyclic fluctuations
(one standard deviation) and horizontal bars are due to errors in the shear velocity. Black dashed and dash-
dotted lines are the viscous sublayer and log-law layer velocity profiles based on the law-of-the-wall; κ =
0.41 and B = 5.2 were used for the analytic expression of the log-law layer

4.2 Momentum boundary layer

Figures 8 and 9 show comparisons of velocity profiles predicted using a matching location
of yp = 1.5 mm from different wall models for engine speeds of 400 and 800 rpm, respec-
tively. This matching point is located outside the viscous sublayer and corresponds to y+
ranging from 7–70 and 15–90 depending on the crank angle for 400 and 800 rpm, respec-
tively. Several recent IC-engine LES-calculations utilizing the equilibrium wall-function

Fig. 8 Comparisons of velocity profiles predicted for a matching location of yp = 1.5 mm from different
wall models and measurements for an engine speed of 400 rpm. Blue: Model-ALG; green: Model-ML; red:
Model-KW; red with symbols: Model-KWPG; black symbols: experiment. Results are shown for selected
crank angle degrees
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Fig. 9 Velocity profiles predicted with a matching location of yp = 1.5 mm from different wall models in
comparison with measurements for an engine speed of 800 rpm. Blue: Model-ALG; green: Model-ML; red:
Model-KW; red with symbols: Model-KWPG; black symbols: experiment. Results are shown for selected
crank angle degrees

models [17, 18, 20] report mesh resolutions around 1 mm, and RANS simulations typi-
cally use coarser mesh resolutions. These rather coarse resolutions are explained by the
large computational cost that is associated with the representation of moving walls and the
inclusion of complex piston and plenum geometries, the need for physical modeling of fuel
injection, combustion and emissions, and the simulation of multiple and consecutive engine
cycles. Therefore, this matching location appears to be representative for current engineer-
ing simulations of IC-engine flows. Note that this analysis is further extended in Figs. 11–14
by considering an extended range of matching locations.

Results from Model-ALG were obtained from the solution of Eq. 4b by neglecting all
non-equilibrium effects with density and transport properties assumed to be constant. With
these assumptions, Eq. 4b reduces to an elliptic ODE, which is equivalent to solving the ana-
lytic expression, Eq. 8. Results for the shear velocity are identical, but a smooth boundary
layer profile is obtained in this way.

Figures 8 and 9 show that for this matching condition (yp = 1.5 mm) the algebraic wall-
function model consistently underpredicts the velocity up to 280 CAD, while the other three
non-equilibrium wall models provide improved predictions of the temporal evolution of the
velocity profiles. Model-ML lags the experimentally measured profiles for most of the time,
while Model-KW and Model-KWPG show better performance. The comparison between
Model-KW and Model-KWPG emphasizes the significance of the pressure gradient term
in the momentum equation. Results for 800 rpm, shown in Fig. 9, are comparable to the
previous case. For both engine speeds, Model-KWPG provides the best performance of all
four wall models.

To examine the contributions of the different terms in the momentum equation, Eq. 4b,
a budget analysis was performed. This analysis showed that for CAD > 280, contributions
from the unsteady term, the convection, and the pressure force are in balance. However,
with increasing compression the boundary layer enters a non-equilibrium state, in which the
pressure force becomes dominant. This analysis suggests that the apparently good agree-
ment of Model-ALG with the measurements for CAD> 280 is a result of error cancellation,
which are introduced through the model assumptions A2-A5.
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Fig. 10 Shear velocity uτ predicted with a matching location of yp = 1.5 mm from different wall models
in comparison with measurements at (a) 400 and (b) 800 rpm. Experimental data are shown for every four
CADs for clarity

The quantity returned from the wall models to the outer calculation is the shear stress or
equivalently the shear velocity for the boundary condition to be applied at the wall. There-
fore, the reliable prediction of the shear velocity is important, and results from different
wall models are here compared to experimental data. In Model-ALG, the shear velocity uτ

is solved analytically by using Eq. 8. For the non-equilibrium wall models, uτ is directly
computed from the solution of the velocity profile.

Figure 10 shows comparisons of measured and predicted shear velocities from different
wall models. Irrespective of engine speed, Model-ALG consistently underpredicts the shear
velocity for CAD < 280. Improvements are observed for all non-equilibrium models, with
Model-KWPG providing the best agreement with experiments for both engine speeds.

The analysis is further extended to examine the sensitivity of the wall models to the
matching location yp. For this, additional calculations are performed for a range of matching
locations. Results from this study are presented in Figs. 11, 12, 13 and 14. Figure 11 shows

Fig. 11 Comparison of the difference between computed and measured shear velocity, uτ − u
exp
τ , in [m/s],

showing the overall performance of wall models as a function of crank angle and matching location yp .
Engine speed is 400 rpm. The black curve shows the location y+ = 11 in the buffer layer, separating the
viscous sublayer and the log-layer
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Fig. 12 Comparison of the relative error between computed and measured shear velocity, |uτ −u
exp
τ |/uexp

τ , in
percent, showing the overall performance of wall models as a function of crank angle and matching location
yp . Engine speed is 400 rpm. The white curve shows the location y+ = 11 in the buffer layer, separating the
viscous sublayer and the log-layer

the difference between predicted and measured shear velocity, uτ − u
exp
τ , for the engine

speed of 400 rpm as a function of crank angle and matching location yp. Figure 12 shows
the relative error (in percent) with respect to measurements, |uτ − u

exp
τ |/uexp

τ . Figures 13
and 14 are the corresponding results for the engine speed of 800 rpm. For each crank angle,
the results are smoothed using a 3-point moving average for clarity. The black and red curves
in the figures show the location of y+ = 11, which separates the viscous sublayer and the
log-layer in the equilibrium wall-function model.

By considering the results in Figs. 11–14, we notice that all wall models yield acceptable
predictions of the shear velocity if the matching point resides within the viscous sublayer.
However, the accuracy of the algebraic model substantially deteriorates if the matching point
is located outside the viscous sublayer. Model-ALG consistently underpredicts the shear
velocity up to 280 CAD and the relative error for both engine speeds can locally exceed

Fig. 13 Comparison of the difference between computed and measured shear velocity, uτ − u
exp
τ , in [m/s],

showing the overall performance of wall models as a function of crank angle and matching location yp .
Engine speed is 800 rpm. The black curve shows the location y+ = 11 in the buffer layer, separating the
viscous sublayer and the log-layer
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Fig. 14 Comparison of relative error between computed and measured shear velocity, |uτ − u
exp
τ |/uexp

τ , in
percent, showing the overall performance of wall models as a function of crank angle and matching location
yp . Engine speed is 800 rpm. The white curve shows the location y+ = 11 in the buffer layer, separating the
viscous sublayer and the log-layer

60 %, which translates to more than 80 % error in the shear stress. At 800 rpm, overpre-
diction is observed towards TDC for Model-ALG. Model-ML exhibits some improvements
compared to Model-ALG over all crank angles considered, Model-KW overpredicts the
shear velocity close to TDC. With the pressure gradient considered, Model-KWPG gives
the best performance and the relative error reduces to below 20 % over almost all crank
angles and matching locations. These results indicate that boundary layer flows in IC-engine
simulations need to be resolved unless a proper non-equilibrium wall model is adopted.

To obtain a principle understanding about the mesh resolution that is required for rep-
resenting the boundary layers in IC-engine simulations, a scaling for the viscous scale as a
function of engine speed and compression ratio is derived. This derivation is developed in
Appendix A. Results from this analysis are presented in Fig. 15, showing the piston speed,
kinematic viscosity at the wall, and the computed Reynolds number Rep = |Up|D/νw (with
D being the bore diameter and |Up| is the magnitude of the piston speed), as well as the
estimated boundary layer thickness for the engine configuration under investigation [38].
Thermodynamic quantities are computed using isentropic relations assuming a calorically
perfect gas. The boundary layer thickness and viscous length scale are estimated through the
flat plate turbulent boundary layer scaling [51] (see Appendix A). In Fig. 15d, the estimate
of δν is compared to the experimental data [38] using δb = 11δv , which is approximately
the location of the buffer layer. Good agreement is found except near BDC at which Up is
close to zero while the tangential velocity component due to the tumble motion is large. This
comparison shows that the estimated boundary layer thickness provides a reasonable rep-
resentation at the cylinder head. To show the importance of engine speed and compression
ratio on the boundary layer thickness, an estimate of the scaling for the minimum buffer
layer location is given by the following relation:

δb,min

D
≈ 84

[

1

Rep

(

r − 1

2r

)γ (

r + 1

r − 1
− 0.90

)γ
] 9

10

, (16)

where Rep is the mean piston Reynolds number and r is the compression ratio. From
this equation, and confirmed by Fig. 15, it can be seen that with increasing engine
speed and compression ratio, the thickness of the minimum buffer layer decreases rapidly.
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Fig. 15 Piston speed, kinematic viscosity at the wall, Reynolds number and estimated boundary layer
thickness for two engine speeds during compression and expansion strokes. Thermodynamic quantities are
computed through isentropic processes. The boundary layer thickness is estimated through the flat plate tur-
bulent boundary layer scaling δ/D ∝ Re−1/5

p . In subfigure (d), solid lines are δ, dashed lines are δb = 11δν ,
and symbols correspond to measurements of δb from Jainski et al. [38]. See Fig. 6 for evolution of δν

Therefore, engine simulations at high-load conditions or higher compression ratios intro-
duce significant resolution requirements that can not be accommodated by current LES
calculations.

4.3 Thermal boundary layer

Following the analysis of the viscous boundary layer, we will next examine the thermal
boundary layer. Figure 16 shows averaged temperature profiles obtained from the different
wall models with a matching location of yp = 1.5 mm at selected crank angles. Results
fromModel-KW are very similar to those obtained with Model-KWPG, and therefore omit-
ted. The lack of temperature measurements prevents us to perform direct comparisons with
experiments.

By including non-equilibrium effects in the thermal boundary layer description, a non-
monotonic behavior of the temperature profiles close to the wall can be seen around 280
CAD. This is attributed to the pressure work term in the temperature equation, causing
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Fig. 16 Temperature profiles predicted for a matching location of yp = 1.5 mm from different wall models
at (a) 400 rpm and (b) 800 rpm. Results are shown for selected crank angles

the build-up of energy near the wall. The thermal boundary layer in the equilibrium wall-
function model is calculated by directly solving the ODE for the temperature equation,
neglecting unsteady, convection and pressure work terms in Eq. 4c. Note that for the equilib-
rium wall-function model, a monotonic temperature profile is obtained for each crank angle.
Discrepancies between the non-equilibrium wall models are attributed to different values of
turbulent viscosity and thermal diffusivity calculated from the different turbulence closures.

Figure 17 shows comparisons of wall-heat flux results that were obtained for a match-
ing location of yp = 1.5 mm. The wall-heat flux for the non-equilibrium wall models is
directly evaluated from the temperature profile. Woschni’s empirical correlation [6] and
results from applying the modified wall-function model by Rakopoulos et al. [21] are also
presented in this figure. Nijeweme et al. [55] showed that equilibrium wall-function models
can result in substantial underpredictions of the heat flux at TDC compared to experimen-
tal measurements. Woschni’s empirical correlation, which was developed from tube flows
by fitting the characteristic velocity to engine data, is known to underpredict the wall heat
transfer in the current IC-engine, and previous work by Irimescu [56] confirmed this. Con-
sidering the results from the current study, the wall-heat flux predicted by the equilibrium
wall-function model (Model-ALG) is similar to that obtained using Woschni’s correlation.
Non-equilibrium models (Model-ML and Model-KWPG) predict higher heat-flux values
that are approximately twice the values obtained from Model-ALG and Woschni’s cor-
relation. These results suggest that non-equilibrium wall models may provide improved
accuracy for predicting the wall-heat transfer compared to the equilibrium wall-function
model.

Figures 18 and 19 shows computed wall-heat flux results from different wall models
applied at different matching locations for two engine speeds. Results from Model-KW are
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Fig. 17 Wall heat flux predicted for a matching location of yp = 1.5 mm from different wall models
in comparison with the modified wall-function model by Rakopoulos et al. [21] and Woschni’s empirical
correlation [6] for (a) 400 rpm and (b) 800 rpm

similar to those from Model-KWPG and are therefore omitted. The white curve in the fig-
ures shows the location of y+ = 11, which separates the viscous sublayer and the log-layer
in the equilibrium wall-function model. As can be seen from Figs. 18 and 19, wall-heat
flux results from different wall models are not very sensitive to the matching location yp .
Results from Model-ML and Model-KWPG provide compare results, whereas the equilib-
rium wall-function model predicts higher wall-heat transfer close to TDC when applied
within the viscous sublayer. Similar to the results with yp = 1.5 mm, for other matching
locations, non-equilibrium wall models predict substantially higher wall-heat flux rates near
TDC compared to the equilibrium wall-function model.

Fig. 18 Computed wall heat flux in [kW/m2] from different wall models as a function of crank angle and
matching location yp . Engine speed is 400 rpm. The white curve shows the location y+ = 11 in the buffer
layer, separating the viscous sublayer and the log-layer
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Fig. 19 Computed wall heat flux in [kW/m2] from different wall models as a function of crank angle and
matching location yp . Engine speed is 800 rpm. The white curve shows the location y+ = 11 of the buffer
layer, separating the viscous sublayer and the log-layer

5 Conclusions

High-speed µ-PIV measurements in the boundary layer of an IC-engine were used to eval-
uate assumptions of algebraic wall models that are frequently utilized in CFD-simulation.
Non-equilibrium wall models were adapted to IC-engine boundary layers and analysis
was conducted to assess the performance of different wall models in comparison with
experimental measurements. From these results, the following conclusions can be drawn:

– Experimental results show that the inner boundary layer structure in IC-engines is
affected by large-scale vortical structures generated by the in-cylinder tumble motion.

– Vortical structures (generated by tumble, swirl, and turbulence) introduce substantial
pressure gradients near TDC, which require consideration in the description of the in-
cylinder boundary-layer structure.

– The equilibrium wall-function model yields acceptable results for the shear velocity
if the matching location is within the viscous sublayer. However, a scaling analysis
shows that the requirement for placing the first grid point within the viscous sublayer
introduces substantial resolution constraints, especially for high engine speeds, large
compression ratios, and crank angles close to TDC.

– The equilibrium wall-function model shows substantial deficiencies in describing the
in-cylinder near-wall region if the matching location is located outside the viscous
sublayer.

– Results from a budget analysis indicate that for the investigated conditions the boundary
layer is in equilibrium for CAD < 280; however, with increasing piston compression
the boundary layer enters a non-equilibrium state in which the pressure force becomes
significant.

– Non-equilibriumwall models provide improved descriptions for the velocity profile and
the shear velocity. Among them, Model-KWPG, in which all non-equilibrium effects
are taken into consideration, exhibits the best performance, reducing the relative error
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of the predicted shear velocity below 20 % compared to measurements for all crank
angles and matching locations examined.

The models for the thermo-viscous boundary layer that were developed in this paper can be
utilized as wall-function models in zonal LES-approaches. Depending on the complexity of
the in-cylinder flow, operating conditions, spatial resolution, and computational resources,
models with different levels of fidelity and model assumptions (as summarized in Table 2)
could be employed.

While this study was primarily concerned with the evaluation of wall-function models
for motored operation, measurements for fired conditions are required to further examine
the model performance.
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Appendix A: Estimate of Viscous Sublayer Thickness

According to [14], the thickness of the viscous sublayer can be related to the boundary layer
thickness using the following expression:

δ

δν

≈ cw

( |Up|δ
νw

) 7
8

, (17)

where cw = 0.15. An estimate for δv as a function of Reynolds number is obtained by
inserting δ/D ≈ ζRe−1/5

p with ζ = 0.193 [51] into Eq. 17:

δν

D
≈ ζ 1/8

cw

Re
− 9

10
p , (18)

indicating that the minimum of δν is obtained at the maximum of Rep = |Up|D/νw . The
piston speed is calculated using the following expression [3]:

Up

Up

= −π

2
sin θ

⎛

⎜

⎝
1 + cos θ

√

(l/a)2 − sin2 θ

⎞

⎟

⎠
, (19)

where Up = 2aω/π is the mean piston speed, with ω being the angular velocity, and a the
half-stroke or crank radius; θ is the crank angle, and l is the length of the connecting rod.
By neglecting higher order terms, Up can be approximated as:

Up

Up

≈ −π

2
sin θ . (20)

The kinematic viscosity is evaluated as νw = μw/ρw , in which the density at the wall, ρw ,
is related to the wall temperature Tw and engine pressure via the ideal gas law. The engine
pressure is obtained from the isentropic state relation:

p = pBDC

(

VBDC

V

)γ

, (21)
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where, according to [3],

V = πD2a

4

⎛

⎝

l

a
+ r + 1

r − 1
−

√

l2

a2
− sin2 θ − cos θ

⎞

⎠ ≈ πD2a

4

(

r + 1

r − 1
− cos θ

)

, (22)

where V is the engine volume, pBDC is the pressure, VBDC is the cylinder volume at BDC,
and r is the compression ratio. With this, the kinematic viscosity at the wall, νw , can be
evaluated as:

νw

νw,BDC
≈

(

r − 1

2r

)γ (

r + 1

r − 1
− cos θ

)γ

, (23)

and hence
Rep

Rep

≈
π
2 | sin θ |

(

r−1
2r

)γ (

r+1
r−1 − cos θ

)γ , (24)

where Rep = UpD/νw,BDC is the mean piston Reynolds number, defined in analogy to the
mean piston speed.

The maximum value for Rep is obtained for θ between 330 and 340 CAD for 8 ≤ r ≤ 20
and the values for sin θ and cos θ within this range exhibit only small variations. For the
current engine configuration (r = 11), the optimal θ is found to be 334 CAD and with this
value, δν,min can be estimated as:

δv,min

D
≈ 7.6

[

1

Rep

(

r − 1

2r

)γ (

r + 1

r − 1
− 0.90

)γ
] 9

10

, (25)

and the estimate for δb,min follows directly through the relation δb = 11δν .
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