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A B S T R A C T

Combustion noise from a realistic gas-turbine combustor geometry is investigated parametrically using a hybrid
simulation framework that combines large-eddy simulation and a linearized Euler formulation. The effect
of operating conditions on the relative noise-source contributions arising from direct and indirect noise is
examined by considering take-off and cruise conditions. To quantify the predictions of the combustion flow
field, comparisons with available experimental data for velocity and spray droplet diameter are performed.
Analysis of combustion dynamics shows that tonal combustion noise from a thermoacoustic instability is
present at both operating conditions, which is consistent with experimental data. The unsteady combustion
and dilution are the main sources for the fluctuations of pressure, temperature and mixture composition at the
combustor exit. While the thermo-chemical properties do not significantly change between the two operating
conditions, the simulation results show that the level of unsteadiness in the flow field is significantly higher
for the take-off condition. This leads to an overall increase in the noise emissions by up to 20 dB at take-
off compared to the cruise condition. Indirect noise arising from compositional inhomogeneities is found to
exceed the entropy noise for both operating conditions. Phase cancellation between composition noise and
temperature-induced noise is shown to result in an overall reduction of the indirect combustion-noise emissions.
1. Introduction

Commercial aircraft will continue to transport our society for
decades to come. However, aircraft noise is one of the major issues
because it adversely affects human’s physiological and psychological
health [1] and constrains air traffic growth [2]. Main contributors to
aircraft noise arise from airframe and engine noise [3]. Airframe noise
is generated by the trailing edge, landing gear and wings. In contrast,
engine noise refers to the noise generated by the fan, in the engine
core (compressor, combustor, and turbine), and in the jet exhaust. The
present paper is concerned with the core-noise contributions associated
with the combustor.

The relative contribution of engine-core noise draws more atten-
tion for modern engines. Specifically, in order to reduce emissions of
greenhouse-gases and nitrous oxides (NO𝑥), advanced lean combustion
technologies are employed [4]. However, these combustion concepts
are prone to generate higher noise emissions due to the unsteady
turbulent environment [5–7], especially at low frequencies [8]. In
contrast, fan noise has largely been reduced by improving the fan-blade
design. Similarly, jet noise was reduced by increasing the bypass ratio
as well as improving the acoustic liners and nozzle design [3,9].
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While many different acoustic sources might be present in a reacting
environment [10], engine-core noise typically consists of two main
distinct mechanisms, namely direct and indirect combustion noise [3,
7,11]. Direct combustion noise describes the transmission of pressure
fluctuations originating from unsteady heat release in the combustion
chamber [11]. The sound generated by direct combustion noise is
transmitted to the downstream components and eventually propagates
to the far-field. In contrast, indirect combustion noise is caused by the
advection of vortices and entropy variations caused by temperature
hot-spots as they are accelerated through the downstream turbine
and nozzle [12]. More recently, contributions from mixture inhomo-
geneities were identified as an additional source of indirect combustion
noise [3]. Theoretical analysis indicated that compositional noise can
interact and even exceed indirect combustion noise that arises from
temperature inhomogeneities [3,13]. The relative contributions of these
noise-source mechanisms are dependent on the operating conditions,
engine type, and interaction with other unsteady processes.

To investigate the relative contribution of direct and indirect com-
bustion noise, several experiments have been conducted. With rele-
vance to the analysis of indirect noise, Bake et al. [14] conducted
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measurements in an entropy wave generator to examine entropy noise
mechanisms, showing that indirect sources are several orders of mag-
nitude larger than direct noise. More recently, Rolland et al. [15]
performed measurements in a carefully designed entropy wave gen-
erator rig to quantify contributions from direct noise, entropy noise,
and compositional noise, showing that experimental measurements for
indirect noise are well described by theory.

To theoretically examine core noise, acoustic analogies have been
developed for characterizing direct noise and jet-exhaust noise. Differ-
ent methods have been proposed for modeling indirect noise, which
include the compact nozzle theory [12,16], the effective nozzle length
method [17,18], expansion methods [19,20], and non-linear analy-
sis [21]. By extending the compact nozzle theory to multi-component
gas mixtures, it was shown that compositional noise can exceed entropy
noise for fuel-lean conditions and supercritical nozzle flows [13]. This
implies that compositional noise should require consideration with the
implementation of low-emission combustors.

Apart from experimental and theoretical investigations, multidi-
mensional numerical simulations have been employed to investigate
core noise [3]. Leyko et al. [22] compared direct and indirect noise
mechanisms in a model combustor and found that indirect noise is small
for laboratory experiments but increases for more realistic aeronautical
engines. By using large-eddy simulations (LES), Papadogiannis et al.
[23] examined the generation of entropy noise in a high-pressure
turbine stage and found that the upstream entropy noise reduces due
to the choked turbine nozzle guide vane. O’Brien et al. [24] employed
a hybrid modeling approach to predict the far-field radiation of core
noise from a model combustor that consists of a combustion chamber,
turbine, and nozzle. Livebardon et al. [25] combined LES and actuator
disk theory to predict combustion noise in a helicopter engine, con-
firming the importance of indirect combustion noise. Magri et al. [26]
numerically calculated the indirect noise for finite-nozzle Helmholtz
numbers and confirmed that compositional noise can exceed direct and
entropy noise contributions in a choked nozzle and for lean mixtures.

Despite these studies on combustion noise, the relative contribu-
tions of direct and indirect noise to the overall core-noise radiation
are not fully understood. This is especially true when considering
compositional noise, which has been subject to less scrutiny than
entropy-induced noise. To this end, we present a hybrid simulation
framework for enabling noise-predictions in early engine-design analy-
sis. This hybrid modeling approach combines LES for the prediction of
the unsteady turbulent combustion with a linearized Euler formulation
for the prediction of the noise generation through the downstream noz-
zle. The objectives are two-fold; (1) to demonstrate the applicability of
the hybrid formulation by considering a realistic gas-turbine combustor
application and (2) to examine the effect of the operating conditions
on the noise emissions. We extend the scope of previous work [27]
by performing a parametric study of a realistic gas-turbine combustor
at thermo-acoustically unstable cruise and take-off conditions. We also
demonstrate the utility in obtaining representative data for low-order
modeling analysis. The experimental configuration and operating con-
ditions are presented in Section 2. The mathematical model is presented
in Section 3. Results are discussed in Section 4 and conclusions are
provided in Section 5.

2. Experimental configuration and operating conditions

The referee combustor rig that is considered in this study was
designed to reproduce features of a realistic rich-quench-lean (RQL)
gas-turbine combustor [28,29]. A schematic of this combustor is shown
in Fig. 1. The combustor consists of four components; namely the
pressure plenum, the injector, the combustion chamber and the outlet
plenum. The injector consists of an inner radial swirler and two outer
axial swirlers that supply air to the combustion chamber. Fuel is sup-
2

plied through a pressure-swirl atomizer. The combustion chamber has a
Table 1
Properties of Jet-A fuel at 322 K used in the present study; 𝑊 : molecular weight,
𝜇𝑙 : dynamic viscosity, H/C: hydrogen to carbon ratio, 𝛥ℎ0𝑓 : lower heating value, DCN:
derived cetane number.

Composition (mass fraction [%])
Aromatics 𝑖𝑠𝑜-Paraffins 𝑛-Paraffins Cycloparaffins Alkenes

18.66 29.45 20.03 31.86 <0.001

𝑊 [kg/kmol] 𝜇𝑙 [mPa s] 𝛥ℎ0𝑓 [MJ/kg] H/C DCN

159 1.17 43.1 1.90 48.3

constant width of 110 mm in the primary and secondary combustion re-
gions, and progressively reduces in the dilution zone until the exhaust,
which is located 290 mm from the combustor inlet plane as shown
in Fig. 1-(c). The upper and lower walls of the combustor consist of
multi-perforated plates that supply air from the pressure plenum to the
combustion chamber. These are modeled in the LES as homogeneous
flows through the effusive boundaries. To ensure conservation of mass,
a constant negative mass flow is imposed in the outer region, while
a positive flow is imposed on the inner walls. There are two rows of
dilution holes in the upper and lower walls of the chamber: the first
row that consists of three dilution holes on each side is located 45 mm
downstream of the inlet plane, and the second row consisting of four
dilution holes on the lower and upper sides is 132 mm downstream of
the inlet plane. The combustion chamber is housed inside a pressure
plenum. Further geometric details are provided in [28,30,31].

Considering the nominal operating point from the National Jet Fuel
Combustion Program (NJFCP), the impact of the fuel on the lean blow-
out (LBO) limit has been studied in prior numerical works [30,32,33].
These LBO cases have also been extensively studied experimentally [28,
31]. In the present work, we extend from this nominal configura-
tion and consider cruise and take-off conditions at higher fuel mass
flow rates that are representative of more typical engine operating
conditions.

The present study considers a conventional petroleum-derived Jet-A
fuel (Cat-A2, POSF10325). The thermo-physico-chemical properties for
this fuel are obtained from studies conducted by the NJFCP [29]. These
properties, evaluated at a temperature of 322 K (corresponding to the
injection condition), are listed in Table 1. The properties of the liquid
fuel are dependent on the temperature, and effects of pressure on the
properties were found to be negligible [34,35].

To parametrically examine the effect of the operating conditions
on the noise emission, we consider two different operating points
corresponding to a cruise condition and a take-off condition. For the
cruise condition, the engine is assumed to operate at an altitude of
10,600 m and at a flight Mach number of 0.8. At this condition, the
combustor is operated at approximately 20% of the maximum take-off
power [36,37]. The conditions for this operation point are identical
to that considered in the experimental study of the same combustor
rig [38]. The combustor is supplied with air at a temperature of 394±2.5
K and the total air mass flow rate is 391.4 ± 6.9 g/s. The pressure
inside the combustion chamber is 2.07 ± 0.01 atm. The fuel is supplied
through a pressure-swirl atomizer at 322 ± 2.3 K at a mass flow rate of
4.0 g/s with an uncertainty of 0.15%. The overall equivalence ratio is
𝜙𝑔 = 0.15.

The take-off operating point is specified by considering sea-level
conditions. To determine the other parameters for the take-off condi-
tion, i.e. mass flow rates and combustor pressure, we are considering
a typical high-bypass ratio turbo-fan engine that consists of a fan,
compressor, combustor, turbine and nozzle. The thrust generated is
determined as [39]

𝐹 = �̇�𝐶
[

(1 + 𝑓 )𝑈9 + 𝛽𝑈19 − (1 + 𝛽)𝑈0
]

+ 𝐴9
(

𝑝9 − 𝑝0
)

+ 𝐴19
(

𝑝1𝑒 − 𝑝0
)

,

(1)

where �̇�𝐶 is the air mass flow rate through the core, 𝑓𝑟 is the fuel–

air ratio, 𝛽 is the bypass ratio, 𝑈9 and 𝑈19 are the core exit velocity
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Fig. 1. (a) Disassembled referee-rig combustor and (b) CAD of the geometry. (c–d) Schematic diagram (𝑥-𝑦 plane) of the referee combustor rig, where the arrows represent different
streams entering the combustor. The probe is used to monitor the combustor exit conditions.
and fan exit velocity, 𝑈0 is the flight velocity, 𝑝9 and 𝑝0 are the static
pressure at the jet nozzle and the ambient pressure, and 𝐴9 and 𝐴19
are the core and fan cross sections, respectively. Assuming a perfectly
expanded nozzle flow, the pressure thrust in Eq. (1) is neglected, and
the operating parameters for the take-off condition are then determined
from an ideal Brayton-cycle analysis [39]. To anchor the take-off
operating point in relation to the cruise condition, we prescribe the
fan pressure ratio and bypass ratio from a CFM56 high-bypass ratio
turbofan engine [40], i.e., 𝜋𝑓 = 1.28 and 𝛽 = 6.6. All other parameters
for the combustor pressure, fuel mass-flow rate, and equivalence ratio
are then computed subject to prescribed conditions for flight Mach
number 𝑀0, ambient temperature 𝑇0, ratio of specific heats 𝛾, heat
capacity 𝑐𝑝, lower heating value 𝛥ℎ0𝑓 , temperature at the combustor
exit 𝑇𝑡4, compressor pressure ratio 𝜋𝑐 , fan pressure ratio 𝜋𝑓 , and bypass
ratio 𝛽. Details on the governing equations and solution procedure for
determining the operating conditions are provided in Appendix A. The
temperature at the combustor exit is determined iteratively to obtain
compressor pressure ratios for the cruise and take-off conditions. The
operating parameters for both conditions are summarized in Table 2.

3. Mathematical model

3.1. Hybrid method

A hybrid modeling framework is employed to predict the genera-
tion and transmission of engine-core noise. In this hybrid approach,
a compressible reacting multiphase LES solver is used to compute the
turbulent combustion. The unsteady flow-field at the combustor exit is
then extracted from the LES and prescribed as inflow boundary con-
dition to a reduced-order nozzle simulation using the linearlized Euler
equations (LEE). The nozzle is represented by a converging–diverging
supersonic nozzle.

3.2. Combustor simulation

The three-dimensional computational domain considered in the LES
calculation includes the pressure plenum, the combustion chamber
3

Table 2
Operating parameters for the cruise and take-off conditions.

Parameters Description Cruise Take-off

𝑀0 [–] Flight Mach number 0.8 0.0
𝜋𝑐 [–] Compressor pressure ratio 5.71 9.56
𝜏𝑐 [–] Compressor temperature ratio 1.645 1.906
𝑇𝑡3 [K] Combustor inlet temperature 394.0 549.3
𝑇𝑡4 [K] Combustor exit temperature 837.4 1349.5
𝑝𝑡 [atm] Pressure in combustor 2.07 10.35
𝑉9 [m/s] Core nozzle exit velocity 464.76 695.33
𝑀9 [–] Core nozzle exit Mach number 1.09 1.31
𝐹∕�̇�0 [N/(kg/s)] Specific thrust 87.91 269.52
�̇�𝐶 [g/s] Air mass flow rate through core 391.4 765.2
�̇�𝑓 [g/s] Fuel mass flow rate 4.0 14.2
𝜙𝑔 [–] Global equivalence ratio 0.15 0.28
𝑓𝑟 [–] Fuel–air ratio 0.01 0.01856
𝑇𝑆𝐹𝐶 [mg/s/N] Thrust specific fuel consumption 14.97 9.06
𝐹 [N] Thrust 261.22 1567.32
𝑇𝑓 [K] Injection fuel temperature 322.0 322.0
𝑑SMD [μm] Sauter mean diameter 56.0 14.5

and the outlet plenum (see Fig. 1). The domain is discretized using a
block-structured mesh with 18.3 million hexahedral elements. In the
near-wall, swirler and free-shear layer regions, the mesh resolution is
finer with a characteristic size of 0.15 mm. Numerical simulations are
performed using an unstructured and fully compressible solver [41–43].
The instantaneous Favre-averaged conservation equations for mass,
momentum and energy are solved with a second-order accurate spatial
discretization scheme. Operator splitting is employed for time integra-
tion, in which the non-stiff advection–diffusion operators are solved
using a third-order accurate strong-stability preserving Runge–Kutta
scheme [44]. To integrate the stiff chemical source terms, a semi-
implicit Rosenbrock–Krylov scheme is used, having 4th-order accuracy
and linear cost with respect to the number of species [45]. Turbulent
subgrid stresses are modeled using the Vreman model [46]. No-slip wall
boundary conditions are used and effusive cooling is modeled through
a homogeneous approach, where the effusive gas-phase velocity is
determined from the experimentally measured mass flow rates [30].
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Adiabatic wall boundaries are used in the simulation since the convec-
tive heat transfer to the walls is expected to have negligible effect on
the flame due to the multiperforated plates used around the combustor.

The flamelet/progress-variable (FPV) model [47,48] is employed to
model the combustion process in which the thermochemical properties
are parameterized as a function of filtered mixture fraction 𝑍, filtered
progress variable 𝐶, and mixture fraction variance 𝑍′′2. The gas-phase
system of Favre-filtered conservation equations for mass, momentum
and energy takes the following form:

𝜕𝑡𝜌 + ∇ ⋅ (𝜌𝒖) = −{�̇�𝑑} , (2a)

𝜕𝑡(𝜌𝒖) + ∇ ⋅ (𝜌𝒖𝒖) = −∇𝑝 + ∇ ⋅ (𝝉 + 𝝉 𝑡) , (2b)

𝜕𝑡(𝜌𝐸) + ∇ ⋅ (𝜌𝒖𝐸) = −∇ ⋅
[(

𝜆
𝑐𝑝

+
𝜇𝑡
𝑃𝑟𝑡

)

∇ℎ̃ − 𝒖𝑝 + 𝒖
(

𝝉 + 𝝉 𝑡
)

]

,

(2c)

𝜕𝑡(𝜌𝑍) + ∇ ⋅ (𝜌𝒖𝑍) = −∇ ⋅
(

𝒋𝑍 + 𝒋𝑍,𝑡
)

+ �̇�𝑍 , (2d)

𝜕𝑡(𝜌𝐶) + ∇ ⋅ (𝜌𝒖𝐶) = −∇ ⋅
(

𝒋𝐶 + 𝒋𝐶,𝑡
)

+ 𝜌̃̇𝜔𝐶 , (2e)

𝑡(𝜌𝑍′′2) + ∇ ⋅ (𝜌𝒖𝑍′′2) = −∇ ⋅
(

𝒋
𝑍′′2 + 𝒋

𝑍′′2 ,𝑡

)

, (2f)

where 𝜌 is the density, 𝒖 is the velocity vector, 𝑝 is the pressure, 𝝉 is
the viscous stress tensor, 𝝉 𝑡 is the sub-grid scale stress, and 𝜇𝑡 is the
urbulent eddy viscosity which is modeled with the Vreman approach.
he thermal conductivity is denoted by 𝜆, 𝑐𝑝 is the heat capacity, 𝑃𝑟𝑡 is

the Prandtl number and ℎ is the enthalpy. The molecular and turbulent
diffusive fluxes for the scalar 𝜙 are denoted as 𝒋𝜙 = −�̄�𝐷𝜙∇𝜙 and
𝜙,𝑡 = −𝜇𝑡∕𝑆𝑐𝑡∇𝜙, respectively, where 𝐷𝜙 is the diffusion coefficient
nd Sc𝑡 is the turbulent Schmidt number. The volume-average of the
vaporation rate over all droplets in the computational cell is denoted
y {�̇�𝑑}. Finally, �̇�𝑍 and ̃̇𝜔𝐶 are the evaporation source terms of the
ixture fraction and the chemical source term of the progress variable,

espectively.
In the present work, the thermochemical state is described from the

olution of steady laminar non-premixed flamelets that are solved in
omposition space [49]. The combustion chemistry model of the Cat-
2 fuel is described by a HyChem mechanism [30,50], which consists
f 113 species and 790 reactions. This model is developed following
hybrid approach [50], where fuel pyrolysis is described by seven

umped reaction steps and primary products include H2, CH4, C2H4,
C3H6, 1-C4H8, i-C4H8, C6H6 and C6H5CH3. The progress variable is
defined as 𝐶 = 𝑌CO2

+ 𝑌CO + 𝑌H2O + 𝑌H2
[51].

To consider the cooling effect due to evaporation of the liquid phase
on the flamelet solution, an effective gaseous fuel temperature [52] is
computed as 𝑇𝑓,𝑔 = 𝑇𝑓,𝑙 −𝛥ℎ𝑣

(

𝑇𝑒𝑣𝑎𝑝
)

∕𝑐𝑙
(

𝑇𝑒𝑣𝑎𝑝
)

, where 𝛥ℎ𝑣 is the latent
heat of evaporation and 𝑐𝑙 is the specific heat capacity of the liquid fuel.
For the conditions considered in this work, 𝑇𝑓,𝑔 = 191 K. To generate
the flamelet solutions for the cruise and take-off conditions, effects of
pressure are considered by computing different flamelet tables. The
flamelet solutions are calculated using a counterflow diffusion flame
configuration, and the maximum temperature curves as a function of
the scalar dissipation rate are reported in Fig. 2, showing differences
in the extinction limit between the cruise and take-off conditions.
Differences in the maximum flamelet temperature are a consequence
of the different oxidizer environment.

A Lagrangian particle tracking approach is employed to describe
the spray, and the liquid droplet motion is represented by the Basset–
Boussinesq–Oseen equation [53]. Secondary break-up (SBU) of spray
droplets is modeled using a stochastic approach [54] where the droplet
size is assumed to be time dependent with a given initial size distri-
bution. The governing equations for the spray phase and the breakup
model can be found in Refs. [53,54]. The critical Weber number,
We𝑑,𝑐 = 𝜌𝑔 ||𝒖𝑠||

2 𝑟𝑑∕𝜎𝑙, which determines the droplet breakup is set to a
value of 6.0, where 𝜌𝑔 is the gas density, 𝒖𝑠 is the local droplet slip
4

velocity, 𝑟𝑑 is the droplet radius, and 𝜎𝑙 is the surface tension. The a
droplet-size distribution at the injector inlet is prescribed using the
following correlation [55]:

𝑑SMD = 2.25𝜎0.25𝑙 𝜇0.25𝑙 �̇�0.25
𝑓 𝛥𝑝−0.5𝜌−0.25𝑎𝑖𝑟 , (3)

where SMD is the Sauter mean diameter, 𝜇𝑙 is the fuel viscosity, �̇�𝑓
s the fuel mass flow rate, 𝛥𝑝 is the pressure drop across the fuel

injector nozzle and 𝜌𝑎𝑖𝑟 is the air density. For the cruise condition,
𝛥𝑝 is available from experimental data and the flow number of the
injector can be computed as 𝐹𝑁 = �̇�𝑓∕

√

𝛥𝑝 = 1.18 × 10−3 gs−1Pa−0.5.
Assuming a constant 𝐹𝑁 , the pressure drop at the take-off condition is
then evaluated. Eq. (3) has a functional dependence on the fuel mass
flow rate, so that 𝑑SMD attains different values for the take-off and cruise
conditions. Based on Eq. (3), the SMD is determined to be 14.5 μm for
the take-off condition and 56.0 μm for the cruise condition. The droplet
size distribution is then prescribed from a Rosin–Rammler distribution
and provided as boundary condition at the fuel injector,

𝑃 (𝑑; 𝑑, 𝑛) =
(

𝑑
𝑑

)𝑛 𝑛
𝑑
exp

{

−
(

𝑑
𝑑

)𝑛}

with 𝑑 = 𝑑SMD
𝛤 (2∕𝑛 + 1)
𝛤 (3∕𝑛 + 1)

,

(4)

here 𝑑 is the characteristic diameter, 𝛤 is the gamma function, and
𝑛 is the spread parameter, which is kept constant at 2.25 [30]. The
resulting distributions for both conditions are illustrated in Fig. 3.

3.3. Coupling of combustor exit and nozzle flow

This section summarizes the coupling method between the LES
method and Linear Euler model [27]. The combustor exit, having a
rectangular cross-section, is connected to the nozzle inlet. We introduce
a Cartesian coordinate system, where the combustor exit lies on the
𝑦-𝑧 plane and the 𝑥-axis is aligned with the nozzle center line. The
combustor exit-flow was well mixed along the spanwise direction. This
allows us to reduce the flow through the nozzle to a two-dimensional
planar problem so that the nozzle inlet condition only depends on 𝑦
and 𝑡. We decompose the flow variable 𝑞 at the exit plane into mean
(denoted by ⟨⋅⟩) and fluctuating (denoted by a prime) quantities:

(𝑦, 𝑡) = ⟨𝑞⟩(𝑦) + 𝑞′(𝑦, 𝑡) , (5)

here 𝑞 = {𝑢, 𝑝, 𝑠, 𝑍} and 𝑠 is the entropy. The fluctuating quantities
re expressed as:

′(𝑦, 𝑡) = ∫ 𝐴𝑞(𝑦, 𝑓 ) exp{−𝑖(2𝜋𝑓𝑡 + 𝜃𝑞)}𝑑𝑓 , (6)

here 𝐴𝑞 , 𝑓 , and 𝜃𝑞 are the amplitude, frequency, and phase, respec-
ively.

In the present study, we are concerned with examining the com-
onent of fluctuations at the dominant frequency, 𝑓𝑐 . To this end, we
irst apply a band-pass filter to the combustor-exit data to extract the
orresponding frequency component. Subsequently, Proper Orthogonal
ecomposition (POD) is applied to the filtered data, and the first spatial
OD mode is used to prescribe the spatial dependence of 𝐴𝑞 . POD is
modal decomposition technique that can extract coherent structures

rom spatio-temporal dynamic data [56]. POD of a variable 𝑞′(𝑦, 𝑡) is
iven as:

′(𝑦, 𝑡) =
𝑁
∑

𝑖=1
𝜓𝑖(𝑦)𝜙𝑖(𝑡) , (7)

here 𝜓𝑖(𝑦) and 𝜙𝑖(𝑡) are the 𝑖th spatial and temporal POD modes,
espectively. The first spatial POD mode 𝜓1(𝑦) contains the most energy

′
nd typically represents the coherent spatial variation of 𝑞 .
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Fig. 2. Comparison of maximum temperature in a counterflow diffusion flame configuration as a function of the scalar dissipation rate for the cruise and take-off conditions.
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Fig. 3. Rosin–Rammler droplet-size distribution used as spray boundary condition.

.4. Nozzle-flow simulations

The acoustic transmission through the nozzle is described by the
olution of the linearized Euler equations. Substituting the decomposed
ean and fluctuating variables into the Euler equations and collecting

he first-order terms of the fluctuating quantities, the LEE can be
btained as

𝜕𝑡𝑠
′ + ⟨𝒖⟩ ⋅ ∇𝑠′ = −𝒖′ ⋅ ∇ ⟨𝑠⟩ , (8a)

𝜕𝑡𝒖′ + ⟨𝒖⟩ ⋅ ∇𝒖′ = −𝒖′ ⋅ ∇ ⟨𝒖⟩ − 1
⟨𝜌⟩

∇𝑝′

−
(

𝑝′

𝛾 ⟨𝑝⟩
− 𝑠′

𝑐𝑝
− 𝛹𝑍′

)

⟨𝒖⟩ ⋅ ∇ ⟨𝒖⟩ , (8b)

𝜕𝑡𝑝
′ + ⟨𝒖⟩ ⋅ ∇𝑝′ = −𝒖′ ⋅ ∇ ⟨𝑝⟩ − 𝛾

(

⟨𝑝⟩∇ ⋅ 𝒖′ + 𝑝′∇ ⋅ ⟨𝒖⟩
)

, (8c)

𝜕𝑡𝑍
′ + ⟨𝒖⟩∇𝑍′ = −𝒖′ ⋅ ∇ ⟨𝑍⟩ , (8d)

where 𝛹 is the chemical potential function. The governing equations
are non-dimensionalized using the inlet conditions.

Spatial derivatives in the governing equations are evaluated us-
ing an explicit, eleven-point, wavenumber optimized finite difference
scheme [57]. Temporal discretization is performed using an explicit
fourth-order Runge–Kutta method with a constant timestep. An explicit
and optimized filter [57] is used for the numerical stabilization at every
time step. No-penetration boundary conditions are prescribed at the
walls. Solution variables, obtained from the upstream combustion LES,
5

are prescribed at the nozzle inlet. An absorbing buffer zone [58] is
applied in the nozzle-upstream region, and the damping term has a
quadratic distribution within the buffer zone with a damping constant
of 0.5. Characteristic and non-reflecting boundary conditions [59] are
applied at the outflow.

To simplify the nozzle flow simulation, the following assumptions
are invoked: frozen chemistry in the nozzle, isentropic flow, and linear-
velocity nozzle. We use the linear nozzle proposed by Duran and
Moreau [19] to represent the converging–diverging supersonic nozzle.
The nozzle geometry is designed so that the axial velocity increases
linearly along the nozzle axis. With this condition, the nozzle shape is
constructed by invoking the isentropic flow assumption:

𝐴
𝐴∗

= 1
𝑀

[(

2
𝛾 + 1

)(

1 +
𝛾 − 1
2

𝑀2
)]

𝛾+1
2(𝛾−1)

, (9)

where 𝐴∗ is the critical nozzle area and 𝑀 is the Mach number. The
Mach number in this nozzle is calculated as a function of the axial
coordinate [19]. The base state ⟨𝑞⟩ is obtained from the upstream LES
esults and is constructed along the nozzle by using the isentropic
elation. It is noted that the base state of the mixture fraction is constant
ince frozen chemistry is considered.

So far, contributions from compositional noise has been widely
eglected in the literature so that only indirect noise from tempera-
ure inhomogeneities was considered. Temperature and compositional
erturbations are correlated but each source provides a physically
ifferent contribution to the overall indirect noise. The generation of
ompositional noise introduces the chemical potential function, 𝛹 , as

shown in Eq. (8b). This quantity introduces a direct dependency on the
chemical potential 𝜇𝑖 and is calculated as a function of the chemical
composition and partial Gibbs free energy [3]:

𝛹 = 1
𝑐𝑝𝑇

∑

𝑖

(

𝜇𝑖
𝑊𝑖

− 𝛥ℎ0𝑖

)

𝑑𝑌𝑖
𝑑𝑍

= 1
𝑐𝑝𝑇

𝑁𝑠
∑

𝑖=1
𝑔𝑖
𝜕𝑌𝑖
𝜕𝑍

, (10)

where 𝛥ℎ0𝑖 is the formation enthalpy of the 𝑖th species, 𝑊𝑖 is the
olecular weight of the 𝑖th species, 𝑇 is the temperature, 𝑌𝑖 is the
ass fraction of the 𝑖th species, and 𝑔𝑖 is the specific Gibbs energy of

he 𝑖th species. The derivative 𝜕𝑍𝑌𝑖 is evaluated from the solution of a
teady laminar flamelet at a scalar dissipation rate 𝜒st = 1 s−1, which
orresponds to the condition at the combustor exit.

The acoustic transmission is predicted in the form of a transfer
unction that compares the magnitude of an imposed disturbance at
he nozzle inlet to the resulting disturbance at the nozzle outlet. In
hese studies, the transfer function is expressed in characteristic form
or the downstream and upstream acoustic waves, advected entropy
erturbations, and compositional perturbations,

± = 1
(

𝑝′
± 𝑢′

)

, (11a)

2 𝛾 ⟨𝑝⟩ ⟨𝑎⟩
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Fig. 4. Schematic diagram of downstream acoustic wave 𝜋+, upstream acoustic wave 𝜋−, entropy perturbation 𝜎 and compositional perturbation 𝜉 along the nozzle.
𝜎 = 𝑠′

𝑐𝑝
, (11b)

𝜉 = 𝑍′. (11c)

To study independently the transmission of direct noise, and the gen-
eration of entropy noise and compositional noise, each perturbation
modes is considered individually in the LEE-simulation. A schematic of
these waves is illustrated in Fig. 4. Transverse velocity fluctuations are
not considered and therefore vorticity noise cannot be predicted by the
current LEE model. To nondimensionalize the frequency, we introduce
the Helmholtz number as 𝐻𝑒 = 𝑓𝐿∕𝑎, where 𝐿 = 0.5 m is the nozzle
length and 𝑎 is the speed of sound at the nozzle inlet. The details on
the nozzle geometry are provided in Appendix B.

4. Results and discussion

In this section, we first examine the combustor dynamics before
analyzing the combustion noise characteristics of the system.

4.1. Combustion analysis

Comparison to experimental data. As part of previous studies [27,30],
we examined the accuracy of the LES combustion simulations and
investigated dependencies of the modeling results on the computational
setup, mesh resolution, and subgrid closures. By considering the nomi-
nal NJFCP condition, quantitative comparisons with measurements for
mass-flow splits, blow-out limits, droplet distribution, and chemilumi-
nescence were performed. More recently, PIV measurements for the
velocity field [60] were acquired and this data is used for additional
comparison in Fig. 5. Results for both the streamwise and transverse
velocity components agree well in the internal recirculation zone and
the annular jet region. The spreading rate is also well captured by the
LES. Two regions show significant discrepancies; the bulkhead flow at
the top/bottom left in Fig. 5(a–b) and the dilution holes region. None of
these inlets were seeded with particles in the PIV, leading to a greater
uncertainty in the measurements [60].

Fig. 6 shows the droplet size distribution obtained in the LES at
the nominal operating condition and at a location downstream the
SBU region but upstream the primary combustion zone. Comparing
this distribution to the polydispersed fuel injection performed in the
simulation (Fig. 3), it can be seen that the mean droplet size has
significantly decreased due to SBU. Fig. 6 also shows the droplet size
distribution from measurements, reported in Ref. [30]. While small-
size droplets are more frequent in the experiments, the most probable
6

droplet diameter 𝐷𝑚𝑝 is similar between experiments and simulations,
which confirms the utility and validity of the SBU model. The maximum
distribution value and corresponding droplet diameter differ by 30%
and 10%, respectively. Furthermore, the experimental data was taken
at cold conditions [61]. Some discrepancies are therefore expected,
especially for small droplets, as they would have fully evaporated once
they reached the inlet plane. Further comparisons of spray velocity
statistics can be found in Ref. [27].

Thermo-acoustic instability characteristics. We proceed by examining the
instantaneous pressure signal at the combustor exit and the integrated
heat release rate. The flame was shown to be acoustically compact in
the simulated configuration [28]. The pressure is recorded at a probe
that is located at the center of the combustor exit, and results are shown
in Fig. 7. These results show that the pressure exhibits strong harmonic
fluctuations at the dominant frequencies of 𝑓𝑐 = 254 Hz for the cruise
condition and 𝑓𝑐 = 451 Hz for the take-off condition. It is noted
that the dominant frequency for the cruise condition agrees well with
experimentally reported measurements that identified a tonal mode
(𝑓𝑒𝑥𝑝 = 260 Hz) [28] at the same operating condition. We also display
the temporal evolution of the global heat release rate over a time
period of approximately six oscillation cycles in Fig. 7, showing that
pressure and heat release are mostly in-phase for the cruise condition
while having approximately a phase difference of 90◦ for the take-off
condition.

We further examine the modal shape along the axial distance
through the combustor for both conditions in Fig. 8. The pressure
fluctuation is normalized by the mean chamber pressure and the mode
shape is extracted at the peak frequency for the cruise condition
(254 Hz) and take-off condition (451 Hz). The root-mean-square (RMS)
pressure value at 𝑥 = 0.035 m equals 3100 Pa at the cruise condition,
which agrees well with the experimental results (∼3500 Pa) reported
by Monfort et al. [38]. Fig. 8 also shows that the modes are longitudinal
for both conditions and pressure nodes are located at the combustor
exit. Note that the plenum outlet in the simulation acts as a reflecting
boundary, which mimics the pressure node of the first acoustic mode
in the referee rig [38]. The same longitudinal mode is reported by
the experiments for the cruise condition [38]. Fig. 8 also shows that
different axial mode shapes develop for different operating conditions.
Specifically, a quarter-wave that extends through the combustor and
plenum is present for the cruise condition. For the take-off condition,
however, the higher frequency of the instability leads to the excitation
of a mode shape with an additional pressure node at the combustor exit

(𝑥 = 0.29 m).
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Fig. 5. Comparison between mean numerical results (upper sub-panels) and PIV measurements (lower sub-panels) of the (a) 𝑥-𝑦 centerplane streamwise velocity and (b) the 𝑥-𝑦
centerplane transverse velocity. Comparisons at different streamwise locations for (c) the streamwise velocity and (d) the transverse velocity. The effusive flow and dilution jets
were not seeded with particles in the PIV measurements.
Fig. 6. Comparison of droplet size distribution between reacting numerical and cold-
flow experimental results at the streamwise and radial locations (𝑥, 𝑟) = (0.0, 0.015)
m.

Instantaneous results. Since temperature and mixture inhomogeneities
at the combustor exit are the main mechanisms for the generation of
indirect noise in the downstream nozzle, it is instructive to examine
7

the instantaneous reacting flow field inside the combustor. Figs. 9
and 10 illustrate the dynamics of the unsteady combustion during a
thermoacoustic cycle, where 𝛿𝑡 is the cycle period determined by the
characteristic frequency that is identified in Section 4.2 (Take-off: 𝛿𝑡 =
2.2 ms; Cruise: 𝛿𝑡 = 4.0 ms). For both operating points, the combustion
is initially confined to the primary zone (Fig. 9(a)). At later time, the
flame extends into the secondary combustion zone, resulting in the
formation of isolated flame regions that advect downstream where they
mix with the surrounding flow from the secondary dilution and effusive
cooling. This is consistent with the findings by Sattelmayer [62], who
showed that entropy spots are subjected to strong dispersion due to the
highly turbulent nature of the flow in realistic combustors. Temperature
fluctuations of the order of 100 K are however still observed at the
combustor exit. Their acoustic contribution when accelerated through
a nozzle will be investigated in Section 4.2.

Instantaneous mixture fraction fields, defined using Bilger’s formu-
lation [63], are shown in Fig. 10. It can be seen that for the take-off
condition the mixing process extends into the downstream region,
which is a consequence of the higher mass flow rate and the richer
environment. The injection of air through the effusive cooling and the
dilution holes in the secondary combustion zone enhances the mixing
and significantly reduces the mixture fraction fluctuations. Dassé et al.
[64] have performed LES to analyze the acoustic response of liners and
found that Howe’s model [65] performs well. Given that a thermo-
acoustic instability is present, it is sensible to assess the acoustic
response of the effusive flow using this model. The flow through the
effusion holes is approximately 60 m/s and their diameter is close to
2 mm. At the characteristic frequencies of interest, velocity fluctuations
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Fig. 7. Comparison of pressure and global heat-release signals from LES for the cruise and take-off conditions. The pressure probe is located at the center of the combustor exit
plane.
Fig. 8. Normalized pressure fluctuation amplitudes of the peak frequency modes along
the 𝑥 axis for the cruise and take-off conditions.

re at maximum a couple percent of the mean effusion flow. Therefore,
he liners act almost as a perfectly reflecting boundary, which justifies
ur constant flow-rate modeling approach.

tatistical results. To quantify the effect of the operating condition
n the combustor behavior, we present statistical results for pressure,
emperature, and mixture fraction. These quantities enter the LEE-
odel in the form of nozzle-inlet conditions. Statistical results are

ollected for the duration of six thermoacoustic cycles, corresponding
o 24 ms for the cruise condition and 13.2 ms for the take-off condition.

Fig. 11 compares the mean and RMS pressure fields for the cruise
nd take-off conditions. In this figure, the pressure is normalized by
he operating pressure (cruise: 2.07 atm, take-off: 10.35 atm). The
8

ormalized mean pressure is shown in Fig. 11(a), and RMS-results are
shown in Fig. 11(b). Overall, the mean pressure field is nearly uniform
in the combustion chamber and only decreases in the contraction region
before entering the exhaust plenum. Regions of strong pressure fluctu-
ations are observed in Fig. 11(b). Indeed, the high-velocity air-stream
supplied by the dilution jets introduces a region of high turbulence
and hydrodynamic pressure fluctuations. Furthermore, the volumetric
expansion caused by the unsteady heat release generates direct noise
that is characterized by broadband pressure fluctuations and a tonal-
noise component from the thermoacoustic instability (see Fig. 7). A
comparison of the absolute magnitude of the pressure fluctuations
shows that the take-off condition results in significantly higher pressure
perturbations that exceed those of the cruise condition by an order of
magnitude. This is partly due to the higher heat release rate fluctuations
�̇�′ (shown in Fig. 7) and tonal frequency 𝑓𝑐 , which will increase the
acoustic source term for direct noise 𝜕�̇�′∕𝜕𝑡 ∝ �̇�′𝑓𝑐 . Examining the
impact of the direct and overall combustion-noise emission will be
addressed in Section 4.2.

Fig. 12 compares the mean and RMS temperature fields for the
cruise and take-off conditions. These comparisons show qualitative
similarities for the mean temperature fields with a more developed
flame cone for the take-off condition. Regions of strong temperature
fluctuations are visible in the dilution region and near the walls of
the secondary combustion zone for the take-off condition. This is
attributed to the incomplete combustion and reduced residence time.
The swirl-stabilized spray flame generates temperature fluctuations in
the shear-layer region but these temperature fluctuations are mostly
confined to the primary combustion zone. Considering the temperature
field in the secondary zone and at the combustor exit, it can be seen that
a thermal boundary layer with relatively high temperature fluctuations
forms due to mixing with the effusion cooling.

Fig. 12 also shows the mean and RMS mixture fraction fields for the
cruise and take-off conditions. The fuel-rich mixture with ⟨𝑍⟩ > 𝑍𝑠𝑡 =
0.064 is confined to the region near the injector with a larger spatial
extent for the take-off condition. The smaller droplets that are injected
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Fig. 9. Instantaneous temperature fields in 𝑥-𝑦 plane with isolines of heat release rate (green, 109 W/m3) at four instances during a thermoacoustic cycle for the cruise condition
(upper sub-panels) and take-off condition (lower sub-panels): (a) confinement of flame to primary region; (b) hot-spot formation near first dilution holes; (c) convection of hot
spots downstream; and (d) dissipation of hot spots by secondary dilution holes and effusive cooling. The cycle period time 𝛿𝑡 for the cruise and take-off condition is 4.0 ms and
2.2 ms, respectively. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 10. Instantaneous mixture fraction fields in 𝑥-𝑦 plane with isoline of stoichiometric condition (black, Z𝑠𝑡 = 0.064) at four instances during a thermoacoustic cycle for the
cruise condition (upper sub-panels) and take-off condition (lower sub-panels). The cycle period time 𝛿𝑡 for the cruise and take-off condition is 4.0 ms and 2.2 ms, respectively.
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
for the take-off condition evaporate faster resulting in an extended fuel-
rich region. The mixing of the vaporized fuel with the air in the primary
zone and by the dilution jets results in a comparable mixing pattern
between both operating conditions. Furthermore, it can be seen that the
mixture fraction is correlated with the temperature, which is evident
from the similarity in temperature and mixture fraction fields at the
combustor exit.
9

POD analysis. To prescribe representative boundary conditions for the
nozzle flow simulation, we first compute the amplitude spectra for pres-
sure, streamwise velocity, entropy and mixture fraction fluctuations.
The mean combustor exit quantities, which are obtained by averaging
in time and across the exit area, are used for normalization; these
quantities are given as:
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Fig. 11. (a) Time-averaged pressure fields and (b) root-mean-square pressure fields for the cruise condition (upper sub-panels) and the take-off condition (lower sub-panels). The
pressure is nondimensionalized by the corresponding operating pressure (2.07 atm for the cruise condition and 10.35 atm for the take-off condition).
Fig. 12. Comparison of (a) time-averaged and (b) root-mean-square temperature fields (top row) and mixture fraction field (bottom row) for the cruise condition (upper sub-panels)
and take-off condition (lower sub-panels). The black line represents the stoichiometric mixture fraction iso-line (Z𝑠𝑡 = 0.064). (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)
• Cruise condition: ⟨𝑝⟩ = 2.064 atm, ⟨𝑢⟩ = 88.2 m∕s, ⟨𝑇 ⟩ = 898.7 K,
⟨𝑠⟩ = 3.796 J/mol/K, ⟨𝑍⟩ = 0.013

• Take-off condition: ⟨𝑝⟩ = 10.083 atm, ⟨𝑢⟩ = 116.1 m∕s, ⟨𝑇 ⟩ = 940.8
K, ⟨𝑠⟩ = 3.649 J/mol/K, ⟨𝑍⟩ = 0.0134

Fig. 13 shows the normalized amplitude spectra. The main feature
of Fig. 13(a) is that the dominant acoustic frequency for the cruise
condition is 254 Hz while the frequency for the take-off condition is
shifted to a higher value of 451 Hz.

For the take-off condition, the first and second harmonics are also
observed at distinct frequencies (876 Hz, 1344 Hz), leading to a broader
acoustic spectrum. Fig. 13(b) shows that the dominant frequencies for
velocity fluctuations are correlated to the pressure fluctuations for both
conditions, confirming the thermoacoustic nature of the instability. For
all fluctuating quantities, the amplitudes at the dominant frequency for
the take-off condition are larger than those for the cruise condition.
The take-off spectra are also considerably more broadband, and we will
analyze in Section 4.2 how this affects indirect noise. It is interesting
to observe that the spectral shapes are similar for entropy and mixture
fraction fluctuations, which is consistent with the findings observed in
Fig. 12.

Fig. 14 shows the first spatial POD mode at the combustor exit for
pressure, streamwise velocity, entropy, and mixture fraction fluctua-
tions for both operating conditions. It is interesting to note that the
pressure fluctuations are nearly planar for the cruise condition while
peaks occur near the wall for the take-off condition. This last result
is probably caused by the strong pressure fluctuations observed in the
pressure plenum which, in turn, leads to higher pressure fluctuations
at the effusive cooling boundaries. For the profiles of the velocity
10
fluctuations shown in Fig. 14(b), local peaks in the outer region of the
boundary layer are observed, which are resulting from the injection of
air through the effusive cooling boundaries.

These peak fluctuations also occur in the entropy and mixture
fraction profiles at similar locations for the take-off condition but not
for the cruise condition, which is an indication of the more intermittent
nature of the flow in that region for the former case. This can again be
attributed to the effects of effusion cooling.

4.2. Combustion-noise analysis

Thermo-chemical contributions. To evaluate the strengths of the acoustic
sources, we begin our analysis by investigating indirect compositional
noise results using one-dimensional counterflow diffusion flames. These
calculations are performed using FlameMaster [49]. Profiles of temper-
ature and species mass fractions for the cruise and take-off conditions
at scalar dissipation rates of 𝜒𝑠𝑡 = 1 s−1 and 50 s−1 are shown in Fig. 15.
The lower dissipation rate is representative of the cruise condition at
the combustor exit while the larger value is representative of the take-
off condition. Fig. 15 compares the flame structure for both operating
conditions, showing similar profiles for temperature and major species.
This is in agreement with findings by Sun et al. [66] who investigated
the structure of diffusion flames at elevated pressure. The mean com-
position at the combustor exit is approximately ⟨𝑍⟩ = 0.013 and is
represented by dashed vertical lines in Fig. 15. For this condition, the
mass fractions of the major species (N2,O2,CO2,H2O, CO) amounts to
99.99% of the total composition. Hence, only these species will be used
to evaluate the chemical potential function.
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Fig. 13. Amplitude spectra for pressure (top-left), entropy (top-right) streamwise velocity (bottom-left) and mixture fraction (bottom-right) fluctuations for the cruise and take-off
conditions. The quantities are normalized by the corresponding time-averaged values at the combustor exit.
The noise generation and the transmission through the nozzle are
affected by two contributions. One is the perturbation of the flow-
field quantities exiting the combustor and entering the nozzle, i.e., 𝑝′,
𝑢′, 𝑠′ and 𝑍′. These fluctuations are determined by the combustor
operation and can be characterized by their spectra. The second aspect
is the mean flow and thermo-chemical properties in the nozzle. The
thermo-chemical properties of interest are the heat capacity at constant
pressure 𝑐𝑝, the ratio of specific heats 𝛾 and the chemical potential
function 𝛹 , which appear in the governing LEE (Eq. (8)).

The quantities 𝛾−1, 𝑐−1𝑝 and 𝛹 , appearing in Eq. (8b), affect the
amplitude of the acoustic, entropy and compositional noise contribu-
tions [3]. The chemical potential function is calculated from Eq. (10).
These quantities are depicted in Fig. 16 as a function of mixture frac-
tion, showing that they are extremely similar between the cruise and
take-off conditions. This is attributed to the fact that the composition
of the mixture is nearly identical at the combustor exit for these two
conditions, suggesting that any indirect noise discrepancy between the
cruise and take-off conditions would arise solely from differences at
the combustor exit. From Fig. 16, we note that the compositional noise
source 𝛹𝑍′ has an opposite sign to the entropy noise term, 𝑠′∕𝑐𝑝,
at fuel-lean mixtures. This difference will affect the phase between
entropy and compositional noise, and will be further discussed.

We now analyze the quantities affecting the compositional noise.
Eq. (10) indicates that it is the difference in Gibbs free energy 𝑔𝑖
nd the species gradients in mixture fraction space 𝜕𝑍𝑌𝑖 that induce
hanges in the chemical potential function and the compositional noise.
o understand the sensitivity of the compositional noise to individual
pecies, the contributions of the dominant species to the chemical po-
ential function are examined for three different mixture compositions.
he results are presented in Fig. 17, showing that the acoustically
ost effective species depend on the mixture composition. Specifically,
11
for lean mixtures that are representative of the present combustor-
exit condition, O2,H2O, and CO2 are the main contributors to the
composition noise. However, none of these species contributes to the
compositional noise at rich conditions and only N2 has a significant
contribution. For the stoichiometric mixture, the intermediate species
CO is the main contributor to the chemical potential.

This analysis indicates that the mixture composition requires consid-
eration in the analysis of indirect combustion noise, and measurements
of major species (O2,H2O,CO2) are useful to guide theoretical analysis.

Relative importance of combustion-noise sources. We proceed by examin-
ing the relative importance of different core-noise sources. For this, we
consider the noise emission at frequencies between 200 and 1400 Hz.
The exit-nozzle length is 0.5 m and the Mach number at the nozzle exit
is 1.5. Nozzle-inflow conditions are prescribed by a harmonic function
𝑞′(𝑦, 𝑡) = 𝜓1(𝑦) sin(2𝜋𝑓𝑡 + 𝜃𝑞), where the amplitudes 𝜓 and phase shifts
𝜃𝑞 are computed from the FFT of signals at the combustor exit. The dis-
crete frequencies considered are 𝑓 = {254, 506, 760, 876, 1000, 1344} Hz
for the cruise and take-off conditions.

Sound pressure levels (SPL) for direct and indirect noise emissions
at the nozzle exit are presented in Fig. 18. These results show that the
total peak sound pressure level is higher by a few decibels at the take-
off condition, in accordance with the fluctuating entropy and mixture
fraction of higher amplitude (Fig. 14). At higher frequencies, however,
the SPL predicted for the take-off condition is up to 20 dB higher
compared to the cruise condition for both direct and indirect noise.
This can be explained by the results presented in Fig. 13, where take-
off fluctuating quantities featured a much higher spectral content above
600 Hz.

With relevance to the relative noise-source contributions, it can
be seen that the entropy noise and compositional noise exceed the
direct noise at frequencies below 1000 Hz for both conditions. For
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Fig. 14. The first spatial POD modes for the pressure, streamwise velocity, entropy and mixture fraction fluctuations for the cruise and take-off conditions. POD modes are obtained
from the band-pass filtered LES data at the combustor exit. The quantities are normalized by the corresponding time-averaged values at the combustor exit and 𝑦 is normalized
y the height of combustor exit (ℎ = 0.052 m).
Fig. 15. One-dimensional POSF10325-air counterflow diffusion flame quantities for a scalar dissipation rate of (a) 𝜒𝑠𝑡 = 1 s−1 and (b) 𝜒𝑠𝑡 = 50 s−1. The vertical dashed lines indicate
the conditions of global equivalence ratio used in this work.
indirect noise, the contribution from compositional noise is 10 dB
higher than entropy noise for both conditions. These predictions imply
that the compositional noise is the dominant source and entropy noise
is secondary for the noise emission. As seen in Fig. 10, the high global
equivalence ratio combined with the combustion instability leads to the
flame extending downstream the dilution holes and therefore to large
mixture fraction fluctuations in that region. This is in contrast with
previous results at leaner conditions where the flame is confined to the
12
primary combustion zone, leading to significantly lower mixture frac-
tion fluctuations at the combustor exit [27]. This explains the higher
compositional noise contributions at cruise and take-off conditions.

From the relative contribution of each noise source, we further
notice that a phase shift between entropy noise and compositional noise
leads to cancellation of indirect noise sources. This is also consistent
with previous findings [27] at fuel-lean conditions. Mathematically,
this is attributed to the fact that the chemical potential function is
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n

p

Fig. 16. Thermo-chemical quantities (left: heat capacity ratio 𝛾, center: heat capacity 𝑐𝑝, right: chemical potential function 𝛹 ) affecting the acoustic, entropy and compositional
oise amplitudes, respectively. The symbols represent the conditions of global equivalence ratio used in this work.
Fig. 17. Contribution of the dominant species to the chemical potential function, 𝛹 , i.e., 𝑔𝑖𝜕𝑌𝑖∕𝜕𝑍 at different mean mixture fraction, where the lean mixture corresponds to the
resent combustor-exit condition.
Fig. 18. Sound pressure levels for direct and indirect noises predicted by the LEE simulations for the cruise (red lines) and take-off (blue lines) conditions. (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of this article.)
negative for fuel lean mixture, which is of opposite sign compared to
the entropy noise source term, as shown in Fig. 16.
13
Low-order modeling of combustion noise. We further assess the correla-
tion between pressure fluctuation and mass flow rate by considering the
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Fig. 19. Comparison of the low-order combustion noise model with the hybrid modeling results [67] for the cruise and take-off conditions.
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ircraft Noise Prediction Program (ANOPP) model [67]. In this model,
he acoustic power is expressed as

= 10𝐾∕10𝑎2∞�̇�𝐶

(

𝑇𝑡4 − 𝑇𝑡3
𝑇𝑡3

)2 ( 𝑝𝑡3
𝑝∞

)2
× 𝐹𝑇𝐴, (12)

here 𝐾 = −60.53 is a constant, 𝑎∞ is the ambient speed of sound,
̇ 𝐶 is the mass flow rate through the combustor, 𝑇𝑡4 and 𝑇𝑡3 are
he temperature at combustor exit and inlet, respectively, 𝑝𝑡3 is the
ombustor-inlet pressure, 𝑝∞ is the ambient pressure, and 𝐹𝑇𝐴 is the
urbine attenuation/loss factor which is set to unity in this work. The
verall power level (OAPWL) can further be expressed as OAPWL =
0 log10

(

𝛱∕𝛱ref
)

, where 𝛱ref = 1 × 10−12W. The spectral shape that
orrelates 𝛥𝑑𝐵 ∼ 𝑓 is obtained from [68] where the peak frequency is
00 Hz. The comparison of the combustion model and the simulation
esults for both conditions are shown in Fig. 19. This comparison shows
hat the low-order model is in overall good agreement with the results
btained from the hybrid model for both conditions. Given the empir-
cal nature and calibration of this low-order model from global engine
roperties, this agreement is encouraging. This model was specifically
eveloped for predicting broadband combustion noise, and is not able
o reproduce the dominant frequency of the combustion instability
hat was predicted by the hybrid model. While some discrepancies
ight arise from certain modeling assumptions made in the hybrid

ES/LEE methodology, which should be developed towards a more
omprehensive approach in the future, this comparison illustrates the
tility of the hybrid model towards assessing low-order models and
dapting these models to current engine configurations and operating
egimes.

. Conclusions

In this study, we presented and applied a simulation framework for
nabling noise-prediction analysis, suitable for application to realistic
as-turbine combustor flow path configurations. This hybrid modeling
pproach, which is a step towards a full-core engine simulation, com-
ines LES for the prediction of the unsteady turbulent combustion with
linearized Euler formulation for the prediction of the noise generation

hrough the downstream flow path. The generation and transmission
f direct and indirect noise was investigated and the relative impor-
ance of noise sources for two distinct thermo-acoustically unstable
perating points were examined. From the present study, the following
14

onclusions can be drawn: g
• Large fluctuations in pressure, temperature and mixture frac-
tion at the combustor exit originated from the thermo-acoustic
instability. Mixing with the dilution jets decreased the fluctu-
ation levels but still resulted in inhomogeneous combustor-exit
conditions.

• Higher levels of fluctuation were found at the take-off condi-
tion compared to the cruise condition. Specifically, higher pres-
sure fluctuations were due to an increased fuel flow rate and
thermo-acoustic frequency.

• The relative contributions in fluctuations in species composition
and temperature were comparable for cruise and take-off condi-
tions. Analogously, the relative levels of the direct and indirect
noise contributions remained the same for the present combustor
configuration.

• The direct and indirect combustion noise were up to 20 dB higher
for the take-off condition at frequencies above 600 Hz, and the
compositional noise exceeded the temperature-induced entropy
noise.

• The species O2, H2O,N2 and CO2 were the primary contributors
to the indirect noise arising from mixture inhomogeneities at fuel-
lean conditions, suggesting that further measurements of these
quantities can provide further diagnostics on the importance of
compositional noise.

• The entropy and compositional noise contributions partially can-
celed due to the opposite signs of the heat capacity ratio and the
chemical potential function at fuel-lean conditions.

• The low-order modeling was in overall good agreement with the
results obtained from the hybrid model for the cruise and take-off
conditions.

he hybrid LES/LEE method was demonstrated to be an effective
pproach for predicting the core noise for the combustor-nozzle con-
iguration. The actual configuration of the turbine stage, in particular
he turbine-inlet guide vanes, should be considered in future work. The
eedback effect of direct and indirect noise should also be considered,
s it could change the combustor dynamics and the relative balance
etween the noise components. The flexibility of the hybrid method
nables extensions of these computational studies to other combustor
onfigurations and operating conditions, which is required to assess the

eneralization of the conclusions from this study.
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Table B.3
Parameters of the nozzle geometry for a nozzle length 𝐿 = 0.5 m (𝑥𝑡 is the throat location, 𝐴𝑎∕𝑏 is the inlet/outlet area,
𝑀𝑎∕𝑏 is the inlet/outlet Mach number, 𝑇𝑎∕𝑏 is the inlet/outlet temperature, 𝑝𝑎∕𝑏 is the inlet/outlet pressure, and 𝑍𝑎∕𝑏 is the
inlet/outlet mixture fraction).

𝑥𝑡 𝐴𝑎 𝐴𝑏 𝑀𝑎 𝑀𝑏 𝑇𝑎 𝑇𝑏 𝑝𝑎 𝑝𝑏 𝑍𝑎∕𝑏
[m] [cm2] [cm2] [–] [–] [K] [K] [atm] [atm] [–]

Cruise 0.35 58.76 17.67 0.15 1.5 898.7 622.6 2.06 0.55 0.013
Take-off 0.34 58.76 17.53 0.19 1.5 940.8 653.5 10.08 2.82 0.0134
w
t
a
(
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Appendix A. Parametric cycle analysis of turbofan engine

We consider a turbofan engine in this work, consisting of a fan,
compressor, combustor, turbine and nozzle. The operating parameters
for the specific conditions considered (take-off and cruise) are then
obtained from an engine-cycle analysis [39], given the inputs on flight
Mach number 𝑀0, ambient temperature 𝑇∞, heat capacity ratio 𝛾, heat
capacity 𝑐𝑝, lower heating value 𝛥ℎ0𝑓 , temperature at the combustor exit
𝑇𝑡4, compressor pressure ratio 𝜋𝑐 , fan pressure ratio 𝜋𝑓 , and bypass ratio
𝛽:

𝑎∞ =
√

𝛾𝑅𝑇∞, (A.1a)

𝜏𝑟 = 1 +
𝛾 − 1
2

𝑀2
0 , (A.1b)

𝜏𝜆 =
𝑇𝑡4
𝑇∞

, (A.1c)

𝜏𝑐 = 𝜋
(𝛾−1)
𝛾

𝑐 , (A.1d)

𝜏𝑓 = 𝜋
𝛾−1
𝛾

𝑓 , (A.1e)

𝑉9
𝑐0

=

√

2
𝛾 − 1

{

𝜏𝜆 − 𝜏𝑟
[

𝜏𝑐 − 1 + 𝛽
(

𝜏𝑓 − 1
)]

−
𝜏𝜆
𝜏𝑟𝜏𝑐

}

, (A.1f)

𝑉19
𝑐0

=
√

2
𝛾 − 1

(

𝜏𝑟𝜏𝑓 − 1
)

, (A.1g)

𝐹
�̇�0

= 𝑐0
1

1 + 𝛽

[

𝑉9
𝑐0

−𝑀0 + 𝛽
(

𝑉19
𝑐0

−𝑀0

)]

, (A.1h)

𝑓𝑟 =
𝑐𝑝𝑇0
𝛥ℎ0𝑓

(

𝜏𝜆 − 𝜏𝑟𝜏𝑐
)

, (A.1i)

𝑇𝑆𝐹𝐶 =
𝑓𝑟

(1 + 𝛽)
(

𝐹∕�̇�0
) , (A.1j)

where 𝑅 is the gas constant, 𝑎∞ is the ambient speed of sound, 𝜏𝑟
is total/static temperature ratio in the free stream, 𝜏𝜆 is the ratio of
the burner exit enthalpy to the ambient enthalpy, 𝜏𝑐 is the compressor
temperature ratio, 𝜏𝑓 is the fan temperature ratio, 𝑉9 is the velocity at
the nozzle exit, 𝑉19 is the velocity at the fan exit, �̇�0 is the total air
mass flow rate, 𝐹∕�̇�0 is the specific thrust, 𝑓𝑟 is the fuel–air ratio, and
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𝑇𝑆𝐹𝐶 is the thrust specific fuel consumption.
Appendix B. Nozzle geometry

We consider the isentropic nozzle in this work, where the nozzle
cross-section area 𝐴, pressure 𝑝, and temperature 𝑇 along the nozzle
can be calculated as:

𝐴
𝐴∗

= 1
𝑀

[(

2
𝛾 + 1

)(

1 +
𝛾 − 1
2

𝑀2
)]

𝛾+1
2(𝛾−1)

, (B.1a)

𝑝
𝑝∗

=
(

1 +
𝛾 − 1
2

𝑀2
)

−𝛾
𝛾−1

, (B.1b)

𝑇
𝑇∗

=
(

1 +
𝛾 − 1
2

𝑀2
)−1

, (B.1c)

here the subscript ∗ denotes the throat location. The quantities at the
hroat location can be determined based on the nozzle inlet quantities
nd these equations. We summarize the quantities at the nozzle inlet
denoted as 𝑎) and nozzle outlet (denoted as 𝑏) in Table B.3.
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