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The utilization of low-dimensional manifold combustion models for large-eddy simulation (LES) of tur-
bulent reactive flows introduces model simplifications that represent sources of uncertainties in addition
to those arising from turbulent closure models and numerical discretization. The ability to quantitatively
assess these uncertainties in the absence of measurements or reference results is vital for reliable and
predictive simulations of practical combustion devices. This paper is concerned with the extension of
the manifold drift term to LES to examine the compliance of a particular combustion model in describing
a quantity of interest (QoI) with respect to the underlying flow-field representation. This drift term was
previously introduced as a key component of the Pareto-efficient combustion (PEC) framework. The
behavior of the drift term is examined in a series of test cases. To this end, large-eddy simulations of a
partially-premixed turbulent pilot flame with inhomogeneous inlet streams are performed, in which
the non-premixed flamelet/progress-variable (FPV) model and the premixed filtered tabulated chemistry
LES (F-TACLES) formulation are employed. The drift term is shown to be capable of identifying chemically
sensitive regions with respect to user-specific QoIs. With this, a species-specific combustion regime indi-
cator is derived by computing the relative magnitude of the drift terms for different combustion models.
Comparisons with commonly employed flame indicators suggests that the flame index and other indica-
tors that are solely based on major species and flame topology are insufficient in describing complex
physical processes in multi-regime combustion.

� 2016 Elsevier Ltd. All rights reserved.
1. Introduction

The modeling of turbulent combustion is complex and requires
the consideration of different physico-chemical processes involv-
ing a vast range of time and length scales as well as a large number
of scalar quantities. Consequently, requirements for computational
resources to perform detailed simulations that directly capture the
oxidation of realistic fuels remains intractable in practical applica-
tions. To reduce the computational complexity, various combus-
tion models are developed. Many of them can be abstracted
using a lower-dimensional manifold representation [1]. Common
to these techniques is the representation of the thermo-chemical
state space in terms of a reduced set of scalars, whose evolution
can be computed at a reduced cost. One class of such manifold
models, often referred to as flamelet-like or topology-based
models, exploits the topological structure of the flame. The
solution of representative flame configurations, such as laminar
counterflow diffusion flames, freely propagating premixed flames,
or unsteady flame elements are often used to construct the
reaction-transport manifolds. Examples of topology-based com-
bustion models are the steady laminar flamelet (SLF) formulation
[2], the flame prolongation of intrinsic low-dimensional manifold
(FPI) [3], the flamelet-generated manifold (FGM) method [4], and
the flamelet/progress variable (FPV) formulation [5,6].

A key issue in using such reduced-order models, however, is the
assessment as to whether a particular combustion model is ade-
quate in representing a required flame configuration. In this work,
we introduce the notion of ‘‘model adequacy” as the model’s ability
of representing a user-specific quantity of interest (QoI), /, within
a user-define accuracy and computational cost. This metric is
essential in conducting combustion simulations as it determines
the user’s selection of a combustion model – and with this the nec-
essary computational resources. However, providing a viable
answer to the question of an optimal model selection is non-
trivial. Consider for instance the case of topology-based manifold
models: although the complexity of the combustion process is
greatly reduced by this approach, the construction of the manifold
introduces assumptions that are specific to the presumed flame
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topology. Models of this type are commonly perceived as being
vulnerable to conditions where no single combustion regime dom-
inates or the flow of interest is not represented by a canonical
flame configuration. One plausible type of approach to this prob-
lem is to assess the applicability of a lower-dimensional manifold
model by verifying the basic assumptions that are invoked in the
construction of the manifolds. One of the most fundamental
assumptions is the reaction–diffusion topology, i.e., the distinction
whether the local combustion process occurs in the premixed
regime or the non-premixed regime. Several regime indicators
have been proposed, including the Yamashita-Takeno flame index
that examines the alignment between the fuel and oxidizer
gradient [7,8], the flame index that examines the alignment
between the mixture fraction and progress variable gradient [9],
and a time scale index comparing the relative contributions in
the diffusion–reaction balance [10]. Besides the distinction of the
reaction–diffusion topology, other modeling assumptions have
also been examined by considering flame curvature effects
[11,12], non-unity Lewis-number effects [13], pressure effects
[14], flame-orthogonal transport effects [15], among others.

Despite previous efforts, two issues remain in the discussion of
regime indicators, namely the lack of universality and the indiffer-
ence to quantities of interest. Due to various assumptions invoked
by different combustion models, methods of verifying these
assumptions are likely to have the same degree of variety. Such
variety limits the capability of cross-model comparisons as well
as distinguishing, within each model, relative contributions of dif-
ferent assumptions. In regard to quantities of interest, considerable
differences can often be observed in terms of the resilience of dif-
ferent species to complex combustion modes [16]. For instance,
due to the reduced computational complexity, flamelet-type mod-
els are often employed in simulations of practical combustion sys-
tems such as gas turbines, internal combustion engines, rocket
motors, and furnaces. Despite the presence of mixed and multiple
combustion regimes in these systems, reasonable accuracy of
important flow-field quantities, such as major species and heat
release, have been obtained. This seemingly contradictory result
can be demonstrated by a test case, shown in Fig. 1. Two flames
of the same equivalence ratio (/ ¼ 1:4) are considered here: a 1D
freely propagating premixed flame (dashed lines) and a moderately
stratified flame (solid lines). The detailed configuration of the
x/
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Fig. 1. Comparisons of H2O, CH4, CO, and NO mass fractions between a freely
propagating premixed flame (solid) and a moderately stratified flames (dashed).
The initial conditions are methane/air mixture at ambient condition and the
equivalence ratio of / ¼ 1:4 for both cases.
stratified flame is discussed in [17]. Given the very good agreement
in the mass fraction profiles of H2O and CH4, the stratified flame
can be considered as being ‘‘adequately” described by the freely
propagating flame in the premixed regime as far as these major
species are concerned. However, large deviations of minor species
mass fractions, such as CO and NO, indicate that the deviation from
the premixed asymptote is highly significant, so that the stratified
flame cannot be modeled by a purely premixed flame. Therefore,
coarse-grained regime indicators that are solely based on major
species mass fractions or progress variable are insufficient to guide
model selection for high-fidelity simulations. Furthermore, this
result also suggests that the generic notion of a premixed or non-
premixed combustion region in a mixed-regime combustion envi-
ronment can misrepresent the underlying combustion physics.

These issues lead us to a different approach that seeks to asses
the ‘‘model adequacy”, which is to test the compatibility between
the combustion model and the local flow-field representation. This
compatibility metric can be quantified by a so-called drift term,D/,
which is based on the analysis of the manifold geometry and the
state-space dynamics on it [1,18]. Quantifying the incompatibility
provides a direct assessment of the model’s applicability and the
species-specific error that is introduced by the manifold without
prior knowledge of the true solution. This is essentially a boot-
strapping technique. In addition, it is important to emphasize that
this technique evaluates the compatibility of a given manifold rep-
resentation and does not seek to assess the assumptions by which
this manifold is constructed. As a result, the method is universal
and applicable to all models under the lower-dimensional mani-
fold abstraction, including reaction–diffusion methods, chemical
manifolds, among others.

This drift term was derived as a key component of the Pareto-
efficient combustion (PEC) framework [17]. Utilizing the drift term,
the PEC-framework can dynamically determine the local utiliza-
tion of different manifold-based combustion models in simulations
of chemically reacting flows. In addition, the aforementioned anal-
ysis was extended to detect incompatibilities between locally adja-
cent combustion models. Three user-specified inputs are required
for the PEC-framework: a set of candidate combustion models, a
set of quantities of interest, and a penalty term for specifying the
accuracy-efficiency requirement. The decision on the submodel
utilization then takes into consideration both the local error intro-
duced by the manifold models and the associated computational
cost in applying the submodels. The resulting procedure has the
following features:

� Various manifold-based combustion models can be employed in
different regions of a reacting flow simulation to describe local
combustion processes of different complexity.

� The choice of combustion models is Pareto-efficient, accommo-
dating the accuracy-efficiency preference that is specified by
the user.

� The local accuracy of a particular model is assessed with respect
to the quantities of interest.

� Conservation properties and smoothness of the quantities of
interest across model interfaces are preserved.

The objective of the present study is to extend the drift term to
LES equations. The main focus of this work is to introduce the drift
term as a stand-alone indicator of the model compatibility. This
extension is essential towards the application of the PEC-
framework to LES of turbulent reactive flows. A detailed analysis
is conducted on a piloted turbulent flame with inhomogeneous
inlets. The configuration is adopted from the experiments per-
formed in [19–21], where both premixed and non-premixed com-
bustion processes take place. Large eddy simulations using both



Fig. 2. Drift from premixed FPI-manifold for / ¼ YCO. The trajectory of the solid
black line represents the path of bY FPI

CO determined by Dt
bY FPI

CO . The red line represents
the trajectory of YCO if the full system of equations were solved at the point marked
by the red dot. The drift term calculates the initial growth rate of departure
between the red line and the dashed black line, marking the path of bY FPI

CO if the FPI
manifold were still in use. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
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premixed and non-premixed flamelet models are performed. The
compatibility of these models in describing this partially-
premixed flame configuration is investigated using the newly pro-
posed drift term. Subsequently, a species-specific regime indicator
is developed based on the compatibility test to better understand
the combustion processes in this flame.

The remainder of this manuscript has the following structure.
The mathematical derivation of the drift term for LES is presented
in the next section. The model configuration and computational
setup are discussed in Section 3. Results are presented in Section 4,
and the manuscript finishes with conclusions.

2. Methodology

2.1. Drift term for low-dimensional manifolds

In the present paper, / denotes the vector of scalar quantities
that are solved by the full system of equations. Quantities modeled

by a given manifold m are denoted by b/mðwÞ, where w is the reac-
tion coordinate, which is the reduced set of quantities used to
parameterize a particular manifold. When using a lower-
dimensional manifold, only the set of equations for w are solved.

The drift term for combustion models based on low-
dimensional manifolds is originally developed as a local error esti-
mator for the PEC-framework [17]. At the highest level, PEC
describes a procedure for finding the appropriate model assign-
ment from a set of candidate models that maps the spatial coordi-
nate in the computational domain to a certain combustion model
in the set of candidate models. This assignment is chosen to locally
minimize the target function, which is a weighted sum of the esti-
mated error and the computational cost. The relative weight
between estimated cost and error is a user input that specifies
the importance of computational efficiency versus desired
simulation accuracy. The resulting model assignment is locally
most accurate according to the error estimation given the cost,
thus Pareto-efficient. The local estimator of the computational cost
is a function that assumes a predetermined constant representing
the unit cost of locally using a particular combustion model. The
local estimator for the modeling error requires a more sophisti-
cated procedure, which is at the core of PEC. The manifold drift
term is proposed for this purpose. As an error estimator, it is a
QoI-specific function that takes into account the information of
the local combustion model and the instantaneous profiles of
scalars and hydrodynamic quantities. Specifically, it identifies the
error that is introduced by the incompatibility between the local
flow field and the structure of the combustion model.

The drift term for model m with respect to a set of quantities of
interest, /, is defined as [17]:

Dm
/ ¼ Dt/j

/¼b/m
� Dt

b/m; ð1Þ

where Dt � @t þ u � r denotes the material derivative. Dt/j
/¼b/m

is

the material derivative of /, which is evaluated as if / were initially

on the manifold m, i.e., / ¼ b/m. The second term of Eq. (1), Dt
b/m, is

the material derivative of b/m intrinsically imposed by the model,
which is confined to the pre-defined lower-dimensional manifold.
The difference between these two terms examines the inconsis-
tency between the actual dynamics of a certain quantity and the
dynamics imposed by the manifold constraints. An illustration of
this concept is shown in Fig. 2. The lower-dimensional manifold is
constructed from a series of freely propagating premixed flames,
corresponding to m ¼ FPI. The reaction coordinate of this manifold
is the mixture fraction Z and the progress variable C, thus

w ¼ Z; C½ �T . The quantity of interest in this case is the mass fraction

of CO. The trajectory of the solid black line represents Dt
bY FPI

CO , i.e., the
dynamics of the modeled quantity in the state space. The path ofbY FPI
CO is confined to the 2D surface due to the manifold constraint.

The red dot represents the time instance, at which the drift term

is evaluated. It resides on the path of bY FPI
CO . The red trajectory repre-

sents the future path of YCO if the full system of equations were
solved from now on using the detailed kinetics. Depending on the
local flow-field conditions, the path can leave the 2D manifold

and depart from the dashed black line, marking the path of bY FPI
CO if

the FPI manifold were still in use. Although it would require actu-
ally solving the full system of equations to obtain the entirety of
the red path, Eq. (1) allows us to compute the initial growth rate
of this departure at that point, and this departure represents the
manifold drift term.

Given the manifold geometry for the combustion model m, we
can evaluate the last term on the right-hand-side of Eq. (1) as:

Dt
b/m ¼ @b/m

@wm � Dtw
m; ð2Þ

where Dtw
m is the material derivative of the reaction coordinate w,

and @b/m=@wm is the Jacobian of the manifold. In combustion simu-
lations, w and / are usually governed by convection–diffusion-reac
tion equations. With this, we can express Eq. (1) in explicit form as

Dm
/ ¼ 1

q
r � ðqa/r/Þ þ _x/

� �
/¼b/m

� @b/m

@wm � 1
q
r � qawmrwm� �þ _xwm

� �
: ð3Þ

Note that the chemical source term _x/j
/¼b/m

in the first term on the

right-hand-side of this equation is a function of b/ which resides on
the manifold, so that this term can be pre-computed. Additionally,
in the context of the PEC-framework, the drift term is also aware
of the potential incompatibility between neighboring combustion
models so that the simulation results given by the spatially
heterogeneous model assignment is regular and fulfills essential
conservation properties. The diffusion term 1

qr � ðqa/r/Þ guaran-

tees C1-continuity of b/ by choosing the sub-model assignment that
results in a finite value of Dm

/ .
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2.2. Extension of the drift term to LES

In LES of reactive flows, the system of Favre-filtered conserva-
tion equations of mass and momentum are solved. The filter oper-
ator introduces an unclosed sub-grid-scale stress tensor in the
momentum equation, which needs to bemodeled. Under the condi-
tion that a lower-dimensional manifold model is used, the conser-

vation equations for the filtered reaction coordinate (ew) also have
unclosed terms, which are related to sub-grid-scale turbulent
transport and chemical reactions. The sub-grid-scale turbulent
transport term is typically treated with an eddy diffusivity model,
while closure models for chemical reactions are specific to a partic-
ular combustion model. To assess the model adequacy in LES of
reacting flows, the formulation of the drift term requires extensions
to include the filtered quantities and LES transport equations. These
extensions of the drift term also enables the application of PEC to
LES, since the remaining components of PEC can be readily applied.

In this section, we will first review the two reaction–diffusion
manifold models, FPV and F-TACLES, and their LES conservation
equations. These models are used as examples in the present study.
Then, the drift term for LES will be formulated. The proposed LES
drift term will be examined on these two flamelet models; how-
ever, it is emphasized that the proposed LES drift term can be
applied to all combustion models under the lower-dimensional
manifold abstraction.

2.2.1. Flamelet models in LES
In the present work, two models from the reaction–diffusion

manifold representations are considered, namely the diffusion-
based FPV approach [5,6] and the premixed-based F-TACLES model
[22,23]. In both flamelet models, the thermo-chemical state is
reduced to two-dimensional manifolds, which are parameterized
by the mixture fraction and a reaction progress variable, i.e.,b/m ¼ b/mðZ; CÞ: ð4Þ
When using both models in LES, the reaction coordinate includes

the filtered mixture fraction eZ , the filtered reaction-progress vari-

able eC , and the sub-grid-scale variance of mixture fraction, gZ002 .
The FPV approach is a turbulent non-premixed flamelet model,

whose manifold is constructed from a series of steady laminar non-
premixed flamelet equations [5,6] along the S-shape curve. A pre-
sumed beta-PDF of mixture fraction is then convoluted with / to
obtain the filtered thermo-chemical states. Thus, we haveeb/ FPV ¼ eb/ FPVðeZ ; eC ;gZ002Þ: ð5Þ

The F-TACLES model is a premixed flamelet model for turbulent
combustion. The manifold / ¼ /ðZ;CÞ is constructed from a series
of 1D freely propagating laminar premixed flames of different
equivalence ratios. The so obtained solutions are then spatially fil-
tered with varying filter widths D and convoluted with a beta-PDF
in mixture fraction space. Therefore, we have

eb/ F-TACLES ¼ eb/ F-TACLESðZ;C;gZ002 ;DÞ; ð6Þ

where D is the local filter width. A flame wrinkling factor is needed
to model the sub-grid-scale flame velocity. In the present study, a
constant flame-wrinkling factor of 2 is used.

The governing equations of the reaction coordinate are solved in
LES. They can be written as:

eDt
eZ ¼ 1

�q
r � �q ea þ aZ;t

� �reZh i
; ð7aÞ

eDt
eC ¼ 1

�q
r � �q ea þ aC;t

� �reCh i
þ f_xC ; ð7bÞ
eDt
gZ002 ¼ 1

�q
r � �q ea þ aZ;t

� �rgZ002
� �

� vres
Z þ 2aZ;treZ � reZ : ð7cÞ

The progress variable is defined as C ¼ YCO2 þ YCO þ YH2O þ YH2 [24].
The eddy diffusivities aZ;t and aC;t are evaluated through a dynamic
procedure as discussed in [5], with the exception that aC;t for the
F-TACLES calculations is modeled following [22] and the unresolved

scalar flux for eC is included in the source term. The residual scalar
dissipation rate, denoted by vres

Z in Eq. (7c), is modeled dynamically
using spectral arguments as in [25].
2.2.2. Drift term for LES
Naturally, the drift from the manifold for LES is defined with

respect to filtered quantities that act as the coordinate of the com-
bustion model. By replacing the unfiltered quantities in Eq. (2), we
can obtain the drift for the filtered QoI as

Dme/ ¼ Dt
e/���e/¼eb/m

� Dt
eb/m; ð8aÞ

¼ Dt
e/���e/¼eb/m

� @
eb/m

@ewm
� Dt

ewm: ð8bÞ

However, the exact transport equations for the filtered quantities
are unavailable in LES due to the sub-grid-scale terms. Thus, we
substitute these terms in Eq. (8b) by the LES equations with the clo-
sure models in Eq. (7) to obtain the drift term for LES as

eDme/ ¼ eDt
e/���e/¼be/m

� @
eb/m

@ewm
� eDt

ewm: ð9Þ

Since the right-hand-side of Eq. (9) involves only the LES equations,
they can be computed in a similar way as described in Section 2.1.
For both FPV and F-TACLES, we have

eDme/ ¼ eDt
e/���e/¼eb/ n

� @
eb/m

@eZm
eDt

eZm þ @
eb/m

@eCm
eDt

eCm þ @
eb/m

@
gZ002m

eDt
gZ002m

24 35:
ð10Þ

Note that there would be an additional term in Eq. (10), which
involves the filter width D for the F-TACLES approach if the grid

width is locally non-uniform. The term eDt
e/���e/¼eb/m

is evaluated by

solving the filtered LES equations for e/.
Furthermore, by examining Eqs. (9) and (8b), we can relate the

LES-drift term to the exact drift term of filter quantities in Eq. (8b)
using the following relationship

Dme/ ¼ eDme/ þ Dt
e/���e/¼eb/m

� eDt
e/���e/¼eb/m

" #
� Dt

eb/m � eDt
eb/m

� �
: ð11Þ

Hence, the drift term for LES differs from the exact drift term for fil-
tered quantities by the LES closure error in the second and third
terms of Eq. (11). In other words, the exact drift term for filtered
quantities, Dme/ , consists of two parts: the first part, eDme/ , captures
the inconsistency between the lower-dimensional manifold and
the LES equations and the second part is the error of the sub-grid-
scale closure models. Therefore, caution should be exercised when
the drift term in the form of Eq. (9) is used as an error estimator
for LES which only measures the incompatibility of the combustion
manifold. The uncertainty contributed by the turbulent closure
model is difficult to assess with the information available to LES;
addressing this issue is beyond the scope of the current work.
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3. Configuration and setup

3.1. Piloted turbulent flames with inhomogeneous inlets

In this study, we consider the series of piloted turbulent flames
with inhomogeneous inlets. The simulated burner configuration
was experimentally investigated at the University of Sydney
[19,20] and Sandia National Laboratories [21]. A schematic of the
burner is shown in Fig. 3. The burner consists of four concentric
streams separated by three tubes. For the configuration considered
in this study, starting from the inner most one, these streams pro-
vide fuel, air, pilot, and co-flow air, respectively. The combination
of the fuel and air streams is referred to as the main jet in the fol-
lowing. The exit plane of the fuel stream can be recessed from the
others’ to create varying degrees of inhomogeneity in the jet mix-
ture. The inner diameters of the three tubes are 4 mm, 7.5 mm, and
18 mm. The jet diameter (DJ) is defined as the inner diameter of the
middle tube from which the main jet of the inhomogeneous mix-
ture is issued. A wind tunnel provides co-flowing air at a velocity
of 15 m/s.

Two operating conditions will be investigated in the present
work. The first one follows the experimentally studied case
denoted as FJ-5GP-Lr75-57. In this case, methane as fuel is
injected in the inner stream. A five-gas pilot (5GP), consisting of
C2H2, H2, CO2, N2, is operated with an unburned bulk velocity
of 3.72 m/s. The bulk jet velocity is set to 57 m/s, corresponding
to 50% of the experimentally measured blow-off velocity. The
inner tube of the fuel stream is recessed from the jet exit plane
by Lr ¼ 75 mm. As a result, the fuel and air from the inner and
middle tubes are partially premixed. For the second operating
condition, we change the mixture at the jet exit plane to be
homogeneous, while keeping the same bulk equivalence ratio.
All other boundary conditions are kept identical, so that all the
observed differences can be attributed to the different levels of
mixture inhomogeneity. Since the jet velocity of the second con-
dition is made to be the same as the first one, this condition does
not match any of the experimentally investigated cases. In the
following, the first case is referred to as ‘‘Lr75” and the second
case is denoted as ‘‘Lr300.”
Fig. 3. Schematic of the burner geometry.
3.2. Computational setup

The computational domain includes the upstream portion of the
experimental apparatus, where the partial mixing of reactants and
flame stabilization occur. The domain, extending to x=DJ ¼ 20 in
axial direction and r=DJ ¼ 15 in radial direction, is resolved with
a cylindrical, structured mesh of 1.6 million grid cells. The inflow
conditions of the jet, the pilot, and the air stream are obtained from
separate simulations. Since this work is concerned with the exam-
ination of combustion regimes, we do not attempt to match exactly
reported boundary conditions. For the inflow velocity and the sca-
lar profiles of the jet, the agreement with the experimental mea-
surements is confirmed. The pilot flame is treated by prescribing
the scalar profile from the corresponding chemistry table, with
the mixture stoichiometry, temperature, and mass flow rate repre-
senting the experimental setting. For the coflowing air, only the
bulk velocity is matched.

An improved flame stability is experimentally observed with
the inhomogeneous inlet condition. This can be attributed to the
upstream premixed combustion of the near-stoichiometric fluid
in the jet reacting with the hot pilot. Local extinction and re-
ignition have little presence under these operating conditions
[20], which can also be verified by the instantaneous scalar field
results in Fig. 4.

Two simulations are performed for each configuration, one
using the FPV model and the other the F-TACLES model. Neither
model is considered to be adequate in representing the complex
combustion phenomenon. On one hand, the FPV-approach cannot
account for the interaction between the partially-premixed mix-
ture and the hot pilot. On the other hand, the manifold of the F-
TACLES model is obtained from freely propagating premixed
flames, which do not experience any shear in terms of mixture sto-
ichiometry. Therefore, these simulations are performed for the
purpose of quantifying the potential deficiencies of these models
and better understanding the behavior of the drift term for LES
applications in Section 2.2.2. More sophisticated combustion mod-
els have been developed to account for the complex flame topology
appearing in this configuration [26–28], and these models will be
examined in future work.
Temperature,T
FPV

[K] Mass fraction of CO, Y
FPV

CO(a) (b)

Fig. 4. Instantaneous scalar field for the temperature (left) and the mass fraction of
CO (right), obtained from the inhomogeneous case (Lr75) using the FPV model.
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4. Results

In this section, we first examine the application of the FPVmodel
and the F-TACLESmodel to the piloted turbulent flames discussed in
Section3.1. The FPVandF-TACLESmodelsweredeveloped forpurely
non-premixed and premixed regimes, respectively, the results are
thus used to assess the impact of the assumed diffusion–reaction
topology on multi-regime turbulent combustion simulations. The
LES drift term derived in Section 2.2 is then evaluated for bothmod-
els to determine if this model is capable of identifying potential
inconsistencies between the combustion model and the underlying
flow field for a given quantity of interest. Finally, by comparing the
magnitude of the drift terms of the FPV and F-TACLES models, a
species-specific regime indicator is derived. This indicator is used
to determine which of these two asymptotic reaction–diffusion
models is locally more trustworthy. As such, this indicator can help
to identify the relative importance of premixed and non-premixed
combustion in these multi-regime flame configurations.

4.1. Statistical flow-field

Comparisons of Favre-averaged scalar profiles calculated by FPV
and F-TACLES for both configurations are shown in Fig. 5. For each
Inhomoge

Homogene

(a)

(b)

Fig. 5. Comparison of Favre-averaged mixture fraction, temperature, and mass fraction of
indicates the location of stoichiometric mixture.
case, mixture fraction, temperature, H2O and CO mass fractions
from both models are shown. Results on the left are from FPV
and those on the right are from F-TACLES. In addition, the radial
profiles of these quantities at three axial locations
(x=DJ ¼ f1;7:5;15g) are shown in Fig. 6. The results obtained from
the FPV model are in red and those from the F-TACLES model are
shown in blue. The solid lines represent the Lr75 case and the
dashed lines represent the Lr300 case.

For the case with inhomogeneous inlet condition (Lr75), shown
in Fig. 5a, both models provide comparable results in terms of mix-
ture fraction, temperature, and H2O mass faction. This is to be
expected since the mixing is largely hydrodynamically controlled
and is insensitive to the combustion model. The flames obtained
by both models are fully anchored by the hot gas exiting the pilot
stream. Therefore, the heat release and the closely related H2O
mass fraction are also relatively robust to different combustion
models. However, there is significant discrepancy between the
CO mass fractions predicted by these two models. The calculation
using F-TACLES gives a substantially higher level of CO. Similar
observations have been made on other moderately stratified
flames [16,17].

For the homogeneous case (Lr300) in Fig. 5b, good agreement
between FPV and F-TACLES can be observed in terms of mixture
neous case, Lr75

ous case, Lr300

H2O and CO obtained from the FPV (left) and F-TACLES (right) models. The solid line



x/DJ =1 x/DJ =7.5 x/DJ =15

r/D
J

0 0.5 1 1.5 2 2.5 3

Z

0

0.1

0.2

0.3

0.4

0.5

0.6

FPV Lr75
F-TACLES Lr75
FPV Lr300
F-TACLES Lr300

r/D
J

0 0.5 1 1.5 2 2.5 3

Z

0

0.1

0.2

0.3

0.4

0.5

0.6

r/D
J

0 0.5 1 1.5 2 2.5 3

Z

0

0.1

0.2

0.3

0.4

0.5

0.6

r/D
J

0 0.5 1 1.5 2 2.5 3

T
 [

K
]

500

1000

1500

2000

r/D
J

0 0.5 1 1.5 2 2.5 3

T
 [

K
]

500

1000

1500

2000

r/D
J

0 0.5 1 1.5 2 2.5 3

T
 [

K
]

500

1000

1500

2000

r/D
J

0 1 2 3

Y
H

2O

0

0.05

0.1

0.15

r/D
J

0 1 2 3

Y
H

2O

0

0.05

0.1

0.15

r/D
J

0 1 2 3

Y
H

2O

0

0.05

0.1

0.15

r/D
J

0 1 2 3

Y
C

O

0

0.02

0.04

0.06

0.08

r/D
J

0 1 2 3

Y
C

O

0

0.02

0.04

0.06

0.08

r/D
J

0 1 2 3

Y
C

O

0

0.02

0.04

0.06

0.08
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fraction, temperature, and H2O mass faction. Since the homoge-
neous mixture issued from the jet is beyond the rich flammability
limit, the mixing process is rate-controlling, suggesting that the
F-TACLES model is inadequate in representing this condition. How-
ever, the good agreement in temperature and H2O mass faction
shows that these quantities are fairly resilient to such deviations
of the assumed reaction–diffusion topology. Again, significant
differences can be found for the mass fraction of CO, with the
values provided by the F-TACLES model much larger than those
from the FPV model, which is similar to the observation made for
the Lr75 case.
A direct comparison of the radial profiles between Lr75 and
Lr300 is made in Fig. 6. Due to the different levels of inhomogene-
ity in the jet, the mixture fraction profiles are apparently different
for these two cases. This difference gradually diminishes with
increasing downstream distance and the progress of mixing
between the three streams. For the temperature and the mass frac-
tion of H2O, no significant difference is found between the two
cases. The lack of sensitivity for both combustion models and the
inhomogeneity level makes both QoIs rather robust quantities. Lar-
ger discrepancies between the cases Lr75 and Lr300 occur in the
YCO profile at the upstream locations. For both flamelet models, a
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higher level of CO mass fractions is found for the case Lr300. The
difference diminishes at the downstream location (x=DJ ¼ 15).

4.2. Error estimation based on LES drift term

As discussed in Section 2.2.2, the LES drift term, eDe/ , can be used

as an error estimator for a manifold model without additional
information from the higher fidelity simulations. Rather than rely-
ing on generic classifications of combustion regimes or a regime
indicator, error estimation using the drift term is specific to the
manifold geometry in question. It is also species-specific, which
is advantageous since the accuracy depends on the compliance of
a particular quantity to the underlying flow-field and the manifold
topology.

Comparison of Favre-averaged LES drift terms evaluated for FPV
and F-TACLES models are shown in Fig. 8. The drift terms for the
mass fractions of H2O and CO are shown for both cases. The FPV
results are on the left and the F-TACLES results are on the right.
The drift term has the unit of frequency and its magnitude can
be interpreted as the speed of departure from the manifold. All
plots are shown using the same color scale. A negative value of
the drift indicates that the quantity of interest would decrease if
the full system of equations were solved starting from the current
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Reynolds-averaged mass fractions. The results of the FPV model are in red and those of t
circles. (For interpretation of the references to color in this figure legend, the reader is r
condition, which is given by the lower-dimensional manifold
model, and vice versa.

In general, the drift term is highly localized and is only present
in the narrow region of high reactivity. For both configurations, the
drift of CO is substantially larger in magnitude compared to its cor-
responding value for H2O. The difference is significant given the
much larger chemical time scale of CO, which suggests that both
models are less reliable in predicting CO compared to H2O. This
agrees well with the larger discrepancy for YCO observed in Sec-
tion 4.1. Furthermore, in both cases, eDF-TACLES

CO is consistently nega-
tive, which suggests that YCO is highly likely to be over-predicted
by this model while eDFPV

CO becomes slightly positive close to the
stoichiometric line but remains negative on the far rich side
suggesting the possible under-prediction near stoichiometry but
over-prediction on the far rich side.

Comparisons with measurements of conditionally averaged
mass fractions for H2O and CO are shown in Fig. 7 for the case
Lr75, whose operating condition matches the experimental setup.
In general, the mass fractions of H2O are predicted more accurately
than CO, which agrees with observations made from the corre-
sponding drift terms. Moreover, the trend in the discrepancy
between the modeled YCO and experimental results is also cor-
rectly captured by the drift terms, indicating that the F-TACLES
x/DJ = 15
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model tends to over-predict ebY CO more significantly on the rich side
than the FPV model, and the FPV model tends to slightly under-

predict ebY CO near stoichiometric condition.
For the inhomogeneous case (Lr75), both models give a similar

magnitude for drift terms of the same species. However, the spatial
distribution is different. eDe/ obtained from the FPV model is higher

at the upstream region while that of F-TACLES is higher at the
downstream region. The difference suggests that, for this case,
the FPV model is locally more appropriate at the downstream
region, which is more representative of a typical diffusion flame,
while F-TACLES perform better at the upstream region where flame
propagation plays a greater role. For the homogeneous case
(Lr300), drift terms for H2O and CO of the FPV model are smaller
compared to those in the case Lr75. The decrease in the drift terms
indicates that the FPV model is more appropriate for the homoge-
neous case. In contrast, eDF-TACLES

CO in the upstream region increases
for the case Lr300. Therefore, the F-TACLES model is estimated to
introduce a larger error in the upstream region for the case Lr300
in terms of predicting the CO mass fraction.

Since the drift terms for the FPV model decreases for the case
Lr300 while those for the F-TACLES model increase, the case
Lr300 (especially in the upstream part) is considered to be more
diffusion-like as far as the drift terms are concerned. This agrees
with the fact that the combustion process is diffusion-controlled
in that region. These observations suggest that it is possible to con-
struct a model-specific regime indicator using the drift term. This
idea will be discussed in further detail in the following section.
4.3. Combustion regime indicator based on LES drift term

So far, we have shown that the drift term derived in Eq. (9) is a
plausible error indicator for lower-dimensional manifold combus-
tion models. This error indicator depends on both the combustion
model and the quantity of interest. The relative magnitudes
between two combustion models can therefore be used to indicate
which model is locally more appropriate and therefore more trust-
worthy in representing a particular flow-field quantity.

As alluded to in Section 4.2, since the F-TACLES model is based
on the premixed flame assumption and the FPV model is based
on the non-premixed flame assumption, the relative magnitude
of eDe/ can be used as a species-specific regime indicator. More
(a) Inhomogeneous case, Lr75

Fig. 8. Comparison of the averaged drift terms for mass fractions of H2O and CO using FPV
specifically, we define this species-specific regime indicator that
is based on the drift term as

RI/ ¼
j eDFPVe/ j � j eDF-TACLESe/ j
j eDFPVe/ j þ j eDF-TACLESe/ j : ð12Þ

Following this definition, a QoI is well represented by a non-
premixed model if RI ¼ �1, i.e., j eDF-TACLESe/ j � j eDFPVe/ j and RI ¼ 1

means that a premixed model is much more suitable in describing
the QoI, i.e., j eDFPVe/ j � j eDF-TACLESe/ j. For instance, if RI is positive, that

means that the FPV model is estimated to generate a large error
for the specific QoI than the F-TACLES model. Therefore, the local
flame-topology is closer to a premixed flame as far as that QoI is
concerned.

The species-specific regime indicator, defined in Eq. (12), is cal-
culated and the results are shown in Figs. 9a and 9b. For each case,

the indicators are computed for both ebY H2O and ebY CO. For the case of
Lr75, both indicators show that the premixed flame regime domi-
nates at the upstream and the non-premixed regime starts to
appear at downstream locations. For H2O the transition starts at
x=DJ ¼ 10, but for CO, the transition is much earlier and it starts
at x=DJ ¼ 2. For the case Lr300 with the homogeneously rich fuel
mixture, the indicator of CO shows a much larger non-premixed
flame region. However, the premixed regime is still favored for
H2O in the upstream region. In both configurations, there is
consistently an area on the lean side in which the drift term favors
the F-TACLES model over the FPV model, even at the downstream
locations. The preference of the region favoring the F-TACLES
model may result from the lower scalar dissipation rate of mixture
fraction in those regions, since the lean side is closer to the
coflowing air stream.

As a comparison, two commonly employed species-agnostic
flame indices are also computed for both inhomogeneous
(Fig. 9c) and homogeneous (Fig. 9d) cases. For each case, the fuel/
oxidizer (F-O) based Yamashita-Takeno flame index [7,8] is shown
on the left while the mixture fraction/progress variable (Z-C) based
flame index [9] is on the right. Since the major species are shown to
be insensitive to the choice of the combustion model, we only
present the results obtained from the FPV calculations.

The comparison shows significant differences between the
newly proposed regime indicator and these species-agnostic flame
(b) Homogeneous case, Lr300

and F-TACLES model. The solid line indicates the location of stoichiometric mixture.



(a) Regime indicator, Lr75 (b) Regime indicator, Lr300 (c) Flame index, Lr75 (d) Flame index, Lr300

Fig. 9. Comparison of the regime indicators based on the drift terms of ebY H2O and ebY CO (Figs. 9a and 9b) as well as the fuel/oxidizer (F-O) based Yamashita-Takeno flame index
[7,8] and mixture fraction/progress variable (Z-C) based flame index [9] (Figs. 9c and 9d) for both the inhomogeneous and homogeneous cases. The solid line indicates the
location of stoichiometric mixture.
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indices in terms of the combustion regimes identified by them. In
general, the combustion regimes by the Yamashita-Takeno flame
index are shown to vary mostly in the radial direction. In the
regions close to the line of stoichiometry, the Yamashita-Takeno
flame index identifies premixed combustion on the rich side and
non-premixed combustion on the lean side for both cases. Further
away from the stoichiometric region, case Lr75 presents more area
of premixed combustion on the lean side and more area of non-
premixed combustion on the rich side when compared to the case
Lr300. The mixture fraction/progress variable (Z-C) based flame
index identifies only the non-premixed combustion in both cases
as these two partially premixed configurations do not introduce
significant progress variable variations in the direction normal to
the mixture fraction gradient. As such, none of these flames indices
appropriately captures the transition from the premixed to the
non-premixed combustion in these cases.

5. Conclusions

An extension of the drift term to LES of turbulent reactive flow
is formulated. The drift term was originally introduced as an error
estimator in the PEC-framework. This metric assesses the capabil-
ity of a certain model in locally representing a particular quantity
of interest. The potential incompatibility due to the combustion
model is a key source of uncertainty in LES of reactive flows, along
with those associated with turbulent closure models and numeri-
cal discretization. Large-eddy simulations are performed using
both the FPV and the F-TACLES models on the burner setup featur-
ing a piloted partially-premixed turbulent flame. Two configura-
tions are examined: one with inhomogeneous inlets and the
other with homogeneous inlet conditions.

Comparisons of simulation results between two models show
that temperature, mixture fraction, and mass fractions of H2O are
largely insensitive to the underlying flame-topology representa-
tion. Furthermore, temperature and mass fraction of H2O are found
to be insensitive to the level of inhomogeneity in the jet mixture.
However, the CO mass fraction is shown to exhibit a pronounced
sensitivity to the combustion model. The analysis of the drift term
shows that the proposed error estimator is capable of identifying
regions where a particular species mass fraction is highly sensitive
to the manifold representation. It also suggests that the prediction
for H2O by both models is more trustworthy than that of CO, which
is verified by the comparison against experimental data for the
case Lr75.

This analysis also shows that the relative magnitude of the drift
term between two models assuming different combustion regimes
can serve as a regime indicator that is specific to the candidate
models and quantities of interest. A new regime indicator is formu-
lated based on the drift term. Contrary to other regime indicators
and flame indices, practical advantages of this newly derived
regime indicator are that (i) it is specific to the two combustion
models in question and (ii) it exhibits a particular sensitivity to
user-defined quantities of interest. In both configurations, the
regime indicator identifies the downstream combustion process
to be largely non-premixed despite the fact that methane and air
are partially premixed in the recess region. Non-premixed combus-
tion modes are found to be more dominant in the homogeneous
case (Lr300). Although the difference is only significant for CO.
Complex combustion regimes occur mostly at upstream regions.
For H2O, a large region is dominated by premixed combustion up
to x=DJ ¼ 10. For CO the transition to non-premixed combustion
occurs much earlier. The difference in the transition location for
H2O and CO suggests that an otherwise species-agnostic regime
indicator is too coarse-grained and is insensitive to complex
mixed-regime combustion processes.
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