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Abstract: An	  extension	  of	  the	  flamelet/progress	  variable	  model	  is	  developed	  to	  include	  
wall-‐heat	  loss	  effects	  due	  to	  convective	  heat-‐transfer.	  The	  model	  introduces	  a	  modified	  
thermal	   boundary	   condition	   to	   the	   counter-‐flow	   diffusion	   flame	   configuration	   in	   the	  
composition	   space.	   The	   thermochemical	   composition	   of	   the	   resulting	   non-‐adiabatic	  
flamelet	  structure	  forms	  a	  three-‐dimensional	  manifold,	  which	  is	  parameterized	  in	  terms	  
of	   mixture	   fraction,	   a	   progress	   variable,	   and	   temperature.	   The	   performance	   of	   the	  
model	  is	  evaluated	  in	  an	  a	  priori	  study	  of	  a	  H2/O2	  diffusion	  flame	  that	  is	  stabilized	  at	  an	  
inert	   isothermal	   wall.	   Comparisons	   with	   DNS-‐data	   show	   that	   the	   developed	   non-‐
adiabatic	   flamelet	   model	   accurately	   represents	   results	   for	   temperature,	   chemical	  
composition,	  and	  wall	  heat	  transfer.	   
Keywords: flamelet model, wall heat transfer, flame-wall interaction 

 
1. Introduction  
Turbulent combustion processes with convective heat-losses and flame-wall interaction have 
presence in many engineering applications. Specifically, they are directly related to the heat 
transfer and engine cooling systems for rocket engines, to which many of the main-engine 
failures during the early design and development phase of the space shuttle could either be fully 
or partially attributed [1]. Therefore, the capability of the accurate prediction of the thermal 
loading and heat transfer rates is crucial to reduce the uncertainty in the design of rocket engines. 
 
In this work, we develop a flamelet-based combustion model for the prediction of convective 
wall-heat transfer. This model is an extension of the flamelet/progress variable model (FPV) [2], 
in which an adiabatic combustion process is assumed. The FPV model is capable of representing 
the detailed flame-structure in terms of a reduced set of describing variables (namely mixture 
fraction and a progress variable). The turbulence/chemistry interaction is modeled by a presumed 
probability density function (PDF). The resulting reduction in computational complexity makes 
this formulation attractive for practical applications. 
 
To incorporate non-adiabatic process into the steady-state flamelet formulation, extensions have 
been proposed [3, 4, 5, 6, 7] for both radiative and convective heat transfer. In these models, 
heat-loss is introduced globally either through a point-local source term or a prescribed enthalpy-
defect profile, which increases the dimensionality of the manifold. Therefore, an additional 
reaction coordinate is introduced (enthalpy or temperature). 
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In this work, the convective heat-loss is introduced into the flamelet formulation locally (which 
is consistent with the physical space), and its impact on the flame is naturally captured through 
the flamelet equation. Convective heat-loss was estimated by Lee et al. [7] to be approximately 
three times as important as the radiative heat-loss under a typical operating condition for rocket 
engine applications. Therefore, effects of radiative heat-loss are not considered in this work. The 
mathematical model is described in the next section. This non-adiabatic model is then applied in 
a direct numerical simulation (DNS) simulation and results are discussed in Sec. 3. The paper 
finishes with conclusions. 

2. Mathematical Model 
2.1 Governing Equations 
The instantaneous conservation equations for mass, momentum, mixture fraction, species mass 
fraction, and temperature can be written in dimensionless form as: 
 
  (1a) 

  (1b) 

  (1c) 

  (1d) 

  (1e) 
in which  is the velocity vector,  is the viscous stress tensor, and  is the 
substantial derivative. The mixture fraction is denoted by 𝑍, species mass fraction is denoted by 
𝒀, and temperature is denoted by 𝑇. In addition, 𝛼 is the species diffusivity (which is here 
assumed to be equal for all species), 𝑐! is the specific heat at a constant pressure, 𝜆 is the heat 
conductivity, 𝑣! is the diffusion velocity of species i, and 𝑄! is the heat release rate. 
 
2.2 Flamelet Formulation 
In the laminar flamelet model, a turbulent diffusion flame is modeled as an ensemble of laminar 
flamelets [8, 9]. This consideration corresponds to the asymptotic behavior of the flame at 
sufficiently large Damköhler number or sufficiently high activation energy, where chemical 
reactions and heat transfer occur in a thin layer. In addition, if the characteristic length scale of 
the flame is smaller than that of the surrounding turbulence, the turbulent eddies cannot penetrate 
the reaction zone. The effect of turbulence in this so-called flamelet regime results in a 
deformation and stretching of the flame sheet, such that the flame itself can still be considered as 
laminar. 
 
Under the aforementioned condition, the direction normal to the flame surface is associated with 
the mixture fraction, while spatial changes along the other directions are negligible. Thus, the 
one-dimensional laminar flamelet equations can be derived in mixture fraction space. For unity-
Lewis number, they can be written as: 
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  (2a) 

  (2b) 
and the scalar dissipation rate is defined as 
  (3) 
For the steady-state flamelet model, the temporal derivatives in Eqs. (2) are neglected under the 
assumptions that the chemical time scales are short compared to those associated with the 
hydrodynamic time scale. For simulations of reactive turbulent flows, the solutions to Eqs. (2) 
are pre-computed with modeled scalar-dissipation rate profiles 
  (4)   
with respect to different values of 𝜒!". Dirichlet boundary conditions are set at 𝑍 = 1 (fuel 
stream) and 𝑍 = 0 (oxidizer stream) for both temperature and species mass fractions. The flame 
conducts no heat-or-mass-transfer in addition to those through the boundaries. Therefore, this 
configuration is referred to as an adiabatic formulation. 
 
2.3 Modeling of Heat-Loss Effects in the Flamelet Formulation 
In the following, we are concerned with the modeling of wall-heat loss effects and flame/wall 
interaction in the context of the laminar flamelet formulation. In this framework, the direction of 
heat flux is assumed to be primarily aligned with the gradient of mixture fraction, i.e. normal to 
the flame surface. As a result, the effect of heat-loss can be introduced by an additional thermal 
boundary condition, whose location in the mixture fraction coordinate is demoted by 𝑍!"##. To 
illustrate this, consider Fig. 1, showing the schematic corresponding to a counter-flow diffusion 
flame. 
 

 
Figure 1: Schematic of counter-flow diffusion flame corresponding flame-normal heat transfer in 

which the heat-flux vector is aligned with the mixture-fraction gradient. 
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The thermal boundary condition can be either of Dirichlet-type: 
  (5) 
or Neumann-type: 

  (6) 
where 𝑇!"## is the wall temperature and 𝑄!  is the heat transfer rate at the wall. Without loss of 
generality, we assume in this study that the wall approaches from the fuel-rich side, i.e. 
𝑍!"## > 𝑍!". The source terms in Eqs. (2) are set to zero for 𝑍 ∈ (𝑍!"##, 1), if an inert wall is 
assumed.  
 
In summary, the non-adiabatic flamelet model consists of the following set of flamelet equations: 

  (7a) 

  (7b) 

  (7c) 

  (7d) 
subject to the corresponding boundary conditions: 
  (8a) 
  (8b) 
  (8c) 
  (8d) 
 
The non-adiabatic flamelet model proposed contains three different time scales, which are the 
characteristic diffusion time scale 𝜏!"##, the convective heat-transfer time scale 𝜏!"#$, and the 
characteristic chemical time scale 𝜏!"#$. The convective time scale is not explicitly specified but 
embedded in the time scale for the change of 𝑍!"##. The ratio between them scales as [7, 10] 
  (9) 
where Da is the second Damköhler number, Pr is the Prandtl number, and Nu is the Nusselt 
number. For the combustion process in rocket engines, the first two terms are both much greater 
than one. The time-scale separation ensures that the flame-structure reaches the steady state 
under the consideration of transient effects of the convective heat-loss and limits the influence of 
the convective time scale to the heat-loss rate only. It is thus justified that Eqs. (7) can be solved 
under the steady-state condition. 
 
For a user-specified wall temperature 𝑇!"##, the steady-state solutions to Eqs. (7) are obtained 
with respect to a variation in of 𝜒!" and 𝑍!"##, which generates a three-dimensional manifold. 
This manifold is then parameterized by the mixture fraction, progress variable, and temperature. 
This expression can be written in the following form: 
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  (10) 
Correspondingly, the transport equations of these three quantities are solved in the CFD code for 
simulations utilizing this model. Thus, all the thermo-chemical information can be retrieved from 
the pre-computed table defined in Eq. (10). 
 
A series of sample flamelet solutions with respect to various wall locations 𝑍!"## at a fixed scalar 
dissipation rate of 𝜒!" = 0.1  (s  !!) are shown in Fig. 2. The operating condition is listed in Table 
(1). The figure on the left shows that the temperature decreases monotonically as the wall is 
approaching to flame. The sudden change of the slope at 𝑍!"## indicates a local heat-loss to the 
wall. The figure on the right shows the corresponding profile of 𝑌!!!, which is less influence by 
the convective heat-loss to the wall. 

 
 (a) (b) 
 

Figure 2: Non-adiabatic flamelet solutions of (a) temperature and (b) mass fraction of H!O for 
various wall locations Z!"## and a constant scalar dissipation rate ofχ!" = 0.1  s  !!. 

 
Table 1: Operating conditions and thermochemical parameters of the DNS for non-premixed 

flame-wall interaction. 
 Fuel-Stream Oxidizer-Stream 

Mixture Y!! = 0.2, Y!!! = 0.2 Y!! = 0.6, Y!!! = 0.4 
Temperature [K] 300 300 

Wall Temperature [K] 300 
Stoichiometric Mixture 0.2743 

Pressure [bar] 1 
Prefactor, A [mol, cm, sec] 2.25×10!" 

Activation Energy, 𝐸! [J/mol] 71,128 
Heat of combustion, ΔH!! [J] −483.67×10! 
Heat Capacity, 𝑐! [J/(gK)] 3.5 
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3. A Priori Study of the Non-adiabatic FPV-model Using DNS 
3.1 Problem Formulation 
The present DNS is conducted as an a priori study of the proposed non-adiabatic FPV-model. 
The objective is to examine the effect of the conductive wall heat flux on the flame structure and 
to evaluate the performance of the model in a configuration corresponding to a H2/O2 diffusion 
flame stabilized in the near-wall region. While the non-adiabatic FPV-model is equipped with 
the capability of a detailed chemical mechanism as well as the radiative heat transfer, the present 
DNS study uses a single-step reaction model and neglects the radiation to focus on the 
convective heat-loss to the wall. The single-step irreversible reaction is described as: 
  (11) 
The corresponding species and heat source terms in Eq. (1d) and Eq. (1e) are 

  (12a) 

  (12b) 
and 

  (13) 
Other choices on the modeling parameters and assumptions include a constant specific heat, a 
temperature-dependent dynamic viscosity, a constant Prandtl number of Pr = 0.708, an ideal-
gas equation of state, and unity Lewis numbers. The impact of these assumptions and choices are 
discussed by Wang and Trouvé [11], where a similar model and configuration were chosen for 
their DNS of non-premixed flame-wall interactions. All thermochemical parameters are 
summarized in Table 1. 
 

 
Figure 3: Schematic of the DNS configuration for a turbulent H2/O2 diffusion flame stabilized 

near a solid wall. 
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The schematic of the DNS configuration is shown in Fig. 3. The simulation is conducted in a 
three-dimensional, spanwise-periodic box, with an inflow boundary condition at x/D!"# = 0, a 
wall boundary at y/D!"# = 0, and nonreflecting boundaries at x/D!"# = 20 and y/D!"# = 8. The 
wall boundary for the temperature is either Dirichlet (non-adiabatic cases) or Neumann 
(adiabatic cases). The non-premixed combustion is over-ventilated with the fuel stream injected 
at y-locations below D!"# = 0.5  cm and oxidizer stream injected above it. The inflow profile is a 
synthetic turbulent flow, of which the mean flow obeys the law of the wall [22]. The turbulent 
perturbation is generated using the method of [23]. The computational domain consists of 8.2 
million grid points. The y-direction is discretized with 320 grid points following an exponential 
growth rate, while x- and y- directions are uniformly discretized by 400 and 64 grid points 
respectively.  
 
3.2 Results 

Table 2: Set-up of the DNS and non-adiabatic FPV cases 
Case Notation Comments 

DNS-Adiab DNS, adiabatic at the solid wall 
DNS-WHT DNS, isothermal at the solid wall 
FPV-Adiab Flamelet/progress variable model, adiabatic formulation 
FPV-WHT Flamelet/progress variable model, wall-heat loss formulation 

 
In this section, DNS results will be presented and compared. To this end, four computations are 
performed. Two DNS simulation (DNS-Adiab and DNS-WHT) with different thermal boundary 
conditions are performed to access the effects of wall-heat transfer on the flame. In these two 
calculations, the transport equations of species mass fractions and temperature are solved. Then, 
two flamelet-model calculations (FPV-Adiab and FPV-WHT) with different formulations are 
conducted to assess of the non-adiabatic flamelet model developed in this work. The flamelet 
calculations only solve the transport equations of the corresponding describing variables. All of 
the four cases are well resolved and no turbulence closure model is used. For reference, the case 
notations are listed in Tab. 2. 
 

 
 (a) (b) 

Figure 4: Comparison of mean temperature field obtained from (a) DNS-Adiab and (b) DNS-
WHT. For DNS-WHT, the wall temperature is set to be 300 K. The solid black lines represent 

the stoichiometric condition.  
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Comparison of mean temperature fields between DNS-Adiab and DNS-WHT are shown in Fig. 
4. It can be seen that the change of the thermal boundary condition at the wall introduces 
significant heat-loss. The flame quenches, for the non-adiabatic case, in the thermo boundary 
layer. The mean temperature along the stoichiometric line is also reduced. The dilatation is 
attenuated due to the lower flame temperature in the non-adiabatic case, thereby shifting the 
stoichiometric line closer to the wall. 
 
The considerable effects of the wall-heat loss on the flame/flow-field structure can be accurately 
described by the non-adiabatic flamelet formulation. Figure 5 illustrates comparison of mean 
temperature fields between FPV-Adiab and FPV-WHT, where FPV-Adiab utilizes the original 
adiabatic formulation of the FPV model and FPV-WHT adapts the non-adiabatic formulation 
introduce in this work. The non-adiabatic FPV model captures the effect of the heat-loss on the 
flame (including the quenching) and produces an almost identical mean temperature profile. 

 
 (a) (b) 

Figure 5: Comparison of mean temperature field obtained from (a) FPV-Adiab and (b) FPV-
WHT. For FPV-WHT, the wall temperature is set to 𝑇!"## = 300  K. The solid black lines 

represent the stoichiometric condition.  
 

 

 
 (a) (b) 
Figure 6: Comparison of (a) mean temperature and (b) mass fraction of H!O obtained at different 

streamwise location between DNS-WHT, FPV-WHT, and FPV-Adiab. 
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More quantitative comparisons are presented in Fig. (6), showing wall-normal profiles of the 
mean temperature and the mass fraction of H!O at different streamwise locations are illustrated. 
The results are obtained from DNS-WHT, FPV-WHT, and FPV-Adiab. For both quantities, the 
non-adiabatic FPV model gives very accurate prediction compared with the DNS results. The 
effect of heat-loss is observed to be more significant for temperature than 𝑌!!!. The impact 
becomes stronger with increasing downstream position and the amount of convective heat-loss 
accumulates, indicated by the larger deviation between the adiabatic and non-adiabatic FPV 
models.  
 
We also compare the heat flux at the wall predicted by FPV-WHT and DNS-WHT. The accurate 
prediction of the heat-flux is essential for engineering applications. As shown in Fig. 7, the 
maximum heat flux is about 110 kW/m2 and appears at x/L=8. The non-adiabatic FPV 
formulation accurately predicts the entire heat flux profile, and deviation with the DNS-results 
are less that 5 pervent. 
 
 

 
Figure 7: Comparison of heat flux at the wall obtained from DNS-WHT and FPV-WHT. 

 
4. Conclusions 
A turbulent combustion model for predicting wall-heat transfer and describing flame/wall 
interaction has been developed. This model extends the adiabatic flamelet/progress variable 
model by introducing an addition thermal boundary condition. Using this formulation, the 
solution obtained from the steady non-adiabatic flamelet equations are parameterized in terms of 
mixture fraction, progress variable, and temperature. 
 
Compare to previously developed models, the present non-adiabatic formulation is self-
contained within the flamelet framework, thus offering the advantage that the model does not 
require additional parameters or user-specified enthalpy profile. Flame quenching is also 
naturally incorporated in this formulation. 
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The non-adiabatic model was applied to a resolved simulation of a turbulent H2/O2 diffusion 
flame that is stabilized at an inert isothermal wall. The model prediction is then compared with 
DNS results. The comparison suggests that the present non-adiabatic formulation provides an 
adequate description of convective heat-loss effect. An accurate prediction is obtained for the 
mean scalar fields of temperature and major species, as well as for wall-heat flux profile, which 
is of major engineering interest. 
 
The present formulation can also be extended to LES calculations via a presumed PDF closure. 
Application of this approach to confined combustors is the topic of ongoing research. 
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