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a b s t r a c t

The selection of an appropriate combustion model for the numerical prediction of reacting flows remains an

outstanding issue. Often, expert knowledge or experimental data is required to make an informed decision

in selecting a suitable model. Furthermore, the computational cost that is associated with the application

of a certain combustion model introduces another constraint in the selection process. By addressing these

issues, the objective of this work is to develop a Pareto-efficient combustion (PEC) framework for applica-

tion to complex chemically reacting flows under consideration of user-specific input about quantities of in-

terest, desired simulation accuracy and computational cost, and a set of combustion models. PEC utilizes a

Pareto efficiency, and introduces a manifold drift term as a measure for determining the adequacy of using

a certain combustion-manifold model to predict selected quantities of interest. Since underlying model as-

sumptions are encoded in the manifold, PEC restricts the application of submodels within its intended use.

Further, the proposed approach for evaluating the manifold drift provides a rigorous method for combin-

ing different combustion models – as long as they can be described by a manifold. As such, this formula-

tion represents a general description for the selection of combustion models, thereby overcoming potential

limitations of flame-topology indicators and regime-specific combustion models. The capability of the PEC-

framework is demonstrated in application to a tribrachial flame. By considering combustion models from

the class of reaction-transport manifolds (inert mixing, equilibrium, flamelet/progress variable, and flame-

prolongation in ILDM) and chemistry manifolds (using detailed and skeletal mechanisms), it is shown that

PEC locally adapts the submodel fidelity within the user-defined threshold for selected quantities of interest.

A parametric analysis is conducted to illustrate the dynamic range of the PEC-framework in accommodating

Pareto-efficient submodel arrangements.

© 2015 The Combustion Institute. Published by Elsevier Inc. All rights reserved.
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. Introduction

Despite significant progress in combustion modeling, consider-

ble challenges remain in the mathematical description and the sim-

lation of chemically reacting flows. Reasons for this are the physico-

hemical complexity, which is associated with the consideration of

uid dynamics and turbulence, the conversion of a large number of

hemical species that evolve at vastly different spatio-temporal scales

nd concentration magnitudes, heat-release and dilatational effects

ue to exothermic reactions, the description of multiphase processes

ssociated with liquid spray-phase and supercritical combustion pro-

esses, and long-range effects such as radiation and thermoacoustic

nteractions. While often only a subset of these processes is exam-

ned in laboratory experiments, they require consideration in prac-
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ical combustion systems such as gas turbines, internal combustion

ngines, rocket motors, and furnaces.

Because of the computational complexity that is required to rep-

esent the oxidation of realistic fuels using detailed chemical kinetic

odels, lower-dimensional manifold representations are frequently

sed to reduce the dimensional complexity [1]. Common to these

echniques is the representation of the thermochemical state space

n terms of a reduced set of scalars whose evolution is described by

he solution of transport equations. Different manifold techniques for

ombustion applications have been developed [1], and they can be

istinguished in chemistry manifolds [2–5], reaction-transport man-

folds [6–9], thermodynamic manifolds [10–12], and empirical mani-

olds [13–16].

Over recent years, several combustion models have been pro-

osed, and many of those models rely on fundamentally dif-

erent modeling approaches and approximation levels. Differ-

nt categorizations have been introduced to distinguish among

hose models. The most common categorization is based on the
mework with submodel assignment for predicting complex flame
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combustion-regime representation [17–21], distinguishing between

the asymptotic limits of premixed and non-premixed combustion.

More recently, concept-based categorizations have been introduced

by differentiating between so-called flamelet-like and PDF-like meth-

ods [1]. A more general classification is to distinguish between

topology-free and topology-based combustion models.

Topology-free combustion models make limited assumptions

about the flame structure, and are therefore agnostic to the un-

derlying combustion regime. These models require the solution of

transport equations for all species, and employ different represen-

tations to describe scalar mixing and reaction chemistry. Examples

for topology-free combustion models are finite-rate chemistry mod-

els, the eddy-dissipation concept [22], and probability-density func-

tion (PDF) methods [23,24]. Since these models are not constrained

to a particular combustion regime, they are considered to be applica-

ble to a wider range of combustion problems. Topology-free models

enable the consideration of different combustion-physical processes,

such as the higher-dimensional manifold representation of the reac-

tion chemistry, multi-stream systems, or non-adiabatic effects. How-

ever, these models are computationally expensive, require special

treatment of non-local diffusion processes, and employ special dis-

cretization methods to overcome the higher-dimensional formula-

tion in space-time-composition space. Often, topology-free mod-

els make use of chemistry manifolds to reduce the computational

complexity.

Topology-based combustion models exploit the topological struc-

ture of the flame. The flame structure is then represented in terms

of reaction-transport or mixing manifolds, which are obtained from

the solution of representative flame configurations, such as laminar

counterflow diffusion flames, freely propagating premixed flames, or

one-dimensional embedded flame elements. The solution of these

representative flame configurations is either evaluated prior to the

simulation and stored in chemistry libraries or during the simulation

to incorporate specific flow-field effects. Examples of topology-based

combustion models are the class of flamelet models, including the

Burke−Schumann solution [25], the steady laminar flamelet (SLF) for-

mulation [26], the flame-prolongation in intrinsic lower-dimensional

manifold (FPI) [7], the flamelet-generated manifold (FGM) method

[27], and the flamelet/progress variable (FPV) formulation [9,28].

The construction of reaction-transport manifold models intro-

duces assumptions that are specific to the representation of the flame

topology. It is therefore important to appreciate that these assump-

tions are directly encoded in the topology of the manifold. As such,

the trust region of a particular combustion model is defined by its

manifold.

Reaction-transport manifolds are parameterized in terms of a re-

duced set of scalars, typically consisting of mixture fraction, progress

variable, enthalpy, strain or scalar dissipation rate. Because of the

reduced dimensionality, these models are limited in describing cer-

tain combustion processes. To accommodate additional phenom-

ena, these reaction-transport manifolds have been extended to con-

sider effects of wall-heat losses [29–31], radiation [32], autoignition

[33–35], multi-stream systems [36–38], and the representation of

mixed- and multi-mode combustion regimes [39,40]. While promis-

ing, these approaches face potential shortcomings: First, the vali-

dation of these extensions relies on data that might not be rep-

resentative for the practical problem under consideration. Second,

these model extensions may substantially increase the complexity,

thereby deteriorating the accuracy in capturing the combustion be-

havior for which the original model was intended. Third, without

prior knowledge it is not known which combustion-physical pro-

cesses require consideration. Fourth, the manifold extension intro-

duces additional unclosed contributions such as cross-dissipation

terms or correlations that require modeling. Finally, extended man-

ifold models are applied globally although the combustion-physical

processes for which they are developed are confined to a localizes
Please cite this article as: H. Wu et al., A Pareto-efficient combustion fra

configurations, Combustion and Flame (2015), http://dx.doi.org/10.1016/j
egion, such as the autoignition region at the flame base or the near-

all region that is affected by heat transfer and flame/surface cou-

ling.

Common to all applications is the issue of selecting a particular

ombustion model for simulating a certain flame configuration. This

election is typically guided by factors such as knowledge about the

nderlying combustion physics, operating conditions, quantities of

nterest (QoI), computational expenses, necessary model implemen-

ation efforts, and – to some extend – also by the bias of the user. Of-

en different models provide comparable predictions for flame con-

gurations that are represented by canonical flames, single combus-

ion regimes, high Damköhler or low Karlovitz numbers, and sim-

le gaseous fuels. Since, however, these combustion models invoke

pecific assumptions and approximations, their predictive capability

educes with increasing combustion-physical complexity.

Tasked with examining a new combustion configuration, evalu-

ting the impact a burner-design modification has on the pollutant

missions, or assessing the potential of a new combustor concept, a

ractitioner faces the questions:

• Which combustion model is most adequate to accurately predict

a certain quantity of interest?

• How to assess and control the accuracy of a combustion simula-

tion in situ?

• How to balance computational cost and model accuracy during

the simulation?

• How to accurately represent combustion-physical processes that

are specific to a particular burner?

By addressing these questions, the objective of this work is to de-

elop a novel Pareto-efficient combustion (PEC) framework for the

ynamic utilization of different manifold representations to describe

hemically reacting flows. Specifically, by combining different mani-

old representations, PEC enables the general adaptation of combus-

ion submodels to the underlying flow-field representation, thereby

roviding an accurate description of the combustion-physical com-

lexity. The key attributes of PEC consist in (i) the user-specific selec-

ion of a set of combustion models that can be represented by a mani-

old (such as chemistry, mixing, or reaction-transport manifolds), (ii)

quantity of interest such as temperature, carbon monoxide, nitric

xide, and other pollutants or intermediate species, and (iii) a cost

unction to describe the desirable cost and accuracy in represent-

ng the QoI. Subject to this information, a particular manifold can-

idate is locally selected that minimizes the cost function. PEC pro-

ides direct error control and dynamically adapts the model fidelity

o that regions of different combustion-physical complexity are rep-

esented by the most appropriate model formulation; regions that are

dequately represented by inert mixtures, equilibrium compositions,

r quasi one-dimensional premixed or diffusion flame structures are

odeled using computationally efficient reaction-transport manifold

odels, and topologically complex and multi-dimensional combus-

ion processes that control flame dynamics, ignition, flame stabiliza-

ion, extinction, and blow-out are described using models at higher

delity. The flexibility in the selection of the penalty term on the cost

unction enables the consideration of the computational cost, since

he demand for the simulation accuracy and computational expenses

an vary at different stages during the model application. Beyond the

pecification of the set of manifolds candidates, QoI, and cost func-

ion with penalty term, PEC requires no additional user input. The lo-

al selection of the submodel is determined using the manifold drift

unction as metric for the model accuracy. Therefore, PEC can accom-

odate different combustion submodels without the requirement for

xpert knowledge on the model selection. Quantities of interest and

esirable model accuracies are usually known requirements on the

ombustion simulation.

The proposed Pareto-efficient combustion modeling framework

as the following main ingredients: (i) a metric for examining the
mework with submodel assignment for predicting complex flame
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roximity of the local flow-field to the combustion manifold, (ii) a

rocedure for assigning a combustion model locally, and (iii) a do-

ain decomposition method to partition the flow-field domain based

n the underlying combustion-physical complexity and model as-

ignment. The first two properties are necessary to facilitate the ob-

ective assignment of combustion submodels. Since the model as-

ignment is local, the domain decomposition capability is required

o achieve optimal computational efficiency and to minimize compu-

ational overhead by treating each submodel locally.

The remainder of this paper has the following structure. The gov-

rning equations and a description of manifold models is given in the

ext section. The Pareto-efficient combustion modeling framework is

eveloped in Section 3, and algorithmic details regarding the Pareto

fficiency, the error estimation, the determination of the local model

ssignment, and the coupling of the different combustion submodes

s provided. The subsequent sections are concerned with the appli-

ation of the model to a tribrachial flame. The model problem is de-

cribed in Section 4, and simulation results are presented in Section 5.

he paper finishes with conclusions.

. Governing equations and manifold models

.1. Governing equations

The spatio-temporal evolution of a chemically reacting flow is de-

cribed by the solution of the variable-density Navier−Stokes equa-

ions:

tρ = −ρ∇ · u , (1a)

Dt u = −∇p + ∇ ·
[
μ(∇u) + μ(∇u)

T − 2

3
μI(∇ · u)

]
, (1b)

here Dt represents the substantial derivative, ρ is the density, u is

he velocity vector, p is the pressure and μ is the dynamic viscosity.

onservation equations for thermochemical quantities are written in

eneral form:

tφ = 1

ρ
∇ · (ραφ∇φ) + ω̇φ , (2)

here φ ∈ R
Nφ is the thermochemical state vector, consisting of the

ector of species mass fractions, Y, and enthalpy; ω̇φ is the corre-

ponding source term, and the vector of scalar diffusivities is denoted

y αφ . Equations (1) and (2) are coupled by a state equation, which is

ere given in implicit form:

f (p, ρ,φ) = 0. (3)

n the present study we consider the ideal gas law, so that Eq. (3)

educes to p = ρRT, where R is the mixture-averaged gas constant.

.2. Manifold methods

Because of the large number of species that is required to de-

cribe the chemical conversion, it is usually infeasible to solve the

ull set of Nφ species transport equations in Eq. (2). As a remedy,

anifold-type combustion models have been developed, in which

he Nφ-dimensional state vector is represented in terms of a low-

imensional manifold:

� ̂φ = g(ψ) , (4)

here ̂φ ∈ R
Nφ is the thermochemical state vector that is described

y the manifold and ψ ∈ R
Nψ is the state vector that is used to

arameterize the manifold. The vector ψ may include a subset of

pecies mass fractions, derived quantities such as mixture fraction

r reaction progress variable, or other flow-field describing quanti-

ies such as strain rate or scalar dissipation. While different mani-

olds usually share the same definition for ̂φ, the structure of the
Please cite this article as: H. Wu et al., A Pareto-efficient combustion fra

configurations, Combustion and Flame (2015), http://dx.doi.org/10.1016/j
ransported quantities ψ and the functional relation g exhibit con-

iderable variations. For example, in the flamelet/progress variable

FPV) model, ̂φ = g(Z,C) and g is constructed by solving steady lam-

nar non-premixed flamelet equations. The evolution of ψ is usually

btained as solution to the transport equation:

tψ = 1

ρ
∇ · (ραψ∇ψ) + ω̇ψ , (5)

nd the thermochemical information required to carry out the cal-

ulation can be obtained from the functional relationship in Eq. (4).

herefore, by using the manifold model, the number of equations that

s solved is reduced from Nφ to Nψ . Since Nψ � Nφ , the utilization of a

anifold can significantly reduce the computational cost. In the case

here Nψ = Nφ, the manifold simply reduces to that of the complete

hemical mechanism.

In this study, we also require the manifold to be realizable, which

nsures that ψ can be derived from the modeled state vector ̂φ as

= h(̂φ) . (6)

. Pareto-efficient combustion modeling framework

.1. Preliminaries

As discussed in Section 1, the PEC-framework aims to apply a spa-

ially heterogeneous model assignment in the simulation of chemi-

ally reacting flows. To establish a mathematically well-defined for-

ulation, we first establish the following three definitions:

• A combustion model is denoted by m,

• A set of candidate combustion models is denoted by M so that

m ∈ M,

• A model assignment mapping denoted by M : � → M, where �

is the computational domain.

The introduction of the mapping M enables the concise descrip-

ion of which submodel in M is applied at a given location x, which

an be written as M(x).

There also exists an alternative expression for the model assign-

ent through the partition of the computational domain � into Np

on-overlapping subdomains, denoted by �i. Given the model as-

ignment mapping M, the partition can be uniquely determined,

uch that the subdomains are connected areas satisfying the follow-

ng conditions:

• The union of the subdomains recovers the entire computational

domain: ∪Np

i=1
�̄i = �̄;

• The subdomains are non-overlapping: �i ∩ � j = ∅ ∀i �= j;

• The model used in each subdomain is unique: M(x) =
M(y) ∀x ∈ �i, y ∈ �i;

• The models used in adjacent subdomains are distinct: M(x) �=
M(y) ∀i �= j, x ∈ �i, y ∈ � j, ∂�i ∩ ∂� j �= ∅,

here �i denotes the interior of the ith subdomain, with bound-

ry ∂�i and �̄i = �i ∪ ∂�i denotes their union. Following the afore-

entioned conditions, each subdomain is equipped with a particular

ombustion model. For a combustion model m associated with �i,

e denote the corresponding thermochemical state vector as ̂φ
m

and

he manifold describing solution vector as ψm. Note that the dimen-

ions of ̂φ
m

and ψm are particular to the combustion model, and can

herefore differ between subdomains.

Within the interior of each subdomain, the transport equations in

q. (5) holds as if in a single-model simulation. At the boundary ∂�i

pecial treatment is required. In the discrete case, this implies that

he stencil of the differential operator contains elements of different

ubdomains. Details of the coupling will be discussed in Section 3.4.

n the most general setting, other physical submodels and discretiza-

ion techniques can be utilized across subdomains [41,42].
mework with submodel assignment for predicting complex flame
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Fig. 1. Schematic illustration of the Pareto front, representing the computational cost

and model error in predicting a certain quantity of interest.
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The rest of Section 3 focuses on obtaining the model assignment

mapping M. The concept of the domain partition is an intuitive de-

scription of the model utilization and is especially convenient for dis-

cussing the coupling between different models. However the parti-

tion is derived from the model assignment mapping M, rather than

being sought explicitly.

3.2. Pareto efficiency of combustion models

Simulation accuracy and computational cost are main criteria for

reacting flow simulations. When multiple computational models are

available for a particular application, the selection of a particular

model is usually made by considering the trade-off between these

two criteria. To rationalize the procedure, we can formally character-

ize a simulation that is obtained with a particular model by a model-

ing error E and a computational cost C. With this, each simulation can

be mapped to the {E, C}-performance space. An example for single-

model simulations is schematically illustrated in Fig. 1, showing the

performance of different combustion models as a function of normal-

ized model error and normalized computational cost. The selection of

an optimal model can then be made from the Pareto set in the {E, C}-

performance space. This Pareto set is represented by all models that

offer the lowest error for a defined level of cost or – in turn – the

lowest cost for a given level of error; any other model from this set

is suboptimal; models beyond this Pareto frontier are unachievable

[43]. The extension of the Pareto frontier to access these conditions

requires further model development that can be made at any level of

computational complexity, as was addressed in Section 1.

Since the Pareto frontier is specific for each combustion problem

and most-likely dependent on additional model-specific parameters,

such as mesh-resolution, time-to-convergence, subgrid models, or

chemical mechanism, the direct evaluation of the Pareto front be-

comes infeasible for any practical application. However, by introduc-

ing this concept, a main component of PEC is to provide a mathemat-

ical rigorous formalism for the optimal model selection.

For a simulation that employs a single combustion model, the

Pareto frontier can be obtained as the solution of the following op-

timization problem:

min
M:�→M

E(M) + λC(M) , (7)

subject to M(x) = M(y) ∀x, y ∈ �,

where λ is a Lagrange multiplier to enable traversing the Pareto

frontier. The optimal input argument we are seeking is the model

assignment mapping M(x) : � → M introduced in Section 3.1. The
Please cite this article as: H. Wu et al., A Pareto-efficient combustion fra

configurations, Combustion and Flame (2015), http://dx.doi.org/10.1016/j
ingle-model requirement constrains the flexibility of M so that its

utput has to be a single value over the entire domain.

Although Eq. (7) offers an objective approach for selecting a par-

icular combustion model, the so obtained model assignment M ap-

lies a single model over the entire computational domain. As such,

he solution to Eq. (7) can provide only a suboptimal solution for cap-

uring combustion-physical processes that are confined to local flow

egions. In addition, a uniform model assignment only provides a dis-

rete Pareto frontier due to the limited possible outcomes of the opti-

ization procedure. Therefore, a smooth transition from low-fidelity

o high-fidelity simulations cannot be achieved.

Both of the aforementioned issues can be resolved by allowing a

ore flexible and spatially heterogeneous model assignment. In the

ptimization framework, this requires eliminating the constraints on

and formulating E and C such that they are sensitive to variations

n the local model assignment. Hence the optimization problem be-

omes

min
:�→M

E(M) + λC(M) , (8)

here E and C are defined as the Lp-norm of local quantities e and c,

(M) =
∫
�
|eM(x)|p dx, (9a)

(M) =
∫
�

|cM(x)|p dx . (9b)

In the following we will consider the L1-norm to simplify the no-

ation. It is worth mentioning that the formulation in Eq. (8) is an

nstantaneous cost function, and the optimization can be considered

s a greedy approach to a transient problem.

So far, we did not provide a mathematical prescription for e and

, which will be given in the following section. The coupling strategy

s introduced in Section 3.4 to accommodate the spatially heteroge-

eous combustion model assignment, and the treatment at the in-

erface of the subdomains. The description of the PEC-framework is

hen completed by discussing the optimization strategy and the so-

ution methods for finding M in Eq. (8), which will be presented in

ection 3.5.

.3. Computational cost and error estimation

The computational cost of a particular combustion model is deter-

ined by the number of independent scalars that are solved for, the

ource-term evaluation, data retrieval from the library interpolation,

nd the solution of auxiliary expressions to evaluate closure mod-

ls and constitutive relations. As such, the local computational cost
M(x) in Eq. (9b) depends solely on the local model used. Therefore

t can only take value from a set of constants i.e.

M(x) = cm, (10)

here m = M(x). The constant cm is a property of each combustion

odel. Its value can be predetermined prior to the simulation, and

rovided as a user input to the PEC-formulation. In practice, the com-

utational cost of each model depends on the numerical method, par-

llelization strategies, hardware architecture, and other factors. Since

hese conditions may vary on a case-by-case basis, but otherwise in-

roduce no conceptual difficulties in the PEC-formulation, it is not the

ocus of this study to discuss how to accurately determine values for

hese constants.

In contrast, the calculation of the model error E(M) requires

nformation about the flow field. Since eM(x) is a local measure of

he model error with respect to the model assignment M, a canon-

cal choice for determining eM(x) is to relate the model error to the

ifference between the true state and the modeled state: � = φ − ̂φ.

ence, the evaluation of this expression requires knowledge about

he true state φ, and a complementary detailed simulation is neces-

ary. Since this introduces substantial overhead, the direct approach
mework with submodel assignment for predicting complex flame
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ecomes infeasible for any practical application. To overcome this

ssue, it is proposed to quantify the model error by considering the

ynamics on the model’s manifold. This is further discussed in the

ext section.

.3.1. Drift from manifold

Consider the interior of the subdomain �i⊆�, to which a combus-

ion model m is locally applied. Discretely, it means that the stencil of

ll differential operators are within �i. The modeled quantity ̂φ
m
(x)

s directly evaluated using the functional relationship described in

q. (4). Therefore, its dynamics is implicitly governed by the follow-

ng expression:

t
̂φ

m
(x) = ∂ ̂φ

m

∂ψ
m (x) · Dtψ

m
(x), (11)

nd the evolution of the true thermochemical state φ is determined

y Eq. (2). The difference between both solutions embeds the incon-

istency between the dynamics of φ and ̂φ, representing the error for

sing the model m. In this section, we will develop a new measure

f proximity by assessing this inconsistency. This analysis employs

ormalism developed by Pope [1] to examine multidimensional com-

ustion manifolds in composition space.

To establish a quantitative assessment of the model inconsistency,

e consider the drift of φ with respect to ̂φ. Mathematically, this can

e written as:

M = Dt�
M|�=0 ,

= Dtφ|
φ=̂φ

m − ∂ ̂φ
m

∂ψ
m · Dtψ

m
,

=
[

1

ρ
∇ · (ραφ∇φ) + ω̇φ

]
φ=̂φ

m

− ∂ ̂φ
m

∂ψ
m ·

[
1

ρ
∇ ·

(
ραψm∇ψ

m)
+ ω̇ψm

]
, (12)

here m = M(x). This equation describes the initial growth rate of

he manifold error. It is therefore referred to as the drift from mani-

old, and denoted by D. This drift term is defined with respect to the

odel assignment M, and includes the spatial relationship among

ubmodels.

Note that the error estimation of a lower-order model through

q. (12) only requires information about thermochemical states on

he manifold (̂φ) and the topology of the manifold. This is a boot-

trapping method, since it does not require knowledge of the actual

hermochemical state φ. In addition, this procedure does not need

nformation on how the manifold is constructed or what model as-

umptions are introduced. These properties alleviate the demand

or the examination of model assumptions and their consequences,

hich would require expert knowledge from the user and, as men-

ioned in Section 1, is often impractical in complex configurations.

his is also particularly attractive for application to empirical man-

folds, since no assumptions are explicitly specified for data-driven

odels.

Point-local terms in the expression for D are the transport proper-

ies (αψ , αφ |
φ=̂φ

), the chemical source terms for both φ and ψ (ω̇ψ,

˙ φ |
φ=̂φ

), and the manifold Jacobian (∂ ̂φ/∂ψ). For pre-tabulated man-

fold models, these terms can be directly retrieved from the table

ince the thermochemical state resides on the manifold as defined

n Eq. (12), i.e. φ = ̂φ
m

. For manifold models that do not use a tabula-

ion method, these quantities can usually be computed at a reduced

ost. The cost for computing DM is further reduced by the fact that

he evaluations are only performed with respect to QoI, the number

f which is considerably smaller than the total number of species.
Please cite this article as: H. Wu et al., A Pareto-efficient combustion fra

configurations, Combustion and Flame (2015), http://dx.doi.org/10.1016/j
In contrast, the diffusion terms are non-local. For the case that

ubmodels differ between neighboring locations (corresponding to

he interface between model assignments), these terms would re-

uire special treatment. The treatment needs to extend the differen-

ial operators to the interface, thereby utilizing the non-local terms

s a continuity sensor and preventing the local usage of certain mod-

ls that produce discontinuous scalar fields. This point will be further

iscussed in Section 3.4 when the coupling strategy is introduced.

In the interior of a subdomain, Eq. (12) can be related to the curva-

ure of the manifold and the local scalar dissipation rates of ψ as de-

ived by Pope [1]. The drift, D, becomes physically insightful in terms

f interpreting the source of errors for a given combustion manifold.

pplying similar analysis to a set of reaction-transport manifolds and

hemistry manifolds, the expressions of D are obtained and sum-

arized in Appendixes B and C. In this analysis, it is shown that for

eaction-transport manifolds, deviations are initiated by the discrep-

ncy between the scalar dissipation rate of the flow field χ and the

odeled scalar dissipation rate χ̂ that is weighted by the manifold

urvature, which is largest in regions of chemical reactivity. This anal-

sis also shows that by extending the manifold, the increased dimen-

ionality of ψ would unavoidably introduce new sources of error.

.3.2. Cost function for model error

In the previous section, we have established the concept of the

anifold drift, which can be used to assess the inconsistency be-

ween the dynamics of the approximated and the true states. How-

ver, we have not established its relation to eM(x). To derive a quan-

itative measure for assessing the model accuracy, we first introduce

he notation of a quantity of interest Q, containing a set of scalar quan-

ities that are of interest to the user. With this, we can determine the

ccuracy of a particular model by measuring the norm of DM pro-

ected onto the subspace that is spanned by Q:

M = 1

|Q|
∑
α∈Q

∣∣∣∣DM
α

Bα

∣∣∣∣
p

, (13)

here |Q| denotes the cardinality of Q and Bα is a scaling factor, which

s chosen to be the reference chemical source term in this study. We

onsider the L1-norm to simplify the notation in this study. Since only

uantities that are contained in Q are used in evaluating D, the added

verhead in evaluating Eq. (13) is minimal.

The new measure for the proximity between ̂φ and φ that is de-

ned by Eq. (13) is used as the cost function for the local error. This

uantity is sensitive to the local scalar and velocity fields, and has a

eneral form that can be applied to all manifold models.

.4. Coupling strategy at the interface of subdomains

PEC utilizes a spatially heterogeneous model assignment. Due

o the existence of non-local differential operators in the transport

quations, a strategy is required to consistently couple the different

ubmodels. This coupling strategy should enable a physical and con-

istent calculation of the system dynamics under the spatially hetero-

eneous mapping M as well as the extension of the drift term D in

q. (12) from the interior to the interface of subdomains.

.4.1. Re-construction, compression, and transformation

At each time step, two different solution fields can be directly

btained: the model assignment field M(x) and the corresponding

anifold describing solution vector field written as ψ|M. Note that

|M(x) = ψ
m
(x), where m = M(x). To conform between the cur-

ent model assignment M and its alternative M′, the transformation

perator T is introduced. This operator consists of two procedures:

he re-construction operator G and the compression operator H.

The global re-construction operator GM is used to obtain the ther-

ochemical state vector with respect to the mapping M. This pro-

edure combines the local operator gm defined in Eq. (4) and can be
mework with submodel assignment for predicting complex flame
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written as

̂φ|M(x) = GM(ψ|M(x))

= gm(ψ
m
(x))

= ̂φ
m
(x), (14)

where m = M(x). The compression operator HM′
then converts ̂φ

obtained from Eq. (14) to the field of ψ with respect to the new model

assignment M′. This procedure unitizes the local operator hm′
de-

fined in Eq. (6) and can be written as

ψ|M′(x) = ψ
m′

(x)

= hm′
(̂φ

m
(x))

= HM′
(̂φ|M(x)), (15)

where m = M(x) and m′ = M′(x). By composing the re-construction

and compression operators, we introduce the transformation opera-

tor,

TM′,M = HM′ ◦ GM , (16)

which combines Eqs. (14) and (15) to

ψ|M′(x) = TM′,M[ψ|M(x)] . (17)

A similar form holds for the local transformation operator tm′,m =
hm′ ◦ gm. The so obtained ψ|M′(x) is in compliance with the defi-

nition of both ̂φ|M and ψ|M′. It is worth noting that tm,m′
and tm′,m

are in general not inverse operators of each other and tm′,m becomes

an identity operator, if m and m′ share the same definition of the

solution vector ψ.

3.4.2. Generalized differential operators across subdomains

For a spatially heterogeneous model assignment mapping M, the

transport equation defined in Eq. (5) and the drift from the manifold,

defined in Eq. (12), are well-defined in the interior of each subdo-

main, since the differential operators are applied within a single sub-

domain. However, at the interface of each subdomain, ψ changes its

definition across the interface and thus the differential operators be-

come ill-defined. Since the issue lies within the differential operators,

if certain treatment makes them applicable at the interface of subdo-

mains, both the transport equation in Eq. (5) and the error estimation

in Eqs. (12) and (13) can be extended to the entire domain including

the interface.

The treatment is achieved with the notion of the transformation

operator tm,m′ = hm ◦ gm′
. At the interface, for all points y included in

the stencil of x such that m′ = M′(y) �= m = M(x), we can temporar-

ily conform ψ
m′

(y) to ψm(y) as

ψ
m
(y) = tm,m′

(ψ
m′

(y)) . (18)

This procedure can be expressed in shorthand as tM(x). The so ob-

tained ψm is temporarily defined within the stencil and shares a uni-

fied definition. Hence, differential operators can be applied. In other

words, the differential operators for ψ are generalized by the compo-

sition with the transformation operator tM(x). At the interior of the

subdomain, tM(x) reduces to the identity operator and the original

differential operators are recovered.

With the generalized differential operators, the solution vector ψ
over the entire domain can be tightly coupled in a consistent fashion.

In the case where Nψ = Nφ, the entire thermochemical state vector

can be coupled by this strategy. However, for most combustion mod-

els, Nψ � Nφ and thus there are many components in ψ that are not

treated by this strategy. Such scenario will be discussed next.

3.4.3. Smoothness of ̂φ and ψ

The smoothness of the thermochemical state vector ̂φ and man-

ifold solution vector ψ is important for two reasons. First, ̂φ is the
Please cite this article as: H. Wu et al., A Pareto-efficient combustion fra

configurations, Combustion and Flame (2015), http://dx.doi.org/10.1016/j
odel approximation of the true thermochemical state φ. If the phys-

cal solution is smooth, a good model approximation should preserve

his property. Second, a discontinuous ̂φ-field may lead to a discon-

inuous density field, thereby introducing numerical instabilities and

he loss of mass conservation.

The smoothness of ̂φ and ψ is defined by their differentiability. In

he case of ψ, its differentiability is extended by the generalization in-

roduced in Section 3.4.2. Since the compression operator h is always

ifferentiable for a well-defined combustion model, the smoothness

f ̂φ guarantees that of ψ, but not vice versa due the change of

he functional relationship between ̂φ and ψ across the interface.

ne special case is the interface between FPV and FPI models that

ave the same definition of mixture fraction Z and progress variable C.

he field of ψ, {Z, C} in this case, is shared by both models and there-

ore it is always differentiable. However, ̂φ may be discontinuous at

he interface. As a result, it is in general much easier to preserve the

moothness for ψ than for ̂φ. In fact, if the model assignment M is

ept unchanged in time, the diffusion operator in Eq. (5) would natu-

ally guarantee the smoothness of ψ over the entire domain including

he interfaces. Similar examination of smoothness can also be applied

o density, which will explicitly ensures mass conservation.

The question then becomes how to find a model assignment that

nsures the smoothness of ̂φ and does not disturb the smoothness of

. The solution lies in the error estimator D introduced in Eq. (12).

ince non-smooth fields of ̂φ and ψ imply inaccurate predictions, a

esirable error estimator should recognize this. In fact, the smooth-

ess of ̂φ and ψ is examined by the diffusion operators in D. As a

esult, a discontinuous ̂φ and ψ will lead to an unbounded cost func-

ion for the model error or a very large value in the discrete case.

herefore, this model assignment is reflected by a large value of D
nd therefore discouraged. In regard to the discontinuity for the com-

onents of ̂φ that are not included in Q, eM will not be influenced.

onsequently, these situations are not penalized by the current for-

ulation.

.5. Determination of model assignment

The optimal model assignment is determined by the solution to

he optimization problem in Eq. (8). In the discrete form, assuming a

niform grid without loss of generality, this can be written as:

min
:�→M

|�|∑
i=1

|eM(xi)|p + λ|cM(xi)|p. (19)

n exhaustive search to this problem requires the evaluation of the

ost function with respect to all possible model assignments. Given

he current assignment M, one can utilize the transformation and

e-construction operators to obtain ̂φ|M′ and ψ|M′,

|M′ = TM′,M(ψ|M), (20)

̂|M′ = GM′
(ψ|M′), (21)

nd subsequently evaluate DM′
and eM

′
. Such exhaustive search re-

uires O(|M||�|) operations, |M| being the number of candidate mod-

ls and |�| being the number of grid points, which is computationally

ntractable.

To overcome this issue, it is possible to reduce the problem to the

ollowing point-local minimization problem:

min
(xi)∈M

|eM(xi)|p + λ|cM(xi)|p, (22)

nder the condition that both eM(xi) and cM(xi) are localized vari-

bles, i.e., they only depend on the model assignment at xi and are

ot affected by the model selection at neighboring points. This point-

ocal minimization requires only O(|M| · |�|) operations for an
mework with submodel assignment for predicting complex flame
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Algorithm 1: Implementation of PEC framework.

User input: M, Q , λ
Initialization Mt0

= M0

while t ≤ tend do
Mt = Mt−�t

for each element xi do

for each candidate model m′ do
M = Mt−�t

M′(xi) = m′
compute ψ|M′ = TM′,M(ψ|M)
for each quantity of interest α do

compute ̂φα|M′ = GM′
α (ψ|M′)

compute DM′
α (xi)

end

compute eM
′
(xi) = 1

|Q|
∑

α∈Q

∣∣∣DM′
α

Bα

∣∣∣
compute cM

′
(xi) = cm′

compute
∣∣eM′

(xi)
∣∣ + λ

∣∣cM′
(xi)

∣∣
end

Mt(xi) = argmin
m′

∣∣eM′
(xi)

∣∣ + λ
∣∣cM′

(xi)
∣∣

end

transport governing equations with Mt using the coupling

strategy introduced in Section 3.4

time advancement: t = t + �t
end
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xhaustive search. Intuitively, this condition is not satisfied since the

djacency between two locally incompatible models may result in

arge modeling errors. This intuition is mathematically confirmed for

he current choice of eM due to the diffusion terms in Eq. (12), which

enalizes the aforementioned scenario. The irreducible problem is

ery similar to minimizing Potts energy, which is a known NP-hard

roblem [44]. As a result, certain approximations have to be intro-

uced in the optimization procedure to make this problem tractable.

For the present application, we adopt the point-local assumption

hich enables the use of Eq. (22). The optimal local model assign-

ent is determined by assuming that the neighboring models are

ept the same as in the last time step. Note that this approximation

hould not be confused with the approximation in the cost function,

hich is still computed exactly. The resulting procedure is substan-

ially more efficient and fully compatible with a domain decompo-

ition for parallel simulations. It is worth mentioning that with the

urrent framework it is also possible to use more sophisticated ap-

roximation algorithms, e.g. those mentioned in [44]. There are two

easons behind the current choice. The first is the computational cost

nd simplicity for parallelization and implementation. The second is

hat eM(xi) is an inference of the error, based on the current solution,

hich itself is improving over time. A too aggressive step-wise opti-

ization procedure, especially early in the simulation, may not result

n a better outcome over the dynamic procedure.

With the approximation in Eq. (22), we now discuss a special case

o illustrate the behavior of this procedure. This example also pro-

ides guidance for selecting λ. Consider a candidate model set with

wo elements. Model 1 is a detailed chemistry model and model 2 is

low-order model. Note that by definition, eM(xi) = 0, if M(xi) = 1.

e also normalize the computational cost so that the cost of the de-

ailed full chemistry model is one, i.e. c1 = 1. Equation (22) thus gives

simple thresholding algorithm:

(xi) =
{

2 if eM(xi)|(M(xi) = 2) < ε ,

1 otherwise,
(23)

here the threshold ε = λ(1 − c2). Therefore, the penalty factor λ
an be interpreted as the tolerance for the estimated error of a model

ith negligible cost. The extension to a larger set of models directly

ollows from this analysis.

.6. Algorithmic details of PEC-implementation

In this section, we outline essential components of the PEC-

ramework. These consist of a set of combustion models M, a set of

uantities of interest Q, and the specification of the penalty factor

. Each model m ∈ M is associated with the corresponding cost cm

nd a scaling factor B for each quantity of interest in Q. Algorithm 1

provides a description with the implementation details of the PEC-

ramework.

At each time step, the PEC-algorithm iterates over each grid point.

or each candidate model, it computes the corresponding D for all

uantities of interest. With this, the local model error eM is evaluated

y contracting and rescaling D. The cost function is then obtained

y including the pre-defined computational cost with the weight λ.

ith this information, this submodel is then locally selected that

as the lowest cost function. After each grid point is assigned to a

odel, subdomain boundaries are identified to apply coupling strate-

ies and to solve the transport equations for the next time step. To

ccommodate heterogeneous computational cost due to the different

ubmodel-assignments, this step can be combined with a domain-

ecomposition step.

The cost associated with the model assignment procedure scales

ith O(|M| · |Q| · |�|). Global operators G and T are used in

lgorithm 1 for clarity. The actual operation requires only local

hanges since M′ and M are different only at one point. As discussed
Please cite this article as: H. Wu et al., A Pareto-efficient combustion fra

configurations, Combustion and Flame (2015), http://dx.doi.org/10.1016/j
n Section 3.3, the overhead for this procedure is rather modest for a

easonable number of candidate models and quantities of interest.

We close the description of the PEC-framework by remarking

n the model regularization. As many approximate optimization

roblems, additional regularization may help to guide the behavior

f the outcome and to ensure certain properties for practical con-

iderations. Examples are the prevention of a frequent switching of

he local model assignment, the suppression of hysteresis effects, the

onsideration of a sufficiently large subdomain, or the contraction of

he number of subregions. All of these requirements can be accom-

odated in the herein proposed PEC-framework.

To avoid frequent model reassignment, a switching penalty can be

dded to Eq. (22), which takes a positive constant when the current

ocal assignment is different from the last one and is zero if the local

ssignment is unchanged. A “momentum” factor can be used to treat

ysteresis effects. Instead of updating eM
t+�t

as is, one can blend the

urrent value with the previous results: eM
t+�t

= (1 − δ)eM∗ + δeMt ,

here eM∗ is the latest evaluated error estimation. This is a com-

on treatment in stochastic optimization [45], effectively applying

one-sided exponential filter (with filter width −1/ log (δ)) to the

ost function so that the hysteresis effect is accounted for. To elimi-

ate unreasonably small subdomain assignments, one can introduce

Potts energy term [44] to the cost function or apply explicit spatial

ltering to the model assignment via binary pseudo-coding [46,47].

.7. Summary of the PEC-formulation

Before applying the PEC-formulation to a flame configuration,

e conclude this section by summarizing the framework and key

oncepts. PEC evolves around an inherently dynamic procedure of

combustion-model assignment, M. As shown in Algorithm 1, the

odel assignment is made based on the current state of the CFD-

olution. The updated model assignment is then fed back to the CFD-

alculation and used to advance the thermochemical state. Since both

and the CFD-solution evolve over time, the PEC-framework can be

eadily applied to transient calculations, and this is further discussed

n Section 5.
mework with submodel assignment for predicting complex flame
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Based on the current solution of the reactive scalars, M is updated

through an approximate solution to Eq. (8). The optimization prob-

lem, defined in Eq. (8), formalizes the trade-off between accuracy

and efficiency. Efficiency is measured by the local estimation of the

computational cost. As shown in Eq. (10), the cost estimation takes

values from a set of pre-defined constants associated with the candi-

date models, and a more detailed evaluation of the cost of each sub-

model can be provided to the PEC-framework, taking into account op-

erating conditions, numerical evaluation procedures, and other fac-

tors. The accuracy is assessed by the local error estimation defined

in Eqs. (12) and (13). The local error estimation is a function of the

selected model at this particular location, models applied at the sur-

rounding area, and the current solution of the quantities of interest.

The drift, defined in Eq. (12), measures how fast the thermochem-

ical state would depart from the current manifold if the complete

set of transport equations were solved. Therefore, it provides a lo-

cal error estimation that does not require information about the true

state. The transport properties and reaction rates, required in Eq. (12),

correspond to the thermochemical state residing on the manifold, ̂φ.

Thus, these terms can either be pre-tabulated or calculated at a re-

duced cost. Furthermore, at the interface between different models,

the diffusion operators in Eq. (12) examine the compatibility between

models and prevent inappropriate adjacencies of models. Since only

the components of D corresponding to the quantities of interest are

needed in Eq. (13), the cost for the error estimation is further reduced.

The coupling between subdomains is realized by a generalization

of the differentiation operators. This generalization utilizes compres-

sion and reconstruction operators to communicate between neigh-

boring submodels. Smoothness of the scalar fields for the quanti-

ties of interest is guaranteed through the specification of the er-

ror estimation, which penalizes the adjacency between incompatible

submodels.

4. Model problem: tribrachial flame

To demonstrate the PEC-framework, we consider a tribrachial

flame configuration as a test case. This flame configuration con-

tains different combustion regimes to challenge the accuracy of

most single-regime combustion models. A tribrachial flame, shown

schematically in Fig. 2, consists of lean and rich premixed flame

branches, and a diffusion flame is embedded between both branches.

Within the diffusion flame, excess reactants from the rich and lean

premixed flame branches oxidize [48]. The three flame branches

meet at the triple point of nearly stoichiometric composition. Fur-

thermore, the mixture in the diffusion branch is close to chemical

equilibrium and the diffusion flame is less prominent than the two

premixed flames [49]. Apart from the different flame regimes, tri-

brachial flames exhibit complex combustion-physical processes that

are complicated by curvature, stretch rate, and preferential diffusion

processes, therefore affecting the mass-burning rates in the premixed
non-premixed flame branch

lean premixed flame branch

rich premixed flame branch

triple point

Fig. 2. Schematic of the flame structure for a tribrachial flame.
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ame branches, radical production, and variations of the propagation

peed [48,50–52].

In the past, laminar tribrachial flames have been considered for

he development and assessment of combustion models by differ-

nt groups. Oijen and de Goey [49] studied the relationship be-

ween flame propagation and the level of stratification using the FGM

odel. In their study, a two-dimensional manifold with progress vari-

ble and mixture fraction as the controlling variables were used. The

tructure and behavior of flamelets in both premixed and diffusion

ame branches were reported. Knudsen and Pitsch [39] proposed a

ixed-regime flamelet model by linearly combining asymptotic pre-

ixed and diffusion flames. A new regime indicator was developed

o allow the application of premixed and non-premixed flamelet

odels.

The tribrachial flame configuration under consideration is a 2D

aminar methane-air flame. The level of stratification is quantified

y the mixture fraction gradient in the transverse direction dZ/dy.

sing the specified value of dZ/dy, a linear profile of mixture frac-

ion with the corresponding slope is prescribed at the inflow, and

he stoichiometric value of the profile is centered in the computa-

ional domain. The profile is also bounded by the realizable values of

he mixture fraction. At the inlet, the mixture is assumed to be unre-

cted so that the species composition is fully described by the mix-

ure fraction alone. The inlet velocity profile is prescribed by a plug

ow.

Throughout this work, we specify dZ/dy = L−1 with L = 2 cm,

= 300 K and p = 1 bar for all simulations. This level of stratification

eads to a tribrachial flame envelope that occupies a significant area

f the domain. At the same time, the flame envelope has sufficient

learance from the lateral no-slip wall boundaries to avoid flame-

all interaction. The chemistry is described by the GRI-3.0 mecha-

ism [53], and the steady flamelet calculations are performed using

he FlameMaster code [54].

The numerical solution is obtained using a variable-density low-

ach number solver [9]. The temporal discretization for this solver

s a two stage predictor-corrector scheme with a pressure Poisson

orrector step. Detailed chemistry is solved using a Strang splitting

cheme. Although the tribrachial flame is laminar, the flame is re-

uired to be stabilized at the same location for model comparison.

herefore, a proportional-integral-derivative (PID) controller [55] is

tilized to adjust the inlet velocity.

The computational domain is 0.75L × L in the transverse and

treamwise directions, respectively. The mesh for all computations

ses 800 × 600 grid points with uniform mesh size. The correspond-

ng element length is 20 μm, corresponding to approximately 20 grid

oints across a planar stoichiometric methane-air premixed flame at

he same operating conditions. This is sufficient for this simulation

nd is verified by grid convergence studies. All simulations are per-

ormed using unity Lewis number approximation.

In the following, simulations with different combustion models

re performed. These include reaction-transport manifold and skele-

al chemistry-manifold models. These models are summarized in

able 1. The inert mixing model (IM) is constructed from the mixing

olution. The chemical source terms are pre-computed using detailed

inetics. The non-reacting system (including the chemical source

erms) is fully described by ψ = Z. The FPV and FPI models are the

wo other reaction-transport manifolds, in which the solutions are

btained from premixed and non-premixed steady flamelets, respec-

ively. In addition to the detailed chemistry solution with the GRI-

.0 mechanism, we consider a second skeletal chemistry-manifold

odel, in which the chemistry is described by a 19-species reduced

echanism [56].

The computational cost of each model is estimated by the corre-

ponding number of transported quantities, normalized by the num-

er of species in the detailed chemistry model. This is a rather con-

ervative estimation, which neglects overhead that is required for
mework with submodel assignment for predicting complex flame
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Table 1

Combustion model candidates that are considered in the PEC-framework.

Model Abbreviation ψm Cost, cm Comment

Detailed chemistry DC φ 1 GRI-3.0 [53], 53 species

Skeletal chemistry SC φ 0.5 DRM-19 [56], 19 species

Flamelet/progress variable FPV (Z, C)T 0.02 Non-premixed flamelet solution, unity Lewis number, GRI-3.0

Flamelet-prolongation of ILDM FPI (Z, C)T 0.02 Premixed flamelet solution, unity Lewis number, GRI-3.0

Inert mixing IM Z 0.01

Table 2

Comparisons of relative errors for simulations with skeletal chemistry (SC) and single-

regime flamelet models (FPI and FPV) relative to detailed chemistry (DC) results.

Manifold models eZ [%] eT [%] eYCO2
[%] eYH2 O

[%] eYCO
[%] eYNO

[%]

SC 0.1 0.7 1.6 1.2 10.9 –

FPI 0.3 1.7 7.8 2.2 26.8 66.2

FPV 2.2 7.3 16.7 13.0 21.0 223.2
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valuating the Jacobian and the often severe time-step restriction of

hemistry-manifold models due to the chemical stiffness.

. Results

.1. Reference simulation

In this section, we will first establish a reference solution from the

etailed chemistry simulation (DC). The performance of the skeletal

hemistry (SC) as well as single-regime non-premixed (FPV) and pre-

ixed (FPI) flamelet models is then examined through direct com-

arisons with the detailed chemistry results. To obtain a quantitative

ssessment of the model accuracy, we define a global relative error

or quantity α as

α = ‖α − αDC‖1

‖αDC‖1

, (24)

here ‖ · ‖1 denotes the L1-norm over the computational domain.

he relative error for all models is listed in Table 2.

.1.1. Detailed chemistry

To obtain a reference solution for the performance assessment of

he PEC-formulation, a simulation with the detailed chemical kinetics

odel is performed. The results from this simulation are presented

n the top row of Fig. 3, showing (from left to right) mixture fraction,

emperature, and mass fractions of carbon monoxide (CO) and nitric

xide (NO).

The simulation results show that the flame is anchored at x/L =
.25, indicating that the PID-controller is able to stabilize the flame

t a specified location. The inlet velocity for this condition is U0 =
9.1 cm/s, which is in good agreement with theoretical predictions

50]. Moreover, the stabilized flame remains at the same location

ven after the controller has been deactivated. With this inlet veloc-

ty, the Reynolds number based on L, U0 and the viscosity of air at

mbient condition is approximately 800. At this condition, the flow is

xpected to be laminar.

The mixture fraction field, shown in the left column of Fig. 3, indi-

ates broadening of the mixture stratification within the flame. This

an be attributed to dilatational effects of the flame, and such charac-

eristics is also seen in previous work [49,57]. From the temperature

eld (second column), it can be seen that the maximum temperature

s found along the centerline where the mixture is near stoichiomet-

ic condition.

.1.2. Skeletal chemistry

A skeletal chemistry model (SC) derived from the GRI 1.2 mecha-

ism is considered in this prior assessment. This skeletal mechanism
Please cite this article as: H. Wu et al., A Pareto-efficient combustion fra

configurations, Combustion and Flame (2015), http://dx.doi.org/10.1016/j
ill be considered as a chemistry-manifold submodel in subsequent

EC-simulations. The predicted mixture fraction, temperature and CO

ass-fraction fields are shown in the second row of Fig. 3. Note that

he GRI 1.2 mechanism does not contain a description of the NO for-

ation pathways and results for NO are therefore omitted. The pre-

ictions of mixture fraction and temperature are in good agreement

ith the detailed chemistry solution. The skeletal chemistry model

ends to under-predict the peak CO mass fraction as compared to the

etailed chemistry results.

Despite the qualitative similarity with the single-regime flamelet

esults, the quantitative comparison shown in Table 2 reveals that

he skeletal chemistry model is generally more accurate than the

amelet models. This confirms that the higher computational re-

uirement of the skeletal chemistry can result in a more accurate

odel. Therefore, this skeletal chemistry model is suitable to be in-

luded in the list of candidate combustion models. The advantages

nd disadvantages of including additional reduced chemistry models

n the PEC-simulation will be examined in an a posteriori analysis in

ection 5.2.

.1.3. Single-regime combustion models

To establish a baseline solution for the single-regime combustion

odels, two separate simulations with the FPV and the FPI combus-

ion models are performed. For both simulations, steady flamelet so-

utions are generated and tabulated as a function of mixture frac-

ion Z and reaction progress variable C. The progress variable is here

efined as [58] C = YCO2
+ YCO + YH2O + YH2

. Laminar diffusion flames

re obtained from the solution of flamelet equations in mixture frac-

ion space, spanning the entire S-shape curve. Freely propagating un-

trained premixed flames for the range of flammable equivalence ra-

ios are computed in physical space. Both chemistry tables use the

ame resolution with 200 × 200 grid points along the directions of

and C. Results from the FPV and FPI simulations are shown in the

hird and fourth rows of Fig. 3. This direct comparison shows that the

ixture fraction and temperature are in good agreement with results

rom the detailed chemistry simulation. However, substantial differ-

nces are observed for CO and NO. In general, the FPI-model over-

redicts the formation of CO while the FPV-model under-predicts CO

n the fuel-rich side; an opposite trend is observed for predictions of

O. In this context it is noted that these discrepancies are expected

ince the reaction-transport manifolds are constructed form steady

amelet solutions without consideration of slow time-scale effects.

In general, the FPI-model is more accurate compared to the FPV-

odel for this configuration. The mixing process is well predicted by

oth models. As shown in the first column of Fig. 3, enhanced mixing

an be observed at the flame location due to the dilatation, which is

lso well captured due to the accurate prediction of the temperature

eld by both manifold models. In addition to temperature, FPI also

rovides an accurate prediction for major species such as CO2 and

2O, indicating that temperature and stable species are insensitive

o the manifold representation. In contrast, the results confirm that

oth flamelet models exhibit deficiencies in accurately predicting in-

ermediate species.

.1.4. Flame index and regime indicator

The flame index due to Yamashita et al. [59] is often used as a com-

ustion regime indicator to provide a characterization of the flame
mework with submodel assignment for predicting complex flame
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Fig. 3. Mixture fraction Z, temperature T, and mass fractions of CO and NO for the tribrachial flame configuration calculated by detailed chemistry (DC, first row), skeletal chemistry

(SC, second row) FPI (third row), and FPV (last row); stoichiometric mixture fraction is shown as a gray isoline. Note that the skeletal mechanism (SC) does not contain NO-chemistry.
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results.
topology in different regions of the flame. This index is defined as:

FI = ∇YF · ∇YO

|∇YF||∇YO| , (25)

where YF and YO represent mass fractions of fuel and oxidizer, re-

spectively. The flame index is constructed such that a value of −1

indicates a non-premixed combustion regime, corresponding to a

misalignment of the gradients of fuel and oxidizer, and a value of

1 signifies a premixed regime, where the respective gradients are

aligned.

The Yamashita flame index is evaluated from the detailed chem-

istry simulation. The results are presented in Fig. 4, showing that

this flame index captures the tribrachial flame structure in which

a non-premixed flame is embedded between two premixed flame
Please cite this article as: H. Wu et al., A Pareto-efficient combustion fra

configurations, Combustion and Flame (2015), http://dx.doi.org/10.1016/j
ranches. The Yamashita index also suggests that both premixed and

on-premixed branches are close to the asymptotic regimes and the

rea that is occupied by partially-premixed flames is very limited.

ence, one might expect that the error made by the single-regime

amelet models should mostly be in the region in which the Ya-

ashita index does not match the regime of the flamelet model.

o examine this, Fig. 5 provides quantitative comparisons of tem-

erature and species profiles along the axial location x/L = 0.75. In

his figure, results from the detailed chemistry simulation are color-

oded by the Yamashita index with FI = −1 (non-premixed) shown

n blue and FI = 1 in red (premixed). Under the condition that the

ame index describes the flame topology, the detailed chemistry re-

ults should be close to the corresponding regime-specific flamelet
mework with submodel assignment for predicting complex flame
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Fig. 4. Yamashita flame index evaluated from the reference solution with detailed

chemistry.
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The temperature profile, shown in Fig. 5(a), is consistent with

he flame index, showing that the FPV-model is more accurate

n the diffusion-flame region and simulations with the FPI-model

re in better agreement with the detailed chemistry simulation in
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ig. 5. Comparison of profiles along axial cross section x/L = 0.75 results for (a) temperatur

odels, and single-regime FPI and FPV combustion models.
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remixed flame branches. The analysis of the simulation results for

2O (Fig. 5(b)), shows that the FPI-model is consistently more ac-

urate than the FPV-model, independent of the combustion regime

iven by the flame index. Comparisons for CO, in Fig. 5(c), show

hat both models mispredict the peak of the CO-production. Further-

ore, the FPV-model shows slightly better agreement with the de-

ailed chemistry results on the fuel-rich side, whereas the FPI-model

s more accurate on the diffusion-dominated fuel-lean side. Results

or the mass fraction of NO are presented in Fig. 5(d), showing that –

ndependent of the combustion regime – both flamelet models pro-

ide only an inadequate representation of the NO profile. The flame

ndex is a global indicator that relies on information about the flame

opology and does not exhibit any sensitivity to minor species. This

uggests that the flame index can provide adequate guidance for the

escription of temperature and major species, but more selective cri-

eria are necessary to accurately represent intermediate species and

ollutants. Therefore, the applicability of flamelet models cannot be

ully determined by a global regime indicator alone and should de-

end on the quantities of interest.

.2. Pareto-efficient combustion modeling results

In this section, the performance of the PEC-approach is exam-

ned in detail. Specific focus of this investigation is on the evaluation

f the dynamic model allocation, quantitative assessment of model

ccuracy through direct comparisons with detailed chemistry and
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e and mass fractions of (b) H2O, (c) CO and (d) NO for detailed and skeletal chemistry

mework with submodel assignment for predicting complex flame
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single-regime flamelet models, and the sensitivity of the error thresh-

old parameter, submodel-specification, and quantities of interest.

In this study, we consider the following sets of candidate combus-

tion models:

M1 = {IM, FPI, FPV, DC} , (26a)

M2 = {IM, FPI, FPV, DC, SC} , (26b)

two sets of quantities of interest,

Q1 = {YCO2
,YH2O,YH2

,YCO,YNO} , (27a)

Q2 = {YCO2
,YH2O,YH2

,YCO, } , (27b)

and a range of values for the penalty parameter

λ = {0.002, 0.01, 0.02, 0.1, 0.2, 1.0, 2.0, 10.0} . (28)

Except for the discussion on the dynamic model assignment in

Section 5.2.4, all results are obtained after three flow-through times

from an initialization with the detailed chemistry solution. This pro-

vides faster convergence to the steady state solution as compared

to using the premixed flamelet solution as initial condition. The ini-

tial model assignment is uniform and corresponds to the premixed

flamelet (FPI) representation, so that only information about the ve-

locity, the mixture fraction and the progress variable is used from

the reference solution. The outcome of initializing with the premixed

flamelet solution is further examined in the discussion on the dy-

namic model allocation.

As discussed in Section 3.7, PEC-simulations are inherently dy-

namic. Therefore, PEC-calculations with submodel updates at each

iteration were performed until a steady-state solution for M is ob-

tained. In this section, PEC-simulations are first quantitatively as-

sessed using results obtained from the converged solution. The dy-

namic behavior of the PEC-framework is then examined in detail in

Sections 5.2.4 and 5.2.5.

The drift from the manifold for all reaction-transport models

is evaluated from Eq. (12), for which the Jacobian ∂ ̂φ/∂ψ is pre-

tabulated for all quantities of interest, and tabulated in the chemistry-

libraries. However, the drift from the manifold for the skeletal chem-

istry model requires the evaluation of detailed chemistry source

terms. Therefore, M1 is considered as the baseline set of model can-

didates as it excludes the skeletal chemistry model.

5.2.1. Tradeoff between accuracy and efficiency

We begin the analysis of the PEC-model by discussing the model

accuracy. The set of candidate combustion models used in this study

is M1 and Q1 is used for the quantities of interest.

Results of the simulation for three different values of λ are shown

in Fig. 6. To facilitate a direct comparison with the detailed chem-

istry simulation, we also include these results in the first row. In this

context it is noteworthy to mention that detailed chemistry results

would be obtained by setting λ → 0 in PEC.

A comparison of the temperature field is presented in the first

column of Fig. 6, and it can be seen that the temperature is insen-

sitive to the threshold value λ. This good agreement for the tem-

perature is expected since similar agreement was obtained from the

single-regime flamelet models in Fig. 3. In contrast, PEC-predictions

for CO, shown in the second column of Fig. 6, are significantly im-

proved compared to the results obtained with the single-regime com-

bustion models. This is due to the local utilization of the detailed-

chemistry description in topologically complex regions that are not

adequately described by reaction-transport manifold models. With

increasing penalty, the accuracy for the CO-prediction gracefully de-

teriorates. A similar trend is observed for predictions of NO, which

are presented in the third column of Fig. 6. It can be seen that rather
Please cite this article as: H. Wu et al., A Pareto-efficient combustion fra

configurations, Combustion and Flame (2015), http://dx.doi.org/10.1016/j
mall constraints on λ are necessary to ensure an accurate prediction

f NO, and the PEC-model error rapidly increases for λ ≥ 0.2.

The model assignments for the three different PEC-calculations

re illustrated in the last column of Fig. 6. The submodel assign-

ent conforms to the model characterization that was discussed in

ection 5.1. Independent of the value of the penalty, the inert mix-

ng model covers approximately 50% of the domain, while the subdo-

ain that is described by the FPI-model increases from 12% for the

ase with λ = 0.02 to 40% for λ = 0.2 and larger values. This model

ssignment is consistent with results from the single-regime model

nalysis, indicating that the premixed model provides a better agree-

ent with the detailed chemistry results. For the smallest value of

, a substantial region of the domain (36%) is covered by the de-

ailed chemistry simulation, providing accurate simulation results yet

t increased computational cost. In this region none of the reaction-

ransport manifold models provides an accurate prediction of Q, so

hat the PEC-procedure seeks to maximize the utilization of the de-

ailed chemistry model. Interestingly, it can be seen that for large val-

es of λ a portion of the fuel-rich premixed flame branch is repre-

ented by the FPV-model (shown in red).

To examine the performance of the PEC-framework further, we

ary the penalty λ between 2 × 10−3 and 10, and use Q1 as quan-

ities of interest. Results for the relative error (normalized with re-

pect to the detailed chemistry results from Section 5.1.1) for T, YCO

nd YNO, model assignment, and the estimated cost are presented as

function of λ in Fig. 7. An analysis of the relative error (Fig. 7(a))

hows that for the smallest value of λ, all quantities of interest are

redicted accurately within less than 1% relative error. With increas-

ng λ, the error for the different quantities increases, and – dependent

n the QoI – eα levels off at values that are comparable to the results

f the single-regime FPI-model. Interestingly, at the largest value for

, YCO predicted by PEC is slightly more accurate than that from the

PI-simulation. This can be attributed to the utilization of the FPV-

odel at appropriate locations (Fig. 7(b)). The prediction of YNO by

he PEC-model is comparable to that of the FPI simulation as the uti-

ization of the detailed chemistry model is reduced at large values

f λ. It is noteworthy to point out that the PEC-simulation, at large

enalty values, predicts the temperature-field with a slightly larger

rror than the single-regime FPI-model. This can be rationalized by

he fact that the temperature is not included in the set of quanti-

ies of interests, and the PEC-procedure does not seek to reduce this

rror.

Figure 7(b) shows the assignment of each candidate model as a

unction of λ. As anticipated, the adaptive model assignment shifts

oward flamelet models with increasing λ, corresponding to reduced

ccuracy requirement and cost. The usage of the detailed chemistry

odel decreases from 40% to zero while that of the FPI-model in-

reases from less than 10% to 40%. As a result of the tribrachial shape

f the flame, the inert mixing model consistently occupies 50% of the

omain. The usage of the FPV model never exceeds 10% which con-

rms the fact that the FPV-model is not suitable for this configuration.

As the usage of the detailed chemistry model decreases with in-

reasing λ, the computational cost reduces as shown in Fig. 7(b). Note

hat the estimated cost is normalized by the cost of the full detailed

hemistry simulation. The PEC approach is theoretically able to op-

rate at the computational costs that is 30 times smaller. However,

he full utilization of this cost saving requires dynamic load balanc-

ng. A combination of PEC and adaptive mesh refinement would fur-

her reduce the cost by locally refining the mesh in regions where the

etailed chemistry model is used. Such extensions can be accommo-

ated by the PEC-model.

.2.2. Quantities of interest

The set of quantities of interest utilized in the previous study con-

ains the pollutant species NO, and accurate prediction of this chem-

cal species is only achieved for the given set of candidate models by
mework with submodel assignment for predicting complex flame
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Fig. 6. Results from PEC-model, showing temperature, mass fractions of CO and NO, and model assignment M for detailed chemistry simulation (first row) and PEC-simulations

with λ = 0.02 (second row), λ = 0.2 (third row), and λ = 2 (last row); stoichiometric mixture fraction is shown as a gray isoline. Model assignment is: IM (cyan), FPI (green), FPV

(red), and DC (blue).
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educing the penalty values. TO confirm this, we will next examine

he performance of PEC with different sets of Q. For this, we exclude

O, and consider the quantities of interest Q2 while keeping M1 as

he set of candidate models.

Results obtained from the PEC-simulation with λ = 0.02 are

hown in Fig. 8. Comparisons with the results in Fig. 6 for the same

alue of λ show qualitative and quantitative differences in the model

ssignment and NO-prediction. Unlike the previous case where the

etailed chemistry representation is used in the entirety of the flame,

small region on the fuel-lean side is now represented using flamelet

odels with this specification of the quantities of interest. Inter-

stingly, the FPV-model is utilized while the PEC-computation with

only considers FPI from the set of reaction-transport manifold
1
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odels. The FPV-model is assigned to a region where the Yamashita

ame index indicates a non-premixed flame topology.

Despite the differences in the model assignment, predictions for

emperature and YCO are similar for both PEC-simulations. This agree-

ent is confirmed by Fig. 9(a), showing comparison of YCO-profiles

t the axial location of x/L = 0.75. For both simulations, the detailed

hemistry model is utilized in regions where flamelet representations

re not able to accurately predict YCO. In contrast, Fig. 9(b) shows sub-

tantial discrepancies for the predictions of YNO using Q2 as set of

uantities of interest. The reason for the over-prediction of NO for

.3 ≤ y/L ≤ 0.5 is the utilization of the FPV-manifold. Since NO is

ot included in the definition of Q2, the model assignment procedure

oes not attempt to lower the error for this quantity.
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Fig. 7. PEC-results as a function of the penalty term λ, showing (a) relative error of species mass fractions and temperature, and (b) model assignment and estimated cost;

quantities of interest is defined as Q1 = {YCO2
,YH2 O,YH2,YCO,YNO} and the set of candidate models is M1 = {IM, FPI, FPV, DC}. Dashed lines indicate FPI-results and dotted lines

indicate FPV-results, both being independent of λ.
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Fig. 8. Temperature, mass fractions of CO, NO, and model assignment M for PEC-simulation of λ = 0.02, M1 = {IM, FPI, FPV, DC} and Q2 = {YCO2
,YH2 O,YH2

,YCO}. Model assignment

is: IM (cyan), FPI (green), FPV (red), and DC (blue).
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Fig. 9. Profiles of YCO and YNO at x/L = 0.75 for PEC-simulations with λ = 0.02 and M1 = {IM, FPI, FPV, DC} for Q1 = {YCO2,YH2O,YH2,YCO,YNO} and Q2 = {YCO2,YH2O,YH2,YCO}.

v

Q

c

i

t

p

This analysis demonstrates the importance of the selection of Q

on the accuracy of the PEC-results. As such, the inclusion of certain

species in Q provide direct user-control on the model accuracy. The

implication of using different quantities of interest on the model ac-

curacy is illustrated in Fig. 10, showing the relative error for T, YCO and

Y as a function of the estimated cost for Q and Q . For moderate
NO 1 2

Please cite this article as: H. Wu et al., A Pareto-efficient combustion fra

configurations, Combustion and Flame (2015), http://dx.doi.org/10.1016/j
alues of λ, the relative errors in YCO and temperature predicted with

2 are generally lower than that of Q1 at the same estimated cost. This

an be explained by the fact that the utilization of the detailed chem-

stry model in the simulation with Q2 is less aggressive compared to

he case with Q1, and the premixed manifold-model is adequate for

redicting temperature and CO-mass fraction.
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.2.3. Consideration of reaction-transport and chemistry manifolds

The PEC-framework is designed to accommodate a large variety of

ombustion models. It is not only limited to reaction-transport man-

folds and the detailed chemistry model that are considered in the

revious two sections. To demonstrate this, we now also include a

odel from the class of skeletal chemistry manifolds into the set of

andidate models, so that the set of candidate models is described by

2 in Eq. (26b).

A calculation with Q1 and λ = 0.2 is performed, and the results of

his simulation are shown in Fig. 11. The model assignment, shown in

ig. 11, clearly indicates that the skeletal chemistry model occupies

he largest area within the reacted region of the simulation. In con-

rast, the model assignment for the simulation with M1 and λ = 0.2,

hown in Fig. 6, indicates the greatest utilization of premixed mani-

old model in the same reacted region. As mentioned in Appendix C,

of the skeletal chemistry model is generally smaller than that of the

eaction-transport models. Therefore, it is expected that the skeletal

hemistry model is favored over flamelet models in this new PEC-

imulation.

The predicted YNO field (Fig. 11) shows reasonable agreement with

he detailed chemistry simulation results. This might be surprising as

he skeletal chemistry model does not describe the formation of NO.

ince, however the transport of YNO is solved for in regions where

he skeletal chemistry model is utilized in PEC-simulations, it is im-

ortant to recognize that an accurate prediction of YNO is possible if

he region of NO-formation is described by a model of higher fidelity.
T [K] YCO

P
E

C
,
M

2
,
λ

=
0
.2

ig. 11. Temperature, mass fractions of CO, NO and model assignment M for PEC-simulation

etric mixture fraction is shown as a gray isoline. Model assignment is: IM (cyan), FPI (green

Please cite this article as: H. Wu et al., A Pareto-efficient combustion fra

configurations, Combustion and Flame (2015), http://dx.doi.org/10.1016/j
his is the case here where the detailed chemistry model is utilized

n regions of non-vanishing NO-production.

As a consequence of using the different set of candidate mod-

ls, the current simulation yields predictions of YCO and YNO that are

ifferent from the results in Section 5.2.1. These differences are il-

ustrated in Fig. 12, showing comparisons of radial profiles for these

pecies at specific axial locations. At x/L = 0.5, the predicted YCO pro-

le for the current simulation clearly shows better agreement with

etailed chemistry simulation results than simulations with M1 and

omparable λ. Specifically, the small peak in the YCO profile at y/L ≈
.25 is more accurately captured by the simulation using M2. Every-

here else, the predicted YCO profile is not worse than the simulation

esults with M1 and λ = 0.2. Further downstream at x/L = 0.75, the

eak value of YCO is slightly under-predicted. This is due to the uti-

ization of the skeletal chemistry model, which tends to underpedict

CO in this region of the flame.

At both axial locations, shown in Fig. 12, the current simulation

redicts a YNO-profile that gradually decays near y/L ≈ 0.2. This is

n better agreement with the detailed chemistry simulation than the

omparable PEC-simulation using M1. The YNO-profile predicted by

he PEC-simulation with M1 and λ = 0.2 displays a faster decrease

f YNO at y/L ≈ 0.3, and this is not observed in the detailed chem-

stry simulation results. Further downstream at x/L = 0.75, the cur-

ent simulation clearly predicts a YNO profile that shows better agree-

ent with the detailed chemistry simulation than the comparable

imulation with M1.

The examination of the results of the PEC-simulation with M2 in-

icates that its prediction is comparable to that with M1. To further

nvestigate the model prediction tendencies associated with M2, we

onsider relative errors in the prediction of quantities of interest for

ifferent values of λ. The evaluated relative errors for temperature,

CO and YNO as a function of estimated computational cost are shown

n Fig. 13(b). The result confirms that the inclusion of the skeletal

hemistry model can further improve the Pareto front compared to

he PEC-simulations using M1. However, the error for the prediction

f NO is slightly higher than the error of the comparable M2 simula-

ion at high values of λ. At large values of λ, as shown in Fig. 13(b),

he skeletal chemistry model is utilized without the aid of the de-

ailed chemistry model. Since the skeletal chemistry model does not

ontain the reactions for YNO, this quantity cannot be accurately pre-

icted.

.2.4. Dynamic model assignment

In the previous discussion on the flexibility of the PEC-framework,

he results are obtained from simulations that were initialized from

he detailed chemistry solution. This is done to ensure fast con-

ergence to the steady state solution. However, the detailed chem-

stry solution is rarely available in most practical configurations. To
YNO

with M2 = {IM, FPI, FPV, DC, SC}, Q1 = {YCO2,YH2O,YH2,YCO,YNO} and λ = 0.2; stoichio-

), SC (magenta), and DC (blue).
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Fig. 12. Comparison of the profiles of (a, c) YCO and (b, d) YNO at x/L = 0.5 (top) and 0.75 (bottom) for PEC-simulations with λ = 0.2 and Q1 = {YCO2,YH2O,YH2,YCO,YNO} under

different M1 = {IM, FPI, FPV, DC} and M2 = {IM, FPI, FPV, DC, SC}.

i

i

a

o

demonstrate that the application of the PEC-framework is robust and

convergence does not depend on an accurate initial solution, we con-

sider a PEC-simulation that is initialized from the solution of the FPI-

simulation. In this study, we select M2, Q2, and λ = 0.02 as PEC-input

parameters.
Fig. 13. (a) Pareto front, showing relative model error as a function of estimated cost for PEC-

and M2 = {IM, FPI, FPV, DC, SC} (dashed-dotted line); (b) model assignment and estimated co

Please cite this article as: H. Wu et al., A Pareto-efficient combustion fra

configurations, Combustion and Flame (2015), http://dx.doi.org/10.1016/j
The time history of the model assignment of the PEC-simulation

s illustrated in Fig. 14 and the model assignment at different time

nstances is shown in Fig. 15. Initially, only the inert mixing model

nd the FPI-model are utilized in the simulation. Within less than 5%

f a convective time scale, the FPI model is replaced by the detailed
simulations with Q1 = {YCO2,YH2O,YH2,YCO,YNO} for M1 = {IM, FPI, FPV, DC} (solid line)

st for PEC-simulation with M2 and Q1.
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Fig. 14. Temporal evolution of model assignment breakdown and relative reduction in

error for the mass fractions of CO2 and CO for the PEC-simulation utilizing M2, Q2 and
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hemistry model in the fuel rich region near the centerline, extend-

ng from the flame tip to the end of the simulation domain. At ap-

roximately 10% of a convective time scale, the region of the detailed

hemistry model is mostly stabilized and it is surrounded by a re-

ion that is described by the skeletal chemistry model (Fig. 15(c)).

he area occupied by the skeletal chemistry model is slowly growing

n the fuel lean region, thereby successively replacing the FPI-model.

or t ≥ L/U , the model assignment reaches a steady state. That is
0

(a) tU0/L = 0. (b) tU0/L = 0.03.

Fig. 15. Model assignment at selected times for the PEC-simulation utilizing M2, Q2 and λ

tU
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(a) Streamwise location of the flame tip.

ig. 16. Temporal evolution of the (a) streamwise and (b) spanwise locations of the flame t

1 = {YCO2,YH2O,YH2,YCO,YNO} with model assignment M1 = {IM, FPI, FPV, SC}. The initial con

hird row of Fig. 6.

Please cite this article as: H. Wu et al., A Pareto-efficient combustion fra

configurations, Combustion and Flame (2015), http://dx.doi.org/10.1016/j
xpected since changes in the flow field can take about one convec-

ive time scale to fully propagate throughout the simulation domain.

his shows that the model assignment procedure is a dynamic pro-

ess and can equally be applied to unsteady calculations.

During the transition to the steady state solution, the overall

greement of the PEC-simulation with the reference solution im-

roves continuously. This is illustrated in Fig. 14, showing the evo-

ution of the error, which is normalized with the corresponding value

t t = 0, i.e. eα(t)/eα(0). Since the initial condition is the steady FPI re-

ult, this error is an indicator of the increase of accuracy with respect

o the FPI calculation. In this case, the relative errors for YCO and YCO2

ave decrease by 80% over the course of the transient process.

.2.5. Transient calculations

Previous sections examined the PEC-performance using con-

erged solution results, without considering the transient dynamics

n adjusting the model assignment. To further evaluate the dynamic

ehavior of the PEC-framework, in the following we consider a series

f PEC-simulations with unsteady inlet conditions. The inflow pro-

le for the velocity is obtained from a synthetic 2D turbulence spec-

rum, whose mean streamwise velocity is set to a value of 60.0 cm/s.

he scalar inflow profile remains the same as for all previous cases.

n this study, we selected M1 and Q1 as PEC-input parameters. The

nitial condition is obtained from the corresponding steady-state cal-

ulation with λ = 0.2, which is shown in the third row of Fig. 6.

To evaluate the performance of the PEC-framework in describ-

ng the dynamics of the flame, we plot the temporal evolution of

he flame tip location in Fig. 16. The location of the flame tip is
(c) tU0/L = 0.35. (d) tU0/L = 2.00.

= 0.02. Model assignment is: IM (cyan), FPI (green), SC (magenta), and DC (blue).
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(b) Spanwise location of the flame tip.

ip for different values of λ. λ = 0 corresponds to the detailed chemistry simulation;

dition is obtained from the steady-state solution with λ = 0.2, which is shown in the
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Fig. 17. Temporal evolution of the error for the flame tip location for different values

of λ compared to λ = 0 (the detailed chemistry simulation).
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identified as the most upstream point along the isoline of T = 400 K.

Results that correspond to five different values of λ are shown in

Fig. 16, where λ = 0 corresponds to a detailed chemistry simulation.

The same observation as in Section 5.2.1 can be made that the ac-

curacy of the solution can be increased by reducing the value of λ,

so that the PEC-calculation will converge to the detailed chemistry

simulation as λ → 0. In general, the calculations utilizing a larger re-

gion with FPI-model assignment have a slower response and a slower

flame speed. Due to the non-linear nature of the system, the discrep-

ancy increases over time so that the solution slowly diverges. A more

quantitative analysis for the divergence of the flame-tip location is il-

lustrated in Fig. 17, showing the distance between the prediction from

simulations with different values of λ and the reference case with

λ = 0 (detailed chemistry result). The initial linear increment of the

distance can be attributed to a consistent level of under-prediction

for the flame speed. At later times, this effect is compounded by in-

teraction of the flame with the unsteady flow field, thereby further

modifying the trajectories of the flame movement and amplifying the

error.

Since the model assignment, M, is dynamically updated at each

iteration, it reacts to the transient movement of the flow field in real-

time. An example of its dynamic behavior is illustrated in Fig. 18.

This case is calculated using λ = 0.2. The shape of each subdomain

changes dynamically in response to the flow field, while the topol-

ogy of the model assignment does not change over time since the

unsteady flow field is not strong enough to alter the topology of the
(a) tU0/L = 0. (b) tU0/L = 0.6.

Fig. 18. Model assignment at selected times for the transient PEC-simulation utilizing M1,

lines indicate the isoline for T = 400 K.

Please cite this article as: H. Wu et al., A Pareto-efficient combustion fra

configurations, Combustion and Flame (2015), http://dx.doi.org/10.1016/j
ame. The detailed chemistry model consistently occupies the simi-

ar proportion of the reacting area and is mainly confined to the fuel-

ich side of the flame.

Results at tU0/L = 1, obtained from the transient PEC-simulation

ith detailed chemistry simulation (first row) and PEC-simulations

ith different values for λ, are shown in Fig. 19. As shown by the

calar fields, the flame is wrinkled by the eddies in the flow but mix-

ng is not significantly enhanced by the unsteady flow field. It can be

een from the temperature field that the reacting area of the flame

s relatively unperturbed. The flame tip locations predicted for cases

ith larger λ depart from the reference solution. However, the qual-

tative behavior of the flame is well described in all cases. The same

bservation can be made as for the steady cases in Section 5.2.1, that

he FPI model over-predicts YCO by a significant amount. Despite the

rror in predicting the flame tip location, species mass fractions of CO

nd NO for λ = 0.2 clearly show certain unsteady combustion pro-

esses that are adequately captured by the detailed chemistry sub-

odel, thereby improving the accuracy of these quantities. Although

he model assignment is dynamically changing in time, all scalar

elds remain smooth, which is a consequence of the formulation of

he drift term (see discussion in Section 3.4.2).

. Conclusions

A Pareto-efficient combustion framework is developed to enable

he heterogeneous utilization of different combustion submodels for

imulating complex flame configurations. PEC is formulated to re-

uire minimal user input, substantially reducing prior expert knowl-

dge about the flame configuration and combustion model selec-

ion. User-specific input to the PEC-framework consists of (i) a set

f candidate combustion models that can be described by a man-

fold, (ii) a set of quantities of interest, and (iii) a penalty term

o constrain computational cost and desirable model accuracy. Us-

ng this information, PEC selects combustion models to describe

he chemically reacting flow-field so that the simulation lies on a

areto front, which is described by optimal accuracy and computa-

ional cost of the model assignment. The local model assignment is

chieved by evaluating the drift from the manifold of the combus-

ion model. In this work, we consider reaction-transport manifold

odels (inert mixing, equilibrium, flamelet/progress variable, and

ame-prolongation in ILDM) and chemistry manifolds (detailed and

keletal mechanisms), and extensions to other combustion-manifold

odels can be equally accommodated. Exchange of information

cross the heterogeneous model assignment is achieved through

he formulation of compression and reconstruction operators.

he optimal model assignment is obtained as a solution to a
(c) tU0/L = 1.0. (d) tU0/L = 1.4.

Q1 and λ = 0.2. Model assignment is: IM (cyan), FPI (green), and DC (blue). The gray
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Fig. 19. Results from transient PEC-simulations, showing temperature, mass fractions of CO and NO, and model assignment M at tU0/L = 1, with M1 = {IM, FPI, FPV, SC}, Q1 =
{YCO2,YH2O,YH2,YCO,YNO} for detailed chemistry simulation (first row) and PEC-simulations with λ = 2 × 10−5 (second row), λ = 0.2 (third row), and λ = 1 (last row); stoichiometric

mixture fraction is shown as a gray isoline. Model assignment is: IM (cyan), FPI (green), FPV (red), and DC (blue).
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oint-local minimization problem, which introduces only modest

omputational overhead.

The capability of the PEC-framework is demonstrated by con-

idering a tribrachial flame configuration and the model perfor-

ance is examined for different PEC-input parameters. Through di-

ect comparisons of the PEC-modeling results against simulations

sing detailed chemistry and single-regime combustion models, it

as shown that PEC provides an optimal model assignment that

s sensible to the quantities of interest, the submodel specification,

nd the penalty term. While temperature and major species are ac-

urately predicted by flamelet-type reaction-transport models, the

escription of minor species and pollutants requires the utilization of
Please cite this article as: H. Wu et al., A Pareto-efficient combustion fra

configurations, Combustion and Flame (2015), http://dx.doi.org/10.1016/j
hemistry-manifold models. Since, however, the utilization of these

omputationally expensive models is restricted to localized regions

f topological and chemical complexity, the computational overhead

s manageable and can be directly controlled through the penalty

erm by the user. The robustness of the PEC-framework is exam-

ned in a transient simulation. It is shown that the PEC-adaptation

rom a single-regime model assignment to the converged PEC-

olution is achieved on scales comparable to the convective time-

cale, and the model assignment is responsive to the unsteady flow

eld.

In contrast to the monolithic utilization of a specific combustion

odel, the PEC-framework provides a general approach for integrat-
mework with submodel assignment for predicting complex flame
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ing different combustion models to locally adapt the model fidelity.

The direct control of the computational cost and accuracy in predict-

ing user-specific target quantities enables the utilization of computa-

tionally complex but highly accurate models. By relating the simula-

tion accuracy to the manifold-departure, PEC ensures the utilization

of individual models within its intended use without violating under-

lying model assumptions that are intrinsic to the manifold. As such,

this approach overcomes the dependence on combustion regimes

and regime-specific combustion models. Furthermore, the general

description for integrating different submodels through the manifold

drift and the transformation operators allows to accommodate new

model developments and model extensions into this Pareto-efficient

modeling framework.
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Appendix A. Nomenclature

Roman Letters

C Progress variable

T Temperature

Yα Mass fraction of species α

Z Mixture fraction

GM Global re-construction operator for model assignment M
HM Global compression operator for model assignment M
TM′ ,M Global transformation operator from model assignment M to M′
M Set of candidate combustion models

Q Quantities of interest

Bα Scaling factor for the drift of species α

p Pressure

t Time

u Velocity vector

x Spatial location

m Combustion model

f Generic function representing the state equation

gm Local re-construction operator for model m

hm Local compression operator for model m

tm′ ,m Local transformation operator from locally utilized model m to m′
Calligraphic Letters

C Computational cost

E Model error

D Drift from manifold

M Model assignment mapping

c Local computational cost

e Local model error

Greek Letters

� Domain

α Species diffusivity

ρ Density

φ Thermo-chemical state vector
̂φ Thermo-chemical state vector described by manifold

ψ Manifold-parameterizing state vector

ω̇α Chemical source term of species α

λ Penalty parameter

Superscripts

m Local model assignment

M Global model assignment

Subscripts

I, J Index (no summation)

i, j Index (summation)

p p-norm

Symbols

I Identity matrix

(Continued)
Please cite this article as: H. Wu et al., A Pareto-efficient combustion fra

configurations, Combustion and Flame (2015), http://dx.doi.org/10.1016/j
Abbreviations

DC Detailed chemistry model

SC Skeletal chemistry model

FPI Flamelet-prolongation of intrinsic low-dimensional manifold

IM Inert mixing manifold

FPV Flamelet/progress variable model

PEC Pareto-efficient combustion model

QoI Quantities of interest

ppendix B. Drift from the reaction-transport manifolds

The analysis presented in Section 3.3.1 is aimed to provide physi-

al insight into the drift from the manifold, D, in Eq. (12) for different

eaction-transport manifold models. Transport equations defined in

qs. (2) and (4), as well as the governing equations of the combus-

ion models are transformed to the manifold space spanned by the

olution vector ψ. Similar analysis has been performed by Pope [1].

onstant transport properties are assumed for simplicity of illustra-

ion. Such simplifications are not made for the actual evaluation of D,

hich follows Eq. (12) directly.

The following relations hold between derivatives in the physical

pace and in the manifold space,

φ̂I = ∂φ̂I

∂ψi

∇ψi, (B.1)

2φ̂I = ∂2φ̂I

∂ψi∂ψ j

∇ψi · ∇ψ j + ∂φ̂I

∂ψi

∇2ψi. (B.2)

his allows transforming Eq. (12) as

I = 1

2
κ I

i jχi j +
(

ω̇I − ∂φ̂I

∂ψi

ω̇i

)
, (B.3)

here

I
i j = ∂2φ̂I

∂ψi∂ψ j

(B.4)

s the manifold curvature with respect to {i, j}, and

i j = 2α∇ψi · ∇ψ j (B.5)

s the corresponding scalar dissipation rate.

on-premixed flamelet model. The thermodynamic state-space in the

PV-model is obtained from the solution of steady-state flamelet

quations. Under the unit Lewis number assumption, these flamelet

quations can be written as [26]:

1

2
χ̂ FPV

ZZ

d2 ̂φ
FPV

dZ2
+ ω̇(̂φ

FPV
) = 0 , (B.6)

here ̂φ
FPV

combines the vector of species mass fractions and tem-

erature. d/dZ denotes the partial derivative along each individual

amelet for a given scalar dissipation rate. The modeled scalar dis-

ipation rate of mixture fraction χ̂ FPV
ZZ is an approximation of the ac-

ual scalar dissipation rate of mixture fraction χ ZZ. The set of flamelet

olutions that is obtained for different values of χ ZZ, st is then param-

terized in terms of Z and C.

remixed flamelet model. The thermochemical state space for the FPI-

odel is computed by solving steady unstrained premixed flamelet

quations in one-dimensional physical coordinate ξ :

d

dξ
(̂φ

FPI
) = 1

ρ

d

dξ
(ρα̂φ

FPI
) + ω̇(̂φ

FPI
). (B.7)

he flamelet equations are solved for different initial mixture con-

itions, spanning the entire range of flammable mixtures. Similar to
mework with submodel assignment for predicting complex flame
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he FPV-model, these solutions are tabulated as a function of ψ
FPI =

Z,C)T , which shares the same elements as ψFPV.

Upon transforming Eqs. (B.6) and (B.7) into the (Z, C)-composition

pace, we can obtain the following uniform expression of D for both

amelet models:

= 1

2
(χZZ − χ̂ZZ)κZZ + (χZC − χ̂ZC)κZC + 1

2
(χCC − χ̂CC)κCC . (B.8)

or the FPV-model, the modeled scalar dissipation rates are

̂FPV
ZZ (Z, Z) = χZZ,st(Z,C)

exp{2[erfc
−1(2Zst)]2}

exp{2[erfc
−1(2Z)]2} , (B.9)

̂FPV
CC (Z,C) = χ̂ FPV

ZZ

(
dC

dZ

)2

, (B.10)

̂FPV
ZC (Z,C) = χ̂ FPV

ZZ

dC

dZ
. (B.11)

or the FPI-model, the modeled scalar dissipation rates are

̂FPI
ZZ (Z,C) = 0 , (B.12)

̂FPI
CC (Z,C) = 2α

d2C

dξ 2
, (B.13)

̂FPI
ZC (Z,C) = 0. (B.14)

The expression for D reveals the physical source of the departure

rom the non-premixed reaction-transport manifold. The departure

s a result of the discrepancy between the modeled scalar dissipation

ate and the local scalar dissipation rate in the flow field. The discrep-

ncy is weighted by the manifold curvature, which is large at places

here chemical reactions are active. The only distinction between D
or FPV and FPI are the modeled scalar dissipation rates due to the dif-

erent assumptions on the flame topology in both models. Since the

PI-model uses freely propagating premixed flamelets without strat-

fication or stretch, χ̂ FPI
CC is the only non-zero contribution since there

s no mixture fraction gradient. Note that although χ̂ FPV
CC and χ̂ FPV

ZC
o not appear in Eq. (B.6), they are implicitly assumed by the non-

remixed flamelet formulation since the variation of species mass

ractions is forced to be only along the mixture fraction gradient.

For both FPV- and FPI-models, χ̂ is pre-determined during the

onstruction of the flamelet table. In the framework of reaction-

ransport manifolds, it is possible to allow dynamic matching be-

ween χ̂ and χ as done by Ihme and See [35] and Nguyen et al.

40]. However, the additional flexibility increases the dimensionality

f the manifold and would require additional terms in ψ for param-

terization. Hence, additional error terms will appear in Eq. (B.8.) In

ddition, since the functional relationship between ̂φ and ψ is so-

histicated but constructed indirectly through the modeling of scalar

issipation rates, tabulation is always needed for reaction-transport

anifolds, which limits the potential for higher-dimension exten-

ions.

ppendix C. Drift from the skeletal chemical manifold

Skeletal chemistry models are usually derived from detailed

hemistry models, utilizing a smaller number of represented species.

he manifold description can also be applied to skeletal chem-

stry models. Different from a reaction-transport manifold, a skeletal

hemistry manifold does not use as reduced set of variables for the

anifold solution vector ψSC, and as a result

̂

SC = ψ
SC

. (C.1)

he reduction in computational cost comes from a simplified descrip-

ion of the chemical source terms ̂̇ω. The chemical source terms for
Please cite this article as: H. Wu et al., A Pareto-efficient combustion fra

configurations, Combustion and Flame (2015), http://dx.doi.org/10.1016/j
he represented species are modeled to be independent from the un-

epresented quantities, while those for the unrepresented species are

ssumed to be zero. Hence, when using skeletal chemistry alone the

nrepresented species are always zero. Therefore, they are usually

ot transported explicitly under this scenario despite the fact that

hey are included in ψSC. However, when using skeletal chemistry

anifolds as a submodel in the PEC-framework, one needs to trans-

ort the full set of ψSC, including the unrepresented species to be

ompatible with other types of manifolds. Given Eq. (C.1), the drift

rom the manifold for skeletal chemistry models can also be evalu-

ted following the definition in Eq. (12) as

= ̂̇ω
φ=̂φ

− ω̇
φ=̂φ

, (C.2)

hich is the error introduced by the simplified chemical source term.

Although the evaluation of ̂̇ω is tractable by design, the full de-

ailed chemistry source terms ω̇ are required to compute the drift

rom the manifold for skeletal chemistry models, which may intro-

uce significant overhead. There may be workarounds to alleviate the

ost of evaluating the drift from the manifold for skeletal chemistry

odels, but this is beyond the scope of this work.

Equation (C.2) also illustrates the distinction between skele-

al chemistry manifolds and reaction-transport manifolds. Skeletal

hemistry manifolds attempt to approximate chemical source terms

hile reaction-transport manifolds attempt to model scalar dissipa-

ion rates. Since skeletal chemistry manifolds employ no model for

he unrepresented species, such manifolds are usually much more

xpensive to compute than the reaction-transport manifolds due to

he higher dimensionality that is required to have a reasonable ap-

roximation. However, skeletal chemistry manifolds tend to be more

ccurate in the presence of complex combustion regimes, since the

hemical source terms are less sensitive to the flow field, by which

calar dissipation rates are determined.

ppendix D. Illustration of drift operator

This appendix illustrates the versatility of the drift term D for

escribing relevant ignition and combustion scenarios. For this, we

onsider IM, FPI, and FPV as manifold submodels to illustrate (i) the

etection of autoignition on an inert manifold, (ii) the bootstrap er-

or estimation of the manifold representation, and (iii) the submodel

ransition at inert/reactive interfaces.

.1. Autoignition on an inert manifold

The first example is relevant for the description of autoignition

n the PEC-framework, and considers the transition from an inert

ixing manifold to a reactive manifold. For this, we consider a one-

imensional counterflow setup in physical space, with air as oxi-

izer entering from the left and methane as fuel at the right. Both

treams have the same temperature, and the flame is initialized by

he unburned mixing solution. The IM-manifold is parameterized

y mixture fraction, and is constructed from the linear mixing so-

ution ̂φ
IM = ̂φO + Z(̂φF − ̂φO). The source terms are evaluated from

he scalars on the IM-manifold as ω̇IM = ω̇(̂φ
IM

). Since these source

erms are local to the manifold they can be precomputed, so that the

ntire manifold representation is tabulated prior to the simulation.

In this example we consider the temperature as quantity of inter-

st, Q = T, and Eq. (12) reduces to DIM
T

= ω̇T |T=T̂ IM , since ∂ZIM T̂ IM = 0

nd ∇T |T=T̂ IM = 0. The drift is evaluated for two cases with TO = TF =
00 K (inert mixture below the cross-over temperature) and TO =
F = 1000 K (autoigniting mixture above cross-over condition); see

ig. D.20(a). The drift term for temperature is evaluated from the tab-

lation and illustrated in Fig. D.20(b). Since the inert mixing solution

s a realizable solution for the low-temperature condition, DIM = 0,

T

mework with submodel assignment for predicting complex flame
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Fig. D.20. Autoignition of an unburned mixture in a counterflow flame with air as oxidizer entering from the left and methane on the right; (a) initial temperature profile and

(b) drift from IM-manifold with Q = T .

Fig. D.21. Illustration of using drift function as bootstrap error estimation of the manifold for one-dimensional counterflow diffusion flame; (a) progress variable obtained from

FPV and FPI solution, (b) CO mass fraction as quantity of interest, and (c) drift term DCO evaluated from the FPV and FPI submodels.
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confirming that this flame state is adequately described by the IM-

model. However, since the high-temperature condition is prone to

autoignition, DIM
T = ω̇T |

̂φ=̂φ
IM �= 0, indicating that the solution de-

parts from the IM-manifold, and a transition to a reaction-transport

manifold model is required to describe the ignition process.

D.2. Bootstrap error estimation of manifold

This example demonstrates the capability of using the drift term

as bootstrap error estimate of a particular manifold representation.

For this, we consider the temporal evolution of a one-dimensional

counterflow diffusion flame. The initial condition corresponds to a

burning flamelet solution near the quenching condition, and the tem-

poral evolution is obtained from the transient solution of the FPV and

the FPI models, which are described by transport equations for the

mixture fraction and progress variable. The stoichiometric scalar dis-

sipation rate is 1 s−1. Thermochemical transport properties are taken

from the respective diffusion and premixed reaction-transport mani-

folds. The solutions of the reaction progress variable and the CO-mass

fraction are shown in Fig. D.21(a). We select the CO-mass fraction as

quantity of interest.

Although both results are obtained as self-consistent solutions to

the different combustion models, the drift term can be used as boot-

strap error estimation of each manifold model. This is illustrated in

Fig. D.21(b), in which the drift term for the CO-mass fraction is evalu-

ated for both models. Consistent with the underlying flame structure,

the drift term for the FPV-model is zero, confirming that the non-
Please cite this article as: H. Wu et al., A Pareto-efficient combustion fra

configurations, Combustion and Flame (2015), http://dx.doi.org/10.1016/j
remixed flamelet model provides an adequate description of this

ame. In contrast, the non-zero value for DFPI
CO

indicates that the so-

ution obtained from the FPI premixed reaction-transport manifold is

nadequate in representing this particular flame structure within the

eaction zone.

While these results are not unexpected, this analysis emphasizes

hat the drift term can be used a self-contained error estimate for a

articular flame solution, independent of external information or a

eference solution that would otherwise be need as measure of the

eparture.

.3. Submodel transition at interface

The last example examines the transition from an IM-manifold

ubmodel to a reaction-transport manifold model. For this, we

onsider the temporal evolution of a stoichiometric premixed

ethane/air flame that evolves in physical space. The PEC-submodel

ssignment consists of IM and FPI combustion models. The spatio-

emporal evolution of the flame is described from the solution of a

ransport equation for the reaction progress variable, and thermo-

ransport properties and the source term for the progress variable are

aken from the respective chemistry libraries. The quantity of inter-

st is Q = YCO, λ = 0.1, and the cost assignments are cIM = 0.01 and

FPI = 0.02 (see Table 1).

Results from the PEC-simulation are presented in Fig. D.22, show-

ng the spatial evaluation of the progress variable (black) and the

esults from the cost-function evaluation and model assignment.
mework with submodel assignment for predicting complex flame
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Fig. D.22. Evaluation of PEC-cost function for one-dimensional freely propagating stoichiometric methane/air flame, showing the spatial evolution of the progress variable, the

cost-function and the corresponding submodel assignment. δ is the flame-thickness. PEC-parameters: Q = YCO, λ = 0.1, M = {IM, FPI}.
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o obtain the submodel assignment, we evaluate the cost function
M′

(y) + λcM
′

which is computed using the drift term (Eq. (12)) and

ssigned computational cost for each model. Following the procedure

escribed in Algorithm 1, M′ is obtained by locally replacing M from

he previous time step with the candidate models m′ ∈ M. The cost

unctions for both models are shown in Fig. D.22, from which the

orresponding submodel assignments follow directly: In the region

/δ < 1.25, contributions to the cost function are only from the com-

utational cost of each model, and both submodels accurately capture

he inert region upstream of the preheat zone. Since cIM < cFPI, the IM-

ubmodel is assigned to this region. Entering the preheat zone, the

rror in representing the flame-structure by the inert mixing mani-

old increases substantially and exceeds that of the FPI-model. There-

ore, the submodel assignment switches from IM to FPI. As the flame

ropagates through the domain, this submodel assignment will move

ith the flame. It is noted that more sensitive scalars can be incorpo-

ated into the definition of Q to detect preheat zones and autoignition

ernels.
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