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Evaluation of subgrid dispersion models for LES
of spray flames

By X. Y. Zhao†, L. Esclapez, P. Govindaraju, Q. Wang AND M. Ihme

Direct numerical simulations (DNS) and large eddy simulations (LES) of three dimen-
sional counterflow turbulent spray flames are performed to evaluate the performance of
subgrid dispersion models for reacting flows. A systematic approach is adopted, includ-
ing a-priori analysis of both the non-reacting and reacting conditions, and LES of the
non-reacting conditions. Three models, a closure-free model, a stochastic model, and a
regularized deconvolution model, are evaluated. In the a-priori analysis, improved agree-
ment with DNS is shown for the stochastic model and the regularized deconvolution
model compared to that of the closure-free model. Non-reacting LES using different tur-
bulent dispersion models show comparable qualitative prediction in the droplet locations
for all three models. A detailed analysis of the conditional statistics of the slip velocity
shows improvement in both the cold and hot regions with the regularized deconvolution
model, compared with the other two models. Future work will emphasize model devel-
opment to incorporate subgrid fluctuations in the droplet scalar equations (e.g., energy
and species) for non-reacting conditions, as well as reacting LES for the same flame.

1. Introduction

Turbulent dispersion of droplets and particles in turbulent flow has long been recog-
nized as a crucial process in numerous industrial applications, including pulverized coal
combustion, spray combustion in internal and aeronautical combustion engines, bubbly
flows in heat exchangers, fluidized beds, and solid particles in solar receivers, among oth-
ers. In general, there are two categories of methods to deal with the gas-particle/droplet
systems: the Eulerian-Lagrangian method and the Eulerian-Eulerian method (Balachan-
dar & Eaton 2010). When the particle phase is sufficiently dispersed and particle-particle
interactions are negligible, the Eulerian-Lagrangian method is usually adopted, due to its
capability to capture the non-equilibrium states of the discrete phase and the non-linear
interactions between different particle sizes in a poly-dispersed system (Subramaniam
2013).

Over the past few decades, there has been extensive research interested in the devel-
opment of suitable subgrid subgrid turbulence dispersion models for Reynolds Averaged
Navier Stokes (RANS) simulations and large eddy simulations (LES) (Gosman & Loan-
nides 2012; Bini & Jones 2008; Fede et al. 2006; Park et al. 2015; Berrouk et al. 2009;
Jin & He 2013; Minier et al. 2014; Pozorski & Apte 2009; Shotorban & Mashayek 2005;
Kuerten 2006; Micha lek et al. 2013; Ray & Collins 2014). Turbulence dispersion models
can determine the location of the droplets and, subsequently, influence the mixing, igni-
tion and combustion processes. Systematic studies have been performed for droplets in
homogeneous isotropic turbulent non-reacting flows (Cernick et al. 2014). These studies
have shown that dispersion models that work well in RANS simulations do not necessarily
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work well in LES. In particular, the accuracy of LES largely depends on the relative scales
of the droplet/particle diameters with respect to the grid spacing. Typically, the Stokes
number (Stsg) based on the subgrid turbulence time scale (τsg) determines the relative
importance of subgrid stresses on particle motion, thus determines the performance of
different subgrid dispersion models. Another useful Stokes number (StK) is based on the
ratio of droplet relaxation time scale and Kolmogorov time scales (τK), which describes
the response of droplets to the dynamics of turbulence.

Practical devices, such as aeronautical combustors, are almost never homogeneous or
isotropic. It is unclear how existing turbulent dispersion models respond to inhomoge-
neous, anisotropic flows with density variations. More importantly, it is also unclear how
the existence of flames affects the performance of different models that were derived and
evaluated in homogeneous and isotropic non-reacting flows. Therefore, this study is di-
rected to systematically study the influence of variable thermophysical environments on
the droplet dynamics, and to evaluate the performance of existing and proposed turbu-
lence dispersion models.

In this study, DNS and LES are employed to examine the performance of three indi-
vidual subgrid dispersion models under the influence of combustion. The configuration
under investigation is a three-dimensional monodispersed turbulent counterflow spray
flame, where different flame characteristics have been observed for different droplet di-
ameters (Vié et al. 2015). All three models are implemented into one code (i.e., 3DA) to
ensure fair comparison between models. Reacting and non-reacting tests are carried out
for each configuration using the same code, hence the results obtained from non-reacting
studies can be fairly compared to those obtained from the reacting studies.

The remainder of this paper is structured as follows. In Section 2, the configuration
of the test flame is detailed, and the computational setup is briefly outlined. Section 3
is devoted to the methodology adopted in this report as well as to the details of each
model examined. A-priori analysis and non-reacting LES are performed to quantify the
influence of combustion on the performance of different models. Section 4 summarizes
the results from each stage of the study. Finally, conclusions are drawn in Section 5.

2. Test flames

A three-dimensional counterflow turbulent spray flame is considered in this work. This
configuration features a counterflow with two opposed square slots at a separation dis-
tance of 0.02 m. On the fuel side, pure air is injected with homogeneously distributed
n-dodecane spray droplets at 300 K, and the flame is operated at atmospheric pressure.
The oxidizer side is composed of hot air at 1500 K. Equal gas-phase mass flow rates from
the fuel side and the oxidizer side are prescribed. A 24-species reduced mechanism for
n-dodecane (Vié et al. 2015) is used to provide an accurate description of the chemistry.

A turbulent velocity profile is prescribed on the fuel side by superimposing a synthetic
turbulence field over the mean injection velocity following Taylor’s hypothesis. The tur-
bulent Reynolds number on the fuel side is 50, and the Damköhler and Karlovitz numbers
are 4.35 and 2.43, respectively. Two representative spray diameters are examined in the
study, at 20 µm and 80 µm, corresponding to StK of 1.0 and 16.0, respectively. Droplets
with a diameter of 80 µm are expected to cross the stagnation plane if they do not evap-
orate. By design, the operating conditions ensure that the spray is not fully evaporated
before reaching the flame, which provides suitable test cases for studying the influence
of combustion on the discrete-phase subgrid models. Based on the injection velocity, it
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Figure 1. Instantaneous temperature isocontours overlaid with droplet position obtained from
DNS of the reacting case (dp = 80 µm). The X and Y axes are positioned as in the calculation.

takes a fluid parcel approximately τl = L/(2Uj) = 10 ms to reach the stagnation plane.
A figure of the central x−y plane is shown in Figure 1, colored by the instantaneous tem-
perature. In Figure 1, spray is injected from the bottom boundary, and hot air is injected
from the top boundary. Double flames are created owing to the incomplete evaporation
of spray droplets when they pass through the first flame.

Mesoscale closures are applied to the droplets through evaporation models, drag mod-
els, and heat transfer models, while the gas-phase flow field is fully resolved in the DNS
simulation. Subsequent LES simulations of the 80 µm conditions are performed to in-
vestigate the models’ performance. The discrete phase and the carrier gas phase are
coupled through particle-source-in-cell technique. Although the droplet phase is not fully
resolved, the database can serve to investigate the subgrid turbulent dispersion models
because the key modeling focus is the gas-phase velocity along the droplet trajectory, and
this component is fully resolved in the DNS that is held as the standard for comparison
in this study.

3. Methods and models

The mesoscopic Eulerian-Lagrangian description of the change of particle velocity ud

at time t in the absence of body forces takes the following form:

dtud,i = fd,i =
f

τd
(ui(xd) − ud,i) , (3.1)

where τd is the relaxation time scale that is related to particle diameters, and ui(xd)
is the velocity of the carrier phase seen by the droplet at location xd. The drag force
is described using drag coefficients represented by the coefficient f . If the turbulent
flow field of the carrier phase is fully resolved such as in DNS, no turbulent dispersion
model is required to obtain ui(xd); interpolation from the carrier phase to the particle
location xd is sufficient to obtain the undisturbed gas velocity (the accuracy of the
interpolation scheme is outside the scope of the current study). However, for LES or
RANS, the interpolation of the grid velocity does not provide the instantaneous flow
field that is seen by the droplets or particles. Therefore, modeling is required to account
for the influence of subgrid velocity fluctuations. Such models are by convention termed
turbulent dispersion models (Subramaniam 2013).
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Existing turbulent dispersion models for LES include closure-free interpolation models,
stochastic models, and approximate deconvolution models as referenced in Section 1. One
model from each category is examined in this study, including: 1) a second-order closure-
free interpolation model (termed NOM hereinafter); 2) a stochastic Langevin model that
only keeps the isotropic turbulence components following the derivation of Fede et al.

(2006) (termed SLM hereinafter); and 3) a regularized deconvolution model (Wang &
Ihme 2016) (termed RDM hereinafter).

The NOM simply interpolates the gas-phase velocity to each particle location, using a
second-order trilinear scheme,

ui(xd) = ũg,i(xd) . (3.2)

Here, ũg,i represents the resolved gas-phase velocity component i. NOM has been used
in many LES tests of spray combustion (Apte et al. 2009; Pei et al. 2015). The subgrid
influence on the droplet motion is neglected, a reasonable approximation when the LES
is well-resolved or when StK is large. However, this simple model becomes problematic
when preferential concentration and two-point statistics are concerned (Marchioli et al.
2008; Fede et al. 2006).

Stochastic models have traditionally been employed in RANS simulations of spray com-
bustion, and this class of closure models is another popular option in LES. Compared
to the pure random walk models, Langevin-based stochastic models better recover the
turbulence statistics in the tracer limit. Similar to NOM, SLM also requires the interpola-
tion from the resolved gas-phase velocity to the particle location. In addition, stochastic
fluctuations are added to the interpolated velocity component, taking the following form,

ui(xd) = ũg,i(xd) + u′′

d,i , (3.3)

where u′′

d,i can be obtained by Fede et al. (2006),

u′′

i (xd + ud∆t, t + ∆t) − u′′

i (xd, t) = (3.4)

−u′′

j (xd, t)
∂ũi

∂xj

∆t +
∂τij
∂xj

∆t + Giju
′′

i (xd, t)∆t + HδWi .

Here, τij = ũiuj − ũiũj is the subgrid-scale stress tensor, and it can be closed by the cor-
responding subgrid turbulence models. The simplest closure for the second-order tensor
Gij is obtained through a simplified Langevin approach, i.e., Gij = − 1

δτ
δij . The subgrid

characteristic time scale δτ can be modeled as

δτ =

(
1

2
+

3C0

4

)
−1

δk

δε
, (3.5)

where the subgrid turbulent kinetic energy and dissipation rate δk and δε can be es-
timated from the filtered velocity field. The Kolmogorov constant C0 is conventionally
taken to be 2.1; however, for the low Reynolds number flow we are considering, a some-
what lower values such as 1.26 can be used (Fede et al. 2006). The last term on the
right-hand side of Eq. 3.4 is the Wiener process, which can be modeled as

HδWi =
√
C0δε∆tξ , (3.6)

where ξ is a standardized Gaussian random variable.
Approximate deconvolution-based models have recently been proposed to model the

subgrid dispersion velocity (Park et al. 2015). By extending previous work on the de-
convolution modeling of the turbulent reacting flows (Wang & Ihme 2016), a regularized
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deconvolution model (RDM) is formulated and proposed in this work. This proposed
model can potentially provide a closure for the scalar transport for the droplets using
the same framework, an attractive strategy for further improving the simulations of spray
droplet combustion. RDM is developed based on the framework of the Wiener filter, which
is the solution to the minimum mean square error (MMSE) optimization problem. The
MMSE problem minimizes the expectation of the difference between a generic variable
φ ∈ {u,Y , T } and the deconvolved variable φ⋆ in Fourier space. The solution to this
problem results in the Wiener filter, which can be written as

Q̂W (κ) =
Ĝ∗ (κ)

∣∣∣Ĝ (κ)
∣∣∣
2

+ η̂ (κ, t)
, (3.7)

where η̂ (κ, t) is the inverse of the signal-to-noise ratio, and a constant value of η̂ (κ, t) =
10−6 is adopted in this study. An inverse Fourier transformation is employed to evaluate
Eq. 3.7 in the physical space.

In RDM, the behavior of the deconvolved variable φ is regularized by augmenting the
Wiener filter with a constrained optimization problem that is represented in the form:

minimize
φ⋆

∥∥∥φ̃− G̃ ∗ φ⋆
∥∥∥
2

2
+ α

∥∥∥φ⋆ − φ̃
∥∥∥
2

2
,

subject to φ− ≤ φ⋆ ≤ φ+ ,

(3.8)

where φ− and φ+ correspond to the lower and upper limits of the reactive scalars. α is
the regularization parameter, and a value of 0.5 is chosen in the simulations to ensure the
optimal constraints on the amplified high-frequency signal. In practice, the deconvolution
is first conducted using the Wiener filter. Subsequently, conditions of the deconvolved
variables are examined. Regions in which the predefined conditions are violated for a
particular variable are grouped into a subset. The predefined conditions correspond to
the boundedness for reactive scalars and spurious oscillations for velocity. Equations (3.8)
are then applied to the variables in this subset. The initially deconvolved variables are
then updated with the corresponding results from RDM. Note that the form of the filter
G is not directly accessible in implicit LES, and it is assumed to be a top-hat filter here.

For inhomogeneous directions, Neumann boundary conditions are applied for deconvo-
lution near the boundaries. The filtered variable is first projected from the LES mesh to a
refined mesh through a cubic interpolation and RDM is applied to the interpolated vari-
able on the refined mesh. After deconvolution is complete, the deconvolved variable field
is projected back onto the LES mesh and the modeling terms are computed henceforth.

A systematic approach has been adopted in evaluating the performance of different
models. The dynamics of droplets under the influence of combustion is first studied.
A-priori analysis is then performed to directly evaluate the accuracy of the model for-
mulation, without the complication of uncertainties from other models. Only one-way
coupling is considered for the a-priori test for non-reacting conditions, and evaporation
is also turned off. Different filter sizes are tested, ranging from 5∆ to 21∆, where ∆
is the DNS grid spacing. The statistics of the slip velocity are collected for one time
step. Finally, LES simulations are performed. The results presented in this paper are all
obtained using droplets with initial diameter of 80 µm.
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Figure 2. History of particle Stokes number. (a) Spatial trajectory of a spray droplet colored
by its Stokes number. (b) Change of Stokes number over time for a selection of representative
droplets.

4. Results and Discussions

The dynamics of droplets under the influence of combustion is analyzed first, using the
reacting DNS database that is generated for the 80 µm droplets. A-priori statistics are
then collected for both non-reacting and reacting conditions. The distribution of droplet
slip velocities obtained from the three models will be compared with that obtained from
DNS. Next, the results from stand-alone LES simulations are compared with DNS. Only
the non-reacting condition is shown for the LES, as a first step towards a comprehensive
comparison of the reacting conditions.

4.1. Influence of flames on the particle dynamics

Under combustion conditions, the Stokes number of a spray droplet is altered throughout
its life-time. Evaporation, the change of ambient temperature/density, and the change
of turbulence scales resulting from the increased viscosity and reduced density are three
mechanisms driving such changes. Eventually, the Stokes number of any spray droplet,
including those with larger Stokes number, will reduce to zero when the droplet burns.

This distinct feature of reacting particle-laden flows renders all regime-dependent mod-
els less effective than in their non-reacting/non-evaporating counterpart. Before models
can be created for the reacting scenarios, interactions between the droplets and turbulence
must first be understood throughout their life-times. To achieve this goal, the Lagrangian
history of StK = τd/τK for each droplet is analyzed. Figure 2(a) shows the trajectory
of one sample droplet, colored by StK , over a period of 0.3 τl. When the droplet travels
towards the flame (i.e., from positive x towards negative x), StK drops gradually. The
diameter of the droplet decreases over the same period (not shown), which is the driving
mechanism for reducing StK . To better illustrate the rate of change of StK , Figure 2(b)
shows the change of StK with time for eight randomly chosen representative droplets.
Two groups of droplets can be observed, one with increasing StK (group 1) and one
with decreasing StK (group 2). Further examination of the droplet diameter and ambi-
ent temperature/velocity fields indicates that droplets in group 1 have traveled towards
the hot (less turbulent) sides of the configuration without significant change of diameter,
while the droplets in group 2 are actively burning. The Stokes numbers for droplets in
group 2 share similar decay rates, especially after StK are smaller than ten. Although
StK remains below unity for only a fraction of the droplet’s life-time, it is approximately
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(a) non-reacting (b) reacting

Figure 3. (a) Non-reacting and (b) reacting conditions for comparing slip velocity
distribution, conditioned on the flame location.

O(1) most of the time. Small-scale turbulence is expected to impact droplet dynamics,
and the influence will be amplified for less-resolved simulations.

4.2. A-priori evaluation of the models

Both non-reacting and reacting conditions are evaluated in the a-priori tests in this
section. Before introducing the complications of any cumulative errors, the slip velocity
at one time, i.e., |du| = ||u(xd)−ud||, is collected over the whole computation domain, and
the probability density function (PDF) of the distribution is compared between DNS and
the three models at different filter levels. As an example, results obtained using the 21∆
top-hat filter are presented in Figure 3. The droplet velocities are obtained from the DNS
database, while u(xd) is constructed using the model form. All the quantities required
by the target models, including the subgrid kinetic energy, dissipation rates, resolved
velocity gradient, and subgrid stress, are obtained from DNS. The differences of |du|
obtained through DNS and through the three different models are quantified through the
probability density function distribution, as shown in Figure 3. To enforce the same level
of statistical convergence, the explicit box filter is applied to every grid point. Overall, all
models give comparable results to the filtered DNS, because the subgrid Stokes number
Stsg = τd/τsg of the droplets are much larger than one. SLM and RDM both out perform
NOM in the non-reacting conditions, and SLM has almost perfect agreement with DNS.
The advantage of SLM and RDM is even more pronounced when the smaller droplets are
examined at the same filter level (not shown here). The good agreement is not surprising,
given that neither cumulative errors nor errors from other submodels are introduced here.
More significant deviation from DNS distribution is expected for all models in the LES
tests, discussed in Section 4.3. In the a-priori test, explicit filtering is used for RDM, and
it can accurately recover the subgrid stress in the periodic direction.

For the reacting conditions, the range of the magnitude of slip velocity is approximately
twice as large as that of the non-reacting conditions. By conditioning on the locations
where the gas-phase temperature exceeds 1400 K, it can be observed that droplets with a
slip velocity of 3 m/s or more come mainly from the hot zone where the gas-phase velocity
is increased several fold due to combustion. More deviations from the DNS statistics can
be observed for the reacting conditions than for the non-reacting conditions, implying
that existing models for reacting flow should be examined carefully for suitability.
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Figure 4. A-posteriori LES calculations, showing droplet field and temperature isocontours
on the central x− y plane. Each black dot represents a droplet parcel.

4.3. LES simulations

LES of the non-reacting conditions are presented here, whereas two-way coupling, evap-
oration and combustion will be investigated in future studies. A dynamic Smagorinsky
model is used to provide subgrid turbulence stress closure. A time step of 2 × 10−5 s is
used in the LES, compared to 5 × 10−6 s used in the DNS. A grid of 128 × 192 × 128 is
used in the DNS while a mesh coarsening by a factor of four in each direction is used for
all LES.

The droplet distributions on the central x−y plane at 1.5τl are plotted for DNS and the
three different LES calculations. Droplets that are within ten Kolmogorov length scales
above and below the targeted plane are collected and their locations are plotted as spheres
in Figure 4. The locations of droplets are overlaid on the instantaneous temperature field.
The location of the droplet directly determines the location of fuel delivery, hence it is
suitable to use the droplet location as one of the measurements for model performance.
Qualitatively, the penetration of droplets are predicted similarly by all three models.
Preferential concentrations are predicted near the left boundary by the models, and
no preferential concentration is observed from the DNS results. The difference between
models and DNS can be attributed to the inaccuracy of dispersion models and other
submodes, as well as to the difference in grid spacing (hence the interpolation) and time
steps. Quantitatively, the PDFs of the slip velocity collected from the DNS and the LESs
with different submodels are compared in Figure 5. As expected, all models performs
similarly in the large subgrid Stokes number regime. RDM provides marginally improved
prediction in both the small and large slip velocity range. More significant improvement
in the slip velocity prediction is observed using RDM for the 20-µm condition (not shown
here) because of the reduced subgrid Stokes number under that condition.
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Figure 5. The distribution of the slip velocity magnitude: (a) for the whole domain; (b)
conditioned on x < 0.0025 m (cold zone); (c) conditioned on x > 0.0025 m (hot zone).

5. Conclusions

DNS and LES are performed in this study to evaluate the performances of subgrid
dispersion models under the influence of flames. A three-dimensional turbulent counter-
flow flame is simulated using monodispersed n-dodecane spray droplets with different
diameters. Three models, a closure-free model, a stochastic model, and a regularized de-
convolution model, are evaluated. The impact of the flame on the history of droplet Stokes
number is first studied to quantify the droplet residence time in the dispersion-model-
sensitive regime. The a-priori statistics of slip velocity show improved performances for
SLM and RDM, while the LES tests show comparable levels of performance for all three
models in terms of droplet location prediction. RDM shows better prediction of the slip
velocity statistics for both the cold and hot flows. There is intense interest in LES tests
of the reacting conditions, and this subject will undoubtedly receive close scrutiny in
future research. Model development for closing both the droplet seen velocity and scalar
fields will receive particular emphasis in the future.
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