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Abstract

The main part of this thesis reports three experiments on the magnetic response of
mesoscopic superconducting and normal metal rings using a scanning SQUID micro-

scope.

The first experiment explores the magnetic response and fluxoid transitions of
superconducting, mesoscopic bilayer aluminum rings in the presence of two coupled
order parameters arising from the layered structure. For intermediate couplings,
metastable states that have different phase winding numbers around the ring in each
of the two order parameters were observed. Larger coupling locks the relative phase,
so that the two order parameters are only manifest in the temperature dependence of
the response. With increasing proximitization, this signature gradually disappears.

The data can be described with a two-order-parameter Ginzburg-Landau theory.

The second experiment concentrates on fluxoid transitions in similar, but single-
layer rings. Near the critical temperature, the transitions, which are induced by
applying a flux to the ring, only admit a single fluxoid at a time. At lower tempera-
tures, several fluxoids enter or leave at once, and the final state approaches the ground
state. Currently available theoretical frameworks cannot quantitatively explain the
data. Heating and quasiparticle diffusion are likely important for a quantitative un-
derstanding of this experiment, which could provide a model system for studying the
nonlinear dynamics of superconductors far from equilibrium.

The third and most important scanning SQUID study concerns 33 individual
mesoscopic gold rings. All measured rings show a paramagnetic linear susceptibil-
ity and a poorly understood anomaly around zero field, both of which are likely to

unpaired defect spins. The response of sufficiently small rings also has a component



that is periodic in the flux through the ring, with a period close to h/e. Its amplitude
varies in sign and magnitude from ring to ring, and its typical value and temperature
dependence agree with predictions for persistent currents in diffusive metal rings.

In addition to the above three experiments, a scanning Hall probe study of the
magnetic superconductor ErNi;B,C and related theoretical results on the magnetic
fields above a superconductor with internal magnetism are discussed. In this ex-
periment, a scanning Hall probe microscope was used to image ErNi;B,C in the
superconducting, antiferromagnetic, and weakly ferromagnetic regimes. It is shown
that isolated vortices spontaneously rearrange on cooling through the antiferromag-
netic transition temperature Ty = 6 K to pin on twin boundaries, forming a striped
pattern. In the ferromagnetic phase below Ty ry = 2.3 K, a weak, random mag-
netic signal appears, but no spontaneous vortex lattice is present down to 1.9 K. This
indicates that ferromagnetism coexists with superconductivity by forming small, sub-
penetration depth ferromagnetic domains. The interpretation of this experiment is
supported with extensive modeling of the magnetic fields above the surface of a su-
perconductor with an intrinsic magnetization. Solutions for various magnetic domain
boundary configurations and relations between the spectral densities of the magneti-
zation and the resulting field are derived. The latter are useful if the magnetization
varies randomly. These results were also applied to existing data from scanning ex-
periments on SroRuQy, leading to the conclusion that a chiral domain wall would have
been detectable, but small random domains and defects may have been undetectable

at the experimental noise level.
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Chapter 1

Outline

This outline mainly serves as a guide to the contents of this thesis. Since the different
parts are mostly self contained and to a large extend reformatted version of published
papers with their own introductory paragraphs, the reader is referred to the individ-
ual chapters for introduction to the respective subject matters. As part of the the
reformatting, I have updated references and replaced those to papers contained in
this thesis with the corresponding section. Appendix A lists the definitions of most
variables used in this thesis.

The driving force for the development of the scanning SQUID technique employed
in most of the experiments reported here was the study of persistent currents in normal
metal rings discussed in chapter 5, which I consider the most important outcome of
my graduate work. The core of the experimental results is discussed in section 5.3,
which is a paper draft written in PRL style. Since measurements for this project are
still in progress the time of writing, this draft will see some revision before publication.

Some supporting data and the backaction of the SQUID will be discussed in section
5.4. Section 5.1 gives a brief introduction to the physics of persistent current and an
overview of the most important theoretical results. Previous experimental findings
on persistent currents are summarized in section 5.2.

Chapter 2 deals with some aspects of the scanning SQUID microscope used for
the ring experiments in chapters 3, 4 and 5. The design, modeling and testing of the

cryogenic RF filters are described in section 2.1, a reproduction of a paper submitted



2 CHAPTER 1. OUTLINE

to Review of Scientific Instruments. Section 2.2 covers the thermal properties of the
scanner and filter assembly. Its contents are relatively straightforward, but I have
included it because the problem of running a current of several tens of mA to the
mixing chamber of a dilution refrigerator seems somewhat nonstandard, so that it
might be a useful resource. I do not discuss the design of the scanner in the other
hand, since part of it has been adopted from my predecessor Per Bjornsson, and it is

more or less self explanatory with drawings or the actual scanner at hand.

Chapters 3 and 4 describe two experiments on superconducting aluminum rings.
Those experiments, neither of which were planned beforehand, are by-products of
our effort to measure the response of superconducting rings in the fluctuation regime
[78]. Once discovered, the observed effects were interesting enough to deserve further
study. The first experiment deals with the magnetic response in the presence of two
order parameters. The main body, which was published in Physical Review Letters,
is contained in section 3.1. Sections 3.2 discusses the fit procedures and results and
is a reproduction of an EPAPS document relating to the main paper. Section 3.3
presents some additional, unpublished data which further illustrate and support the
reported observation of states with two different phase winding numbers in each of
the components. It also touches upon the clarification of the results of Ref. [131],

some aspects of which are at best rather unclear.

The above three experiments are closely related both conceptually and in terms
of the technique. Each of them consists of measurements of the magnetic response of
mesoscopic rings fabricated from elemental metals, using a scanning SQUID micro-
scope. Differences between them are the sample material, in particular the strength
of electron interactions which cause superconductivity in the aluminum rings, the
temperature range explored, and the specific question addressed by each experiment.
The remaining two chapters may seem more or less unrelated to the rest of this the-
sis. They discuss a scanning Hall probe experiment on the magnetic superconductor
ErNiy;BoC (chapter 6) and a technique to compute the magnetic fields above the
surface of a magnetic superconductor (chapter 7), which I developed for the inter-
pretation of the data in chapter 6. However, they are conceptually related to the

two-order-parameter effects discussed in chapter 3. Both experiments address the



interplay between two different order parameters. An additional connection can be
made through the spin-triple superconductor SroRuO,, which is thought to have in-
ternal magnetism due to its p, + ip, two-component order parameter. On the one
hand, chapter 7 includes an estimate of the fields outside the sample generated by
chiral currents expected in this material. On the other hand, SroRuO4 might allow
fractional vortices, which are topologically equivalent to the states with two differ-
ent phase winding numbers observed in the two-order-parameter aluminum rings of
chapter 3. The insight gained from that experiment was the basis of my contribution
to a theory paper on the prospects of finding fractional vortices in SroRuQy [37].
The scanning SQUID microscope and the dilution refrigerator used for the ex-
periments in chapters 3, 4 and 5 was originally designed and implemented by Per
Bjornsson. My main improvements of the instrument consist of the addition of a
coarse motion stage, and the development of the cryogenic filters described in section
2.1. Nick Koshnick and I also enhanced the ability to apply large currents and the
background rejection and noise performance of the SQUID susceptometry technique.
The SQUIDs were designed and fabricated by Martin Huber. I have written nearly
all the programs used to take, analyze and model the data from the three scanning
SQUID experiments. Nick Koshnick carried out a large part of the fabrication of the
superconducting ring samples reported in chapters 3 and 4. He also contributed an
approximately equal share of data taking and preparation to those experiments, but
I have done most of the work related to data analysis and interpretation and all the
modeling. The work for the measurements on normal rings was mostly my own, with
support from Nick Koshnick and Julie Bert. The scanning Hall probe experiments on
ErNiyB,C of chapter 6 were carried out by myself on an instrument that was set up by
Janice Guikema. The samples were grown and characterized by Suchitra Sebastian.

Chapter 7 is entirely my own work.



Chapter 2

Instrument design aspects

2.1 Cryogenic RF-Filters with zero dc-resistance

Hendrik Bluhm, Kathryn A. Moler,

submitted to Review of Scientific Instruments.

Abstract

The authors designed, implemented and tested cryogenic RF filters with zero DC
resistance, based on wires with a superconducting core inside a resistive sheath. The
superconducting core allows low frequency currents to pass with negligible dissipation.
Signals above the cutoff frequency are dissipated in the resistive part due to their small
skin depth. The filters consist of twisted wire pairs shielded with copper tape. Above
approximately 1 GHz, the attenuation is exponential in y/w, as typical for skin depth
based RF filters. By using additional capacitors of 10 nF per line, an attenuation of
at least 45 dB above 10 MHz can be obtained. Thus, one single filter stage kept at
mixing chamber temperature in a dilution refrigerator is sufficient to attenuate room
temperature black body radiation to levels corresponding to 10 mK above about 10
MHz.
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2.1.1 Introduction

Many cryogenic experiments involve electronic transport measurements, which typ-
ically require leads connecting the sample to room temperature instrumentation.
Without appropriate filtering, those electrical connections will also transmit para-
sitic signals to the sample. Many samples are very sensitive to such disturbances,
especially when the relevant energy scales are in the milli-Kelvin region and the de-
vices are small. The effect of extrinsic noise, which can be either anthropogenic or
thermal from higher temperature sources, can simply be to heat the electrons in the
sample above the lattice temperature. Because of their small volume, mesoscopic
devices are particularly sensitive to even very small amounts of power [69]. In some
experiments, such as SET-based devices or solid state qubits, microwave radiation
may directly affect the quantum dynamics under study through effects like photon
assisted tunneling [91] or excess dephasing [15].

To mitigate these undesirable effects, it is crucial that electrical connections to the
sample be filtered sufficiently [19]. With an increasing number of experimentalists
exploring quantum physics at the nano scale, there is a growing need for simple
filtering solutions. We present here a filter design similar to the one in Ref. [128],
but with a DC resistance limited only by contact resistances. It allows us to supply
currents on the order of 50 mA to the mixing chamber of a dilution refrigerator
while maintaining a respectable base temperature. In our case, such large currents
are required in order to locally apply a magnetic field using a micron scale field coil
integrated in a scanning SQUID susceptometer [17], intended primarily for magnetic
response measurements on mesoscopic samples [22, 78]. Similar requirements also
occur for flux bias lines of superconducting qubits. Most flux biased qubit experiments
currently employ a conventional superconducting magnet, but the individual tuning
of several qubits in a well shielded environment [110] is only achievable with locally
generated fields.

The vanishing DC resistance of our filters is achieved by using composite wires
with a superconducting core surrounded by resistive material, which are wrapped
in copper tape to form a lossy transmission line. At DC, all the current is flowing

in the superconducting core, so that there is no dissipation. At higher frequencies,
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the skin effect restricts the current flow to the resistive part, so that once the skin
depth ¢ is smaller than the thickness of the resistive sheath, the dissipation quickly
approaches that of a purely resistive conductor. The low frequency attenuation is
increased by adding two discrete capacitors to ground along each line. At frequencies
below the intrinsic inverse RC' time of the transmission line, those capacitors together
with the frequency-dependent resistance of the transmission line act as a 2-pole RC'
filter. When they become ineffective above their self resonance, the attenuation is
entirely due to the transmission line. Since some of our wires can tolerate a larger
resistance, we have also implemented filters with purely resistive wires, which allowed

us to reduce their length.

Our filters provide an attenuation of at least 45 dB above 10 MHz and reach 120 dB
at 500 MHz, with a strong extrapolated increase at higher frequencies. This attenua-
tion exceeds the ratio of the photonic spectral density Sg(w,T) = hw/(exp(fw/kgT)—
1) at room temperature to that at 10 mK above f = w/27 = 10 MHz (See fig. 2.4).
Thus, it is sufficient to use a single filter stage. As any dissipative circuit element,
including filters, emits thermal radiation, it has to be kept at the base temperature
of the cryostat. Filters for nine resistive and six superconducting twisted wire pairs
inside the copper tape shield fit into a cylindrical space with a diameter of 80 mm and
a height of 120 mm. If required, additional filtering to eliminate extrinsic radiation
can be added at room temperature, for example at a shielded room feedthrough or

cryostat breakout box.

The remainder of this paper is organized as follows: After briefly describing fil-
tering concepts that have appeared in the literature so far in section 2.1.2, we discuss
the physical implementation of our design in section 2.1.3. A model for the filter is

developed in sec ion 2.1.4, followed by test result in section 2.1.5.

2.1.2 Conventional filtering strategies

This section will give a brief overview of different filtering strategies suitable for cryo-

genic applications. A more detailed review can be found in Ref. [19]. Commercially
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available reflective filters such as pi-filters are a convenient choice for filtering tech-
nical noise at room temperature. However, impedance mismatches in the connected
lines may cause resonances which severely compromise their performance, and com-
bining several stages to achieve a high attenuation may not have the desired result.
If they are to be used at cryogenic temperatures, one should keep in mind that the

properties of some models may change dramatically at low 7.

Simple RC filters may be quite useful for low to intermediate frequencies if a large
resistance (and/or capacitance) can be tolerated. At microwave frequencies, parasitic
inductances and capacitances of the lumped elements tend to limit their performance,
in contrast to copper powder or transmission line filters which typically feature a very
strong attentions above about 1 GHz. Copper powder filters are the classic design
for low temperature applications, first reported in Ref. [90] and further optimized in
reference Ref. [52]. They are based on the dissipation of energy by high frequency
stray fields through eddy currents. Since copper powder filters are usually made with
a single wire, they are more convenient for coaxial cables than for twisted pairs. Due
to the high cutoff frequency (e.g. 15 dB at 100 MHz) [19], a combination with an
RC or LC stage is often necessary. Ref. [97] reports a variant with superconducting

wire, which shows a similar attenuation as our filters if configured as pi-filters.

Over the last decade, various versions of dissipative transmission lines have been
used as filters. Some of them are essentially resistive coaxial cables [146]. Vion et
al.[136] have developed a relatively compact lithographic implementation. More re-
cently, the Schoelkopf group reported a very flexible and low cost version based on
resistive wire wrapped in copper tape, [128] which underlies the approach described
here. Our modifications of this design are primarily the use of wire with a super-
conducting core, which eliminates the undesired dc resistance, and the addition of
discrete capacitors for increased attenuation at intermediate frequencies. With the
exception of Vion’s compact filters, the above transmission line filters rely on the skin
effect, which confines AC magnetic fields and therefore currents in a conductor with
resistivity p to one skin depths 6 = \/m below the surface. Due to this constric-

tion of the current flow, the resistance increases as y/w, leading to an attenuation of

the form exp(—y/w/wp).
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2.1.3 Physical implementation

The transmission line part of our filters consists of “copper tape worms” as described
in Ref. [128]. Three twisted pairs are arranged in parallel and wrapped in copper
tape, which forms the outer conductor of the transmission line and shields the signal
carrying wires. Our first tape worm generation was sealed by soldering along the
seams as indicated in Fig. 2.1 in order to achieve optimal RF tightness. However,
the soldering process appeared to degrade the wire insulation, which caused frequent
shorts to the copper tape or between the wires. Furthermore, unavoidable thickness
variations of the solder seam lead to sharp kinks at the thinnest spots which some-
times caused the copper tape to break. To avoid these problems, we eliminated the
soldering step in a second generation. To maintain an acceptable RF tightness with-
out soldering, it is crucial to have a large overlap along the seams. The width of the
unsoldered filter ribbon (~ 8 mm) was about one third of that of the tape used, so
that the overlap extended over the full ribbon width. The test results reported in
Sec. 2.1.5 are from a prototype filter of the first generation.

We used 3M copper tape with non-conductive adhesive (type 1194). The conductive-
adhesive variety (1181) is unsuitable because its adhesive contains small metal spikes
that can penetrate the wire insulation. Since even some tape rolls with nominally
non-conductive adhesive tend to be contaminated with such spikes, the tape should
be checked carefully under a microscope and discarded if any spikes appear.

The wire used for the superconducting filters is a customized version of persistent
current switch wire purchased from Supercon Inc. The 0.05 mm diameter super-
conducting core is made of NbTi and the resistive outer part of Cu;oNizg, with a
resistivity of 38.5 ufdm. To obtain a sufficient resistance at 10 MHz, we chose a total
outer wire diameter of 0.2 mm. The wire insulation is 15 pym thick Formvar. The
non-superconducting filters were made of 37 AWG Stablohm 800 wire, which has a
resistivity of 132 puf2cm. Their insulation has a thickness of 6 ym and 16 pm for the
first and second generation, respectively. The thinner insulation was chosen initially
to maximize the capacitance between the wire and the tape, but then replaced in
order to reduce the likelihood of shorts.

To increase the attenuation between about 10 and 100 MHz, we connected 5.1
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ek

copper tape 15 um Formvar

solder 0.2 mm OD CuNi

Not to scale 0.05 mm OD NbTi

Figure 2.1: Schematic cross section of a copper tape worm of the first generation,
with a soldered seam. The width of a ribbon with three twisted pairs is about 8 mm.

nF capacitors form the 700B series manufactured by American Technical Ceramics
Inc. (ATC) between each filter wire and the shield, one quarter of the total filter length
from each end. Those high quality RF capacitors are very compact (approximately 2.8
mm cubes) and have a high self resonance of 100 MHz and a negligible temperature
dependence. They were placed in 20 mm long boxes made of 3/16” square brass
profile. The ends of these filter housings were closed by soldering in matching brass
plugs with a hole to feed through the wires. One contact of the capacitors was directly
glued onto those plugs using Epotek H20E conductive epoxy. In the first generation,
the copper tape shield was soldered directly into the holes of the end plugs. These
direct connections were replaced by short adapter pieces made of 1/16” brass tubing
for improved mechanical stability in the second generation. In order to protect the

wire from excessive heating and sharp metal corners, the part inside the brass tubing
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was threaded through Teflon tubing. The same techniques were used to connect the
tape worm to copper parts used as feedthroughs towards the sample area. To avoid
vacuum problems, the capacitor boxes were filled with Stycast 1266 through small
holes, which were later electrically sealed with silver epoxy.

The superconducting filters are about 4 m long. Due to their larger resistance,
2 m are enough for the resistive version. They were accommodated in our dilution
refrigerator by coiling them around an OFHC copper support below the mixing cham-
ber. For 2 m of filter ribbon with three twisted pairs, this requires a height of about
1.5 cm and a diameter of about 8 cm, including the space for the capacitors. Fig. 2.2
shows a partially assembled superconducting filter consisting of two such coils. For
good thermal contacts, the filters were clamped between machined copper parts with
groves to accommodate the wires. It is important not to apply pressure to the latter
to avoid shorts.

After elimination of initial problems with frequent shorts, the filters turned out to
be reliable over several cooldowns. Some of them were operated at voltages of more
than £180 V w.r.t. ground, i.e. 360 V between the wires of a pair. However, they
tend to suffer from dunking in liquid nitrogen, as some liquid enters the tape worm

and forces it apart when expanding upon warming up.

2.1.4 Modeling
Approximate analysis

Although the model discussed in section 2.1.4 provides a fairly accurate quantita-
tive description, the simplified analysis of this section is useful in order to better
understand the significance of the different model parameters and as a rough tool
for preliminary design work. In the following, C' and L denote the capacitance and
inductance per unit length of the transmission line.

The dissipation in the resistive material becomes significant once the skin depth
0= \/m becomes of order or smaller than the thickness r; — r., where r; and
r. are the radius if the inner conductor and its superconducting core, respectively.

Above this cutoff, the current flows within a layer of thickness § below the surface,
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Figure 2.2: Partially assembled superconducting filter. When fully assembled, several
such filters are stacked and the aluminum bars shown in the picture replaced by long
copper bars connecting the filters. The brass parts in the center accommodate the
capacitors.
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so that the frequency dependent resistance per unit length is R(w) =~ p/27r;d =
(1/270,)/oppo] 2.

At frequencies where the discrete capacitors are dominant, their time constant
R(w)C needs to be as large as possible for strong attenuation. The value of the
capacitors is limited by availability and size considerations. R(w) is at first glance
proportional to /p, however the wire thickness 2r; required to force the current into
the resistive sheath also increases as /p, so that not much would be gained from a
higher resistivity.

For the chosen type of wire, the cutoff frequency according to the above criterion
is pop(r; —r.)?/2 = 17 MHz. The resistance at cutoff is about p/mr? = 12 Q/m, giving
an RC roll off frequency of 1.3 MHz. Thus, one can expect a significant attenuation
at cutoff. (Note that the resistance at 1.3 MHz is much smaller though.)

For a 2-pole RC filter with R o y/w, one obtains a roll off of 60 dB/decade. This
will provide sufficient attenuation up to the capacitor self resonance at 100 MHz. At
larger frequencies, the transmission line needs to provide all the attenuation. We first
derive a simple expression for its performance.

In a transmission line with perfect conductors and a homogeneous dielectric with
relative permittivity €., the relation between the electric and magnetic fields of a
TEM mode [65] imply that LC = ¢, /c?, with ¢ denoting the speed of light in vacuum.
Thus, the line impedance Z, = /L/C is given by Z, = \/&,/Cc. ' With I, P
and V denoting the current, power and voltage of a forward propagating mode in
the line, the power loss per unit length is dP/dx = RI* = RIV/Zy = (R/Z,)P.
Integrating this along the transmission line gives a power attenuation of e f/%0,
where [ is the total length. Since Z; o« 1/C as explained above, we thus have to
maximize the RC' constant of the line. As the capacitance is proportional to the
area over which the wire faces the shield and R is the surface impedance divided by

the wire circumference, the RC' product is approximately independent of the wire

! This is valid in as long as the field penetrating the conductor does not contribute significantly
to the inductance, which holds if § < r, — r;, i.e. above about 300 MHz where § = 20 ym. At lower
frequencies, about one skin depth of the resistive material acts as “dielectric” with infinite €,.. It
contributes to L, but does not reduce C below the value determined by the insulator because only
magnetic, but no radial electric fields can penetrate the conductor.
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diameter. However, R(w) o ,/p, so that a high resistivity is desirable, as long as

r; — r. is adapted accordingly.

Model for a coaxial geometry

We now turn to the more accurate model that we used to fit the test results. The
copper tape worm sections are modeled as a dissipative transmission line with a
frequency dependent resistance per unit length, R(w). According to the standard
transmission line model [112], the local voltage between the two conductors, V(x),
and the longitudinal current, I(x), are related by V(z) = Vpe®@* and V(z) =
+Zy(w)I(x). The propagation coefficient v and line impedance Z, are given by

Y(w) = ViwC(iwL + R) and (2.1)

Zo(w) = \/% (2.2)

To compute the frequency dependence of R(w), the skin effect and the presence of the
superconducting core have to be taken into account. In order to avoid a numerical
computation of the fields inside the transmission line, we first consider a circular
coaxial geometry with a composite inner conductor of outer radius r;, which has a
superconducting core of radius r.. r, denotes the inner radius of the outer conductor.
The dielectric between the conductors is assumed to have a homogeneous relative
dielectric constant ¢,.. As the resistivity of the copper shield is much smaller than
that of the wire, its resistance will be neglected for simplicity in the following. For
this geometry, C' = 2we, € log(r,/ri) and L = 2mpglog(r,/r;). R(w) is the ratio
between the longitudinal electric field at the surface of the inner conductor, E,(r;),
and the total current I. Now [ = fé - d§ = 2mr;By(r;) and E (r;) = pj.(ri) =
(p/110)(V X B)y = (p/por)d(rBy(r))/dr, so that we get:

p %|r:n‘(rB¢)

R(w) =
() po2nr?  By(r:)

(2.3)
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To evaluate Eq. (2.3), we compute Bg(r) as a solution of V2B + 2i/6°B = 0. In

cylindrical coordinates with B = By(r)é,, this equation reduces to

% <%%(rB(r))) +2i/6*B(r) = 0.

The solutions are first order Bessel functions of the first and second kind Ji(ar)
and Yi(ar) with o = —(1 —14)/6. Y; diverges for r — 0 while J; is regular there
but diverges for r — oo. Thus the solution for a homogeneous resistive wire would
be By(r) = By(r;)Ji(ar)/Ji(ar;), For the wire with a superconducting core, the

boundary condition at the interface is

p 0

Em<7ac) = p]x(rc) = W@‘r:rc(quﬁ(T)) = 0.

Together with a given value for By(r;), this determines the coefficients of the two
solutions. To evaluate the radial derivative, it is useful to note that 0.J;(ar)/0r =
(a/2)(Jo(ar) — Jo(ar)). The same holds for Y;. Note that this procedure automati-
cally takes the contribution of the magnetic field inside the resistive material to the

total inductance into account. It is manifest in the imaginary part of R(w).

The approximations made here are valid as long as the longitudinal electric fields
in the dielectric are much smaller than the radial field and the radial current densities
are much smaller than the longitudinal ones. The largest expected attenuation is on
the order of 1 dB/cm in the GHz range, so that the characteristic length scale over
which the amplitude changes significantly along the propagation direction is about 10
cm. Comparing this to the sub-mm radial length scale shows that the above condition

holds well over the full frequency range under consideration.

To compute the S-matrix of a complete filter with capacitors to ground whose
self resonance is modeled through a series inductance, we use the ABC D-matrix

formalism [112, 128]. The result is compared to measured S-parameters in Sec. 2.1.5.
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Effect of twisted pair geometry

Due to the three-conductor geometry, there are two TEM modes. By symmetry,
one is a common mode for which both wires have the same potential with respect
to the shield, and the other one a differential mode with opposite voltages on each
wire. Only the common mode can be measured using standard microwave equipment
typically featuring coaxial connectors. In this case, the twisted pair can be treated

as one single conductor.

Lacking exact knowledge of the cross section geometry, the capacitance and in-
ductance per unit length, C' and L, cannot be calculated accurately and must be
extracted from measurements. Thus, only the resistance R(w) needs to be considered
in order to transfer the model derived for coaxial lines to this common mode. At low
frequencies, where § > r;, Eq. (2.3) reduces to the DC resistance of the wire. A
twisted pair without superconducting cores would trivially have half the resistance
of a single wire. In the opposite limit (§ < r;), the factor 27r; in Eq. (2.3) must
be replaced by the active circumference over which the wire surface is adjacent to
the shield. The inner region, where the two wires face each other, will essentially be
field free and thus contribute little to the conductance, leading to a correction factor
slightly smaller than unity. Hence, one would expect the resistance of the pair to
be up to a factor 1/2 smaller than that of a single wire, with the largest corrections
occurring at low frequency. We have incorporated this into the model by multiplying

R(w) as obtained from the known geometry and resistivity by a correction factor a.

As only the common mode can be tested properly, the attenuation of the dif-
ferential mode needs to be estimated. It is convenient to define all parameters for
the differential mode with respect to the voltage between one wire and the ground
shield. First, we consider C' and L corresponding to this mode. If the symmetry
plane between the two wires were replaced by a perfect conductor, the same bound-
ary conditions would arise: by symmetry, the electric field must be normal to it and
the magnetic field parallel. (The charge and current on the second wire can simply be
considered as images of the first enforcing the boundary conditions on the hypothet-

ical conductor.) Since the copper tape shield is also modeled as a perfect conductor,
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the differential mode should therefore have very similar parameters as the coaxial ge-
ometry. Now the capacitance C' is approximately proportional to the area over which
the wire surface faces the ground conductor, while the inductance L and resistance
R(w) are inversely proportional to it. (This is the origin of the factor 27r; in equation
2.3). Thus, the product determining the propagation coefficient of the transmission
line [Eq. (2.1)] remains unchanged compared to the common mode. Only the line
impedance Z, will be affected. A more intuitive explanation of this argument is that

the common mode simply has a different effective area between the two conductors.

At frequencies where the discrete capacitors are important, the situation for the
differential mode is slightly less favorable. As there is now only one rather than
two parallel capacitors between the wire and shield, the capacitance seen by the
propagating wave is simply half as large as for the common mode. The correction
factor a on the other hand will be close to unity, but was larger than 0.5 for the
common mode as explained above. Thus, one can expect the RC-time constant to
decrease by about 20 — 30 %. Due to the increase of of R(w) with higher frequency,
the roll off frequency will change less than that.

2.1.5 Test results

We tested a complete prototype filter and shorter copper tape worms without ad-
ditional capacitors by soldering them to copper blocks fitted with SMA connectors.
Both wires were connected to the center pin so that we measured the common mode
transmission. The characterization from 50 MHz to 20 GHz was carried out using
a HP 8510 vector network analyzer. Below 20 MHz, we used a sine wave generator
and a digital oscilloscope. All measurements were performed in a 50 2 environment.
Additionally, we measured the capacitance per unit length at kHz frequencies using a
capacitance bridge. For the common and differential modes, respectively, we obtained
0.61 nF/m and 0.23 nF/m. The latter value was measured between the two wires
with a floating shield so that it has to be doubled to conform with the definition form
section 2.1.4. The ratio of 0.61/0.46 = 1.3 is just the ratio of the effective areas,

corresponding to a correction a = 1/1.3 = 0.77 for the common mode resistance
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compared to the coax geometry.

Fig. 2.3 shows the result of the low frequency measurements at 300 K and 4 K and
the corresponding models, for which we used a = 0.65. As expected, a = 0.5 slightly
improves the agreement between model and data at low frequencies. The peak in the
4 K data around 3 MHz is due to a resonance caused by the discrete capacitors and

the inductance of the transmission line.

ob———— _ _ ' 1
- ~ ~
-10 300 K, data > T
— — — 300 K, model
m -20¢t 4 K, data .
3;/ — — — 4 K, model
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Figure 2.3: Insertion loss of a filter prototype in a 50 €2 line at low frequencies at 300
K and at 4 K with a superconducting core. Below the roll off, the 4 K data shows
negligible dissipation. Above 10 MHz, the two measured curves collapse. The peak in
the 4 K data is due to an LC' resonance of the capacitors and the line inductance. The
inset shows the attenuation from 50 MHz to 20 GHz at room temperature. Above
about 500 MHz, the signal disappears in the noise floor of the network analyzer.

As can be seen in the inset of figure 2.3, measurements of the complete filter
are not very revealing at higher frequencies because the signal disappears in the noise
floor of the network analyzer. To extrapolate the filter performance, we measured two
shorter tape worm pieces of length [ = 52 and 88 c¢cm without additional capacitors

(Fig. 2.4). Scaling the result to [ = 4 m, assuming that the attenuation is exponential
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in the lengths, shows that the two curves collapse reasonably well. The parameters
for the model of a 4 m tape worm without capacitors were adjusted to obtain a good
agreement with the data up to 1 GHz. The resulting capacitance of C' = 0.55 nF/m.
is in reasonable agreement with the value of 0.61 nF/m obtained from the bridge
measurement. The ripple in the data at sub GHz frequencies is due to resonances in
the transmission line caused by the impedance mismatch between the filter and the
50  environment. They can be fit quite well with a model using the actual worm

length, but they naturally do not appear in the model for [ = 4 m.
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Figure 2.4: Insertion loss of short test pieces without discrete capacitors in a 50 €2 line
at room temperature. The data has been scaled to a total length of 4 m assuming
that the attenuation (i.e. |Ss1|) decays exponentially with increasing length. The
data from two pieces of different length collapses well and shows a significantly higher
attenuation than the model for a 4 m long line whose parameters have been chosen to
match the scaled data below about 1 GHz. The inset shows the model for the complete
filter using the parameters extracted from measurements. The ratio of the bosonic
spectral densities at 300 K and 10 mK for f > 10 MHz is shown for comparison in
both plots.

From the measured heat load due to a quasi-DC current running through a finished
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superconducting filter, we can set an upper limit of 3 m{) on its resistance, with a
negligible increase of the dissipated power up to 1 kHz. Since this value includes

solder joint resistances outside the filter, its actual resistance is most likely lower.

2.1.6 Concluding remarks

There are a number of points that may have an effect on the filtering performance
which we have not checked in detail, or which were changed after testing the proto-
type. Amongst those is the effect of using Silver epoxy rather than solder to connect
wires and seal holes for epoxy injection. It is also likely that the RF tightness of
unsoldered tape worm version is inferior compared to the one with the seam sealed
by soldering. Due to aging of the tape adhesive and a resulting reduction of the
capacitance between the wires and the shield, the filtering performance may degrade
after thermal cycling. For the resistive version, we have relied on an adaptation of

the model from Sec. 2.1.4 without extensive testing.

Although the design discussed here is seemingly simple, its development and im-
plementation has taken several month of graduate student time, partly due to shorts
in the first filter generation and the resulting need to modify the design. On the
other hand, the construction of a complete filter was a matter of days once the proce-
dures were finalized. Eliminating the capacitor boxes would make the implementation

significantly simpler.
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2.2 Thermal engineering

2.2.1 Field coil supply lines

Since a heat load as low as 2.5 uW can raise the base temperature of our dilution
refrigerator from 13 to 25 mK, and the field coils of the SQUID need to be supplied
with currents of up to 80 mA, it is crucial to keep the resistance in the field coil
supply lines to a minimum. At a typical 40 mA amplitude AC operating current, the
power dissipated in a 1 mf) resistance is 0.8 yW!

In order to determine the feasibility of a m{) connection and to identify the most
important contributions to the total resistance, I measured the resistances of various

connections used in the field coil supply lines. The results are listed in table 2.1.

’ Wiring element \ Resistance at 300 K \ Resistance at 4 K ‘
Al wire bond 0.6 Q/cm 50 m§2/cm
Cu PC board 1 m{2/square < 0.1 m§2/square
CuNi clad NbTi wires with solder joint < 0.2 m{?
SIP connection 19 1 m$)
Cinch connector 4 mS) 1 mQ

Table 2.1: Typical resistances of various elements in the field coil lines, measured
with 4 probe measurements and a lockin amplifier at currents of 10 - 50 mA. The
4 K values were measured with the sample submerged in liquid He. Variations by
about a factor 2 between different nominally identical samples were not uncommon,
and there may be outliers with much larger resistances, for example for bad solder
joints.

In the first cooldown without a thermal weak link (see 2.2.3), the field coil lines
coming from the SQUID mount were connected to the filter wires using only solder
joints rather than SIP connectors. However, the filters were still connected to the
fridge loom via a cinch connector. With this configuration, I extracted a total re-
sistance of 6 m{2 in the field coil lines from the amount of power dissipated by the
supply current when the wire bonds were superconducting. In order to improve the
base temperature at large field coil currents, I thus also replaced the cinch connector

with solder joints between Cu and CuNi clad superconducting wires, which led to an
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estimated residual resistance of 3 m{2 of unknown origin.

2.2.2 Thermal contact

Even at heat loads that allow the mixing chamber to reach an acceptable base tem-
perature, it is not trivial to avoid large thermal gradients between where the heat
is dissipated and the mixing chamber. For estimating thermal impedances, the
Wiedemann-Franz law relating the thermal conductivity x to the temperature 7" and

electrical conductivity o is quite useful.
/ﬁ)(T) == L{/{/FT’O'7 (24)

with Ly = 2.44 - 1078WQ/K?. For copper, this relation holds fairly well [111].
Integrating it along a thermal pathway of total resistance R between two reservoirs
at temperatures 77 and 75 leads to the conclusion that the heat power P conducted

along the path is

L
P= QLRF(Tf —Ty?). (2.5)

In the first cooldown without a thermal weak link (cf. 2.2.3), I recorded the mixing
chamber temperature (7)) at which a certain strongly 7" dependent feature (at an
unknown sample temperature T3) in the behavior of superconducting rings occurred
as a function of power P dissipated by the field coil current. The results confirmed
the functional form of Eq. 2.5 and led to a value of R = 50 uf2 for the resistance of
the relevant thermal pathway. At a field coil current of 40 mA, the resulting lowest
attainable sample temperature was as high as 140 mK. In that cooldown, the copper
parts of the scanner had been polished the last time several month before, and the
copper mounting plate at the mixing chamber had not been polished recently at all.
The scanner assembly was mounted on the latter with four 2-56 brass screws which
could not be tightened very well.

2 contact

Subsequent measurements of the contact resistance across a 12x8 mm
held by a single, well tightened 6-32 brass screws gave about 4 uf2 at 300 K and as

low as 0.15 u£2 at 78 K, provided the contact areas were freshly polished. Those lockin
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measurements were carried out in a liquid nitrogen bucket using a 1 A rms current
supplied by a power amplifier. It appears that the results at 78 K were close to being
limited by the bulk resistivity of the mating parts, indicating that the improvement
by gold coating would not be dramatic. However, a gold coating should eliminate the
necessity to polish the mating surfaces before each assembly. Clamping unpolished
pieces of gold between two copper parts led to significantly higher resistances, likely
due to the reduced contact area. Since brass and copper contract by about 0.38 and
0.32 % [111] between 300 K and 4 K, a joint made with a brass screw should be self
tightening upon cooling.

To improve the thermal contact between the mixing chamber, the scanner assem-
bly, the filters and the sample mount, I always polished the mating surfaces that were
exposed to air before assembly, and added stronger and more screws where possible.
In the cooldown during which I obtained the results from section 5.3, the sample ther-
mometer read about 26 mK with a mixing chamber temperature of 22 mK at 35 mA
current amplitude in the field coils. This implies a thermal resistance corresponding
to about 1 pf2. It appears that using fine sand paper rather than polishing paper on
the mixing chamber mounting plate led to a significant improvement compared to a
previous cooldown, where I estimated 8 uf2.

Note that the copper clamps holding the copper tape worm filters in place and
heat sinking them were not polished, and their screws could not be tightened very
much. Thus, there is likely to be a large thermal resistance between the filters, which
also serve as heat sinks for the wires, and the mixing chamber, so that the temperature
of the filter used for the SQUID wires was likely a few hundred milli-Kelvin. Other

filters should not be affected very much, since each filter is heat sunk individually.

2.2.3 Stable refrigerator operation up to 2 K

Due to the various phase transitions of the *He and *He mixture, dilution refrigera-
tors tend to operate unstably above bout 0.7 K, the temperature at which a phase
boundary forms. While reasonably stable operation is possible by throttling the cir-

culation and opening the dump away from the phase transitions (another one occurs
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around 1.2 K, above which the vapor pressure of *He increases), the sub-mK stability
required for the experiments on Al rings in chapters 3, 4 and Ref. [78]) up to their T,
of 1.25 to -2 K would have been near impossible to achieve. We overcame this problem
by thermally isolating the scanner assembly from the mixing chamber using a G10
adapter plate, and providing a limited amount of cooling power through a braided
copper wire connected to the mixing chamber. Temperature was controlled through
an additional heater and a Cernox thermometer mounted on the scanner assembly.
With this setup, the temperature reading was generally stable to within 0.1 - 0.2 mK.

The accessible temperature range was about 0.2 - 2 K.



Chapter 3

Superconducting rings with two

order parameters

3.1 Magnetic response of mesoscopic superconduct-

ing rings with two order parameters

Hendrik Bluhm, Nicholas C. Koshnick, Martin E. Huber, Kathryn A. Moler,
Phys. Rev. Lett., 97, 237002 (2006).
Copyright (2006) by the American Physical Society.

Abstract

The magnetic response and fluxoid transitions of superconducting aluminum rings of
various sizes, deposited under conditions likely to generate a layered structure, show
good agreement with a two-order-parameter Ginzburg-Landau model. For interme-
diate couplings, we find metastable states that have different phase winding numbers
around the ring in each of the two order parameters. Those states, previously the-
oretically predicted, are analogous to fractional vortices in singly connected samples
with two-order-parameter superconductivity. Larger coupling locks the relative phase
so that the two order parameters are only manifest in the temperature dependence of

the response. With increasing proximitization, this signature gradually disappears.

24
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Since the discovery of two-gap superconductivity in MgBs [25], the coexistence of
two not-too-strongly coupled superconducting order parameters (OPs) has motivated
significant theoretical work. A striking prediction is the existence of vortices carry-
ing unquantized flux [9, 10]. For non-negligible Josephson coupling, those exhibit a
soliton-shaped phase difference between the two OPs [131, 9]. Theoretically, such
solitons may also form when current flow along a wire causes the relative phase to
unlock, leading to a higher current than in the phase locked state [60]. Most of this
theoretical work is based on a two-OP Ginzburg-Landau (GL) theory [59]. In the
realm of superconductivity, this model applies for both Josephson coupled bilayer
systems, which are described microscopically by a tunneling BCS Hamiltonian, and
intrinsic two-gap systems [105]. A particularly interesting example of the latter is
SroRuOy. Its p, +ip, OP would imply zero energy core excitations with non-abelian
braiding statistics, which have been envisioned as a basis for topologically protected
quantum computation [129, 39]. A similar two-OP model has also been used to de-
scribe a liquid metallic state of hydrogen [11], where the electrons and protons would
form two independent superfluids.

Compared to the large number of theory papers, there is little experimental work
on the mesoscopic structure of such two-OP systems. In this paper, we report the
observation of soliton states and other phenomena arising from the interplay between
two OPs in quasi-1D, superconducting rings consisting of two parallel, Josephson-
coupled aluminum layers. Positioning a scanning SQUID microscope [17] over each
ring individually enabled measurements of the current, I, circulating the ring as a
function of applied flux, ®,, and temperature, 7. The ensemble of magnetic responses
includes distinct features that cannot be explained by one-OP GL, but can be de-
scribed by numerical solutions of two-OP GL. The inferred coupling between the two
OPs depends on the ring’s annulus width, w, allowing us to study the crossover be-
tween intermediate and strong coupling regimes. For intermediate coupling, we find
metastable states with different phase winding numbers for each OP. Those are the
1D analogue of unquantized vortices [9], and imply a soliton-shaped phase difference

[131]. In this regime, multiple transition pathways between states give a rich structure
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of hysteretic ®,-1 curves. At stronger coupling, the system approaches the Cooper
limit of complete proximitization [56]: the ®,-I curves at any temperature can be de-
scribed by one-OP GL, but the existence of two OPs is manifest in the temperature

dependence of the fitted penetration depth, A, and the GL-coherence length, &4y

During a single, two-month-long cooldown, we characterized the magnetic re-
sponse of 40 different rings with eight annulus widths 45 nm < w < 370 nm and radii
R of 0.5, 0.8, 1.2 and 2 pm. The rings were fabricated on oxidized silicon, using liftoff
lithography with PMMA resist. The 40 nm thick Al film was deposited by e-beam
evaporation at a rate of about 1 A/s and a pressure of approximately 10~ mBar.
During the deposition, the rate temporarily dropped to a negligible level for about
10 min and subsequently recovered, which most likely caused the formation of two
superconducting layers separated by an AlO, tunneling barrier. A disk with a radius
of 2 um had a T, of 1.6 K, representative of the bulk film. Using &, = 1.6 um for pure
bulk Al [95] and &5 (0) ~ 70 nm for our rings, as derived below, we infer a mean
free path of I, = 1.4£51(0)?/& = 4 nm. The measured critical temperatures 7T, of the
rings ranged from 1.5 to 1.9 K, depending only on w. Both the short [, and the large
T. compared to clean bulk Al indicate small grains and a (likely related) strong effect
of oxygen impurities [108, 38].

Our SQUID sensor has two counterwound pickup loops and field coils that are
used to apply a local magnetic field [62]. We position one pickup loop over a ring,
record time traces of the SQUID response while sinusoidally varying &, at a few
Hz, and average hundreds to thousands of field sweeps. A background, measured by
retracting the SQUID from the sample, is subtracted. The remaining signal is the
flux generated by I, plus a residual, elliptic sensor background which is negligible at
lower T" and unambiguously distinguishable from the ring response at higher 7', where
fluxoid transitions occur. Details on the technique will be given elsewhere [78].

Rings with w < 120 nm show no two-OP effects. At low T [Fig. 3.1(a)], there
are no fluxoid transitions at the experimental time scale and field sweep amplitude.
At higher T' [Fig. 3.1(b), (c)], we observe hysteretic transitions, which become non-
hysteretic near 7. [Fig. 3.1(d)].

We obtain the theoretical ®,-I curve of an individual fluxoid state, n, directly
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Figure 3.1: ®,-I curves for a ring with w = 120 nm and R = 1.2 um, fitted to
a one-order-parameter Ginzburg-Landau model. The selected curves represent the

regimes discussed in the text: (a) no transitions, (b),(c) hysteretic and (d) thermal
equilibrium.

from 1D, 1-OP GL [145]:

(9) = 5o (1= Sk — ) (3.)

where ¢ = &,/Py, &y = h/2e, and d is the total film thickness. n is the phase
winding number of the GL-OP v (z) = [i)|e™*/®  where x is the position along the
ring’s circumference. ¢ —n < R/Eqy, gives the linear response of the London limit,
while the cubic term arises from pair breaking. Because wd < A2, the self inductance
can be neglected. Although the width of some rings is several {57 at low T, the 1D
approximation is justified here because w < R and H, < H., [145].

Close to T, [Fig. 3.1(d)], transitions are fast enough to model the experimental
®,-I curves as a thermal average over all possible states,

¢~ Fn(@)/k5T
(I(¢)) = Z’g:(j_)m@ T (3.2)
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with E,(p) = =@y [7 d¢'I,,(¢'). We set &g, = 0 when substituting Eq. (3.1) into Eq.
(3.2) because the thermal rounding dominates the cubic term '. The free parameters
in the fit are A™2, three background parameters, a small offset in ¢, the pickup loop—
ring inductance My, and the field coil-ring inductance. The fitted inductances are
consistent with less accurate geometrical estimates, and are used at lower 7.

The hysteretic curves [Fig. 3.1(b), (c¢)] are rounded from averaging over a distri-
bution of thermally activated transitions [82] near a typical ¢ = ¢; + n. We model
them by combining Eq. (3.1) with occupation probabilities p, (¢ — n) obtained from
integrating the rate equation dp,/dt = —p, /70 exp(—FEut(@ —n)/kgT). For fitting,
To and the activation energy F,. are absorbed into ¢;. The free parameters are ¢,
dEuet/do(¢r), Ear, A2, and three background parameters. (; increases very weakly
with increasing field sweep frequency, as expected for thermally activated behavior.

For T" < T., where no transitions are seen, Eq. (3.1) fits the data with three
parameters corresponding to gz, A72, and a constant background.

The above models result in excellent fits for measured ®,-I curves except at w =
190 nm as discussed below. The fitted values for A2 and &g, are shown in Fig.
3.2 for rings typical of each w. All 14 measured rings with w < 120 nm show T
dependences similar to the 1-OP phenomenological expressions A(T')~2 = \(0)72(1 —
th) and &6 (T) = &an(0)y/ (1 + ¢2) /(1 — ¢2), with ¢ = T'/T,. For w > 190 nm, \"*(T)

has a high-temperature tail to an enhanced 7, and a peak in &gy, near but below T..

Both effects are most pronounced at w = 190 nm. The ®,-I curves remain hysteretic
well into the tails, showing that the enhanced T, is not a fluctuation effect.

The most striking features of the ®,-I curves for a w = 190 nm ring [Fig.
3.3(a)-(f)], typical for all six measured rings with w = 190 nm and R > 0.8 pym
2 are transition points in the lower T hysteretic region that are not a function of
¢ — n only, and reentrant hysteresis. The latter is qualitatively related to the local
maximum in ¢gr(7) [Fig. 3.2(b)], since in 1-OP GL, a state becomes unstable at
lp —n| > \/R2/€4, +1/2//3 [138]. However, rather than an increase of the tran-

sitions point ¢; upon raising T, as expected for a decreasing g1 (T'), the amplitude

Fluctuation effects within a few mK of T, [140], where it would be inadequate to set £gr, = 0,
will be discussed in Ref. [78].
2For rings with R = 0.5 um, ®, was too small to observe those features.
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Figure 3.2: (a) A= and (b) &gy, for rings representative of each annulus width w. The
discrete symbols are obtained from fits to ®,-I curves. Continuous curves represent
fits to phenomenological expressions (w = 120 nm) or the two-order-parameter GL
model (w > 190 nm), which was only fitted above 1.2 K where GL applies.
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of those transitions is reduced until a non-hysteretic curve with a flattening too pro-
nounced to be described by Eq. (3.1) [Fig. 3.3(d)] appears. With a further increase
of T [Fig. 3.3(e), (f)], this flattening also disappears and the ®,-I curves evolve sim-
ilarly to Fig. 3.1. This strongly suggests the existence of two OPs, one causing the
small ripples in Fig. 3.3(c), and one with a larger T, adding the large background
response and causing the tail in A™2(7"). The additional phase winding number from
a second, coupled OP also explains the irregular transitions in [Fig. 3.3(a)-(c)]. Al-
though also breaking strict flux periodicity, finite line width corrections to 1D, 1-OP
GL [145] would be much smaller and more regular. A vortex pinned in the annulus
could in principle lead to similar ®,-I curves, however w is too small compared to

£aqr to accommodate its core,and it cannot explain the 7' dependence of A™2 and &gy

A two-OP GL-model consisting of two standard 1D GL free energy functionals

and a coupling term indeed reproduces the peculiar features of Fig. 3.2 and 3.3:

Flyn,da,9] = Pl ]+ Foli, ¢
L
+ %/0 delyy — gl with (3.3)
L h? 2
Fi[i, ] = wdi/o dq;{% <—@'V+%> Ui
@ 2 ﬁz 4
b S+ Fel) .4)

We define v; to have the lower T,.. If both components have the same n, one can
make the usual ansatz 1;(z) = [;]e™*/®. Minimizing (3.3) with respect to || and
|1h| results in excellent fits to ®,-1 curves as in Fig. 3.3(d). At small ¢, both OPs
contribute significantly, but as ¢ is increased, pair breaking strongly reduces |¢],
whose £, diverges near 7; ;. In the absence of the more stable 1,, 91 would undergo

a fluxoid transition much before || could be suppressed that much.

We extracted effective values of A=2(T') and ¢, (T) from such modeled ®,-1 curves
(and also from fits to datasets similar to Fig. 3.3(d)) using a small ¢ expansion
analogous to Eq. (3.1). Assuming a linear 7" dependence of a; and «w, this procedure

can reproduce the observed form of A\72(T) and &g (T) as demonstrated by the fits
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Figure 3.3: (a)-(f): ®,-I curves for a ring with w = 190 nm and R = 2 pm, where
the coupling between the two order parameters is weak. In (a) - (c), states with
two different fluxoid numbers lead to the observed transition pattern. In (d), no
transition occurs because one component is stabilized by the other. Dotted lines
show the contributions of ¢; and v derived from the model. (e) and (f), taken above
the lower T, reflect the response of a single order parameter. (g)-(i): Results from
the two-OP model corresponding to (a)-(c). (j): Schematic of film structure (cross
section).
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in Fig. 3.2. The knee in A™?(T) corresponds to the lower T.;, above which the
amplitude of ¥; becomes very small. From w = 190 nm to w = 370 nm, the coupling
strength v increases by a factor 30-50, by far the largest line width dependence of

3. The resulting stronger proximitization smears out the two-OP

all fit parameters
features. It appears that ¢); not only has a lower T, but also a smaller [, than .
Fit parameters obtained from ®,-I curves and the curves in Fig. 3.2 are consistent
within about a factor 2. This discrepancy may be due to fluctuations of ¢; at large ¢,
or a nontrivial phase difference [60], which are not considered in our model for ®,-1

curves.

To model the hysteretic ®,-I curves [Fig. 3.3(a)-(c)], we calculate the activation
energies F,. (¢ —n) for transitions in either ¢; or 1y by numerically computing sad-
dle point solutions of the GL - equations obtained from variation of (3.3), assuming
that the relevant saddle points evolve continuously from those of the uncoupled sys-
tem upon increasing y. We then derive the complete ®,-I curve assuming that a
transition in 1; occurs whenever E,.(¢ —n) < k;kgT, where the ko are treated as
phenomenological parameters of order unity. Of several simulation runs with various
parameters similar to those obtained from the fits, the one shown in Fig. 3.3(g)-(i)
gave the best similarity with the data [Fig. 3.3(a)-(c)]. While the uncertainty of the
fit parameters [see Sec. 3.2] and simplicity of the model forbid a more quantitative
comparison, the simulations show that metastable states with ny # ny are key to
understanding the observed ®,-I curves. Due to the coupling between the OPs, the
variation of the relative phase is soliton-like [131], similar to a Josephson vortex, how-
ever with the phase gradient along the junction being mostly due to the kinetic rather
than the magnetic inductance. This soliton corresponds to the domain walls origi-
nating from unquantized vortices in bulk samples [9]. Intuitively, it is formed upon
increasing ¢ when the larger {5, of ¥, causes ¢, to become unstable at a smaller ¢
than 15, and the coupling is weak enough for 15 to stay in the same state. However,
the soliton energy makes it less stable than states with n; = nsy. This leads to the

observed step-like transition sequence.

3See section 3.2 for a discussion of the fit procedures and parameters.
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Apart from the general agreement with the simulations and the irregular transi-
tions, the most direct experimental evidence for states with n; # ngy are branches of
®,-1 curves that are shifted relative to each other by less than one ®, horizontally,
such as around ®,/®y ~ +3 in Fig. 3.3(b). Individual, unaveraged field sweeps show
that this is not an effect of averaging over different transition pathways, contrary to
the features at ®,/®y ~ +0.3.

The emergence of two OPs can be explained by the temporary drop of the depo-
sition rate during the metalization. At the lower rate, more oxygen was co-deposited
to form a tunneling barrier [see Fig. 3.3(j)]. Different oxygen concentrations and/or
grain sizes led to different values of T, and &gy, in the two superconducting layers. It
is known that PMMA outgases significantly and that thinner lines are affected more
[45]. This likely caused the line width dependence of the coupling and the complete
oxidization of one of the superconducting layers for w < 120 nm, where we found no
evidence for two OPs. The critical Josephson current densities estimated from the

inferred values of v support this picture [see Sec. 3.2].

This fabrication result was unintentional but fortuitous. While the parameters
should be tunable a priori with controlled exposure to oxygen gas, it would be diffi-
cult to obtain reproducible results from outgasing resist. Nevertheless, the data and
analysis draw a clear picture of a two-OP superconductor with GL parameters that
depend consistently on w. This dependence and the occurrence of two different 7.’s
allowed the study of a wide range of parameters. The insight thus gained may be
used to design similar experiments on intrinsic two-component superconductors. The
creation and detection of h/4e vortices in SroRuO4 would be of particular interest
[129, 39]. Since their energy is logarithmically or linearly divergent in the sample
size [9, 10], they might only be accessible as metastable states in mesoscopic samples,

similar to the soliton states discussed here.

In conclusion, we have explored effects emerging from two coupled order parame-
ters in mesoscopic superconducting rings. The most interesting ones are an anomalous
temperature dependence of the average superfluid density A=2 and effective coherence
length &1, and a qualitative modification of the behavior of phase slips related to pre-

viously predicted metastable states with two different phase winding numbers [60, 9]
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and a soliton-shaped phase difference [131].
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3.2 Two-order-parameter GL fits

Hendrik Bluhm, Nicholas C. Koshnick, Martin E. Huber, Kathryn A. Moler,
EPAPS Document No. E-PRLTAO-97-084648
(available at http://www.aip.org/pubservs/epaps.html).

Abstract

This addendum to Ref. [22] describes the procedures used to fit the two-order-

parameter GL model to the data and discusses the resulting parameters.

For a ring consisting of two Josephson-coupled layers, the most natural form for a

GL-functional in the 1D approximation is

Flp1, s, 0] = @] + Fa[ia, ¢]
P / deiby — 2 with (3.5)

Filbi, o] = Wdz/o dﬂf{—‘( ZV+R>¢ i
v S+ S| (3.6)
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(cf. Egs. (3.3), (3.4)). Phenomenologically, the coupling term can be motivated
in the weak coupling limit by the requirement that it should yield a cos(¢; — ¢2)
dependence on the phase difference and not change the free energy if two identical
superconductors with the same phase are coupled to each other. For small v and
near T, it also reproduces the temperature dependence of the critical current density
Je = 721 /Do |1 ||tha] near T., which was calculated from microscopic theory in Refs.
4, 3]. For identical T..; = T., one obtains J, o< [¢|* x 1 =T /T,.. For T $T.1 < T.»

on the other hand, the temperature dependence near 7.; is dominated by |¢)] o<

VI=T/T..

By absorbing the terms «[;|* in the functional (3.5) into the quadratic terms in

F; and renormalizing the order parameter, it can be brought into the form

Fliy,ha, 0] = Fi[in, @] + Faftha, 9]
U)dﬁ/ g Tx T e :
- i dx (e + r1)y)  with (3.7)
. L K2 . o\ -~ |2
Filds o] = wd/o dx{% <—2V—|—}—2>wi
Q5 g Bi - 4
+ Sl 1l } (3.8)

which has been shown to emerge from microscopic theory for two-band supercon-
ductors [59]. We are not aware of a direct derivation of the functional (3.5) for the
tunneling case from microscopic theory. However, it has been shown [105] that a
tunneling BCS Hamiltonian leads to the same Greens functions as a two band BCS
model [130] to second order in the tunneling matrix elements. Thus, it appears that
the equivalence between (3.5) and (3.7) holds much beyond GL theory. Although one
may expect higher order terms to become significant at stronger coupling, the above

functionals should still give a qualitatively correct approximation.

In principle, either form could be used as a starting point to obtain fit models,

as the parameters of one are convertible into those of the other with the following
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transformations:

b o= vy, (3.9)
&(T) = oy(T)+d; 'y (3.10)
B = v B (3.11)
¥ o= (didy) ™y (3.12)

where v; = d;/(dy + d2) is the volume fraction occupied by 1); in a layered structure.

Not counting the known geometric dimensions and v, o, which are not independent
from other parameters, there are five GL parameters at any given 7" and seven if
modeling a linear temperature dependence of the oy o, as customary for GL theory.
It turns out that in practice, fits of the model to our data are effectively under-
defined, so that a wide range of parameter combinations reproduce individual &, — I
curves or &(T) and A\~2(T) fairly well. To overcome this problem, we have fixed
some parameters in each individual fit and made an effort to choose the fixed values
such that a physically reasonable dependence of all parameters on w is obtained.
Although one might expect more accurate results from fitting all data curves at once,
this computationally less complex procedure is sufficient to obtain a consistent overall

picture.

Naturally, it is most appropriate to fix parameters that are expected to be inde-
pendent of 7" and/or w and physically meaningful. In the functional (3.5),(3.6), T.;
as defined by «a;(T.;) = 0, is the actual bare T, of ;. In the second form [Eqs. (3.7)
and (3.8)] on the other hand, the temperatures at which &;(7") = 0 will be smaller
than the bare T,; because of the v/v; term in Eq. (3.10). Furthermore, the values of
61’2 and 4 do not correspond to their physical values for a Josephson coupled bilayer
system due to the absorption of v; into the normalization of ;. Thus, the form (3.5)
and (3.6) is more adequate for our purposes.

We have parametrized the temperature dependence of ay 2 by (1) = (T'/1.; —
1)@;, and assumed all other coefficients to be independent of T'. The complete set of
fit model parameters consists of &y 9, 11 =1 — 19, €19 = 6%72/61,2, and ~y/d. v, had to

be included because the individual layer thicknesses d; » appearing in the prefactors
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of Eq. (3.6) are unknown in our samples. The condensation energy densities extrap-
olated to T' = 0, € 2, were used instead of, say, 32, as they should be independent

of the mean free path and thus are reasonable to keep fixed.

For the purpose of fitting, we set h?/m to 1 and normalize 1; » and consequently
1.2 such that one would obtain [1)|> = a/ = A~? in the absence of any applied flux
or phase winding for a single OP. For this choice of units, it is natural to measure the
coupling in terms of «v/d so that the cross section wd only appears in the prefactor
of the GL functional (3.5), which has to be multiplied by ®2/47%u, to convert to
physical energy. For equal phase winding numbers n; = ny = n in both OPs, one
can make the ansatz 1;(x) = [¢;|e™®, where x is the spatial coordinate along the ring

circumference. Variation of Eq. (3.5) w.r.t. |¢; o] leads to

(i + (0 = n)* /R il + Blil” + (] — [¢2-i]) = 0

for i = 1,2 which can be solved numerically for [¢;| and |i)s|. With the above
normalization of [¢); 5, the supercurrent circulating the ring is

. ’U)dq)o

2 2
I= — 2@ =l + uaf) (313)

In order to extract an effective A=2 and &gz, to be used as fit model from a &, — I
curve computed numerically using Eq. (3.13), we have approximated it by a cubic
polynomial at small ¢ according to Eq. (3.1): A=2 is proportional to the linear
coefficient , and &%, /R? the ratio of the cubic and linear coefficients. The same
procedure was used to obtain the experimental values of A2 and &4, shown in Fig.
3.2, from fits to measured curves like the one in shown Fig. 3.3(d), which show two
component effects but no fluxoid transitions. While the interpretation of those values
as a physical coherence length and superfluid density is somewhat questionable at
least for weak coupling, this provides an operational definition that is consistent with
the 1D GL result in Eq. (3.1).

For the simultaneous fits to the temperature dependence of A=2 and &gy, shown

in Fig. 3.2, we fixed T.1, T.2 and €5 and kept @9, 1 = 1 — 15 and /d as free
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parameters. The fit results are shown in the first four columns of table 3.1.

| L+ [ 2 [ 3 [ 4 [ 5 [ 6 [ 7 |
Data type | T-dep. | T-dep. | T-dep. | T-dep. | T-dep. | &, — I | simul.
w (nm) 370 320 250 190 190 190 190
R (pm) 1.2 2.0 0.8 2.0 2.0 2.0 2.0
T., (K) 153 | 1.53 | 1.52 | 152 | 153 | 1.56 | 1.53
Teo (K) 1.98 | 198 | 198 | 1.98 | 1.98 | 1.80 | 1.90

o (um~ %) | -205 | -241 | -189 | 219 | -136 | -94 | -123
Qo (um %) | -414 | -389 | -366 | -728 | -736 | -1325 | -326
1 (wm 1) | 4545 | 4545 | 4545 | 4545 | 4545 | 4783 | 2278
e (um 1) || 4545 | 4545 | 4545 | 4545 | 4545 | 4475 | 2274
~Jd (pm=2) | 64 22 7.6 22 | 096 | 12 | 024
" 078 | 076 | 0.80 | 087 | 081 | 037 | 0.66
Jo (kA/em?) | 196 63 26 5 3 3 1

Table 3.1: The first four columns show the parameters from the fits in Fig. 3.2.
Column 5 and 6 contain parameters from the ring in Fig. 3.3, obtained from the
T-dependence of A2 and £gr and @, — I curves as in Fig. 3.3(d), respectively. The
parameters in the last column were used for the simulation of hysteretic ®,— I curves.

In the 1-OP case, A~2 and &g, give a complete description of the ®, — I for a given
n and geometry. If two-OP effects are manifest in a ¢, — I curve on the other hand, its
more complex shape contains additional information, which can be used to check the
consistency with the 2-OP GL-coefficients obtained from the temperature dependence.
We have done this by fitting all the relevant ¢ — I curves from the one ring presented
in Fig. 3.3 with fixed values for 3, 5, obtained from the temperature dependence fits.
This constraint was necessary as otherwise there would be a wide range of parameter
combinations consistent with the data. From the results, we have extracted the
parameters listed in column 6 of table 3.1 by fitting the temperature dependences
of a1 o with a linear model and converting all parameters to the definitions used to
model the temperature dependence. The results differ by up to a factor of about 2
from the values obtained from g7 (T) and A~2(T) of the same ring (column 5). It
is possible that the disagreement could be reduced by a better choice of the fixed

parameters. However, we speculate that it may partly be due to fluctuation effects
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in ¢y at large o, where |1| is strongly suppressed, which go beyond the scope of our
model.

Column 7 of table 3.1 shows the input parameters for the numerical modeling
of hysteretic &, — I curves with different phase winding numbers, shown in Fig.
3.3(g)-(1). The phenomenological parameters k; ~ 6 and ks &~ 25 were chosen for
best similarity between the simulations and data. Our transition criterion F,. (¢ —
n) < k;kpT was motivated as a condition for the thermally activated transition rate
1 /Toe_Eact(“”)/ k8T to become comparable to the experimental time scale teap ~ 0.1 s
82, 93]. Identifying x with log(t..p/70), this corresponds to attempt rates of 1/7 ~
5000 s! and 10 s7! for ¢; and 4, respectively. Given that those rates depend
exponentially on the & 5, the unphysical values (particularly for ¢1) do not represent
an excessively large inconsistency. Using column 5 as input parameters, the similarity

of the simulation results with the data was less convincing.

The line width dependence of the parameters in table 3.1 shows a clear trend
in v, corresponding to the crossover from intermediate coupling to nearly complete
proximitization. There is also evidence for an increase of @y = £522 with decreasing
w, indicating a shorter mean free path in the narrower rings. This is likely due to
the same effect that eliminates v, altogether in rings with w < 120 nm. However,
the opposite trend in @; suggests that the sampling of both layers by electronic wave
functions at stronger coupling may also play a role in determining the @; 5. All other
parameters show no strong dependence on w.

Near T, the thermodynamic critical field H, is given by the relations 872 H.(T)?*®2 =
A72¢57 = a(T)?/B. Due to deviations from the linear temperature dependence of ;7
and A~2 implied by our GL model, the second equality breaks down at low 7. As-
suming a phenomenological temperature dependence H.(T) = H.(0)(1 — (T/T.)?),
and matching it to the GL result near T., one obtains ¢ = a*/3 = 3272 H.(0)*®3.
€ = 4500pum~*, as used in most of the fits, thus corresponds to H.(0) = 80 G. Given
the extrapolation involved in this calculation, this is in reasonable agreement with
the bulk value H.(0) = 100 G. Taking into account that the enhanced 7 should also

increase the condensation energy makes the agreement slightly worse.

To estimate the critical interlayer Josephson current density J. at low T from
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the coupling constant v, we use the relation J.(T') = 2.67.J.(0)(1 — T'/Tc) [4, 3],
which is valid near T, for symmetric junctions between identical superconductors.
The dissimilarity between the two layers in our rings should only lead to correction
factors of order unity. Including prefactors and approximating the amplitudes by
their values in the uncoupled system, the contribution of the coupling term to Eq.

(3.5) per unit area is

R o2 a1 (T)as(T)
Ey(T) = —° = _—0 -

for T' 5 T'c, thus giving a critical current density

% a1 (T)@(T)
2.67 - 477'#0 ﬁlﬁg

Je(0)

The last row in table 3.1 shows the values obtained from the fit parameters.This can be
compared to known junction fabrication processes: Extrapolating the Nb/Al/Al0, /Nb
trilayer process characterization in Ref. [119] to a 10 min, 10~ mBar exposure, one
obtains a critical current density on the order of 100 kA /cm?, which compares well
to the largest extracted values. Given that according to Ref. [119], a factor 100 re-
duction in critical current corresponds to a four orders of magnitude larger exposure,
it seems unlikely that the oxidization process for smaller line widths can be thought
of as analogous to the oxygen exposure of a thin film after deposition. It is more
plausible that the co-deposition of aluminum and possible direct contact with the

resist plays a role.

In conclusion, we have shown that different ways of analyzing and modeling our
data in a two-OP GL framework give physically reasonable values for the GL coeffi-
cients that agree within about a factor 2. Thus, we find that the modeling supports

the two-OP interpretation.
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3.3 Detailed analysis of a 2-component ¢,—/ curve

It is conceivable that averaging over field sweeps in which the fluxoid number is not
always the same at a given value of ¢, even far from any transition, may result in
®,—I curves similar to those in Fig. 3.3. For example, branches of an averaged ®,-1
curve which appear separated by a non-integer change in ¢, or have a zero at a non-
integer value of ¢, can be explained this way. We definitely encountered this situation
in some curves without other two-OP effects, where a transition occurs right around
the maximum value of ¢, so that it does not happen in every field sweep. A similar
effect happens if the state selection process after a transition is non-deterministic, as

observed in chapter 4.

Examination of single field sweeps helps ruling out this mechanism as a potential
alternative explanation for some of the two-OP effects. Fig. 3.4 shows two types of
individual traces and the resulting average from a ring that is nominally identical
to the one shown in Fig. 3.3, taken at the same temperature as panel Fig. 3.3(b).
The little step at ¢ = £0.3 in Fig. 3.3(b) most likely originates in the same or a
very similar statistical mix of two different transition sequences. Most other irregular
features on the other hand appear to be true two-OP effects, as they are also present

in each individual field sweep.

Nevertheless, due to sensor noise in Fig. 3.4 and the (unlikely) possibility of
different behaviors in different rings, the data discussed so far does not quite give a
rigorous proof of states with ny # ny. However, a ®,—I curve from yet another ring,
shown in Fig. 3.5, gives further convincing evidence that the two-OP interpretation is
correct. As demonstrated by the dashed lines in Fig. 3.5, this curve can be modeled
fairly accurately by a fit by eye in which the inter-component coupling is neglected
and ny = 0 throughout, while n; = —3,...,3. The branches of the combined response

extrapolate to zero at non-integer values of (.

This dataset also allows a simple semiquantitative explanation of the transition
sequence based on a phase-only model in the London limit. In the following, I will
first discuss this model and its soliton solutions and then show how it can explain

the fluxoid transitions in Fig. 3.5. The first part closely follows the treatment in Ref.
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Figure 3.4: Five single field sweeps (top) and their average (bottom) for a ring nom-
inally identical to the one in Fig. 3.3 at T = 1.475 K, as Fig. 3.3(b).
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Figure 3.5: ®,~I curve from a ring with w = 190 nm and R = 4 ym at T = 1.45
K, in which ny = 0 throughout. This allows an unambiguous identification of the
fluxoid numbers. The black dashed lines represent a fit by eye to a model of the
form I(¢) = —ay(p —n1)(1 — 2/ R*(p — n1)?) — agep, which neglects the effect of the
coupling on the order parameter amplitude and pair breaking in 5. The contribution
of each order parameter in this model is shown in red and green. The calibration and
offset in ¢ were obtained from higher 7" data. The transition points and a y-offset of
0.13 pA were inserted by hand.
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[131], however with a modification that eliminates an apparent error in the continuity

condition around the ring.

Assuming constant superfluid densities |1 2|? in Eq. (3.7), one obtains a phase-

only energy functional of the form

2 L 2 L
F[¢1, gbg, A] = h2 (Zzl %A dx (quz + %:A) + Ii/ov dx COS(¢2 — ¢1)> (314)

with p; = wd; [¢]° /m and &k = yw|yahe| /B2, As a different gauge than so far will be
used below, no explicit expression for the vector potential A has been used. Variation
w.r.t. ¢ leads to a pair of continuity equations coupled through the Josephson
term. They can be transformed into the Sine-Gordon equation for the phase difference

0 = ¢ — ¢1, which decouples from the vector potential:
—V?0 + ¢ %sin(0) =0 (3.15)

with (72 = k(1/p1 + 1/ps). Single-valuedness and smoothness of the OPs v;(z) =
|1;|€?®@) impose the boundary conditions §(L) = 2m(ny — ny)0(0) and VO(L) =
VO(x). For |ny —ny1| =1 and { < L, the single soliton solution of Eq. (3.15) is

f(x) = 4arctan (eiz_fo) . (3.16)
Approximate solutions for [ny — nq| > 1 can be obtained through superpositions of

several single soliton solutions with different core positions xy, provided the latter are

several ( apart.
Variation of 3.14 w.r.t. A gives an expression for the current
~ (¢
J = —e? ; _OV i+ A 3.17
S (o) =

The complete solutions of Eqs. 3.14 that satisfy the boundary conditions ¢;(L) =
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27(n; — @p) + ¢:(0) are of the form
¢i(x) = (mm1 +mne — pp)r/R+ (=1)'(1 = n,)0(x), (3.18)

where 6 is a solution of Eq. 3.15 and n; = p;/(p1 + p2). In the London gauge, ¢p has
to be set to 0, and the vector potential A = ®,/L makes a constant contribution to
the current (3.17). For the purpose of the illustration given in Fig. 3.6, it is more
transparent to use a gauge where A is a d-function at x = 0 so that pp = ¢ = &, /Py
and A = 0in Eq. (3.17). While the soliton part of the solution was already considered
in Ref. [131], the possibility of an additional linear phase variation was not considered
there. Instead, a somewhat obscure argument led to the result that the flux in the
ring is 1, ®g for n; = 1 and ny = 0, which is true for wd > A2, but unphysical in the
quasi-1D limit wd < A2

Figs. 3.6(b)-(g) show schematic reconstructions of ¢, » and 6 at the flux bias points
indicated by arrows in Fig. 3.6(a). Those plots also provide a simple explanation for
when a state becomes unstable. Within the framework of 1-OP GL theory and in
the chosen gauge, which has the advantage that the contribution of the applied flux
to the superfluid velocity is included in the slope of the ¢;2(x), a state becomes
unstable at [V¢| Z 1/(v/3€). In the case discussed here, & is sufficiently small for
Vs never to reach the critical value. Upon increasing ¢, a soliton enters the ring
and increases n; whenever V¢, approaches the critical value between already existing
solitons, where it is largest. When ¢ is ramped down again, a soliton leaves the ring
whenever V¢, becomes too negative in the core of a soliton. For a discussion of the
transition sequence leading to the particular ®,—I curve discussed in this section see

the caption of Fig. 3.6.
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Figure 3.6: Reconstructions of the absolute and relative phases ¢; 2 and 6 at the flux
bias points indicated by arrows in panel (a). The dashed lines in (b) - (g) indicate
the critical slope of ¢;. Initially, ny =ns =0, ¢ =0 and § = 0 (b). Upon increasing
©, @1 = ¢o vary linearly until the critical value of V¢, is reached (c). At this point,
a soliton enters so that ny = 1 (d), thus reducing V¢; so that ¢ can be increased
further before the next one enters. At the largest value of ¢, ny = 3 so that there
are three solitons in the ring (e). As ¢ is reduced again, V¢, eventually reaches its
negative critical value in the core of a soliton (f), so that the solitons decay one by
one (g) until the ring returns to the n; = ny = 0 state (b).



Chapter 4

Multiple fluxoid transitions in

mesoscopic superconducting rings

Hendrik Bluhm, Nicholas C. Koshnick, Martin E. Huber, Kathryn A. Moler,
submitted to Physical Review B.

Abstract

The authors report magnetic measurements of fluxoid transitions in mesoscopic, su-
perconducting aluminum rings. The transitions are induced by applying a flux to
the ring so that the induced supercurrent approaches the critical current. In a tem-
perature range near T, only a single fluxoid enters or leaves at a time, leading to a
final state above the ground state. Upon lowering the temperature, several fluxoids
enter or leave at once, and the final state approaches the ground state, which can be
reached below approximately 0.5 T,.. A model based on the widely used time depen-
dent Ginzburg-Landau theory for gapless superconductors can only explain the data
if unphysical parameters are used. Heating and quasiparticle diffusion may be impor-
tant for a quantitative understanding of this experiment, which could provide a model

system for studying the nonlinear dynamics of superconductors far from equilibrium.
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The dynamics of phase slips (PS) in quasi-1D superconducting wires has long been
studied intensively. Most observed phenomena have been explained with phenomeno-
logical models[127, 68] and the time-dependent Ginzburg-Landau theory (TDGL) for
gapped superconductors [79], often with good quantitative agreement [133]. However,
in those wires with diameter d of typically a few pm, the quasi-1D limit £(7) 2 d
and A(T") > d was only accessible very close to the critical temperature T, where the
coherence length ¢ and penetration depth A diverge. Due to various approximations,
the microscopic validity of most of the theoretical models employed is also limited
to the vicinity of T.. Modern e-beam and nanotemplating techniques yield supercon-
ducting wires which remain quasi-1D down to 7' = 0, and thus give access to the
superconducting dynamics at low temperature without loosing the significant simpli-
fications of the 1D limit. A better understanding of those dynamics is interesting
both for its own sake and for device applications, such as microbridge SQUIDs[61] or
nanowire single photon detectors [7].

We have probed the dynamical evolution of the order parameter in mesoscopic
Al rings at temperatures 7" = 0.15...0.9 T.. Upon increasing the magnetic flux
®, threading a ring, the circulating supercurrent [ increases quasistatically until
it approaches the critical current, and the ring switches rapidly to a more stable
state. We find that near T, the phase winding number n of the order parameter
P(z) = |¢]e™® changes by An = 1 at each transition, which can leave the ring in
a metastable state well above the ground state. At lower T, An increases, and the
final state approaches the ground state, while static states persist over a larger range
of applied flux. Below T" ~ 0.5 T, , the ring decays into the ground state over
an increasing range of flux bias points. Such multiple fluxoid transitions were first
observed in Ref. [107] for rings not quite in the 1D-limit, theoretically explained based
on the gapless TDGL equations [137], and studied further in Ref. [138]. Contrary to
our work, the previous experimental results[138, 107] focus on the effect of applying
a field H, not much smaller than the critical field, rather than the temperature
dependence. Multiple fluxoid transitions were also found to be manifest heat capacity

measurements on an array of rings in Ref. [23], where a qualitative explanation in
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terms of static GL solutions obtained from a relaxation algorithm was given. Refs.
[14] and [132] contain further related theoretical work on state selection and the
effect of fluctuations on the dynamics of mesoscopic superconducting rings, albeit
in a different parameter range. The TDGL model in Refs. [138] and [137] can
only reproduce our and previous ring data by choosing a numerical constant which
is inconsistent with microscopic theory and transport measurements in the resistive
state. The gapped TDGL theory may overcome this inconsistency. However in Al,
both versions of TDGL are justified only extremely close to T,., and we estimate
that the neglected heating and quasiparticle (QP) diffusion may be important in our
experiment. Lacking a tractable theory for superconducting dynamics far from 7, it
is common to use TDGL, sometimes well below 7, and in the gapless version. Thus,
it is of considerable interest to understand to what extent those theories are adequate
outside their theoretical range of validity, and to develop better theories. Experiments

such as ours can be used for validation.

Unlike transport measurements on superconducting wires, where voltage reflects
the mean phase winding rate, our experiment probes when phase unwinding ceases,
once started. Thus, we explore fast dynamics without a high measurement bandwidth.
Furthermore, DC transport measurements are prone to thermal runaway effects at
low T', where the critical current is large and cooling is inefficient. In our case, heating
is also significant, but localized in space and time due to the finite number of PS’s.
The absence of leads eliminates the need to consider proximity effects and boundary

conditions at the contacts.

The results reported here are from 13 rings with radii R = 1 and 2 pgm and line
width w = 70, 115, 140 and 180 nm, measured in a single cool down. We measured
I as a function of ®, and T' by positioning a scanning SQUID microscope[17] over
each ring individually. The samples were made by e-beam lithography using PMMA
resist and liftoff. The 60 nm thick Al film was deposited using e-beam evaporation
at a pressure of 1077 mBar and a rate of 35 A/s Using & = 1.6 pum for pure bulk
Al[95] and £(0) = 140 to 180 nm depending on w, obtained as described below [see
also Fig. 4.1(g)], we infer a mean free path of [, = 1.4£(0)?/&, = 17 to 28 nm. The
measured T, is 1.25 K.
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Our SQUID sensor is designed as a susceptometer as discussed in Refs. [55] and
[78]. We positioned one of its pickup loops over a ring and recorded its response while
sinusoidally varying ®,, generated by an on-chip field coil, at 0.6 Hz. To isolate the
flux generated by I, we subtracted a background measured by retracting the SQUID
from the sample. For each ring, we took 40 such ®,~I curves at each T', in steps of

10 mK — a total of more than 40,000 field sweeps containing 550,000 transitions.

We also collected data at a smaller ®,-amplitude, so that fluxoid transitions only
occurred near T, to extract A\=2(T') and &(T') [Fig 4.1(f, g)], as described in chapter 3.
Using fifth order rather than cubic polynomials to fit the low T" ®,—I curves accounts
for corrections to 1D GL at low T" [8], and for imperfections in the rings, whose effect

is biggest at large I. We also corrected for partial screening of the applied flux.

Fig. 4.1 shows a few individual field sweeps. Each branch of a ®,—I curve rep-
resents the response I,,(p = ®,/®¢) of a state with fluxoid number n, with a linear
response around ¢ = n, and a curvature caused by pair breaking at larger ¢ — n.
®y = h/2e is the superconducting flux quantum. Since w < R and H, < Hy, I,
and the transition points only depend on ¢ — n to high accuracy. In the GL regime,
L.(p) = —(wd®q /27 RuoA?) (o —n) (1 — (€2 /R?) (¢ —n)?). At lower T, deviations from
the cubic form become noticeable.

We have extracted the position ¢; of each transition and n for each branch, and
computed ¢:(T) = (| — ni|) by averaging over all transitions in each set of field
sweeps. n,; and ny are the n before and after each transition, as illustrated in Fig.
4.1(d). The < 50 m®P, rms-scatter of |¢; —n;| around ¢;, which is partly due to sensor
vibrations, is negligible for our purpose. The observed frequencies of An = |n; — ny|
values yield a probability distribution as a function of 7" for each ring, as shown in
Fig. 4.1(e). Since we find at most two consecutive integer values of An at any given

T, the distribution is fully characterized by its mean (An)(T") [Fig. 4.2].

A GL stability analysis neglecting screening effects and fluctuations predicts ¢y =
VR2/E4, +1/2/V/3 ~ R/V3E(T) [138]. In practice, ¢; as shown in Fig. 4.2 varies
significantly between nominally identical rings, and is up to 30 % smaller than the
measured value of R/v/3¢(T), with the largest deviation for the smallest w. The

variations suggests that imperfections contribute significantly to this discrepancy,
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Figure 4.1: (a)-(d) Typical single-sweep ®,~I curves for a R = 2um, w = 180 nm
ring. The ring current I is proportional to the SQUID response ®sqrrp, with mutual
inductance My, ~ 1.2 ®o/mA for this ring size. At 1.1 K (a), An = 1 always.
Around 0.96 K (b) and 0.95 K (c), An = 2 transitions become increasingly likely. At
0.28 K (d), An = 6, and the ring decays close to the ground state at each transition.
The arrows indicate the field sweep direction and illustrate An, n;, ny and ¢, for the
transition at ¢; = —9.7. (e) Probabilities for a change An in the fluxoid number.
(f),(g) A™% and £ as a function of T'.
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Figure 4.2: (a) Mean transition point ¢; (lines only) and (An) (lines with dots, each
dot representing one dataset of 40 field sweeps). The inset shows the same data for just
the ring from Fig. 4.1 and a R =1 pm ring. (b) ¢, - (An) as a function of temperature
for all 13 rings. The three shaded regions indicate the difference |1 —ngpouna| between
the n of the final and the ground state. Since ¢, — (An) = £(p; — nyg), it encodes
both |nf — Nground|, and the dependence of the final state on how far from an integer
flux bias point a transition occurs. Comparison with the inset shows that ¢, — (An)
depends directly on the temperature rather than R/¢(T).
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but a deviation from GL theory far below T, and thermal activation or tunneling
may also play a role. The temperatures at which An changes also show significant
scatter. However, they correlate strongly with the value of ¢; at that point for similar
T. Consequently, the curves of ¢,(T) — (An)(T) = £(p; — ns) from all rings [Fig.
4.2] approximately collapse into a band whose width of ~ 1 is largely due to the
discreteness of (An). Below 0.5 T,, ¢ — (An) < 1/2 can occur, which implies that
the final state is the ground state with |¢; —ny| < 1/2. The lower T, the larger is
the range of ¢; over which the ground state is reached. The absence of a clear w
dependence of ¢, — (An) vs. T indicates that the effect of the self inductance and the
thermal activation barrier, both of which are proportional to wd, is small.

The results show no significant dependence on sweep frequency from 0.6 to 9.6 Hz.
One concern is heating from the ~5 GHz, ~5 m®, Josephson oscillation applied to
the rings by the SQUID. Varying the pickup loop-ring inductance M., by a factor
5 by retracting the SQUID about 2 um had no significant effect. However, when
the sensor chip touched the sample substrate, ¢;(T") flattened slightly below 0.35 K,
changing by 0.1 at 0.2 K. Since this effect is negligible, the data was acquired with
the SQUID touching the sample to avoid variations of M, due to scanner drift and
vibrations.

We now turn to discussing our results in terms of the TDGL equations for gapped

superconductors:

Y <2+¢V+7—2M)¢

V1I+2[Y2 \ot 2 Ot
= (V—iA) + (1 - [9*)y (4.1a)
V2V = V- Re(¥*(—iV + A)), (4.1b)

where v = 275 Ao(T)/h. A¢(T) is the equilibrium gap, V' the electrostatic potential,
and 7g the inelastic electron-phonon scattering time. Without magnetic impuri-
ties, theory predicts u = 71/14¢(3) = 5.79 [79]. Egs. (4.1) are written in dimen-
sionless variables, as defined in Ref. [96]. We only note that the unit of time is
Tar = 2kpTh/A2, and the dimensionless ring circumference is 2w R/£(T). The latter

might lead to an indirect T-dependence. However, Fig. 4.2(b) shows only a weak
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R-dependence of the range of possible ¢;(T) — (An)(T'), whereas plotting ¢; — (An)
against R/&(T) (inset) gives two distinct bands. Thus, the T-dependence of v is more
important than that of R/&(T), to the extent that Eqs. (4.1) are applicable.

The mechanism underlying multiple PS’s in mesoscopic rings was analyzed in Refs.
[137, 138], based on numerical solutions of Eqs. 4.1 with v = 0. Ref. [137] identifies
two timescales: the duration of a single PS, 7,, and the relaxation time 7y of [¢]. If
Ts S Tly|, the phase may unwind by several 27 before 1| can recover after the first
PS. Further analysis for wires with finite 7[96] shows that 7, is related to the voltage
drop AV = IRpg across the PS center via the Josephson relation: 75 = ®/AV,
where Rpg is the resistance of the region around the PS over which the electric field
decays and the QP current is converted to supercurrent. The extent of this region is
given by the charge imbalance length Ag- o< \/y/u&(T). One obtains 7, o \/u/y7er
and 7)) < yurgr. The above expressions are valid for v > 1. For v < 1, one should

replace v with 1.

If treating v as a phenomenological adjustable parameter and setting v = 0, one
thus finds that 7, /7, decreases with increasing u, so that a larger v leads to larger An
[137]. Reasonable agreement with a previous experiment at 0.4 K was obtained for u
= 48 [138]. However, u > 6 is inconsistent with microscopic theory and experiments
in the resistive state of quasi-1D superconducting wires [64, 133]. Those show that
except very close to Tp., £ < Ag« o |1 — T.7'/*. Some experiments even found a
constant Ag«. When using Eqs. (4.1) with v = 0, this implies ©v < 1 and that u
decreases with decreasing T' [137]. For example, Eqs. (4.1) with « = 0.01 and v =0

have been used to model the resistive state [64].

This inconsistency in the effective u arises because v is negligible only in the
gapless limit, where phonon (or magnetic impurity) induced pair breaking causes
a fast reaction of the QP population to order parameter variations. For pure Al,
this limit only applies for 7 > T. — 1071 K. An increase of v o< /|T — T,| with
decreasing 1" on the other hand both reduces 74/74 and increases Ag-/¢(T), in
qualitative agreement with both ring and resistive-state experiments. However, Egs.
(4.1) neglect heating and QP diffusion, which is valid for 74,7y < 7. Thus, even

accounting for the slow charge imbalance relaxation by allowing v # 0 only extends
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the theoretical validity to T, — T < 0.1 mK for Al [142] '

The observation that ¢; — ny is nearly independent of R implies that the current
after a transition is approximately inversely proportional to R. For wires carrying a
quasi-dc bias current I on the other hand, phase slipping stops once I drops below
some limit Iy, at which 74 = ®¢/Rpsla ~ 1)y [96]. Within the TDGL picture
discussed above, this finite length effect could be explained if the normal-like length
determining Rpg is set by circumference rather than Ag+, which is formally plausible
since 2Ag+« > 2R at T'= 0. However, QP’s can only diffuse a distance /D1y < TR
during a single PS, so that it seems questionable if the whole ring can contribute to
Rpg. Alternatively, the local reduction of the critical current at the PS center could
increase as more PS’s occur, so that larger rings holding more fluxoids have a smaller
final current. Well below T, where Ag > kT, the electronic heat capacity ¢(7) is
very small, while the kinetic energy density is large. Therefore, dissipating the latter
in a PS will lead to significant heating, i.e. excitation of the energy mode of the QP
population, which increases for larger R. Thermalization with the lattice occurs on
the scale of 7z > 50 ns [142], whereas assuming that Rpg is at least that of a ring
section of length £ gives 7, < 10 ps. Thus, the electrons are approximately a closed
system. If the kinetic energy was converted to homogeneous heating, the resulting
electronic temperature would be given, very roughly, by max(T’, 0.8 K), because ¢(T)
is small for 7' 5 0.57,.. At this temperature, ¢; is still rather large, so that uniform
heating would lead to smaller An than observed. However, given the short diffusion
length \/D_7'¢ ~ ¢ < 2mR, hot QP’s will remain localized so that diffusive cooling

may affect 7.

A general description of time dependent superconductivity, similar to the Usadel
equations for the static case, was derived in Ref. [142]. Unfortunately, the resulting
system of equations for A, the Green’s functions and electron distribution is rather
complex. Approximate solutions for specific cases were studied in Refs. [12, 122].
Similar computations might allow a direct comparison between our data and micro-

scopic theory. A much simpler first step could be a similar study as in [137] using

For some common low-T,. superconductors with shorter 7z, Egs. (4.1) hold over a much larger
temperature range.
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Egs. (4.1), but with v rather than u as free parameter. Heating and QP diffusion
could be accounted for through a local effective temperature governed by the heat
equation.

In conclusion, we have shown experimentally that the final state after a field in-
duced fluxoid transition in mesoscopic rings approaches the ground state for 7" — 0.
While localized heating likely is important, our results cannot be explained with uni-
form heating. Time dependent Ginzburg-Landau theory for gapped superconductors
might give an adequate phenomenological model, however it is not microscopically
justified in the experimental temperature range. Although our experiment is concep-
tually rather simple, a quantitative explanation is intriguingly complex and probably
requires the incorporation of QP diffusion. Such a model may also provide insight
in localized nonequilibrium effects on the superconducting dynamics in other cases,
such as vortex motion or flux avalanches.

This work was supported primarily by NSF Grant No. DMR-0507931, with addi-
tional support by DMR-0216470, ECS-0210877 and PHY-0425897 and by the Packard
Foundation. Samples were fabricated at the Stanford Nanofabrication Facility of
NNIN supported by NSF Grant No. ECS-9731293. We would like to thank Denis

Vodolazov and Jorge Berger for useful discussions and comments.



Chapter 5

Persistent currents in normal

metal rings

5.1 Theoretical background

5.1.1 Introduction

Since it was realized that persistent currents should exist in normal metal rings in the
diffusive regime, they have attracted tremendous theoretical attention. This interest
was fueled further by only a handful of experiments, some of which raised more
questions than they answered. The only published measurement of persistent currents
in single normal metal rings [29] found a signal that was up to two orders of magnitude
larger than the theoretically expected result. Experiments on a ballistic ring [89] and
ensembles of 30 to 107 rings (see section 5.2) were generally in better accord with
theory, but many open questions remain. Thus, there is a definite need for further
experiments. Due to the very small signals and the inaccessibility of the effect with
regular transport measurements, such experiments are considered as very difficult.
Addressing this need was one of our motivations for implementing a scanning SQUID
microscope in a dilution refrigerator and pushing for the required sensitivity. Up to
the point of writing, this instrument allowed us to measure 33 individual Au rings

in the last, most successful cooldown, and many more in earlier attempts without
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any positive results. The magnetic response of some of the rings contains a flux-
periodic component which is fully consistent with the theoretically expected behavior

of persistent currents.

In the remainder of this introduction, I will try to convey some physical intuition
for persistent currents in mesoscopic systems, and motivate the interest they have
received over the years. In sections 5.1.2 and 5.1.3, I will give a brief overview of the
theoretical results that are most relevant for comparison to the experiment. Given
the vast body of literature on the subject, it will be far from being complete. Section

5.2 will give a more comprehensive summary of previous experimental results.

It was first pointed out by Byers and Yang [26] in connection with superconducting
pairing that all thermodynamic quantities of an ensemble of electrons in a ring-like
structure are periodic in the flux ® threading the center. The vector potential due to
this flux can be transformed into a phase factor €?7®/# in the boundary conditions
for the single particle wave functions through a gauge transformation. Thus, changing
the flux by an integer multiple of ¢y = h/e has no effect. While Ref. [26] explicitly
neglected mesoscopic fluctuations arising from the discrete nature of electronic lev-
els in small samples, it is exactly those fluctuations that cause many of the known

mesoscopic effects.

One of the experimentally accessible thermodynamics quantities in which they can
be manifest is the ground state current (®) circulating a ring as a result of a static
applied flux ®. This is not to be confused with the transient current due to a time
dependent flux, which decays over the inductive L/R time of the ring. For a typical
mesoscopic ring, L/R is in the picosecond range. Loosely speaking, the equilibrium
persistent current is what is left of this induced current when the electrons have

relaxed as close to a zero-current state as is consistent with the discrete energy levels.

Theoretical interest in this phenomenon was initially motivated by several factors.
Since it represents an equilibrium property rather than the response to an excitation,

it is (or should be) relatively simple to calculate. In particular, since

OF
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it directly reflects the flux dependence of the free energy F'.

Because the total energy is just the sum of the energies of the individual levels,
the total current of all levels reflects correlations between the flux dependence of the
individual energy levels. One typically finds that the total current corresponds to that
of relatively few electrons at the Fermi energy, which implies strong anticorrelations
between nearby levels. In strictly one-dimensional, disordered rings, a surprisingly
detailed theoretical insight into such correlations can be gained using the transfer
matrix technique. (See, for example [32]). Since they are accessible with relatively
simple theoretical techniques, one-dimensional rings are also a good source for an
intuitive understanding. In the absence of the disorder, computing their persistent
current as a function of flux and chemical potential or electron number is a straight-
forward exercise. Since the results are laid out in some detail in Ref. [31], I will
not repeat them here. The probably most important conclusion is that the typical
magnitude of the current corresponds to a single electron circulating the ring at the
Fermi velocity, i.e.

J——
L

Such 1D results may be directly relevant for experiments on 2DEG rings, which
can have few transverse channels and reach the ballistic limit (I 2 L). The metallic
rings of the experiments discussed in section 5.3 on the other hand are in the diffusive

regime with many transverse channels, which is more complicated.

Before reviewing some of the related theoretical results in the next section, I will
discuss some basic concepts. Due to the periodic nature of I(®), it is customary
and natural to decompose persistent currents (and other flux dependent quantities)
into their harmonics, I,,. Since higher harmonics are associated with electron paths
circulating the ring several times in a semiclassical picture, they (and therefore any
sharp features in the ® — I relation) are more susceptible to disorder, temperature etc.
Consequently, the first and second harmonics are the experimentally most accessible
ones. However, since there are some fundamental differences in the physics that
governs odd and even harmonics, it is sometimes essential to consider both the first

and second harmonic, I; and Is.
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Since the ® — [ relation of any given ring depends on the particular realization
of disorder, theoretical work usually deals with ensemble averages (I,,) and the fluc-
tuations (I2). Those numbers characterize the distribution of observed amplitudes
if one measures many different rings individually. This distribution is expected to
be Gaussian in the diffusive regime (I, < L < &, where ¢ is the localization length)
and to become log-normal at the onset of localization (L ~ &) [100]. Due to this
randomness of the persistent current, a measurement of a single ring can only give
order-of-magnitude information. If an experiment averages over an ensemble of NV

rings, the distribution of the results is given by

<[ensemble> - N<Isingle> and
1/2 1/2
<<[€2n3€mble> o <I€"5@mbl€>2) = VN <<Iszingle> - <Isingl6>2) :

Thus, such an ensemble measurement will reflect (I), provided N > (I*)/(I)?. If
this condition does not hold, the interpretation of the experiment may be ambiguous,
since it is not clear if the result has to be scaled by N or v/N to obtain a single-ring

current.

5.1.2 Noninteracting electrons in a diffusive ring

Riedel and Von Oppen [115] have computed (I,) and /(I3) including their tempera-
ture dependence for cylinders, i.e. rings with a finite extent along the symmetry axis,
in the diffusive regime at a fixed chemical potential . Their main results are the
basis for comparison of our experimental results with theory. They find to a good

approximation in the relevant temperature range

E.
(I?) = ¢—e—’fBT/Ec = 0.52fye BT/ Ee (5.1)
0

—3/2 prefactor and thus

which does not include spin. Higher harmonics enter with a m
are practically negligible. The current scale Iy = el,vp/L? can be identified with
the current of a single electron traveling diffusively around the ring. Writing it as

E./¢y is reminiscent of the fact that E, = m2hD/L? is proportional to the Thouless
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energy. The latter reflects the sensitivity of a single particle level to the boundary
conditions in a system of size L [48]. However, this correspondence appears to be
somewhat oversimplified, since a detailed analysis of the single level currents suggests
that the total response is due to the contributions of the last M,y levels [115]. Those
M.¢y levels are separated in energy by the correlation energy F.. One finds that the
correlations between energy levels at different energies cause an oscillatory variation
of the persistent current as a function of the chemical potential x on the scale of E,
in a given sample. These correlations also explain the scale of the temperature de-
pendence: When the thermal broadening of the Fermi surface leads to averaging over
anticorrelated levels more than FE,. apart, the total persistent current is suppressed.
One can also relate the exponent in Eq. 5.1 to the thermal length Ly = \/W:
kgT/E. o< (L/Lt)®. Lp is just the distance two electrons separated by kpT can
diffuse until their relative phase changes by 27. Thus, the phase sensitivity around

the ring is thermally smoothed out if L = L.

Eq. 5.1 is valid for spinless electrons. Taking spin into account increases y/(I?)
by a factor 2, since each spin contributes the same amount for any given realization of
spin independent disorder. Based on a heuristic argument backed up with a strictly
1D calculation in Ref. [94] (see also [50]), one may expect an additional factor 1/2
for strong spin-orbit scattering (ls, < L), thus giving the same overall result as Eq.
5.1. A very similar result with an additional factor 1/ V/d in the prefactor was already

given in Ref. [33], where d is the dimensionality of the sample with respect to L.

According to Ref. [33], the average h/e current is exponentially small in L/[.:

2 _ el.vp
() = —V Megge L/%?'

For our rings, it is significantly smaller than \/@ . However, as Yoe Imry pointed
out, it may not be entirely beyond experimental reach, since the effective number
of channels M.;y = MI./L in the prefactor can be fairly large. This component is
supposed to decay over a temperature scale corresponding to the longitudinal level
spacing Ay = hvp/L « L/I.E, and oscillate as a function of the chemical potential u

over the same scale. Thus, one may expect it to be even smaller if an average over u



62 CHAPTER 5. PERSISTENT CURRENTS IN NORMAL METAL RINGS

is taken.

The contributions to the persistent current discussed so far are insensitive to
whether the ensemble averaging is carried out in the canonical or grand-canonical
ensemble, i.e. whether electrons are allowed to enter or leave the ring as energy levels
cross p. Several papers [2, 139, 121] predict an additional, Cooperon-related con-
tribution (Is,,) ~ Apr/¢o to the ensemble average of even harmonics, which occurs
only in the canonical ensemble. Due to the small amplitude and the correspondingly
small temperature scale of Ay;/hkp, this is of little experimental relevance in metal-
lic rings. An enhancement of ensemble averages in the canonical compared to the
grand canonical ensemble was also observed in large scale numerical simulations in
Ref. [100], however with a parametrically different parameter dependence than the
Cooperon contribution: (I5) o evFle/\/WffLQ.

5.1.3 Interaction effects on (I)

A range of papers discuss the effect of various interactions on persistent currents.
Those calculations were partly motivated by the experimental results of Levy et al.,
[83], which showed an h/2e ensemble average (I) that was much larger than the
non-interacting electron results discussed in the preceding section.

Since electron-electron interactions always involve at least two electrons, each of
which picks up a phase of 27 per ¢q, interaction effects are usually manifest in the
even harmonics (Iy,,). The effect of direct electron-electron interactions characterized
by a dimensionless coupling strength A has been addressed in Ref. [5]. The authors
find 8\ _=’kpT

(L) = ge_wfo- (5.2)
For attractive interactions (A < 0) such as the BCS interaction, one finds a dia-
magnetic response, whereas repulsive interactions such as the Coulomb force re-
sult in a paramagnetic response. Estimates of either kind of interaction for non-
superconducting metals lead to |A| < 0.1 [6], which is about a factor of 5 too small to
explain the experimental result of Ref. [83]. Ref. [121] suggests that the effect of re-

pulsive interactions can be also interpreted as the consequence of a local enforcement
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of charge neutrality. A similar result to Eq. (5.2), however with a parametrically
larger prefactor, was reported in Ref. [120]. This calculation is based on a BCS
Hamiltonian, which leads to interaction induced correlations between levels up to wp
from the Fermi surface, where wp is the cutoff energy for the interactions. However,
it was subsequently argued that this result is due to an unjustified approximation

that violates gauge invariance [47].

Schwab [123] has considered an interaction of non-magnetic two level systems
(TLS) with the local electron density. Since the latter has a periodic flux dependence,
this mechanism also contributes to the persistent current. The result is similar to Eq.
(5.2) with the coupling constant A determined by the concentration of defects with
suitable parameters. It appears that a 2 ppm concentration of such TLS could account
for the experimental result of Ref. [83], but since little is known about such defects

in microfabricated structures, this comparison is inconclusive.

Schwab and Eckern [124] predicted that an h/2e component of the ensemble av-
erage may also arise from interactions of electrons with magnetic impurities. Their
result is again similar to Eq. (5.2) with an interaction constant A proportional to
the impurity concentration and their susceptibility. For most of their calculations,
they assumed an equilibrium susceptibility, which results in a 1/7T" temperature de-
pendence of the persistent current. In a later paper [123], Schwab mentions that
this is the reason why their theory was not suggested as an explanation of the large
ensemble average measured in Ref. [83], where no low-7" divergence was observed.
However, it seems that the 1/7" dependence obtained in Ref. [124] will be cut off
by saturation of the spin once its electron-interaction induced level splitting becomes
comparable to kgT. The onset of Kondo physics should also lead to a cutoff for
temperatures below the Kondo temperature [124]. Since the electrons provide most
of the dissipation thermalizing a spin, it seems plausible that dynamic effects such
as a retarded interaction may play a role, too. It has been demonstrated after pub-
lication of Ref. [124] that magnetic impurity concentrations as small as 0.1 ppm can
cause excess dephasing [109, 16]. Furthermore, the rings measured by Levy et al. [83]
were made of Cu, and there is strong evidence that Cu forms a magnetically active

surface oxide [141]. Some of the earlier persistent current measurements did report
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| Ref. [ 29 [ [29] | [29] | [67] | [83] | [40] | [114] | [41] | [89] | [113] |
Material Au | Au | Au | Au | Cu | Ag | GaAs | GaAs | GaAs | GaAs
N 1 1 1 30 [ 107 10° | 10° | 10° 1 16

L (um) 75 [126] 8 8 [22] 4 8 52 | 85 12
l. (nm) 70 [ 70 | 70 [ 87 [ 20 | 40 | 3000 | 3000 | 11000 | 8000
I, (nA) 30 | 3 6 | 0.35 4 0.35
I, (nA) 0.066 | 0.4 [ 033 1.5 | 0.25
Iy (mA) [027] 01 [024] 03 | 11056 0.7 2 5 1.2
T) (mK) 20 | 166
T, (mK) 89 [ 80 [ 39 | 190

E./kp(mK) | 44 | 16 | 38 | 51 [168] 85 | 310 | 930 1320

Table 5.1: Summary of previous persistent current measurements. N: number of
rings. L: ring circumference. [;: amplitude of h/e signal. Iy: amplitude of h/2e
signal. Tjo: temperatures over which [; 2 decay exponentially. [y = evpl,/L* (or
evp/L for Ref. [89], where I, > L), E. = n*hD/L?. The sign of I, was diamagnetic
in each experiment.

a saturation of the dephasing length at relatively high temperatures, indicating that
magnetic impurities indeed were present. Thus, it appears that the effect of magnetic

impurities on persistent currents deserves further attention.

5.2 Review of experimental results

Table 5.1 shows a summary of the results of all experiments on persistent currents I
am familiar with. In the following, I will briefly discuss each of those experiments. A
short but concise summary of experimental results is also given in Ref. [46], however
it does not include the works by Mailly et al. [89] and Deblock et al. [40, 41].

The first experimental evidence for persistent currents was found by Levy and
coworkers [83] in an ensemble of 107 Cu loops. This experiment motivated a lot of
the theoretical work on diffusive rings with many transverse channels. At the time
of the experiment, the absence of an h/e periodic signal was surprising, but has
subsequently been understood as period-halving due to ensemble averaging. The dia-

magnetic sign of the zero field response could only be determined without ambiguity
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for the cubic nonlinear susceptibility. However, since most theory predicts only a
small content of higher harmonics in the ®,—I curve, it seems very likely that this

implies a diamagnetic sign for the linear susceptibility at ®, = 0 as well.

The only experiment on individual metallic rings until now was carried out by
Chandrasekhar et al. [29]. Of all experiments discussed here, its results deviate by
far the most from theoretical expectations. At the same time, the sensor background
appears to have been a serious problem - it was smooth enough to attempt a distinc-
tion from the persistent current signal only for some samples. A follow up experiment

on 30 Au rings [67] gave results that are much closer to theoretical expectations.

Mailly et al. [89] measured a single ring fabricated in a GaAs/AlGaAs heterojunc-
tion near the ballistic limit. A similar experiment by Rabaud et al. [113] on 16 rings,
which were connected by wires but could be isolated using gates, showed that the h/e
component of the persistent current is not affected dramatically by connecting the
rings to a reservoir. These two experiments are the only ones that show reasonable

agreement (within about a factor 2) with theory.

All the experiments discussed so far used some form of SQUID gradiometer in
a non-scanning configuration. Another group of experimental studies detected the
change in the resonance frequencies of microfabricated, superconducting resonators
due to the magnetic and/or electric response of a large number of rings placed in their
vicinity. The first of them used a 310 MHz stripline resonator which was coupled
both electrically and magnetically to an ensemble of 10° rings in a GaAs/AlGaAs
2DEG [114]. It was followed by a very similar study at 350 MHz [41], in which the
magnetic and electric response could be distinguished by placing the rings on either
the capacitive or inductive parts of the resonator. The same technique was also
used by the same group to study the magnetic response of 10> Ag rings at 217 MHz
[40]. All of those experiment give a diamagnetic value for the h/2e ensemble average
(Iy). For the GaAs rings [114, 41], there is no known mechanism for an attractive
electron interaction which would be required to explain the sign of these results as an
interaction mediated effect as predicted in Ref. [5]. Nonequilibrium noise, either from
the cavity tone or other sources, could produce a diamagnetic response as suggested

in Ref. [80], since spin-orbit coupling is weak in GaAs. Unfortunately, the dephasing
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rate 1/74 was not known well enough in those experiments to check this hypothesis.

Since the RF measurement frequencies are comparable to the dephasing and dif-
fusion rates 1/7, and 1/7p, it is not clear to what extent the theory for the static case
discussed in chapter 5.1 applies. The SQUID measurements on the other hand were
typically carried out at a few Hz and thus should reflect the equilibrium response.
However, one should keep in mind that the GHz frequency Josephson oscillations in
the SQUID junctions may couple to the rings and lead to nonequilibrium effects. This
possibility has not been addressed in any of the experimental papers. For a discussion
regarding our experiment, see Sec. 5.4.3.

I would like to point out that with the exception of the work by Levy et al. [83],
all of these experiments required the subtraction of a sensor background. This could
be done in a fully controlled way only for the few-ring 2DEG samples by opening the
rings through application of a gate voltage. In all other cases, the background could
only be distinguished from the persistent current signal through its lack of periodicity.
Furthermore, only Ref. [40] attempted the extraction of a ®,—~I curve.

In conclusion, the temperature dependence of the h/2e ensemble average (I5)
shows a reasonable agreement with the exponential decay over a 0.3E,/kp predicted
by Eq. 5.2. The sign and amplitude however are not well understood. The measured
signals require an unexpectedly large interaction constant to be explained with Eq.
5.2, and there is no plausible explanation for the attractive interactions implied by
the diamagnetic sign of (I5) in GaAs.

The single-ring or few-ring experiments giving access to the h/e component give
inconsistent results for metallic rings, and partly show a significant disagreement with
theory. Only the reported temperature dependences are within a factor of about three
from the expected decay range of E./kp for both Refs. [29] and [67].

5.3 Experimental results

Hendrik Bluhm, Nicholas C. Koshnick, Julie A. Bert, Martin E. Huber, Kathryn A.
Moler
(to be published)
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Abstract

The authors report measurements of the magnetic response of 33 individual meso-
scopic gold rings, one ring at a time, at low temperatures. The rings were character-
ized using a scanning SQUID microscope, which also enabled in situ measurements of
the sensor background. All measured rings show a paramagnetic linear susceptibility
and a poorly understood anomaly around zero field, both of which are attributed to
unpaired defect spins. The response of some sufficiently small rings also has a com-
ponent that is periodic in the flux through the ring. Its period is close to h/e, and
its sign and amplitude vary from ring to ring. Including rings without a detectable
periodic response, the amplitude distribution is consistent with predictions for the
typical h/e persistent current in diffusive metal rings. The temperature dependence

of the response, measured for two rings, is also consistent with theory.

When a conducting ring is threaded by a magnetic flux ®,, the associated vector
potential imposes a phase gradient on the electronic wave functions, v, that can be
transformed into a phase factor in the boundary conditions: (L) = e27®a/?04)(0),
where L is the circumference of the ring and ¢y = h/e the flux quantum [26]. The h/e
periodicity of this phase factor is reflected in all properties of the system. Here, we
focus on the persistent current [ circulating the ring, which is the first derivative of the
free energy with respect to ®,, and thus a fundamental thermodynamical quantity.
For a perfect 1D ring without disorder populated by noninteracting electrons, it is
relatively straightforward to show that I will be of order evgp/L [31]. This corresponds
to the current carried by a single electron circulating the ring at the Fermi velocity
vr. A more advanced calculation [33, 115] shows that this picture still applies in the
diffusive limit, i.e. for a mean free path [, < L. In this case, I ~ e/7p is set by the
diffusive round trip time 7p = L?/D, where D = evrl./3 is the diffusion constant.
Thermal averaging leads to a suppression of the persistent current at temperatures
above the correlation energy E,. = hn*D/L?* < h/Tp.

Like many other mesoscopic effects in disordered systems, the persistent current
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depends on the particular realization of quenched disorder and thus varies between
particular samples. Persistent currents in diffusive rings can have either sign, so that
the ensemble average of the first harmonic, (I.) = 12/7%\/Me.gs(E./¢o)e /1, is
strongly suppressed [33]. The typical value on the other hand is given by [115]

(B2 = e hatlB, 5.3
We have not included a factor 2 for spin because our Au rings are in the strong spin-
orbit scattering limit [94, 50]. Higher harmonics are generally smaller because they are
more sensitive to disorder and thermal averaging. However, due to interaction effects
[5, 121, 120] and differences between the canonical and grand canonical ensemble
2, 139, 121}, (I1/2) is expected to be larger than (Ij,.).

To date, there are only very few experimental results on persistent currents, and
most measurements were made on ensembles of rings [83, 114, 41, 40]. The experi-
ments are considered challenging because persistent currents can only be measured
magnetically and require a very high sensitivity. Since |(In/2¢)| > [(In/e)| and the
mean current for an ensemble of N rings scales with N, whereas the typical current
scales with v/ N , the ensemble measurements are dominated by (I}, /26). The measured
amplitudes are somewhat larger than theoretically expected, and the sign and exact
origin of the response are not well understood. The h/e component has been measured
in a single ballistic ring, resulting in good agreement with theory [89], and in three
diffusive rings [29]. The latter experiment required the subtraction of a fitted sensor
background which was much larger than the response, and showed a more or less
periodic component of the signal that was one to two orders of magnitude larger than
expected. A later result on an ensemble of 30 rings [67] showed a better agreement.
Given the very limited amount of experimental data and sometimes poor agreement
with theory, a more complete experimental investigation of persistent currents can be

considered a major open challenge in mesoscopic physics.

In this paper, we report measurements of the magnetic response of a total of 33
diffusive Au rings. The use of a scanning Superconducting Quantum Interference

Device (SQUID) technique allowed us to measure many different rings, one by one,
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with in situ background measurements. The response of some of the rings contains
a flux periodic component which is fully consistent with the predicted behavior of
(I? /e>1/ 2. However, the total nonlinear response shows additional features, which is
most likely a nonequilibrium response of impurity spins. Different frequency and
geometry dependences support the distinction between those two components, and

thus indicate that the periodic component does reflect persistent currents.

Our samples were fabricated using standard e-beam and optical lithography, e-
beam evaporation from a 99.9999 % pure source onto a Si substrate with a native
oxide, and liftoff. The 140 nm thick rings were deposited at a relatively high rate of
1.2 nm/s in order to achieve a large [.. All the rings reported here had an annulus
width of 300 nm, and radii R from 0.57 to 1 um. From resistance measurements
of wires fabricated together with the rings, we obtain D = 0.08 m?/s, I, = 160 nm.
The dephasing length Ly of our samples is yet to be characterized, however even if
7o = L3/D saturates at a relatively small value of 1 ns, Lg would exceed the ring
circumference by more than a factor 2 for our most important rings with R = 0.67
pm. Some of our rings were connected to large metallic banks [See Fig. 5.1(b)] for

diffusive cooling of the heat load due to the inductively coupled Josephson oscillations
of the sensor SQUID.

The experiment was carried out using a dilution-refrigerator based scanning SQUID
microscope [17]. In order to prevent effects of thermal or technical radiation on the
sample, all electrical lines leading into the copper shield containing the sample and
scanner assembly were heavily filtered above 10 MHz (see chapter 2.1). Our sensors
[62] have an integrated field coil of 13 pum mean diameter, which are used to apply a
field to the sample. The sample response is coupled into the SQUID via a 4 pm di-
ameter pickup loop. These concentric loops are near a corner of the chip, so that they
can be brought to within about 1 um of the sample. A second, counter-wound pair of
coils, separated by 1.2 mm on the sensor chip, cancels the response of the SQUID to
the applied field to within one part in 10* [78]. The sensor response to a current I in
a ring is ®gqurp = M1, where M is the pickup-loop-ring inductance. From previous
experiments [78],[chapter 3] and modeling, we estimate M = R? x 0.3¢/um?*mA.
Using the measured D, Eq. 5.3 thus predicts a typical h/e response from persistent
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currents of M(Iﬁ/eﬂp = 0.15 udy x e *8T/Fe with a prefactor independent of R. In
the following, we will specify ®soprp in units of the superconducting flux quantum
Oy = h/2e.

To navigate around the sample and to identify individual rings, we scan the mag-
netic field of a current carrying meander wire fabricated on the sample. Finding the
exact location of a ring is facilitated by a paramagnetic susceptibility of our metal
structures, which shows up in scans of the linear response to an applied field [Fig.

5.1(a)]. Its origin will be discussed further below and elsewhere [21].

To measure the complete nonlinear response of a ring, we recorded time traces of
the SQUID signal at a fixed position while supplying a sinusoidal current at typically
111 Hz to the field coil, and averaged over many cycles. This raw signal of a few m® is
dominated by nonlinearities in the sensor background and a small phase shift between
the fluxes applied to the two pickup loop/field coil pairs. To extract the response of
a ring, we carried out this measurement at different positions as indicated in Fig.
5.1(a), and subtracted the datasets obtained far from the ring (o) from those near
the ring (+). Intermediate positions were taken into account with a smaller prefactor
reflecting the reduced coupling to the SQUID. The cross-shaped arrangement of the
measurement positions makes the measurement insensitive to linear variations of the
sensor background, which in some cases are larger and more irregular than the final
signal. Furthermore, it helps to asses the reliability of the final result, which can be
attributed to the ring if its features (typically characterized by higher harmonics of
the sensor response) show a spatial dependence similar to that of the ring—pickup-loop
coupling. In some areas of the sample, we obtained very irregularly shaped response
curves with features of 1 u®y, which did not correlate with the ring position and

were discarded.

The response of our rings is dominated by a paramagnetic linear component of
up to about 150 u®y at an applied field of 45 G, whose temperature dependence is
shown in Fig. 5.1(c). The linear response of heatsunk ring shows approximately a
1/T dependence, as do the heat sinks (not shown). Thus, it is most likely due to
spins. Evidence for a relatively slow relaxation time [21] and the absence of a low

T saturation of the susceptibility due to the Kondo-effect suggest that those spins
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Figure 5.1: (a) Susceptibility scan of an isolated ring used to locate the ring and to
define the indicated measurement positions. Background measurements at positions

[P

o” are subtracted from the data taken at positions “4” to obtain the ring response.

(b) Optical micrograph of a heatsunk ring with R = 1 ym. (c¢) Temperature depen-
dence of the linear response of one heatsunk and three isolated rings. The data in (a)
and (c) reflect the total amplitude of the linear response to a sinusoidal excitation of
+45 G for (a) and the 0.67 pum rings in (c), and £35 G for the 1 pm rings.
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are not strongly (exchange) coupled to the conduction electrons. Together with their
large concentration (/=50 ppm assuming spin 1/2) estimated from the susceptibility
X = pon(gup)?J(J +1)/3kpT, this indicates that they are likely different from the
magnetic impurities that often cause excess dephasing [109, 16]. The linear response
of isolated rings flattens out below about 150 mK. This indicates a saturation of
the electron temperature at about 150 mK, in good agreement with estimates of the
heating effect of the 10 pA, 10 GHz Josephson current in the SQUID pickup loop
(see section 5.4.3). While it is not a priori clear whether the spins are coupled more
strongly to the electrons or phonons, the different behavior of heatsunk and isolated
rings indicates that the linear susceptibility does reflect the electron temperature. In
the following, we will focus on the much smaller nonlinear response, obtained after
eliminating the linear response (including its out of phase component) by subtracting
a fitted ellipse. We note that the linear component varies by up to a factor of 2

between nominally identical rings.

Fig. 5.2 (a) shows data from fifteen isolated rings with R = 0.67 um. A prominent
feature is a step-like shape near ®, = 0. This feature, which we believe to be due to
nonequilibrium effects in the spin response, appeared in nearly all measured rings, and
was most pronounced in heatsunk rings [5.2 (c¢)]. However, there is also an oscillatory
component. Motivated by the idea that the spin signal could be the same for all
rings, whereas persistent currents are expected to fluctuate around a near zero mean,
we have computed the average of all fifteen datasets and subtracted it from each
individual curve. The results shown in Fig 5.2(b) show a clear oscillatory response
for the majority of the rings. In most cases, it can be fitted with a sine curve of
the expected period. However, the lowest two datasets in the left column give much
better fits with a 30 % larger period, which would correspond to an effective radius
close to the ring’s inner radius. The apparent presense of a signal with a much larger
period in two datasets appears to be due to a different magnitude of the zero-field

anomaly in these rings.

From the sine curve fits to 13 datasets, we obtain an estimate for M(I; . )"/* of
0.11 pd, if fixing the period at the value expected for the mean radius of the rings,

or 0.12 u®, if treating the period as a free parameter. This is in good agreement
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with the theoretical value of 0.1 u®y from Eq. 5.3 for T'= 150 mK. We checked that
the response of four of these rings was reproducible over a timescale of several weeks

without warming up the sample.

An alternative way to largely eliminate the step-like feature is to subtract fits to a
phenomenological model consisting of two Fermi functions whose center is offset from
zero to account for the hysteresis. This procedure gives somewhat different results,

but does not change the overall picture when applied to the data in Fig. 5.2(a).

Out of five measurements of rings with R = 0.57 um, four gave similar results after
subtracting their mean response as the R = 0.67 um rings. The rms value of the fitted
sine amplitudes was 0.06 and 0.07 u®, for variable and fixed period, respectively. A
fifth ring was excluded from this analysis because it had a significantly larger zero field
anomaly. Data from additional three rings were rejected because of a large variation

of the sensor background that was not connected with the rings.

We have also measured eight isolated rings with R = 1 gm. The magnitude of the
zero-field anomaly seen in these rings varies significantly, so that the mean subtraction
procedure cannot fully remove it. One of these rings shows a sinusoidal signal with
a period of 1 to 1.15 ¢9 and an amplitude of up to 0.1 u®y, however with a poor
reproducibility. The other seven rings do not show any clear oscillations, either in
the raw data or after subtracting the fitted model or the mean of some or all of those
datasets. Blind sine curve fits give M (I} ,)"/> = 0.03 u®,. Most important, none of
those rings show a signal at a period similar to those in Fig. 5.2, which establishes

the ring size dependence and thus supports the interpretation as persistent current.

Subtracting fitted steps from the data from four heatsunk rings results in some
aperiodic residuals mostly near zero field, with an amplitude of less than 0.2 u®,.
In those rings, the step-feature was more pronounced than in any others, and varied
significantly from ring to ring. Data from a representative ring are shown in Fig.
5.2(c),(d). Since the electronic wave functions extend coherently into the heat sinks,
which capture a significant amount of flux, it is not clear to what extent one may
expect a periodic response from our heatsunk rings. Thus, both a persistent-current
like orbital response and an imperfect elimination of the step feature may contribute

to the aperiodic residual signal.
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Figure 5.2: (a) Response of 15 nominally identical rings with R= 0.67 pum after
subtracting the in- and out-of-phase component of the linear response. The lower right
(black) curve is the mean of all other datasets. (b) Results of subtracting the mean
from the other datasets in (a). The smooth lines are sinusoidal fits (including a linear
background term) with fixed (red) and fitted period (green). The datasets for which
no fits are shown were excluded from the analysis because they appear to be strongly
affected by a residual of the zero field anomaly. The rms amplitude estimated from the
fits is 0.11 and 0.12 u®, respectively, compatible with the expected value of (I} /6>1/ 2,
(c) Data from a representative heatsunk ring after subtracting the in- and out-of-phase
component of the linear response. (d) Result of subtracting a fitted phenomenological
model for the step-like feature of the form a; tanh(ay®, — assgn(d®,/dt)) + ellipse
(dotted line in (c)) from the data in (c).
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We have measured the temperature dependence of the responses of two 0.67 pum
rings with large oscillatory signals of opposite sign. Their linear components are
included in Fig. 5.1(c). Taking the difference between their nonlinear responses at
each temperature, which would also eliminate a common background signal, leads to
predominantly sinusoidal curves at most temperatures, as shown in Fig. 5.3(a). The
period appears to be T-independent, and amplitudes from fits with a fixed period
are consistent with an e *#7/Fc dependence with E,/kz = 340 mK, as obtained from
the measured D [Fig. 5.3 (b)]. While those amplitudes appear to increase down
to the lowest T', a saturation below 150 mK as indicated by the horizontal dashed
line is compatible within the estimated errors, which are mostly due to an imperfect
sensor background rejection. Reducing the field sweep range from 45 to 35 and 25 G
or varying the frequency between 13 and 333 Hz (at base temperature) changed the
size of the step feature, but the oscillatory component in the difference between the

responses of those two rings remained more or less unchanged (see section 5.4.1).

Given the variations in the fitted period, one may ask whether persistent currents
in rings with a finite line width could exhibit fluctuations in the period. A simple
model based on estimating the variation of the area enclosed by diffusive semi-classical
paths indicates that periods corresponding to effective radii between the inner and
the outer radius are indeed quite plausible. A similar effect was observed in a pre-
vious measurement on an ensemble of 30 rings [67], where the oscillation amplitude
decreased beyond a few periods from zero applied field. Thus, the deviations from
the period corresponding to the mean radius, which may also partly be due to an
imperfect background elimination, are consistent with the interpretation of our data

as persistent currents.

In conclusion, we have measured the magnetic response of 33 mesoscopic Au rings,
one by one. After phenomenologically eliminating a step-like component in the non-
linear response, some of the rings also display an oscillatory component, whose period,
typical amplitude and temperature dependence are fully consistent with the predicted
behavior of the typical h/e periodic persistent current, (I7 /e)l/ 2. The interpretation
of this periodic component as persistent currents is supported by its independence on

temperature and field sweep range, and its geometry dependence: larger rings had
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Figure 5.3: (a) Difference between the nonlinear responses of two rings with a large
oscillatory component (top first column and bottom second column in Fig. 5.2) at
T = 0.035 K, 0.035 K, 0.1 K, 0.2 K, 0.3 K, 0.3 K, 04 K and 0.5 K, from lower
left to upper right. (b) Temperature dependence of the amplitude of the sinusoidal
fits in panel (a). The exponential curve is a fit to e ™n(T:0-15K)/034K “taking the the
saturation of the electron temperature into account. The error bars reflect the rms
difference between the results of a separate analysis of the x and y scan across the
ring [cf. Fig. 5.1(a)].
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either no distinguishable periodic response, which can be attributed to their smaller
E., or a periodic response within the expected period range.

This work was supported by NSF Grants No. DMR-0507931, DMR-0216470, ECS-
0210877 and PHY-0425897 and by the Packard Foundation. Work was performed in
part at the Stanford Nanofabrication Facility, which is supported by NSF Grant No.
ECS-9731293, its lab members, and industrial affiliates.

5.4 More data and further considerations

5.4.1 Consistency checks

The most important evidence that the oscillatory signal found in the R = 0.67 pm
rings does indeed reflect persistent currents is the absence of a similar signal in R
= 1 pm rings. Data from both kinds of rings is shown in Fig. 5.4, before and after
eliminating the zero field anomaly. The larger rings are expected to have a slightly
larger electron temperature because they are coupled more strongly to the SQUID,
and have a smaller E, of 150 mK. This reduces the expected value of M(I?,)'/? to
about 0.05 p®y. Even though the 1 pm rings do not show clear oscillations, we have
fitted the data with the step subtracted with sine curves in order to estimate the
amplitude of an oscillatory response that would be consistent with the data. Fits
with the period variable and fixed at the expected value of 14 G give M(I}, ,)'/? =
0.03 p®g and 0.024 pPy, respectively.

Fig. 5.5 shows additional data from R = 0.57 pm rings, which give a similar
picture as the R = 0.67 um rings shown in Fig. 5.2. Fitting sine curves to the data in
Fig. 5.5(b) gives typical amplitudes of 0.07 and 0.06 ;P for variable and fixed period,
respectively. The difference from the theoretical value of 0.12 u®, is not statistically
significant.

As a consistency check, we have repeated the measurements of the two R =
0.67 pm rings with the largest oscillatory signal at different field sweep frequencies
and amplitudes. The data in Fig. 5.6(a),(b) show that the response of each ring

changes significantly as a function of frequency. The difference between the two
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Figure 5.4: Comparison of data from rings with R = 0.67 um [(a), (b), first six rings
from Fig. 5.2) and R = 1 pm [(c), (d)]. The top three datasets in (c) and (d) are
from the same rings, but were taken at different field ranges. The left panels [(a),
(c)] show data from which only the linear component (in- and out-of-phase) has been
subtracted. The right panels [(b), (d)] show the same data after subtracting the
phenomenological step model (see caption of Fig. 5.2). None of the 1 pym rings shows
oscillations comparable to those seen in the 0.67 pym rings.
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Figure 5.5: (a) Nonlinear response of five R = 0.57 um rings. (b) Mean of the lower
four curves shown in (a) (top, black curve) and results of subtracting this mean from
each of those curves. The topmost dataset from (a) was excluded because it shows a
significantly larger zero field anomaly.
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responses at the same frequencies on the other hand only show minor variations [Fig.
5.6(c)]. Computing this difference eliminates any background signal that is the same
in both rings. The zero field anomaly is smaller at lower frequency, consistent with the
hypothesis that it is a nonequilibrium effect in the spin-response, for which millisecond
relaxation times are quite plausible at the low measurement temperatures [76]. The
orbital response on the other hand is expected to be governed by the nanosecond-scale
electronic relaxation times, and should thus be frequency independent at the much
lower measurement frequency. The consistency of the data with those expectations
supports the interpretation that the oscillatory component is not related to the zero
field anomaly. There may also be a slight amplitude dependence of the step feature,
however it is much less pronounced than the frequency dependence, so that we only
show the difference data in Fig. 5.6(d). It is consistent with the response at any given

field being independent of the field sweep amplitude.

5.4.2 Discussion of the zero-field anomaly

The origin of the step-like feature in the nonlinear response is currently not well
understood. It appears that the most likely explanation is a nonequilibrium effect
of the spin response. Experimentally, the non nonequilibrium nature of the zero
field anomaly is supported by the splitting between the up and down sweep, seen
for example in Fig. 5.2(a),(c), and the frequency dependence discussed in section
5.4.1. While there is no direct evidence for the step-feature being caused by spins,
it seems natural to suspect a connection to the observed spin-like susceptibility. The
latter had a measurable out-of-phase component [21], which suggests that the linear
response is affected by nonequilibrium effects as well.

Theoretically, spins may provide an explanation along the following lines: Assum-
ing a finite matrix element for tunneling between spin-up and spin-down states, there
will be an avoided crossing at zero field. Depending on whether the Zeeman splitting
is larger or smaller than the zero-field level splitting, the mechanism leading to a
paramagnetic susceptibility is either the relaxation of the up and down population

numbers towards a thermal equilibrium distribution, or a change of the magnetic
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Figure 5.6: (a), (b) Data from the two R = 0.67 pm rings with the strongest oscillatory
signal at field sweep frequencies 13, 37, 111 and 333 Hz (bottom to top). (c) Difference
between data in (a) and (b). While the raw data changes noticeably, the difference
remains nearly constant. (d) Difference between the responses of the same two rings
at field sweep amplitudes 45, 35 and 25 G, taken at 111 Hz. Note that the fitted
linear component that was subtracted is not the same for all datasets and leaves a
significant slope for the topmost dataset.
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moment of each state with nearly constant occupation numbers. The relaxation of
spins at low temperature can be slower than our sub-kHz experimental frequencies
[76], whereas the adiabaticity condition for a level splitting corresponding to, say, 10
G is compatible with MHz-scale frequencies. Hence, it is plausible that the response
is faster near zero field, and thus leads to a slight enhancement of the paramagnetic

differential susceptibility at small fields.

However, one may wonder if an orbital response might also contribute to the
zero field anomaly. Such an effect could be closely related to persistent currents,
just as weak localization effects in wires are related to Aaronov-Bohm oscillations in
the conductance of mesoscopic rings. While a ring geometry leads to an oscillatory
response with a well defined period, the superposition of contributions with a wide
range of periods from a geometry without a characteristic area would lead to a total
response that is most pronounced near zero field. The mostly consistent sign of the
zero-field anomaly would imply that one would have to look for an effect with a finite

ensemble average, such as the h/2e component of persistent currents.

Since both weak localization corrections to the conductance of wires and ensem-
ble averages of persistent currents depend on the Cooperon, it seems reasonable to
estimate the field range over which an orbital response would decay by comparison
with the magnetoresistance due to weak localization. The resistance change of a one
dimensional wire (in the absence of spin-orbit coupling) as a function of magnetic
field is proportional to (1+ (27 LywB/v/3¢0)?) /2. Thus, its characteristic field scale
corresponds to about 0.3 ¢y captured in a wire section of length L4. Replacing Ly
with the circumference L = 4.3 pum, this corresponds to a field of about 10 G, which is
about twice as large as the half-width of the zero field anomaly. However, one should
keep in mind that the Cooperon may enter the expressions for the weak localization
effect and the orbital response in different ways, which may add additional factors of

order unity.

The relatively large amplitude of the zero-field anomaly, which is comparable
to the (expected and measured) persistent current signal, seems difficult to explain
theoretically in terms of an orbital response. However, given the large h/2e response

seen in previous ensemble measurements (see section 5.2), the current theoretical
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understanding might be incomplete.

Most important, the emergence of hysteresis and a frequency dependence at sub-
kHz frequency seem rather unlikely for any orbital mechanism, which should be gov-
erned by the much faster electronic relaxation times. Nevertheless, it is possible that

a nonequilibrium spin response masks a comparable or smaller orbital contribution.

5.4.3 Effect of Josephson oscillations in the SQUID

A particular concern in our experiment is the effect of the microwave frequency flux
coupled into the sample rings from an ac current in the SQUID pickup loop. This
oscillating current is generated by Josephson oscillations in the SQUID junctions. For
a typical SQUID bias voltage of 20 1V, it would have a frequency of w/27 = 10 'V /®y
= 10 GHz, and its amplitude should be on the order of the critical current, i.e. 10 pA.
This corresponds to a flux ®,. of a few m®, in a typical sample ring. A simple estimate
of the power P dissipated in the ring as P = (w®y.)?/2Rying, where Rjp, ~ 1 Qis
the resistance of the ring, leads to P ~ 107** W, which would heat the electrons in
the ring to 100 - 200 mK if the cooling is assumed to be limited by electron-phonon
coupling, for which one expects T' = (P/wdLX)"?, with ¥ ~ 10° W/(m3K?).

An interesting question is whether this estimate of P is adequate for a ring smaller
then the dephasing length Lg. It is lacking the instantaneous dephasing that would
occur in a wire connecting two reservoirs as soon as an electron diffuses into a reservoir.
For the wire, the total dissipated power thus only depends on the elastic scattering
in the wire, but not the details of the dephasing and inelastic relaxation processes.
In an isolated ring on the other hand, relaxation processes are confined to the ring
itself and play a crucial role in determining the amount of dissipation. This has
been shown explicitly by Trivedi and Browne [134] for a one-dimensional ring (M
= 1). Starting from a phenomenological relaxation of the density matrix to its flux
dependent equilibrium value, they show that the dissipative response of the ring is
proportional to the relaxation rate. It is clear that in the absence of any relaxation
and for the flux changing slowly on the scale of the typical level spacing, one simply

encounters Bloch oscillations in the bands formed by the flux dependent energy levels,
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and there will be no dissipation. For faster changes in the flux, one has to take into
account Landau-Zener transitions between those bands, and how reversible they are.
I am not aware of any treatment of this problem for a many-channel diffusive ring.
Experimentally, the saturation of the spin-response from our rings below about 150
mK discussed in section 5.3 is consistent with the above heating estimate.

One may also ask whether the high frequency flux can lead to nonequilibrium
effects that cannot be accounted for with an elevated electron temperature. For
example, Kravtsov and Altsuler [80] predicted a direct relation between a contribution
to (I3) by nonequilibrium noise, and the excess dephasing caused by the same noise in
long wires. They find that (1) = C(e/74)e /2L with |C| ~ 1, and propose that this
might provide a common explanation for both the large persistent currents seen in
experiments (see section 5.2) and the excess dephasing observed in weak localization
measurements [98]. In the meantime, the latter has been shown to be due to small
concentrations of magnetic impurities [109, 16]. However, we can use this result to
estimate the effect of the Josephson oscillations on the ring. Altshuler, Aronov and
Spivak ([1], see also [143]) have shown that an ac electric field £ at frequency w/27
can lead to a dephasing-like effect which is characterized by a phase breaking rate
Ty ~ aw for a = 2e2DE?/h*w?® < 1. For typical ring and SQUID parameters, this
leads to 7pw ~ 1 ps, corresponding to a sub-pA persistent current. This estimate

suggests that at least this particular effect is not significant for our experiment.
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Abstract

We report scanning Hall probe imaging of ErNisBsC in the superconducting, antifer-
romagnetic, and weakly ferromagnetic regimes in magnetic fields up to 20 Oe, well
below H.;, with two results. First, imaging isolated vortices shows that they spon-
taneously rearrange on cooling through the antiferromagnetic transition temperature
Ty = 6 K to pin on twin boundaries, forming a striped pattern. Second, a weak,
random magnetic signal appears in the ferromagnetic phase below Ty ry = 2.3 K,
and no spontaneous vortex lattice is present down to 1.9 K. We conclude that fer-
romagnetism coexists with superconductivity either by forming small ferromagnetic
domains or with oscillatory variation of the magnetization on sub-penetration depth

length scales.
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6.1 Introduction

Magnetic order and superconductivity were once thought of as incompatible phenom-
ena. The Meissner state excludes a magnetic field from the bulk, and superconduc-
tivity is destroyed by sufficiently high fields. However, two forms of coexistence are
theoretically possible. First, if the orientation of local moments varies on a length
scale shorter than the penetration depth, A, the resulting internal field is not screened
by the Meissner response, which is only effective over length scales of order of A\ or
larger [57, 20]. This form of coexistence is found in ErRh,B4 and HoMogSs. [99, 86]
The second possible form of coexistence is a so-called spontaneous vortex lattice which
carries the field generated by the magnetization [104, 57, 81]. Such a spontaneous
vortex lattice has never been observed in a zero-field-cooled sample, but ErNiysBoC
was suggested as a strong candidate [104]. Evidence for the existence of a vortex lat-
tice in ErNiyB,C after magnetic cycling has been reported [70] based on Small-Angle
Neutron Scattering (SANS). The form of the coexistence in the zero-field-cooled state

remains unclear.

In this work, we present local scanning Hall probe measurements of ErNisBoC at
low fields with single-vortex resolution. Our results show clearly that no spontaneous
vortex lattice forms after cooling in zero field. Instead, we observe a weak, random
magnetic field, indicating that the magnetization is inhomogeneous on a sub-micron
length scale. In addition, we show that vortices tend to locate along twin boundaries in
the antiferromagnetic state. Earlier and recent work [118, 135] using Bitter decoration
demonstrated the tendency of vortices to locate along twin boundaries below Ty .
With our technique we were able to examine the behavior of individual vortices in

the three different phases of ErNisBoC and at the phase transitions.

ErNiyB,C is a member of the quaternary rare earth compounds RNiyB,C (R=rare
earth), which show a variety of both magnetically ordered and superconducting states.
Since their discovery one decade ago [125, 49, 28], this family of materials has been
under extensive study using a wide range of experimental techniques. ErNiyB,C has
a superconducting onset T, of ~ 11 K, becomes antiferromagnetic below Ty ~ 6 K,

[35] and exhibits weak ferromagnetism below Ty ry =~ 2.3 K [27]. The magnetic
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phases at T' < 6 K are orthorhombic due to strong magnetostriction [42], and the
magnetism significantly enhances flux pinning [53, 43, 66]. Neutron scattering exper-
iments [71, 36] show that in ErNi,B,C, the antiferromagnetism in the temperature
range Tywry < T < Ty occurs with an incommensurate wave vector of 0.553 a*
(where a* = 27/a) along the a-axis with moments pointing in the b direction. At
Tw e, alockin transition to a commensurate wave vector of 0.55 a* takes place, sug-
gesting that every 20th moment is left at a node of the staggered field and thus free
to order ferromagnetically [71, 36]. The resulting average ferromagnetic component
of 0.39up/Er is relatively weak and the self-field of 47 M = 700 G is comparable to
the lower critical field H. = 500 Oe estimated from magnetization measurements
in Fig. 6.1 and Ref. [35]. The similarity of the self-field and H,, together with the
persistence of superconductivity down to the lowest temperature explored so far, is

the reason for suspecting a spontaneous vortex lattice. [104]

Possible scenarios for the interplay between superconductivity and ferromagnetism
have been analyzed in Refs. [57, 20, 104, 81] based on the Ginsburg-Landau free
energies of a superconductor and a ferromagnet with magnetization M occupying
the same space and coupled by a purely magnetic interaction term 1/4rw [ B - M.
Terms corresponding to pair breaking effects were considered less important since
the magnetic moments are due to the partially filled 4 f shells of the Er, which are
not part of the conduction band. Ref. [20] shows that supercurrents would screen
out any magnetic field on length scales larger than the London penetration depth A,
so a phase transition leading to a homogeneous magnetization would be suppressed
due to the screening of the magnetic coupling between the magnetic moments. Two
different kinds of coexisting phases could emerge, depending on the coefficients of the
model (particularly the magnetic coherence length &/). First, if magnetic gradients
are energetically cheap so that & << A, M will oscillate with a wave vector of
order (A¢y)~Y2. In an isotropic magnet this will always happen with a circular
polarization so that |M | is constant and only gradient energy needs to be afforded.
This spiral state has been reported in ErRhyB, [99] and HoMogSs [86]. In the case of
ErNi,B;C, however, a strong crystal electric field aligns the magnetic moments along

the b-axis, [71, 36] so that the ordering is theoretically more likely to happen in a
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linearly polarized wave. [57] Second, if such a variation in M would be too costly and
AtM > H., a spontaneous vortex lattice may form, leading to a spatially varying
B of uniform direction which can support a similar M. [104, 57] SANS experiments
reported on cond-mat in 2001 [70] give evidence for such a vortex lattice in ErNipBoC
after cycling to high fields. The vortex lattice peaks are absent after cooling in zero

field, leaving open the question of the nature of the zero-field-cooled state.

6.2 Sample preparation and methods

We have grown single crystals of ErNiyB,C using a flux growth technique with NiyB
as the flux [35]. Measurements were made on plates of typical size 3 x 3 x 0.5 mm?,
where the crystallographic c-axis is perpendicular to the plate surface. We measured
magnetization and resistance using a Quantum Design SQUID magnetometer to con-
firm values of Ty, T. and Ty ry obtained in previous work. [35, 27, 71, 36] The
value of the superconducting transition temperature 7, is obtained from zero-field
resistivity and low-field (H = 25 Oe) magnetization measurements. From Fig. 6.1,
zero resistance and the sharp increase in diamagnetism which have previously been
used to identify T,[35] appear at 10 K. The magnetization as a function of field at
1.8 K [Fig. 6.1(d)] indicates that H.j 4 is lower than 500 Oe. An extrapolation of
the virgin curve magnetization data as indicated by the dashed line and the remnant
magnetization give evidence for a ferromagnetically ordered moment of about 0.4
wup/Er, consistent with Ref. [71]. The temperature at which this weak ferromagnetic
order sets in is inferred to be Ty ey = 2.2 K from the sharp break in the slope of
magnetization as a function of temperature in an applied field of 1 kOe [Fig. 6.1(c)],
indicating a phase transition at this temperature. The bump between 5 and 6 K in
this figure can be attributed to the antiferromagnetic ordering at T, consistent with
earlier work [35, 27, 71, 36].

To measure the local magnetic field component perpendicular to the sample sur-
face, we used a scanning Hall probe microscope (SHPM) in a ‘He flow cryostat

[58]. A 0.5 um wide Hall probe defined using e-beam lithography on a 140 nm deep
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Figure 6.1: (Color online) Sample characterization: (a) Volume magnetization as a
function of temperature in a magnetic field of 25 Oe applied parallel to the c-axis.
Both the zero-field-cooled (ZFC) and field-cooled (FC) data were taken on warming.
(b) Zero field electrical resistivity in the ab-plane py, as a function of temperature.
(c) Temperature dependence of the magnetization in an applied field of 1 kOe applied
parallel to the c-axis, measured on warming following initial zero-field-cooling. (d)
Magnetization as a function of applied field perpendicular to the c-axis at T'= 1.8 K
for increasing and decreasing field after zero-field-cooling.



90 CHAPTER 6. SCANNING HALL PROBE IMAGING OF ERNLB,C

GaAs/AlGaAs heterostructure is scanned over the sample surface using a piezoelec-
tric scanner. For some images requiring a good field resolution, we have averaged over
several tens of scans and removed switching noise from the Hall probe from the raw
data. The field sensitive area of the probe is located near a corner of the substrate
so that an angle of a few degrees between the probe substrate and the sample lead
to a probe-sample distance between 0.5 and 1 um when the substrate corner touches
the sample. Field components varying with a wave vector k in the xy-plane are the-
oretically known to be attenuated as e at a height z above the sample [116]. The
measured Hall voltage is proportional to the magnetic field averaged over the active
area of the probe. Thus, both the probe’s size and its height above the sample effect
the spatial resolution.

This technique offers higher spatial resolution than magneto-optical measure-
ments, is significantly faster and less dependent on surface quality than scanning
tunneling spectroscopy, and allows many scans under different parameters in one
cooldown. The information is easier to interpret than force gradients obtained from
magnetic force microscopy (MFM).

Magnetic scans of the ab-face were taken on a sufficiently large and smooth natural
crystal face. Due to the crystal growth process, an area suitable for scanning was not
available on a natural (010) plane. Thus we cut and polished the crystal along the

ac (be) face in order to scan there.

6.3 Experimental results

We first discuss the data taken on the ab face. Upon cooling the sample below T, in
a weak applied field, H,, normal to the sample surface, vortices appear in a random
configuration [Fig. 6.2(a)]. The vortex distribution is inhomogeneous, with a vortex
density of H,/®y (where &g = h/2e) within a factor of two, as expected for a type II
superconductor with pinning sites. Because of the large vortex spacing at H, < H,q,
the repulsive interactions between the vortices are too weak to order the vortices into
a lattice. Individual vortices occasionally move during scans. The apparent shape

of the vortices, which depends mostly on the probe-sample separation, can be fitted
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well with a monopole model [106] for the vortex field in vacuum. The resulting flux
per vortex is 0.9 0.2 & with the systematic uncertainty lying mostly in the spatial

calibration of our microscope.

As the temperature is lowered below Ty, the vortices spontaneously line up along
stripes with a typical separation between stripes of 3 to 8 um [Fig. 6.2(b)]. Between
different cycles through Ty, their position varies and the orientation changes between
the [110] or [110] [Fig. 6.2(c)] direction. As the largest stress due to the change in
lattice parameters is likely to occur when only part of the sample has gone through the
AFM transition, the exact configuration of the stripes can be expected to depend on
such factors as temperature gradients and cooling rate during the transition. Further
lowering the temperature below Ty s has no effect on the vortices down to 1.9 K,
the lowest temperature measured. As the temperature is raised above Ty, they move
back into a nearly static disordered configuration [Fig. 6.2(d),(e)]. This relaxation
happens gradually over the course of several scans at 6 K. The remnants of the
vortex alignment in Fig. 6.2(e) disappeared a few scans later without changing the
temperature.

At temperatures above approximately 5 K, the vortices are still mobile enough
to occasionally hop between different sites, both along and between twin boundaries,
under the influence of the probe during scans. On the other hand, we observed no
motion between two scans taken at 4 K, although the temperature was raised to 5.3
K for several hours in between. Thus, there is no evidence for thermally activated
vortex motion. The depinning mechanism could be interaction with the field on the
order of 0.5 Oe at the sample surface generated by the 10 yA rms AC bias of the
Hall probe or mechanical or thermal effects due to local heating of the sample by
the probe. Indeed, the depinning probability at a given T strongly depends on the
probe-sample distance.

Below about 5 K, no vortex motion was observed. This is in good qualitative
agreement with the depinning data in Refs. [53, 43, 66], where a gradual increase of
the pinning strength with decreasing temperature above Ty gy and a relatively sharp
increase upon cooling below Ty g is reported.

Our crystal growth process only yields natural faces at the (001) and what seems
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Figure 6.2: (Color online) After cooling below T, in a weak field [2.4 Oe in (a), (b), (d),
(e), 18 Oe in (c)], a vortex distribution consistent with random pinning is observed
on the ab-face [(a), 7.3 K]. Upon reducing the temperature below Ty, the vortices
spontaneously organize along twin domain walls along the [110] [(b), 5.3 K] or [110]
[(¢), 4.2 K] direction. The pattern gradually disappears as the temperature is raised
again [(d), 5.7 K, (e), 6.0 K, different cycle than (a) and (b)]. The distance between
the domain walls varies between typically 3 to 8 ym and their position and orientation
changes after cycling above T. No further change is observed when cooling below
Twrm.
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Figure 6.3: Magnetic images of the ab-face (a) and be-face (b) at 1.9 K. Below Ty rys
a weak random field of the order of 20 mG rms amplitude appears after (nominally)
zero-field-cooling. The blobs are vortices which saturate the color scale. If the random
signal were due to the formation of an (unresolved) vortex lattice below Ty pps, one
would expect any single vortex to be incorporated in the vortex lattice and disappear.
The ab-face (a) shows a structure at the same length scale and angle as the vortex
lines revealing twin boundaries. Magnetic dipoles as in (b) have been observed only
on the polished be-plane. We believe that they are vortex-antivortex pairs pinned on
surface imperfections.

to be the (101)[(011)] plane, but with much smaller smooth patches in the latter case
which makes imaging difficult. Scans along such a (101) face showed that vortices
relocate there too as the temperature is changed, but we found no evidence for pin-
ning in an ordered way, which is not surprising as the twin domains intersect the
sample surface approximately at a 45° angle. Similar behavior was found on a cut
and polished (100)[(010)] face, however obscured by vortex pinning at specific sites,
which we attribute to crystal defects or surface damage probably due to the polishing

process.

Upon cooling below Ty ras, a very weak magnetic signal with a seemingly random
spatial variation of about 20 mG rms amplitude appears between the vortices, both
on the ab and ac(bc) face [Fig. 6.3]. However, we observe no change in the vortices on
either surface at or below this transition. The scans on the ab-plane show stripes in
this signal which have the same typical width and angle as the twin domains revealed

by vortices. No such striped structure is apparent on the ac(bc) face.
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6.4 Discussion

In the following, we will first discuss the implication of our results for possible pinning
mechanisms in the AFM and WFM regime and then proceed to the question of the
ground state in the WEFM phase.

The observed reorganization of the vortices along lines in the AFM phase was
attributed in Refs. [118] and [135] to twin domain walls resulting from the strong
magnetostriction in the magnetically ordered regime [42]. It was suggested there that
the pinning is due to canting of the magnetic moments at the twin domain walls where
the magnetically easy axis and thus the orientation of the moments has to change by
90°. Ref. [118] also reports SHPM measurements at larger fields and without single
vortex resolution. They observed an enhanced field near the domain walls, which they
interpreted as “convincing evidence for local ferromagnetism at the domain walls”.
[118] Our data and also more recent Bitter decoration work [135] strongly suggest

that this field variation is due to a higher vortex density at the twin boundaries.

The questions arise as to why vortices pin on domain walls, and to what extent
canting moments at the domain walls are consistent with our results. We do not
find any evidence for magnetic fields emerging from the twin boundaries beyond that
of the vortices, so we can set a limit on the local magnetization strength at the
twin boundaries. From the data in Fig. 6.3, we conclude that we would be able to
detect a variation of B, of 20 mG at the scan height z; above the sample. If the
magnetization has a z-component M, over a width d along a domain wall and at
least a few penetration depths into the sample, but vanishes away from the wall, the
resulting far field at zo > A, including the contribution of screening currents, is that
of a quadrupole line and will have a maximum value of 8M, od\?/(z9 + A)? [chapter
7]. With A = 70 nm[54] and 2z, = 0.7 pum, we conclude that M, od < 0.3 Gum?. For a
plausible d of 10 nm, this gives upper limits M, o < 30 emu/cm?® and B, = 47 M, o <
400 G at the domain wall. The linear flux density of 4 Gum of such a domain
wall would correspond to only one vortex every 5 pum, which is much less than the
vortex accumulation seen in Fig. 6.2(c), for example. This upper limit to the flux

density suggests that some pair breaking mechanism rather than a purely magnetic
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interaction plays an important role in pinning the vortices at twin boundaries.

Similar considerations apply to the much stronger pinning mechanism below Ty g/
[53, 66]. Strong gradients in M could lead to enhanced pair breaking and a reduced
condensation energy at domain walls. Alternatively, shielding currents at the domain
walls might pull vortices into domains with M aligned with the vortex field. However,
the latter effect is likely to be weak if M varies on a sub-penetration-depth length
scale and one would expect a clearly reduced pinning strength for vortices along the

c-axis as they would be orthogonal to M , contrary to observation. [53]

We now turn to the implications of our results regarding the existence of a spon-
taneous vortex phase. The fact that no vortex relocation is observed when cooling
through Ty ras clearly indicates that no vortex lattice or other vortex state is formed.
If the random signal seen at 1.9 K were due to the formation of vortices, which might
in principle happen in a disordered manner without a net magnetization, the pre-
viously isolated vortices would interact with the newly formed ones and should be
annihilated or screened. Thus we conclude that the magnetization must vanish when
averaged over several um, but has local variations that are not fully screened and

appear in our data.

To extract information about the magnetization M in the sample from this ran-
dom signal, the following has to be considered: Due to the separation between the
sensor and the sample surface, zy, components in the spectrum of the image with
a large wave number k will be attenuated exponentially by a factor e %% [116]. In
addition, averaging occurs due to the finite probe size. This effective absence of large
k information makes a deconvolution of the data to obtain the magnetic field at the
sample surface impossible. On the other hand, any slow variation of M with k < 1/A
will be screened by shielding currents [chapter 7].As A &~ 70nm < zo [54], only the
strongly attenuated small wave vector region of the spectrum of M is manifest in our
data. This means that there is a wide range of possible scenarios for the behavior
of M which would be consistent with our data. Yet, there must be some degree of
randomness, because the correlation length of the ferromagnetic oscillation must be
less than a few um to explain the random signal we see. We conclude that after

cooling in zero field, the ferromagnetism has either a domain like or an oscillatory
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structure similar to that found in ErRhyB, and HoMogSg, where a relatively broad
peak in the neutron spectrum is observed [99, 86] at long wave lengths. Neutron
scattering [71, 36] and high field susceptometry [27] data on ErNipBoC show that well
below Ty, the spins are fixed in direction (up to twinning) and can only change sign.
Therefore, this ferromagnetic structure is likely to be squared up, just as the anti-
ferromagnetic spin density wave. If the local magnetization strength is on the order
of the bulk remnant magnetization observed after field cycling, the domains must be
much smaller than 1 gum to explain the low signal level. A model with the magnetic
domains coinciding with the several pum large twin domains (regardless of the strong
shielding over such length scales) would lead to an about 3 orders of magnitude larger

signal at the domain walls [chapter 7] and thus can be ruled out.

For a more quantitative analysis, we estimated the spectral densities Sp, =
[ &7(B.(F)B.(7 + ))e~@" of the magnetic scans in Fig. 6.3 by averaging the mod-
ulus square of the FF'T of segments of the image. The segments were chosen half as
big as the image and multiplied with a windowing function. To obtain the spectrum
of Fig. 6.3 (a), fits of the vortices were subtracted so that the whole image could be
used. For Fig. 6.3(b), fitting attempts lead to large residuals so that we used only
segments not strongly affected by the vortex field. The results are shown in Fig.
6.4. To come up with a theoretical model, we assume that the magnetization pat-
tern can be described by a spectral density Sias(q) = [ d*7 (Mo (7) Mg(F+7"))e 0"
with a, 3 = x,y,z. According to the arguments of section 6.1, it is reasonable to
furthermore assume that the characteristic length scales of the variation of M are
much shorter than A\ and zg, so that S M,ag(lg) will not have a strong k dependence for
k < 1/A. One can show that under those assumptions and with a predominantly in
plane orientation of M, say along the z-direction, Sp._ (k) = 8r2\k2e 2Kzt 6, (0)

[chapter 7].
A comparison of this model [Fig. 6.4(c)] and the the spectral density [Fig. 6.4(b)]

of the ac(bc)-face scan from Fig. 6.3(b) demonstrates a good qualitative agreement.
The large fluctuations in the experimental spectrum due to lack of better statistics
forbid a more quantitative comparison. By comparing the magnitude of the data

and the model, we obtain Syr..(0) ~ 5-107* GZum3. If the variation in the domain
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Figure 6.4: Panels (a) and (b) show estimates of the spectral densities of Fig. 6.3 (a)
and (b). The faint horizontal lines at k, = 0 and the sharp peak at the origin are

-,

scanning artifacts due to sensor noise. Panel (c) shows the spectrum Sp_ (k) expected
for a magnetization in the b/c-direction with all characteristic length scales of M
shorter than min(\, zp). This model shows reasonable agreement with the data in
(b). All plots are shown on the same scale with k£ = 0 in the center.

size is on the order of their typical size so that the correlator (M, ()M, (7 + 7)) is
mostly positive, Sys..(0) can be interpreted as the product of a coherence volume
with the typical magnetization strength (M?). Using 47T\/W = 700 G, one obtains
an estimate of 400 nm? or 3000 unit cells for the domain volume. However, one should

keep in mind that this interpretation is meaningless for an oscillatory magnetization.

The spectral density obtained from the ab-face scan [Fig. 6.3(a)] as shown in Fig.
6.4(a) on the contrary is dominated by the diagonal feature near k = 0, which stems
from the stripes in the scan. Its narrow shape indicates a long correlation length
on the order of the scan size or larger parallel to the stripes. This suggests that
there is a net average magnetization related to the twin boundaries which does not
change signs over at least tens of um. It is interesting to note that this observation
implies that there is a preferred field direction attached to either the twin domains
or their boundaries. Additionally, Fig. 6.4(a) shows a broader, isotropic peak. This
is probably of similar origin as the peaks in Fig. 6.4(b). The lack of anisotropy can

be explained by averaging over different orientations of the easy axis in different twin



98 CHAPTER 6. SCANNING HALL PROBE IMAGING OF ERNLB,C

domains.

Our main result is thus that in near zero field, no magnetization-induced vortices
appear down to 1.9 K. In other words, ErNi,B,C shows no spontaneous vortex lattice
in the strictest sense, which would form upon cooling below the ferromagnetic transi-
tion temperature in zero field. However, the term “spontaneous” has also been used
to describe a vortex lattice that forms only when aligning the magnetic domains with
a sufficiently large magnetic field, but persists after returning to zero field. SANS
experiments [70] on ErNiyB,C indeed detect a lattice after, but not before cycling the
field. However, the absence of the SANS vortex lattice signal in a zero-field-cooled
process does not imply the absence of vortices. Their configuration could be too dis-
ordered, or the vortex density could be too low because of hysteresis for a distinct
signal to appear in the neutron data. In contrast, our results clearly indicate that

there are no magnetization-induced vortices in the zero-field-cooled WEFM state.

Combining our results with the SANS observation of a vortex lattice after cycling
in a field, it appears that there are two metastable states at zero field in the super-
conducting ferromagnetic regime. It remains unclear which one of these is the true
ground state. The strong vortex pinning could prevent a relaxation of the vortex
state into the vortex free state after cycling the field, even if the latter would have a
lower energy. In the spatially resolved magnetization data of Ref. [66], a maximum of
some 850 G in the magnetic field was found in the middle of the sample when reduc-
ing the applied field from higher values to about 700 Oe, giving evidence for strong
bulk pinning, rather than edge barrier effects. The pinning-induced field gradients
reported there are on the order of 3 G/um. This suggests that vortex pinning might
be sufficient to maintain the magnetization after field cycling and possibly cause a
vortex lattice to persist. If so, one would expect the field cycled zero field average
magnetization to depend strongly on the sample size. Comparing the data from Refs.
[53, 71]] and Fig. 6.1(d) indeed show variations by about a factor of two, but not
as large as one might expect from the differences in sample size. However, pinning
alone cannot explain the observed anisotropy of the remnant magnetization because
the flux pinning appears to be relatively isotropic. [70] This suggests that the ab-

plane ferromagnetism does play a role in stabilizing the vortex lattice by reducing the
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vortex repulsion or the attraction of vortices to the sample edges and thus lowering
the vortex energy. In a simple picture, once the ferromagnetic domains are aligned
it would be unfavorable for a single vortex to leave the crystal below a certain vor-
tex density even with no applied field because the internal magnetization acts as an
applied field. This explanation would come very close to the notion of a spontaneous
vortex lattice. It should be possible to test this hypothesis by observing the behavior
of the magnetic induction (likely carried by vortices) near the edges of the sample
near zero applied field after field cycling. If only bulk pinning is relevant, the field
(and hence vortex density) should tend to zero approximately linearly towards the
edge of the sample over macroscopic distances. If, on the other hand, the vortices are
stabilized by an internal magnetization, one would expect a significant flux density
penetrating the samples near the edges. Such an experiment could be carried out

using scanning Hall probes, but magneto-optical imaging may also be suitable.

If the energy of the field-cycled zero field vortex state is indeed lower than that
of the zero-field-cooled state observed in this work, one may ask why the transition
between the two states upon reducing the temperature at zero field seems inhibited,
that is why there is no accessible transition pathway. As the superconductivity is
already fully developed at Ty ras, the only way for vortices to form would be to enter
through the sample edge. Just as in ordinary superconductors, this requires an edge
barrier to be overcome, which however may be modified in a nontrivial way by the
ferromagnetism. Furthermore, it is not a priori clear if the energy of an isolated
vortex with the moments aligned only in the region with a substantial field near its
core is lower than that of the Meissner state, even if this would be the case for a
fully developed spontaneous vortex lattice. Indeed, an attractive long range vortex
interaction was predicted under certain assumptions in Ref. [81] in the presence of

ferromagnetism.

Another interesting consideration is that with a fully developed internal field,
the magnetic energy is 2 - 700G - 7.8up/kp = 0.7 K/kg per Er atom. Thus, the
Meissner screening might suppress the ferromagnetic transition by roughly the same
amount from the value of 2.2 K obtained from magnetization measurements well above

H.. This might explain the hysteresis in the ferromagnetic transition mentioned by
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Kawano et al. [71] and suggests that experiments extending to lower temperatures
might reveal interesting effects. A hint of those has been given in Ref. [34] where a
peak in a 21 MHz A\ measurement appears at 0.45 K. This effect has been interpreted
as thermally activated switching of a vortex lattice, but given the indirectness of the
measurements, it is not clear that this is the only possible interpretation. Further-
more, measurements with smaller probes and a reduced sample-to-probe separation
may provide more quantitative data about the domain structure and would allow sin-
gle vortex resolution at higher applied fields. The observation of interacting vortices
along the twin domain walls and attempts to systematically manipulate them might
reveal information about the pinning potential.

In conclusion, we have observed the pinning of vortices and the development of
ferromagnetism in ErNi;B,C in small applied fields. In the antiferromagnetic phase,
vortices are weakly pinned on twin domain boundaries due to the magnetostriction-
induced orthorhombic to tetragonal transition associated with the antiferromagnetic
order. In the ferromagnetic regime, no spontaneous vortex lattice is seen, and a
very weak random magnetic signal develops, indicating the formation of domains or

oscillatory order which might explain the strong increase in pinning.
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Abstract

The author presents a method for calculating the magnetic fields near a planar surface
of a superconductor with a given intrinsic magnetization in the London limit. He
computes solutions for various magnetic domain boundary configurations and derives
relations between the spectral densities of the magnetization and the resulting field
in the vacuum half space, which are useful if the magnetization can be considered
as a statistical quantity and its features are too small to be resolved individually.
The results are useful for analyzing and designing magnetic scanning experiments.
Application to existing data from such experiments on SroRuO,4 show that a domain
wall would have been detectable, but the magnetic field of randomly oriented small

domains and small defects may have been smaller than the experimental noise level.
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7.1 Introduction

Starting with the discovery of ferromagnetic order in the superconductors HoMogSs
[85, 63] and ErRhyB, [51] about three decades ago, there has been increasing interest
in superconductors with an intrinsic magnetization. In the above cases and some of
the RNiyBoC compounds (R = rare earth), the magnetization is due to localized mo-
ments of the rare earth ions and coexists with superconductivity in some temperature
range. In other materials, the conduction electrons may not only superconduct, but
also carry some magnetization. A prominent example is SroRuO, [88], which is be-
lieved to have a complex, time reversal symmetry breaking p-wave order parameter,
[87] so that the orbital angular momentum of the Cooper pairs creates a magnetic
moment. This is theoretically expected to cause edge currents at sample boundaries
and domain walls[92, 126]. A similar effect has been suggested to occur in the d-wave
superconductor Na,CoO, - yHyO[13].

The traditional experimental techniques for studying magnetic ordering phenom-
ena are bulk probes such as muon spin rotation (uSR) or (spin polarized) small
angle neutron scattering (SANS). An alternative approach is to use magnetic scan-
ning techniques such scanning Hall probe microscopy (SHPM), [30] scanning SQUID
microscopy [74], magnetic force microscopy (MFM) [117, 102] and magneto-optical
techniques|[75]. These techniques measure the magnetic field some small distance
above the surface of the sample as a function of position. In many cases, their reso-
lution, which is limited by the probe size and probe—sample distance, does not quite
reach the length scales typical for the magnetic structure. For example, one finds
evidence for oscillatory magnetic order with a sub-penetration depth length scale in
HoMogSs [85, 63] and ErRhyBy [51]. For larger wave lengths, the Meissner effect in
the coexisting state would screen the field and thus suppress magnetic interactions
and destabilize the magnetic order. A similar situation has been observed in the
superconductor ErNisB,C using SHPM [chapter 6]. The direct observation of the
magnetic fields generated by edge currents or domain walls in SroRuQy is an ongoing

effort which has not produced any evidence so far [18, 73].
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To plan such scanning experiments and to interpret the resulting data, it is impor-
tant to understand to what extent the magnetic field generated by a spatially varying
magnetization inside the sample is propagated to the probe. In normal materials,
this is a straightforward magnetostatics problem. In superconducting samples, how-
ever, it is complicated by the Meissner screening. In this work, I present solutions for
an infinite planar sample surface by incorporating the presence of a magnetization
M(x) into a London model and solving the resulting equations, using a 2D Fourier
transform. This approach follows earlier theoretical work on superconductors with
an internal magnetization due to localized magnetic moments, [57, 20, 104, 81] but
should also apply if the magnetism is of different origin, such as a spin or orbital
moment of the Cooper pairs. To consider the practically very likely case where the
limited measurement resolution leads to significant averaging over several domains or
other features with some degree of randomness, I present a spectral analysis. The
resulting relations were employed for the analysis of the data in chapter 6 and may
also be used to analyze null results where no field variation is detectable at the ex-
perimental noise level. A similar analysis may also be useful for interpreting surface
sensitive uSR experiments, which only average over a thin layer at the sample surface
[101].

The paper is organized as follows: In section 7.2, I derive the main equations of
our model from a generalized Ginzburg-Landau (GL) functional. Those equations are
solved in a general framework in section 7.3. In section 7.4, I discuss simple domain
wall and dipole configurations as examples. Relations between the spectral densities
of the magnetization and the magnetic field in vacuum are computed in section 7.5.

Section 7.6 applies the results to recent magnetic scanning work [18] on SroRuQy.

7.2 Model

In order to fully describe the interplay between magnetism and superconductivity in
a phenomenological approach, the magnetization M and the superconducting order
parameter 1) have to be computed self consistently, taking mutual interactions into
account. This has been done in Refs. [57, 20, 104, 81] using the generalized GL



104 CHAPTER 7. FIELDS ABOVE A MAGNETIC SUPERCONDUCTOR
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where B = V x A. In this work, I will assume this task to be partially solved by
starting with a given M(x) and computing the resulting magnetic field, taking shield-
ing currents into account. This approach is clearly justified if the magnetic energy
scale is much larger than the superconducting one, so that the effect of superconduc-
tivity on magnetism can be neglected. However, it is also reasonable if the result of
a self consistent calculation for M is (approximately) known, for example from bulk
calculations, and one is mainly concerned with the effect of the reduced screening at
the surface on the observable field. The errors introduced by this treatment will then

primarily be due to the effect of the surface and the modified screening on M.

Writing the order parameter as 1) = |)]e*® and introducing the London penetration
depth defined by A2 = 47 (|¢|>/m*)e*?/c?, variation of Eq. (7.1) with respect to A
leads to

V x (Vx A —47M) + 1/X2A = (9 /27\}) V.

By performing a line integral over a closed loop after multiplying by A? and using the

Stokes theorem, one obtains
V x (A’V x B) + B =47V x (\’V x M) + ®,f. (7.2)

f is a sum of 2D ¢ - functions representing vortex cores, which will be ignored in the
following. This result can be obtained directly by treating the supercurrent density
Jjs as macroscopic current in the macroscopic Maxwell equation and thus substituting
V x (B — 47M) = 47 /c j, into the London equation V x (47\%/c j,) + B = ®(f.
Although the above is valid for a spatially varying superfluid density n, = |¢|>/m*, 1
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will assume A to be constant, which leads to the more familiar form
VxVxB+1/MB=41V x V x M. (7.3)

I assume the magnetic superconductor to occupy the lower half space z < 0. In
vacuum (z > 0), the magnetic field must satisfy V-B = 0 and V x B = 0. At the
interface, the normal component of B and the tangential component of H = B—47M
must be continuous. Note that M enters Eq. 7.3 only through the microscopic
current density jar = ¢V x M. Thus, one may also start directly from an intrinsic
current density jyr rather than M, which is more natural if an edge current is known
from microscopic calculations, for example. The appearance of M in the tangential
boundary condition can also be eliminated by replacing it with a discontinuity in M

just below the surface.

7.3 Solution

In Ref. [77], the field geometry of a vortex penetrating the surface of an anisotropic
superconductor for a general orientation of the vortex and the main axis of the effective
mass tensor with respect to the interface has been computed. In the vortex problem,
the right hand side appearing in the London equation Eq. (7.3) is a 2D delta function
instead of the magnetization term. I use the same technique, but only present the
calculations for the isotropic case for the sake of simplicity.

The Maxwell equations in vacuum can be satisfied by writing the magnetic field as
B = —V® with —V2?® = 0. A suitable solution has to be matched to a solution of Eq.
(7.3) at z = 0. I'solve this problem using a 2D Fourier transform (FT) in the zy-plane,
i.e. by writing a function A(z,y,2) as A(r,z) = (27)72 [ d®kA(k, 2)e7I, with
r| = (z,y) and k = (k,, k). (Note that I use the same symbol for 2 and 3 dimensional
vectors, implying that the z- component vanishes for the latter.) For z < 0, the field
B is decomposed as By + B;. By is a particular solution of the inhomogeneous
London equation (7.3) in full space with boundary conditions at infinity and with the

right hand side suitably extended to z > 0. B; is a general homogeneous solution
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chosen to satisfy the matching condition at the interface. Under the 2D FT, Eq.
(7.3) transforms into (k2 + 1/A? — 92/82%)B; = 0, so that By(k,z) = Bye™* with
K = /k? +1/)X2. In vacuum, —V2® = 0 has the solutions ®(k, z) = ®e ** so that
at z > 0, B(k, 2) = (—ik 4 ké,)®ye .

Hence, V-B; = 0 together with the &, kand kx &, components of the continuity
conditions for B and H =B — 47M at z = 0 read

0 = ik-By+ K&, - By
kD, — &, - (Bk + Bo(k, 0)>
kb, = k- <Bk + Bo(k, 0) — 4nM(k, 0)>

0 = (12 x éz> : <Bk + By (k, 0) — 47M(k, 0)> .

The last equation for the in-plane transverse component of By is already decoupled
and can be dropped if only the vacuum field is to be computed. Solving the first three

equations for @y leads to

(K + k)@ = K8, - Bo(k, 0) +i k- (Bo(k, 0) — 4rM(k, 0)> (7.4)

If the 2D FT of the inhomogeneous solution, By, cannot be obtained directly, the
3D FT By(q) of By(r) can be obtained from M(q) by solving the 3 x 3 linear system

—qg x (q x Bo(q)) + 1/X*By(q) = —47q x (q x M(q))

The solenoidal condition V - By = 0 will always hold as q - B(q) = A* q - [q x (q X
B(q)) — 47q x (q X M(q))] = 0. The 2D FT at z = 0 is then simply By(k,0) =
(1/2m) [ dg.Bo(q) with g = k + ¢.é,. While this approach to the inhomogeneous
problem is very convenient for numerical evaluation and can be generalized to the
anisotropic case (cf. Ref. [77]), it is useful to derive an explicit solution. The
component of M parallel to q does not contribute to q x M. For components of By
and M orthogonal to q, q - Bg = 0 automatically and the vector products simplify

to scalar multiplication. By decomposing M and B into components along the unit
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vectors &,, = q X €,/|q x &,| orthogonal to q in the zy-plane and &, = g x &,,, the
inhomogeneous solution thus simplifies to
k? 4 ¢
B = = 4 M

04 1/A2 + k2 + ¢2 +
k? 4 ¢

= 4w M,

N R g

By &y (7.5)
To evaluate Eq. (7.4), the inverse z-FT must be carried out in order to obtain the
values at z = 0, unless M is z- independent. It turns out that By ., does not enter Eq.
(7.4) because of the dot product with k. Projecting By onto the z and k direction,
substituting Eq. (7.5), and expressing everything in terms of M, and k - M using

by M, + \/q‘Zka - M leads to

(K —iq.)
TN+ R+ g

k(K + k)&, = /dq M.(q)

. K(K_Zq,z)
—Qz/dqz 1/)\2—|—k‘2+q2k'M(q) (7.6)

The iq. terms in the numerator of the fractions can be dropped if one uses the
convention that M is extended to z > 0 as an even function so that those terms do
not contribute to the integrals. Eq. (7.6) can be summarized qualitatively as follows:
For in-plane components of M, the source of B outside the superconductor is the
divergence of M averaged over one penetration depth below the surface. For the
normal component, an additional derivative is taken, thus increasing the multipole
order of the vacuum field by one. The small £ components of the field are just those
resulting from the subsurface magnetization and its image obtained by reflection

about a plane \ below the surface.

I would like to point out that for the solution method to work as described, the
interface must be planar and A\? should be constant. M on the contrary can be an
arbitrary function. However, if V x M = 0 so that By = 0 solves Eq. (7.2), the
requirement that A? may not depend on z can be dropped at the expense of solving

a more complicated ordinary differential equation instead of the Laplace equation
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to obtain El(k,z). For example, discontinuities in A\? as a function of 2z could be
treated by matching additional continuity conditions. A dependence of A\*> on z or
y on the other hand would mix different k components and thus generally forbid a

simple analytic solution.

7.4 Examples

7.4.1 Discussion of Table 7.1

As examples for various simple, representative configurations in M, I have calculated
the field of ferromagnetic domain walls, where M changes sign, and dipoles at the
surface. For z > A, simple approximate expressions in real space can be obtained.
The results are shown in table 7.1. The approximations are based on the fact that for
z > A, only k, < 1/\ contributes to the Fourier integral B,(z,z). To second order,
1/(K+k|) = Ae ¥ and K ~ (1/A)(14 (kX)?/2). Thus, the approximations in table
7.1 are good to three and two orders beyond leading order in k for cases (1),(3) and
(2), (4), respectively. In the following, I discuss the far fields obtained from these
approximations. To understand those, it is useful to recall that for magnetostatic
problems in the absence of macroscopic or supercurrents, —V?® = —47V - M. Thus,
V - M acts as a magnetic charge by analogy with electrostatics. The field of a discon-
tinuity of the in-plane component of M [case (1)] is just twice that of a magnetically
charged line with linear charge density 47 2M X situated A below the surface. It can
be understood as the charge density due to the discontinuity of 2M in the magnetiza-
tion, which is screened by supercurrents over one penetration depth. The additional
factor two formally comes from the extension of M to z > 0. For a discontinuity
in the normal component M, [case (2)], one obtains the dipole field of two lines of
opposite magnetic charge with a charge density M\ as above and a separation of
A. Again, this can be understood as the screened field of the discontinuity in the
magnetization occurring at the surface.

The localized dipole pointing into or out of the surface [case (3)] has a a quadrupole

field. An in-plane moment [case (4)] on the contrary has a dipole field to leading order.
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For a dipole chain, i.e. M = md(z)d(y)é,, I obtain the same results as for a single
dipole oriented in the z direction [case (3)] with m = Am. The same analogy can be
drawn for case (4).

It is also of interest to consider a configuration where a magnetization Mé, is
localized over a width w around x = 0. This situation may be encountered at an
antiferromagnetic domain wall, where canting of antiferromagnetically ordered in-
plane moments produces a local net out-of-plane magnetization. The corresponding
exact solution is a superposition of two solutions for normal discontinuities with
opposite signs, shifted by w. If w is smaller than all other length scales, M (x) can be
replaced by a delta function: M(z) ~ ([ M(2') da')d(x) = wMd(x). The resulting
field is then simply the derivative of that of a discontinuity in M., i.e. for z > A,

?  (z+ )

B.(z,2) ~ —AMNw—— TN
(z,2) Via? (z + A)? + 22

7.4.2 Periodic configurations

If the magnetization is periodic, the Fourier integrals turn into Fourier sums. If the
period L is large (L 2 27z), features with size comparable to L can be resolved in
each unit cell individually and look similar to a solution obtained from a constant
continuation of M outside that cell. For shorter periods however, the superposition
of many such single cell solutions largely cancels out. Formally, this follows from
the fact that the wave vector k takes only integer multiples of 27/L. Therefore, the
dominant contributions at £ < 1/z considered in table 7.1 are not present an the
leading term becomes that of the lowest wave vector k = 2w /L. This results in an

—27z/L

exponential suppression by e of the lowest harmonic of the field variation at a

height z above the surface and all higher harmonics being negligible for z 2 L.

7.4.3 Effect of smoothing

As the exponential cutoff in the inverse FT becomes increasingly sharper for larger

z, the far field from any feature of finite size in the magnetization will always be
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[Case | M() | B. (exact) \ B. (approximate) |
©) | M(z) s, 0 0
AM —4AM | dk AerTemIFIGEEN
dlk ———— @ eIklz /
(1) Msgn(z)é, / |k| + K s Y
T (z 4+ N)2 + 22

AM (—ik) K eikzeIklz 4M/dk: (—ik)\2ethe e~ IkI(z42)
/dk

(/7 + ) (k| + K) 3 sd 24N
= —8MA dz (z 4+ \)? + 2?2

(2) | Msgn(a)e.

> —k(=42)
0o g1 - 2m/ dk k*AJo(ka)e™*
(3) mé, 53 (r) / dk Jo(kr)e™** 0
0

k+ K (z+ A2 =9r2(z + )
((z+ A2 +72)7/2

6
=2mA\

2mcosgp/ dk K2 Jy (kr)e RGN
0

R e 2mk?K
(4) mé, 63 (r) / dk I:n+K cos pJy (kr)e **
0

3r(z+A)

= 2mCOSQ0(T2+(Z+A2))5/2

Table 7.1: Exact and approximate expressions for the magnetic field above the su-
perconductor for domain walls and dipoles with an in-plane and out-of-plane mag-
netization. In case (4), ¢ is the angle between the z-axis and r. The approximate
expressions in the last column are valid for z > .

determined by the lowest non-vanishing power of k in k®y for sufficiently large z.
For a smooth domain wall, M(q) has less weight at large q compared to a sharp
discontinuity of equal magnitude, but the values at small q are affected little. Thus,
the asymptotic results for sharp discontinuities in M are still valid if M changes
smoothly over a width w as long as z > w. For example, the far field of a single
domain boundary does not depend on the length scale over which the magnetization
changes in the xy-plane, but only on the difference between the asymptotic values of
M on both sides. Hence, the approximate results in table 7.1 are of rather general

validity. For a graphic illustration, see Fig. 7.2, which is discussed in Sec. 7.6.
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The situation is slightly different for a nontrivial z-dependence of M: the ¢.-cutoff
is always determined by the 1/(1 + (Ag,)?) factor for small k. In real space, this
corresponds to an exponentially weighted average over a distance of A below the

surface.

7.5 Spectral Analysis

The resolution of currently available magnetic imaging techniques is often not suffi-
cient to resolve an actual domain structure. In practice, averaging occurs both due
to the imaging height z and the finite sensor size. Here, I will only consider the
more universal height effect. For a height larger than the typical domain size, the
magnetic field represents an average over several domains. As shown in the previous
section, this would lead to an exponential suppression for periodic configurations.
However, domains will usually not be strictly periodic, but have some distribution of
size. Therefore, a statistical description is most adequate. Assuming a given correla-
tion function and thus spectrum of the magnetization M(r), I compute the spectrum

of the resulting magnetic field.

The spectral function of two functions f(r) and g(r) in d dimensions, Sf,(q) =

[ ' {f(x) g(r+1))e 79, satisfies the relation (f(a)*g(d)) = (27)%0%(a — d')Ss,(a)
Here, () stands for an ensemble average over different realizations of f and g. It is

implicit to this definition that the correlator (f(r) g(r +r’)) is independent of r.

It is convenient to introduce the propagation coefficients

Cqz: = 2k2)\2’yq

Caa = —2ikaKNvq (a=z,7) (7.7)
(K —iq,)e

T T Nk + K)(/N+ B2+ )

and rewrite Eq. (7.6), using B, (k, 2) = k®re ™", as B.(z0,k) = [dq. Y, cqaMa(q).
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It follows that

Sp.(k,z) = 27r/dq22c27acqﬂSM,a5(q) (7.9)
a,B
= 27T/sz2|Cq,a|28M7aa<q)
+ 47T/dqzZRG(CZ’va’ﬂsM’a@<q)). (710)
a#B

I have used Syrp as a short hand notation for the spectral function Sysans of two
different components of M. Similar expressions can be written down for spectral

densities involving other components of B.

Because of the presence of the surface, the assumption of translational invariance
in the z-direction implicit to the definition of Sj; is by no means trivial. If the
presence of the surface does not affect the structure of M too much, and the range of
the surface influence is much shorter than A, most of it should average out because B,
is sensitive to what happens within a layer of thickness A below the surface. However,
the z-invariance is only required in order to define spectral functions Sysqg. If the
interface (or other effects) do break the z-invariance of (M, (r) Mgs(r +1')) so that it
depends on both z and 2/, it is still possible to derive an expression for Sp, similar

to Eq. (7.10), however involving a double integral over g..

A statistical analysis will be most relevant when the measurement height z is
much larger than any of the intrinsic length scales of the variation of M, i.e. too
large to resolve individual features. In this case, Sy;(k + ¢.€,) will not have a strong
k dependence in the small k region surviving the e ** cutoff and can be approximated
by Sa(g.€,). For z > A, a similar approximation can be made for the propagation

coefficients cq . and vq4:

Cqa R —2ikA\yq (a=1z,y) (7.11)
€—2kz(z+>\)

1+ ¢2)2

Q

[al” (7.12)
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In any case, the properties of M only enter via the integrals

1
dq. SMa 7.13
[t St (713)

As argued above, it will often be a good approximation to set k = 0. In many cases,
Si(q.€,) will have a peak at some wave vector gy (and consequently at —gqq), similar
to the illustration in Fig. 7.1. For simplicity, I assume that there is only one such
maximum. A finite ¢ is a signature of an oscillatory behavior of M. The width of the
peak corresponds to the inverse coherence length of the oscillation or the correlation

length for gy = 0.

The integral (7.13) can be approximated further in two limiting cases. If the
coherence length of M along the z direction is much larger than A, then Sy,(q.é.)
is sharply peaked, and the kernel 1/(1 + ¢2)?) can be replaced by 1/(1 + ¢2A\?) and
pulled out of the integral. In the opposite limit, the peak in Sy;(q.€,) is much wider
than 1/A so that the ¢, dependence of Sy, can be neglected entirely and one obtains

1
/d%quAQSM,aﬁ(Q) ~ (m/X)Sa(0)

Assuming that the a-component of M dominates, the respective diagonal term of Eq.

(7.10) takes the form
Sp.(k) = (872 /A) (ka)?e 2N Sy 00 (0)

for a = x,y. If the M, component is dominant, (k,\)? in the prefactor must be
replaced by (kA)*. Similar expressions can be written down for the off-diagonal com-
ponents of Sy.3. For an illustration of the relation between a measured B, and

its spectral function, the reader is referred to chapter 6. Integration leads to simple

expressions for (B2) = (27)~? [ d*kSp, (k):

3m A

(B2) = ZmSM,aaa)) for « = 2,y (7.14)
15 A3

(B?) = l—GSM,zz(O)- (7.15)

2 (z4+X)
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Those expressions can be used to estimate the signal expected in a scanning ex-
periment or to estimate Sj/(0) from the observed field variation. Note that if the
variation of the domain size is sufficiently large for (M(r)M(r + r')) to be essen-
tially non-negative, as for the exponential width distribution in Fig. 7.1, Sy 0a(0) =
[ &P (M, (r)M,(r 4+ r')) can be interpreted as the product of a correlation volume
[ &P (M, (r)My(r +1'))/(M2) and the mean square magnetization (M2).

7.6 Application to SroRuQOy

Based on various evidence, it is believed that SroRuQy is a spin triplet superconductor
with a p-wave order parameter of the same symmetry class as k, £ik, [87, 103]. Con-
vincing evidence that the order parameter is indeed time-reversal symmetry breaking
(TRSB) has recently been obtained by Sagnac-interferometry experiments [144]. Such
a TRSB order parameter is expected to cause chiral currents at sample edges, do-
main walls or impurities. [92, 126] The direct observation of such effects in SroRuOy4
is an ongoing effort. So far, the most direct indication of spontaneous fields is given
by uSR data, reporting “a broad distribution of fields arising from a dilute distri-
bution of sources” [84]. Phase sensitive tunneling measurements support the notion
of small chiral domains [72]. Scanning Hall probe and scanning SQUID microscopy
experiments [18, 73, 44] on the other hand did not detect any sign of a spontaneous
magnetization associated with superconductivity.

The magnetic scans of the ab-face in Ref. [18] showed neither localized features
nor a random field variation that could be attributed to TRSB. Even holes that
were drilled using a focused ion beam (FIB) failed to show a magnetic signature.
Lacking suitable theoretical models, a quantitative analysis of those null results was
inconclusive. In this section, I will use the results derived above to compute the
expected field from domains and defects. This allows to set certain limits on the
internal magnetization strength that would be consistent with the data.

A complete description of chiral domains requires a self consistent computation of
the order parameter and magnetic fields. This has been carried out using microscopic

theory [92] and a GL approach[126] without considering the effect of a surface. Such
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Figure 7.1: Illustration of different one-dimensional domain structures for |M| =
1. (a) Correlator of M, and small sample of the corresponding real space domain
structure (inset). (b) Corresponding spectral functions. The domain width in the red
(lower) structure is exponentially distributed with mean 1, which gives (M (z)M (x +
7)) = e 2@l and Sy (k) = 1/(1 + k?/4). The domain width in the blue (upper)
structure has a Gaussian distribution with mean 1 and standard deviation 0.3, leading
to an oscillatory correlator and peaks in the spectral function at k = 7. The curves
for this case were obtained numerically from an ensemble of 10°> domains. The dashed
lines in (b) represent the propagation factors e** for heights z = 2 and » = 0.2. For

large z, only Sy (k = 0) is relevant.
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detailed calculations generally require a numerical solution. Taking the presence
of a surface into account leads to a further complication. Thus, they are rather

cumbersome for the purpose of data analysis and planning experiments.

For a domain wall along the x = 0 plane in an infinite sample, the results of
those computations generally show a current along the y-direction which decays over
about one in-plane coherence length &, in the x-direction and changes sign. The
counterflowing current decays on the scale of X\ such that the magnetic field far inside

each domain vanishes. Indeed, one can obtain good fits of the form

By

= msgn(m)(e'”ﬂ/i — e*lw\/f) (7.16)

By .(z)
to the numerical results for the magnetic field of Ref. [92], with A = 2.2 &, & =
1.5 &€, and By = 87 G. T used &, = 66 nm and A = 150 nm [87] to compute the
thermodynamic critical field entering the prefactor of the result of Ref. [92]. It is
easy to show that this expression is a solution to the London equations for A = A in
the presence of a chiral current density j,(z) = —(cBy/4n€)e 1V €. This current can
be identified with an internal magnetization M, = (By/4m)sgn(z)(1 — e~12//€) in the
z direction due to the orbital magnetic moments of the Cooper pairs. The value of
) is in good agreement with the value of k = A/&ap = 2.5 assumed in Ref. [92]. This
suggests that the London approach captures screening effects quite accurately, and
therefore should give a good approximation for the field above a surface. Of course,
this will neglect some features in the full GL solutions. For example, the latter show
a slight depression of the superfluid density near the domain wall, which is neglected
here by assuming a constant A. Similar modifications of both the superfluid density
and the chiral current density at the surface should be small due to the short c-axis
coherence length &. = 0.05 &,;. The anisotropy is of no consequence because all

currents flow along the ab-plane so that only A,, matters.

Since the far field of the domain wall only depends on the difference of the asymp-
totic values of M away from the domain wall, and experimentally &,, = 66 nm <
A =150 nm < z ~ 1 um, it is appropriate to use the large-z results for a sharp

discontinuity in M to analyze the results of Ref. [18]. If accurate results at a z 5 3\
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are required, Eq. (7.4) together with the above approximation for By .(x) should be
used. Fig. 7.2 shows the field profiles for those two methods and the exact result for

a sharp domain wall at different heights.

In the experiments, the rms noise levels were 35 mG and 0.45 mG at imaging
heights z = 1.2 ym and 2 pum in the Hall probe and SQUID scans, respectively.
Correction factors due to oversampling and averaging over the size of the SQUID
pickup loop are of order unity. An isolated domain wall would result in a field of
5-107347M = 0.4 G and 2 - 107347 M = 0.17 G respectively at the above imaging
heights and By = 87 G, and should be clearly visible in the data. Thus, there was
either no such domain wall in the scanned area, or its magnetization was 47M < 7

G and 47 M < 0.2 G respectively, so that it was hidden by sensor noise.

The exact calculation of the signature of a hole is more difficult because the trans-
lational invariance of the boundary conditions is broken. However, if the diameter
of the hole or defect, which I assume to extend along the z-direction normal to the
surface, is much smaller than A, the absence of superfluid in it can be neglected and

the dipole calculation should be a good approximation. For a hole or defect with a

3
ab’

2 umis 1.2-107%47M = 1.1 mG and 2-107%47 M = 0.17 mG, respectively. This signal

would be nearly undetectable at the experimental noise level of Ref. [18]. Further-

volume of £, the maximum field according to case (3) in table 7.1 at z = 1.2 ym and

more, the extent of the defect along the z-direction could be as small as £, = 0.05 £,
and the order parameter is not necessarily suppressed entirely. For a columnar defect
on the other hand, one factor of &, has to be replaced by A, decreasing the limit on
M only by about a factor three. Since the FIB drilled holes in the experiment were
significantly larger (about 1 pm), they have both a larger moment and less effective
Meissner screening. This leads to a stronger signal whose calculation goes beyond the

scope of this paper.

One can also estimate the signal expected from a random configuration of small
domains. The smallest conceivable domain volume is on the order of £2,¢.. Assuming
that the domain size fluctuates enough to use this as correlation volume, Eq. (7.15)
implies that the rms signal could be as small as 0.7 mG and 0.16 mG, again less

than the experimental noise. A domain size distribution that does not satisfy the
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assumptions leading to Eq. (7.15) may result in even smaller signals. Thus, the
possibility of very small domains cannot be ruled out.

In all the above cases, the smaller imaging height of the Hall probe does not
compensate for its large noise compared to the SQUID. Assuming the predicted mag-
nitude of the chiral currents [92] is correct, the calculations show that any domain
wall should have been detected by the measurements. Small defects on the other hand
might easily have been hidden in the noise. It is also possible that a random signal
from domains would have been too small to observe, especially if the domains are
short in the c-direction or very homogeneous in size while not too large. However, it
appears that one should not take the notion of a magnetization due to p-wave pairing
too literally. It was shown [24] that the chiral currents can in general not be written
as the curl of a global magnetization, and that the effective value of M depends on
the type of domain wall.

Note that a similar analysis of the magnetic scanning data of Refs. [18, 73], also
making use of the relations derived in Sec. 7.3, has been carried out in parallel with
the present work in Ref [73].

7.7 Conclusion

I have presented a model for a superconductor with an intrinsic magnetization by
combining the macroscopic magnetostatic Maxwell equation with the London rela-
tion and obtained the field geometry at a planar superconductor-vacuum interface
for a given spatial variation of the magnetization. Solutions for a range of specific
magnetic domain boundary configurations give simple expressions in the limit of a
large height above the sample. If the height above the surface at which the magnetic
field can be measured exceeds the characteristic length scale of variations in the mag-
netization, a spectral analysis can be used to relate the spectral densities of the two
at resolvable wave vectors. If a specific model for the structure of the magnetization
is at hand, a direct comparison with the measured field is possible. Otherwise, some
simplifying assumptions give a simple estimate relating the spectral density of M at

the superconductor - vacuum interface to the observable spatial rms-variation of the
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magnetic field. As an example for an application, I have applied my calculations to
recent experimental results on SroRuQOy [18], concluding that large chiral domains
would have been visible in those experiments, but small domains and defects may

have escaped detection.
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Figure 7.2: Field profile at different heights z above a domain wall were M, changes
sign. The curves labeled “smooth” and “sharp domain wall” were obtained from the
full solution with M, (z) = Msgn(z)(1 — e~ 12V/(07)) and M,(z) = Msgn(z) respec-
tively. The latter solution and the corresponding large z approximation as shown are

given by table 7.1, case (2).

The value of the domain boundary width was chosen

according to the fit to the numerical results for SroaRuO, from Ref. [92]. z = 8A

corresponds to the Hall probe scans from Ref. [18].
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List of common symbols

d Film thickness, sometimes dimensionality
D =wpl./d Diffusivity

A Superconducting gap

Ay Level spacing

E.=n*hD/L? Correlation energy

F Free energy

by = h/2e Superconducting flux quantum
¢o=nhje Single-electron flux quantum

o, applied flux

©=,/Por D,/py Dimensionless flux

I Ring current

L, m-th harmonic of persistent current
Iy = evpl./L? Scale of persistent currents

H. Thermodynamic critical field

H, Lower critical field

H., Upper critical field

kr Fermi wave vector

L Ring circumference

le Electronic mean free path

Ly = \/D_7'¢ Dephasing length
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Ly = /D14 Spin-orbit scattering length

A Penetration depth (chapters 3, 4, 7)
Interaction constant (chapter 5)

M = wdk? /4m Number of transverse channels (chapter 5)

Magnetization (chapter 7)

Mesr=(l./L)M Effective number of channels
Me Electron mass
I Chemical potential
n Fluxoid number
vp = mkp/h*n? Density of states at the Fermi energy
Y GL-order parameter
R Ring radius, sometimes a resistance
p Resistivity
o Conductance
To Dephasing time (chapter 5)
Phase slip duration (chapter 4)
a Order parameter relaxation time
T Temperature
T Superconducting critical temperature
VR Fermi velocity
w Line width
x Position around ring
19 Superconducting coherence length (chapters 3, 4)

Localization length (chapter 5)
& = hop/TA Pippard (clean limit, 7' = 0) coherence length.
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