
392
IEICE TRANS. COMMUN., VOL.E84–B, NO.3 MARCH 2001

PAPER Special Issue on Innovative Mobile Communication Technologies at the Dawn of the 21st Century

Low Complexity Soft Decision Decoding Algorithms for

Reed-Solomon Codes

Branka VUCETIC†, Vishakan PONAMPALAM†, and Jelena VUC̆KOVIĆ††, Nonmembers

SUMMARY We propose a method to represent non-binary
error patterns for Reed-Solomon codes using a trellis. All error
patterns are sorted according to their Euclidean distances from
the received vector. The decoder searches through the trellis un-
til it finds a codeword. This results in a soft-decision maximum
likelihood algorithm with lower complexity compared to other
known MLD methods. The proposed MLD algorithm is subse-
quently modified to further simplify complexity, reflecting in a
slight reduction in the error performance.
key words: Reed-Solomon code, soft decision decoding

1. Introduction

The demands of higher data rates and higher quality
of service in mobile communication systems is grow-
ing rapidly. However factors such as limited transmit
power, limited bandwidth and multi-path fading con-
tinue to restrict the data rates handled by practical sys-
tems. Channel coding is a fundermental technique used
to combat this problem. Reed-Solomon (RS) codes are
a class of non-binary codes defined over finite fields. Bi-
nary codes derived from RS codes are effective against
burst and random errors which are prevalent on many
real channels. For this reason RS codes are widely
used for error control with applications including deep
space telecommunication systems [2], compact disks [3],
digital broadcasting [23] and frequency hopping spread
spectrum systems [4].

The most popular decoding method in current ap-
plications relies on algebraic hard decisions for each re-
ceived code symbol. The additional information pro-
vided by soft decision can enable between 2 and 3 dB
coding gain on Gaussian and in excess of 10 dB on
Rayleigh fading channels. One way to reduce the gap
between hard decision and maximum likelihood soft de-
cision decoding is to allow the demodulator the option
of not making a decision at all when there is no clear
indication that one of the symbols from the transmitter
alphabet was most probable. This type of demodulator
decision is known as erasure. Algebraic decoding algo-
rithms can be modified to handle erasures [17], [18].

Further improvements in the error performance
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can be obtained by making use of the reliability in-
formation of the symbols within each codeword. In
the Generalized Minimum Distance (GMD) Decoding
algorithm [20] and its variations [7] an algebraic de-
coder is used to generate a list of codeword candidates.
This list is chosen according to the symbol reliability
information. The candidates are then compared on the
basis of a sufficient optimality criterion and the most
likely candidate is chosen. These algorithms are sub-
optimum. Their performance is slightly worse than the
maximum likelihood one for codes of small dimensions
but the gap grows with the code dimension.

It is well known that every linear block code can be
represented by a minimal trellis [19], [22], [25] which can
be used for maximum likelihood soft decision decoding
by the Viterbi algorithm or its variations. The com-
plexity of a trellis is expressed by the number of states.
The trellises constructed in [19] have no more than qn−k

states, where q is the number of symbols in the trans-
mitter alphabet and n− k is the number of redundant
symbols in the codeword. In practice, the maximum
likelihood algorithm based on the Viterbi method can
be applied only to codes with small redundancy or short
RS codes.

Vardy and Be’ery proposed an MLD algorithm for
RS codes based on their coset properties [14]. The
cosets are based on a related binary BCH code. The
algorithm first finds the coset that contains the code-
words with the least Euclidean distance from the re-
ceived word. It then finds the codeword with the mini-
mum distance from the received sequence. It was shown
that this algorithm was significantly less complex for
short codes with a small number of redundant bits.

MLD can also be performed using the algorithm
described in [2]. The main idea is in sorting all possi-
ble n-tuples from GF (q) in respect to their Euclidean
distance from the received sequence. Starting from the
closest one, n-tuples are tested, one by one, successively
increasing the distance from the received sequence, un-
til the first codeword is found. This algorithm [13] is im-
plemented for a binary code by generating a set of lin-
early independent columns of the code parity check ma-
trix which add up to the syndrome. They correspond
to error patterns from the set of codewords. These
error patterns are represented by a binary tree and a
binary tree search is performed to find the most likely
error pattern. The algorithm suggested in [12] does not
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restrict itself to bit patterns that correspond to code-
words. It searches through all n-bit patterns until it
finds the closets codeword.

In this paper we propose a method to represent
error patterns for non-binary codes. All possible er-
ror patterns are sorted according to their Euclidean
distances from the received word using a trellis. The
decoder searches through the trellis till it finds a code-
word. This results in a soft maximum likelihood decod-
ing algorithm with computational complexity reduced
compared to the methods in [19] and [14]. The pro-
posed MLD algorithm is subsequently modified to fur-
ther simplify computations. As a result a sub-optimum
algorithm is derived with only a slight sacrifice in the
error performance.

The aim of this paper is to demonstrate the ca-
pability of the proposed algorithms in the general
case. Hence we only present simulation results obtained
for additive white Gaussian noise (AWGN) channels,
which introduces random errors. However burst errors
are highly likely under mobile communication environ-
ments. In such situations it is common to use inter-
leavers, which distributes errors randomly. The pro-
posed decoding algorithm can be easily applied on fad-
ing channels as well.

2. Description of the Algorithm

Consider a Reed-Solomon code of the code length n
and information sequence length k, defined over GF (q),
where q = n+ 1 = 2m. Let

v = (v0, v1, ..., vn−1), vi ∈ GF (q) (1)

be the transmitted code word. The binary version of
the transmitted codeword can be written as

vb = (v(0)0 , v
(1)
0 , ..., v

(m−1)
0 , v

(0)
1 , . . . , v

(m−1)
1 , ...,

v
(0)
n−1, v

(1)
n−1, ..., v

(m−1)
n−1 ), v

(j)
i ∈ GF (2) (2)

The transmitted codeword is modulated by a BPSK
modulator. The transmitted modulated codeword is
represented by a vector vt given by

vt = (v(0)t,0 , v
(1)
t,0 , ..., v

(m−1)
t,0 , ..., v

(0)
t,n−1, v

(1)
t,n−1,

· · · , v(m−1)
t,n−1 ), v

(j)
t,i ∈ {−1, 1} (3)

where its components are computed as

v
(j)
t,i = 2v(j)b,i − 1 (4)

The sampled channel output, denoted by y is given by

y = (y(0)0 , y
(1)
0 , ..., y

(m−1)
0 , y

(0)
1 , . . . , y

(m−1)
1 , ...,

y
(0)
n−1, y

(1)
n−1, ..., y

(m−1)
n−1 ), y

(j)
i ∈ R (5)

where R is the set of real numbers and y(j)i is given by

y
(j)
i = v

(j)
t,i + n

(j)
i (6)

n
(j)
i is a sample of additive white Gaussian noise

(AWGN) with variance σ2.
The demodulator makes hard estimates on each

channel output sample y(j)i which is represented by a
vector rb,

rb = (r(0)0 , r
(1)
0 , ..., r

(m−1)
0 , r

(0)
1 , . . . , r

(m−1)
1 , ...,

r
(0)
n−1, r

(1)
n−1, ..., r

(m−1)
n−1 ), r

(j)
i ∈ GF (2) (7)

where its components are computed as

r
(j)
i =

{
1 y

(j)
i ≥ 0

0 y
(j)
i < 0

(8)

The non-binary received sequence can be represented
as

r = (r0, r1, ..., rn−1), ri ∈ GF (q) (9)

The RS decoder on the basis of the encoding rule and
the channel model makes an estimate of the transmitted
codeword, denoted by v̂b, given by

v̂b = (v̂(0)0 , v̂
(1)
0 , ..., v̂

(m−1)
0 , v̂

(0)
1 , v̂

(1)
1 ..., v̂

(m−1)
1 , ...,

v̂
(0)
n−1, v̂

(1)
n−1, ..., v̂

(m−1)
n−1 ), v̂

(j)
i ∈ GF (2)

(10)

or in the non-binary form

v̂ = (v̂0, v̂1, ..., v̂n−1), v̂i ∈ GF (q) (11)

Assume for simplicity in the analysis that the received
sequence is ordered: |y(j)i | ≤ |y(g)f | for i ≤ f and j ≤ g.
This is certainly not true in a practical system. How-
ever we may order the received sequence in the aim
of generating test error patterns. This sequence is re-
ordered when the most likely error pattern is found.
The ordering/re-ordering are ignored in the analysis by
making the above assumption.

The received vector rb can be represented as

rb = vb + eb (12)

where eb is a binary error pattern given by

eb = (e(0)0 , e
(1)
0 , ..., e

(m−1)
0 , ..., e

(0)
n−1,

e
(1)
n−1, ..., e

(m−1)
n−1 ), e

(j)
i ∈ GF (2) (13)

The components of eb are

e
(j)
i =

{
1 v

(j)
i 
= v̂

(j)
i

0 v
(j)
i = v̂

(j)
i

(14)

where i = 0, 1, 2, 3, . . . , n−1 and j = 0, 1, 2, 3, . . . ,m−
1. The non-binary error pattern is given by

e = (e0, e1, ..., en−1), ei ∈ GF (q) (15)

The maximum-likelihood soft decoding rule consists in
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finding a codeword w such that the conditional proba-
bility P (w|y) is maximised. For AWGN channels this
is equivalent to minimising the Euclidean distance be-
tween the received sequence y and a modulated code-
word w, denoted by d2E(w,y) and given by

d2E(w,y) =
n−1∑
i=0

m−1∑
j=0

(
y
(j)
i − w

(j)
i

)2
(16)

Direct implementation of this algorithm is computa-
tionally intensive for long binary codes and even for
short RS codes. In several implementations [12], [13]
binary error patterns are added to rb successively to
obtain a codeword. A binary error pattern is defined
by a set of non-zero error components {i, j} arranged
in an error location vector, given by

el = {(i1, j1), (i2, j2), ..., (iν , jν)} ,
0 ≤ il ≤ (n− 1), 0 ≤ jl ≤ (m− 1),
ν ≤ (n− 1) (17)

The set of all possible binary error patterns is denoted
by I.

Adding an error pattern with one non-zero bi-
nary component increases the Euclidean distance, in
Eq. (16), by 4|y(j)i |. In order to find a codeword w
with the smallest Euclidean distance from y we need
to identify a binary error pattern, defined by a position
location vector el = {(i, j)} such that∑

{(i,j)}∈I

|y(j)i | (18)

is minimised. For an error pattern eb we define the
Euclidean distance cost, denoted by c, as

c =
n−1∑
i=0

m−1∑
j=0

e
(j)
i |y(j)i | (19)

The maximum likelihood decoding rule thus consists in
minimising the Euclidean distance cost.

If binary error patterns are organised in the or-
der of increasing Euclidean distance, the decoder tests
them, one by one, starting from the closest one, succes-
sively increasing the distance, until the first codeword
is found. The main challenge in the implementation of
this decoding rule is to find a computationally efficient
algorithm to search binary error patterns.

Ordering error patterns exactly according to their
Euclidean distances requires a large number of calcu-
lations. In [12] the binary error patterns are organ-
ised into levels, corresponding roughly to Euclidean dis-
tances. If the rule proposed in [12] is applied to binary
error patterns of a RS code, the level to which an error
pattern is assigned, denoted by L, is calculated by the
the following equation:

L = level(e) =
n−1∑
i=0

m−1∑
j=0

e
(j)
i · (i ·m+ j + 1) (20)

The maximum number of possible levels in which er-
ror patterns could be organized is equal to Lmax =
mn(mn+ 1)/2.

The trellis structure depends only on the code
length mn and the number of the level for which the
trellis is constructed. It does not depend on the number
of information bits k or on the received sequence.

The trellis at a level L is constructed by the fol-
lowing rules.

States in the trellis are denoted by Si, i =
0, 1, ..., Lmax. The number of states in the trellis is
equal to the error pattern level for which the trellis is
constructed, L plus 1. The trellis state is defined by
the expression

Sd+1 = Sd +
m−1∑
j=0

(d ·m+ j + 1) · e(j)d (21)

where e(j)d is a branch label. Nodes in the trellis are
denoted with a pair (d, s) where d = (0, 1, ...,mn) rep-
resents the depth and s represents the state. Every
path represented in the trellis starts at node (0,0) and
ends at node (n, L).

A node (d, s) is valid if there is at least one branch
originating at some node at the depth d−1 and pointing
out to node (d, s).

A branch can leave a node (d, s) if

Sd+1 ≤ L (22)

where Sd+1 is defined by (21).
Every path in the trellis represents an error pat-

tern.
The length of the trellis is equal to the code length

in bits, mn. Every path which ends in the final state
(SL dji), dj ∈ {0, 1, ..., n−1} must have the level equal
to L.

The paths that do not end in the final node (n, SL)
are expurgated from the trellis.

For error patterns in the trellis we can formulate
the following theorem.
Theorem 1: If all error patterns at a given level L
have the Euclidean distance cost higher than cmin so
will all error patterns on higher levels.
Proof: All error patterns on a given level L+1, deter-
mined by (20) can be classified into two groups. Error
patterns in Group 1 are of the form

e1L+1 = (1, e(1)0 , ..., e
(m−1)
0 , ..., e

(0)
n−1, e

(1)
n−1, ..., e

(m−1)
n−1 )

(23)

and error patterns belonging to Group 2 may be repre-
sented as:

e2L+1 = (e00, e
(1)
0 , ..., e

(j−2)
i , 0, 1, ...,

e
(0)
n−1, e

(1)
n−1, ..., e

(m−1)
n−1 ) (24)

For every error pattern of Group 1 from level L+1
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there exists an error pattern, e1L on Level L of the form

e1L=(0, e(1)0 , ..., e
(m−1)
0 , ..., e

(0)
n−1, e

(1)
n−1, ..., e

(m−1)
n−1 )

(25)

It is easily shown using Eq. (19), that the cost of e1L+1
is greater than or equal to the cost of e1L.

Similarly for every error pattern from Group 2 of
level L + 1 there exists an error pattern on level L of
the form

e2L = (e(0)0 , e
(1)
0 , ..., e

(j−2)
i , 1, 0, ..., e(0)n−1, e

(1)
n−1,

..., e
(m−1)
n−1 ) (26)

which has a lower cost.
Hence if cmin is greater than the cost of all error

patterns on level L it must also be greater than the
costs of all error patterns on level L + 1. Using the
same argument it is possible to show that cmin is also
greater than the costs of error patterns belonging to
higher levels.

In summary Theorem 1 says that if, while sequen-
tially searching levels, we find a codeword correspond-
ing to a cost cmin and it is greater than the cost of all
error patterns on level L, we do not have to search any
further. In other words this is the terminating condi-
tion of the search algorithm.

2.1 An MLD Trellis Based Decoding Algorithm

An MLD algorithm based on Theorem 1 and trellis rep-
resentation of error patterns is proposed.

The trellises are constructed for all levels and
stored in the decoder. Let cmin be the Euclidean dis-
tance between the received sequence and an interme-
diate codeword estimate. Its operations can be sum-
marised as follows.

Step 1 Check whether the hard demodulated vector
rb is a codeword. If it is deliver it as an estimate
of the transmitted codeword v̂ and stop. If not go
to Step 2.

Step 2 Set cmin = ∞ and L = 1. Perform hard deci-
sion decoding on rb and set v̂ to this codeword.

Step 3 Find all error patterns on level L that have a
cost less than cmin. If there are no such error pat-
terns, return current estimate as the final estimate
of the transmitted codeword and STOP. Else go
to Step 4.

Step 4 For each of the error patterns found in Step
3 check if it produces a codeword when added to
the hard demodulated received vector r. If it does
and the cost is less than cmin, store this codeword
as the current estimate and make cmin equal to the
Euclidean distance between this codeword and the
received sequence.

Step 5 Increment L by 1 and go to Step 3.

2.2 A Sub-Optimum Trellis Based Decoding Algo-
rithm

In order to simplify implementation we propose a sub-
optimum algorithm which is a direct simplification of
the MLD trellis based algorithm. It can be summarised
as follows.

Step 1 Check whether the hard demodulated vector r
is a codeword. If it is deliver it as an estimate of
the transmitted codeword v̂ and stop. If not go to
Step 2.

Step 2 Set cmin = ∞ and L = 1.
Step 3 For each of the error patterns on level L check

if it produces a codeword when added to the hard
demodulated received vector r. If it does store
this codeword as the current estimate v̂ and stop.
Return v̂ as the decoder output. Else go to Step
4.

Step 4 Increment L by 1 and go to Step 3.

Observe that the terminal condition of the algorithm
has been slightly relaxed compared to the MLD algo-
rithm. As seen in the following section this significantly
reduces the complexity. Interestingly only a slight re-
duction in the error performance has been observed for
codes with small number of parity symbols.

2.3 A Lexicographic Method for Generating of Error
Patterns

The trellis based decoder operates on trellises which are
stored in the decoder memory. This algorithm is thus
memory intensive. It is possible to compute error pat-
terns for each level based on a Lexicographic method
instead of memorising trellises. The error pattern gen-
erating rule could be derived by generalising the rule
proposed in [12] for binary codes. The error patterns
are generated as follows.

Error pattern level L is defined by Eq. (20) for a
given (n, k) code with symbols from GF (2m). The first
error pattern on this level is generated by starting with
a binary sequence

e =


1...1︸︷︷︸

u

0...0︸︷︷︸
nm−u


 (27)

where u is minimal under the condition that

S =
u∑

i=1

i ≥ L (28)

If S = L, then e is the first error pattern on level L; if
S > L the first error pattern is generated by inverting
the (S − L)th position in e.

The lexicographically next error pattern on level L
is computed as follows.
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Reading from left to right find the first 0 following
the second 1 in the previously generated error pattern.
If such a 0 cannot be found, e is the last error pattern
on level L. Otherwise, replace that 0 by 1 and put all
zeros in the positions preceding it. Add the indices of
the 1s in thus generated binary sequence and denote its
sum by A. Set the first u positions of the sequence to
1, where u is minimal under the condition that

S =
u∑

i=1

i ≥ L−A (29)

If S > (L − A) invert the position S − (L − A).
The rest of the decoding algorithm is similar to MLD
algorithm described previousely.

3. Decoding Complexity

The proposed algorithm, on its way to the estimated
codeword ĉ, tests all n-tuples zi closer to the received
vector y than ĉ. Since the density of the codewords in
the space of all n-tuples with symbols from GF (q) is
larger for a code with smaller number of parity check
symbols, the number of the tested error patterns during
the decoding process is smaller. Thus the algorithm is
faster for such codes [15].

The decoding complexity of the proposed algo-
rithm is a statistical value, since it depends on the level
at which the received block is decoded. Let Np(L) de-
note the number of all possible paths in the trellis for a
given decoding level L. Let us denote the average level
on which the decoding operation is completed, for a
given Eb/N0 by L̄. Then, the average number of tested
paths in trellises until the codeword is decoded denoted
by N̄p, is given by the following equation:

N̄p =
�L̄�∑
i=1

Np(i) (30)

where �L̄ is the smallest integer ≥ L̄. In order to
compare complexities, we computed the number of
addition-equivalent operations per decoded codeword,
denoted by Nop. The number of operations performed
while testing each error-pattern, denoted by np, is equal
to the sum of the number of operations in adding that
error pattern to r and the number of operations in cal-
culating syndromes. Before the decoding process, the
vector y must be ordered in non-decreasing order of
|y(j)i |. The received sequence is of length n · m. The
complexity of this ordering process is Θ(nm · log(nm))
[16]. The complexity of the re-ordering operation is
identical to the above. Denote the number of order-
ing operation by ns. The total number of operations
required per decoded word is equal to:

Nop = N̄p · np + 2ns (31)

where

Fig. 1 Bit error rate plots for the (15,13) RS code.

np = n+ 2(n− k) · n (32)

While calculating the complexity, we made the assump-
tion that operations of comparison, addition of num-
bers in GF (q) and the multiplication of numbers from
GF (q) have the same complexity.

Additional calculations are required when using
the lexicographic method to generate error patterns.
The complexity of this process is dependent on the
length of the RS code in binary form, n · m and N̄p.
However this increase in complexity is small compared
to the total number of arithmetic operations required.

4. Simulation Results

The proposed algorithms were tested on a range of
Reed-Solomon codes. In this section we present sim-
ulation results obtained for the (15,13), (15,11) and
(31,29) RS codes, in a transmission system with binary
antipodal signals over an AWGN channel.

Figure 1 shows the performance of the decoding
algorithms for the (15,13) RS code. Observe that the
proposed MLD algorithm has a coding gain of approx-
imately 1.7 dB over the Berlekamp-Massey (BM) algo-
rithm at a BER of 10−5. Interestingly the sub-optimum
algorithm has a coding gain of 1.6 dB over the BM al-
gorithm and approximately 1 dB over generalized min-
imum distance decoding (GMD) at a BER of 10−5.
Thus the performance of the sub-optimum algorithm
is near-optimum. However as we will see later the sub-
optimum algorithm much simpler.

The simulation results obtained for the (15,11)
RS code using the proposed algorithms is given in
Fig. 2. Figure 2 shows that the proposed MLD and
sub-optimum algorithms have a coding gain over the
BM algorithm of 2.3 dB and 2.1 dB respectively at a
BER of 10−5. Also note that the sub-optimum algo-
rithm has a coding gain of 1.6 dB over GMD at the
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Fig. 2 Bit error rate plots for the (15,11) RS code.

Fig. 3 Bit error rate plots for the (31,29) RS code.

same BER. Simulation results for the (31,29) RS code
are given in Fig. 3. We observe a 1.8 dB coding gain for
the MLD and 1.7 dB gain for using the sub-optimal al-
gorithm over the BM algorithm. The coding gain of the
maximum likelihood algorithm over the sub-optimum
algorithm is 0.1 dB for the (15,13) and (31,29) RS codes
and 0.2 dB for the (15,11) RS code.

Figures 4 and 5 show the average number of arith-
metic operations required by the proposed algorithms
as a function of Eb/N0 compared against complexities
of Wolf’s trellis decoding algorithm [19] and the coset
decoding algorithm suggested by Vardy & Be’ery [14].

The proposed algorithms require a significantly
less number of operations than the other algorithms for
Eb/N0 greater than 4 dB as shown in Figs. 4 and 5. For
the (15,13) RS code, at Eb/N0 = 5dB, the Wolf and
the coset algorithms require 670 and 90 operation per

Fig. 4 Complexity of algorithms for the (15,13) RS code.

Fig. 5 Average number of arithmetic operations per decoded
bit required by various decoding algorithms for the (15,11) RS
code.

decoded bit, respectively. On the other hand the the
proposed MLD and sub-optimum algorithm require 50
and 6 operations, respectively at the same Eb/N0. As
seen above the coding gain of a maximum likelihood
algorithm is marginal over the proposed sub-optimal
algorithm.

At first glance it may seem that the proposed de-
coding algorithms, and to that matter all SDD algo-
rithms, are too complex to implement on hardware
available today. However the proposed decoding al-
gorithms have an important advantage that their com-
plexities depend on the quality of the channel. Since
the noise level in mobile channels change continuously,
on the average, these algorithms may have reasonably
low complexities. Secondly, practical systems have a
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target operating bit error rates which may correspond
to moderate decoding complexity. High decoding com-
plexities are only encountered at low BER regions, in
which the system may not be required to operate. For
example, assume we want to obtain a BER of 10−4 us-
ing the (15,11) RS codes. Now for this BER, we need
the channel to have Eb/N0 ≈ 4.9 dB. For this scenario,
we can see from Fig. 5 that the proposed sub-optimal
algorithm requires under 200 operations.

5. Conclusion

We propose a new MLD algorithm for RS codes based
on representing binary error patterns by trellises. Each
error pattern is assigned a level according to its Eu-
clidean distance from the received sequence. Trellises
are used to construct error patterns on each level and
are stored in the decoder. The decoder searches the
trellises starting from the closest level until it finds the
closest codeword to the received sequence. The com-
putational complexity is several orders of magnitude
less than the classical Wolf trellis and the more re-
cent Vardy-Be’ery coset decoding algorithms for large
Eb/N0.

The MLD algorithm is simplified to produce a sub-
optimum algorithm with near MLD error performance.
However the complexity of the sub-optimum algorithm
is 1–2 orders of magnitude lower than the MLD algo-
rithm for Eb/N0 in the range of 2–10 dB. The complexi-
ties of the two algorithms converge at very high Eb/N0.

As the proposed trellis based algorithms is mem-
ory intensive, a lexicographic method to generate error
patterns belonging to a given level is proposed. This in-
creases the computational complexity of the algorithm.
However the additional computation required is small
compared to the total number of computations.
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Yugoslavia, in 1971. She received her
Dipl. Ing. degree from the University of
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