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TOPOLOGICAL OPTICS

Generating arbitrary topological windings of a
non-Hermitian band
Kai Wang*, Avik Dutt*, Ki Youl Yang, Casey C. Wojcik, Jelena Vučković, Shanhui Fan†

The nontrivial topological features in the energy band of non-Hermitian systems provide promising
pathways to achieve robust physical behaviors in classical or quantum open systems. A key topological
feature of non-Hermitian systems is the nontrivial winding of the energy band in the complex energy
plane. We provide experimental demonstrations of such nontrivial winding by implementing non-
Hermitian lattice Hamiltonians along a frequency synthetic dimension formed in a ring resonator
undergoing simultaneous phase and amplitude modulations, and by directly characterizing the complex
band structures. Moreover, we show that the topological winding can be controlled by changing the
modulation waveform. Our results allow for the synthesis and characterization of topologically nontrivial
phases in nonconservative systems.

T
he discoveries of a wide variety of topo-
logical materials, such as topological in-
sulators (1, 2) and Weyl semimetals (3, 4),
highlight the importance of topological
band theory, which seeks to develop fun-

damental understandings of topological prop-
erties of energy band structures. Early efforts
on topological band theory have focused on
Hermitian Hamiltonians (5). Motivated in part
by the developments in topological photonics

(6), where gain and/or loss are common features
(7–9), there have been emerging interests in
developing topological band theory for non-
Hermitian Hamiltonians (10–12).
The energy bands of non-Hermitian Hamil-

tonians exhibit nontrivial topological features
that are absent inHermitian systems. Inparticu-
lar, because the energy bands of non-Hermitian
Hamiltonians are in general complex, generi-
cally even a single energy band in one dimen-

sion can form a nontrivial loop in the complex
plane, as characterizedby integernonzerowind-
ing numbers (11, 12). This is in contrast with
Hermitian systems, where nontrivial topology
requires at least two bands, and moreover re-
quires symmetry protection in one dimension.
Such nontrivial winding, which is specific to
non-Hermitian systems, provides the topologi-
cal underpinnings of notable phenomena such
as the non-Hermitian skin effect (13, 14) and
necessitates the generalization of bulk-edge
correspondence (15, 16).
In spite of the central importance of energy

band winding in the topological band theory
of non-Hermitian systems, direct experimen-
tal observation and control of such winding
have been lacking. Recent experiments have
demonstrated the non-Hermitian skin effect
(13, 15, 17) as well as the collapse of eigen-
spectrum as induced by the presence of an
edge (18). These experiments, however, only
provide indirect evidence of energy-band
winding in non-Hermitian systems. Moreover,
energy bands are defined only for infinite sys-
tems. For non-Hermitian systems, the eigen-
states of a finite lattice can be qualitatively
different from those in an infinite lattice. Thus,
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Fig. 1. Topological winding in a
non-Hermitian 1D lattice and its
realization in a synthetic frequency
dimension. (A) A non-Hermitian 1D lattice
with nearest-neighbor non-Hermitian
coupling is shown at the top. The
corresponding band energy winding
in the complex plane, as k goes from
0 to 2p, is shown at the bottom.
(B) Same as in (A) but with long-range
coupling. A representative example
of v = −2 is realized when a reference
energy D is in the inner dark
orange–shaded region of the complex
plane. (C) Realization of non-Hermitian
1D lattices using a ring resonator
undergoing simultaneous amplitude
and phase modulation at integer
multiples of the free-spectral range W.
(D) Frequency modes separated
by W in the unmodulated resonator
are presented on the left. Non-Hermitian
coupling among the frequency modes
created by both phase and amplitude
modulation, shown for first- and
third-order couplings as an illustrative
example, are presented on the right.
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it is not obvious how one canmeasure the band
structure in experimentally feasible non-
Hermitian lattices, which are typically finite.
We experimentally implement a class of

non-Hermitian Hamiltonians and measure
its momentum-resolved complex band energy.
Our implementation uses the concept of a
synthetic dimension (19–22), a synthetic fre-
quency dimension (23–25) as formed by mul-
tiple frequency modes in a ring resonator
under amplitude and phase modulations.
We implement in the frequency synthetic

dimension the one-dimensional (1D) lattice
Hamiltonian

Ĥ ¼
X

m;nðkþm â†
nþmânþk�m â†

nânþmÞ ð1Þ

where â†
n (ân) is the creation (annihilation)

operator of the n-th lattice site with m ¼ 1;
2;…;M running over the coupling orders.
This Hamiltonian becomes non-Hermitian if
kþm ≠ k��m for somem in Eq. 1. A general non-
Hermitian formof the coupling constantkTm can
be given bykTm ¼ CmexpðTiamÞ TDmexpðTibmÞ
with the coupling strengths Cm;Dm ≥ 0 and
phases am; bm∈ð�p; p�, where CmexpðTiamÞ is
the Hermitian part and TDmexpðTibmÞ is the
skew-Hermitian part. The Hamiltonian of Eq. 1
has been extensively explored theoretically
(11, 26); however, it has been challenging to im-
plement such a Hamiltonian experimentally.

The usual implementation of non-Hermitian
Hamiltonians throughtheuseof space-dependent
gain and loss (7,8,27) doesnot straightforwardly
create thenon-Hermitian coupling inEq. 1.Non-
Hermitian couplings were only realized very
recently on platforms that include pulse trains
(13) and electronic circuits (18); these demon-
strations, however, implemented only a lim-
ited subset of non-Hermitian coupling, i.e.,
nearest-neighbor coupling (exclusively m = 1)
with restricted in-phase Hermitian and skew-
Hermitian parts (a1 ¼ b1). It remains an open
question if one can realize general non-
Hermitian couplings, which include a con-
trol over coupling strengths (Cm;Dm), phases
(am; bm), and long coupling ranges (m > 1)
(23, 24, 28). Our results illustrate the po-
tential of the platform of synthetic dimensions
to explore non-Hermitian topological phys-
ics and to implement Hamiltonians that
are difficult to achieve by other means.
The Hamiltonian of Eq. 1 exhibits a rich set

of nontrivial topological behaviors that de-
pend on the strength, phase, and range of the
coupling. We first consider the case with only
nearest-neighbor coupling, where the only
nonzero coupling constants are k�1 ¼ C �
Dexpð�ifÞ and kþ1 ¼ C þ DexpðifÞ with C,
D ≥ 0. The special case with f = 0 gives rise to
the Hatano-Nelson model (26), where the
band winds along an ellipse in the complex

plane (Fig. 1A, bottom). For a reference energy
D ∈ℂ, a winding number (v) of such a 1D band
can be defined by (11, 14)

v :¼ ∫
2p

0

dk

2pi
d

dk
ln ½EðkÞ � D� ð2Þ

For the Hatano-Nelson model (Fig. 1A), if
the reference energy D is in the interior of the
winding loop, e.g., in the shaded area of Fig.
1A, bottom, one obtains v = 1. We note that
such a nontrivial winding is a topological fea-
ture that is specific to non-Hermitian Hamil-
tonians. For a Hermitian Hamiltonian, E(k) is
restricted to the real axis, and v = 0. We also
note that the phase difference f between the
Hermitian and skew-Hermitian parts of the
coupling strongly influences the shape of
the loop. In the special example of f = p/2,E(k)
is restricted to a line and hence v = 0 (green
line in Fig. 1A, bottom). More complex wind-
ing of the band structure can be achieved by
introducing long-range coupling. As an exam-
ple, we consider the case with C = 0, D/C ′ =
D′/C ′ = 1, f = p, q = 0, and f′ = p, where v = −2
for a suitable choice of the reference energy
(Fig. 1B). In general, the sign of v is deter-
mined by the handedness of the winding,
and jvj depends on how many times the ref-
erence point D is enclosed by the loop in each
orientation.
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Fig. 2. Measurement of the k-resolved complex band energy in synthetic
frequency space. (A) Input and output schematic of an optical fiber resonator
simultaneously modulated by phase and amplitude EOMs. (B) A diagram of
several resonant modes of the unmodulated resonator separated by W, where
the input laser frequency (arrow) is detuned by dw from one of the resonance
frequencies. (C) An example of the formed non-Hermitian lattice. (D) Color plot

of experimentally measured output intensity I(k, dw). (E and F) Measurement
signal from two example vertical slices (teal curve) and Lorentzian fitting (purple
curve) with (E) k = p/4 and (F) k = 3p/4. (G) Extracted k-dependent Re(E)
and Im(E) (dots) from (D) compared with the theoretical prediction (curve).
(H) The winding of the measured energy in the complex plane. Arrows indicate
the corresponding points of the k-slices shown in (E) and (F).
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To experimentally realize theHamiltonian
of Eq. 1, we use the synthetic space as formed
by the multiple frequency modes of a ring
resonator. In the absence of modulation, the
ring supports a set of resonant modes prop-
agating along a specific direction (e.g., clock-
wise, as shown in Fig. 1C). These modes have
frequencies wn ¼ w0 þ nW , where n is an
integer that indexes the mode. W is the free
spectral range (FSR) (Fig. 1D, left). Hermitian
coupling between nearest-neighbor frequency
modes can be formed with the use of a phase
modulation having an associated amplitude
transmission factor TPh ¼ expð�idFÞ with
dFðtÞ ¼ A1cosWt, where dF is the modulated
phase,A1 is the phase-modulation strength, and
t is time. The strength of Hermitian coupling is
C º A1. Similarly, skew-Hermitian coupling can

be formed with the use of an amplitude mod-
ulation having a transmission factorTAm ¼ 1þ
B1sinðWt þ fÞ , where B1 is the modulation
strength, because the amplitude modulation
is not energy conserving. This gives rise to a
skew-Hermitian coupling kT1 ¼ TDexpðTifÞ
with the strength Dº B1 . With simultaneous
phase and amplitude modulations, the model
of Fig. 1A is realized. Longer-range coupling
can be achieved with modulators having mod-
ulation frequencies mW with m > 1. Specifi-
cally, simultaneous implementation of the phase
modulation TPh ¼ exp½�i

X
m
AmcosðmWt þ

amÞ� and the amplitude modulation TAm ¼
1 þX

m
BmsinðmWt þ bmÞ will give rise to

the Hamiltonian in Eq. 1, where kTm ¼
CmexpðTiamÞTDmexpðTibmÞ [for more details,
see supplementary section S1A (29)]. Conse-

quently, this method allows for the real-
ization of an arbitrary complex band structure
for such one-band 1D non-Hermitian latti-
ces, as illustrated in Fig. 1D, right, for a specific
example. Note that the ability to simulta-
neously incorporate phase and amplitude
modulations is essential for demonstrating
topological winding. Hamiltonians with phase
or amplitude modulation (30) alone do not
exhibit nontrivial winding in their energy
bands.
To directly measure the k-resolved non-

Hermitian band structure in synthetic fre-
quency space, we use a fiber ring resonator
undergoing both phase and amplitude modu-
lations by electro-optic modulators (EOMs)
(Fig. 2A). We excite the system with a tunable
continuous-wave (CW) laser via a beam splitter
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Fig. 3. Experimental realization of a generalized Hatano-Nelson
model and the measured topological windings. (A) Lattice model with
nearest-neighbor non-Hermitian couplings. (B, E, and H) Experimentally
measured I(k, dw) for f = 0, −p/2, and −3p/4, respectively. (C, F, and

I) Theoretical predictions for the measurements shown in (B),
(E), and (H), respectively. (D, G, and J) The dots represent the band
energy extracted from (B), (E), and (H), respectively. The lines denote
theoretical predictions.
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(BS1). We choose the input laser frequency w to
be near a certain resonance wn, and sweep the
detuning dw ¼ wn � w (Fig. 2B). For each de-
tuning, we allow the system to reach steady
state and then measure the output from a sec-
ond beam splitter (BS2) that samples a small
portion of the intracavity light for time-resolved
detection [formore details on the experimental
setup, see supplementary section S2 (29)]. Be-
cause the lattice space is formed by frequency
modes, its reciprocal space is inherently time t
(24), with a round-trip time equivalent to one
Brillouin zone; hence, we can define k = tW as
the quasimomentum. The steady state result-
ing from our excitation contains all k compo-
nents at that detuning dw. As we measure the
output light at time t = k/W, the detection
selects a single k. Thus, the detected signal
I(k, dw) can be understood as the steady state
projected to the discrete Bloch state |ki. I(k, dw)
is related to the Green’s function, G(k, dw) =
i[dw – E(k)]−1, as

Iðk; dwÞºjGðk; dwÞj2

¼ 1

½ReðEÞ � dw�2 þ ½ImðEÞ�2 ð3Þ

Here, the band energy is

EðkÞ ¼ hkjĤ � igjki ð4Þ

where g denotes all sources of loss in the
absence of modulation. For a given k, I is a

Lorentzian function of dw. Then, at each k, it is
possible to deduce the values of Re(E) and
jImðEÞj by fitting I(dw) to the form of Eq. 3. In
our setup, we use a cavity with a sufficiently
large loss, i.e., a sufficiently large positive g ≈
2D + 0.02W, such that Im(E) < 0 is ensured
for all k. For a g that is independent of k, E(k)
differs from the dispersion of Ĥ by a translation
in the complex energy plane. The topological
properties are not affected by such a translation.
To illustrate the specific process of the band-

structuremeasurement,weshowarepresentative
experiment forming a lattice in synthetic fre-
quency space (Fig. 2C). There is a first-order
Hermitian couplingkT1 ¼ C and a second-order
skew-Hermitian coupling kT2 ¼ TDexpðTifÞ. By
scanning k over one Brillouin zone and dw over
one FSRW, we obtain the I(k, dw) readouts (Fig.
2D). Here, we show two representative slices of
I(dw) at k = p/4 and k = 3p/4 (Fig. 2, E and F,
respectively). According to Eq. 3, Re(E) and
Im(E) can be obtained by a Lorentzian fit for
eachk-slice of I (purple curves in Fig. 2, E andF).
We plot Re(E) and Im(E) that are thus obtained
as the dots in Fig. 2G. The red curves in Fig. 2G
indicate the theoretically predicted form of the
dispersion, which agrees well with the experi-
mentally measured dots. Finally, we plot E in
the complex plane and visualize the winding
(Fig. 2H). For the specific dispersion in this
example, the complex bandwinds into a bow-
tie shape. For k going from 0 to 2p, the left-
side loop (light orange shading) is traversed
clockwise once with the winding number v =

−1, and the right-side counterclockwise loop
(light blue shading) has v = 1.
Band structures are only defined for infinite

systems that fulfill Bloch’s theorem, whereas
all practical structures in experiments are finite.
Thus, in seeking to experimentally measure a
band structure, one is always attempting to
infer the property of an infinite system through
the measurement on a corresponding finite
system. For the Hermitian system, this does
not present an issue. Within the energy range
of the band in an infinite system, the eigen-
states of the corresponding finite system are
also extended and provide an increasingly bet-
ter approximation of the eigenstates of the
infinite system as the size of the finite system
increases. For the non-Hermitian system, on
the other hand, the eigenstates of the finite
system can be drastically different from those
of the infinite system. As an extreme example,
a finite non-Hermitian lattice truncatedwith an
open boundary condition (OBC) can exhibit the
non-Hermitian skin effect with all eigenstates
localized on the edge, and the eigenspectra are
thus completely different from those of the
corresponding infinite system (14, 18). Thus,
it was noted that thewinding number defined in
Eq. 2 cannot be simply identified from the eigen-
spectrum of a finite non-Hermitian system (11).
And hence it may appear surprising that
through Eq. 3 we are able tomeasure the band
structure of an infinite system by experiments
on a finite system. We emphasize that our ex-
periments probe E(k) as defined by Eq. 4. E(k)
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Fig. 4. Realization and band-winding measurements of non-Hermitian lattices
incorporating long-range interactions. (A) A lattice with first-order Hermitian
coupling and third-order skew-Hermitian coupling. (D) A lattice with second-order
Hermitian coupling and third-order skew-Hermitian coupling. (G) A lattice with

first-order skew-Hermitian coupling and second-order non-Hermitian coupling.
(B, E, and H) Measured I(k, dw) for the lattices in (A), (D), and (G), respectively.
(C, F, and I) Deduced complex E in complex plane for the lattices in (A), (D), and
(G), respectively. The dots are from experiments, and the lines are from theory.
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is not an eigenenergy of the finite system but
rather the expectation value of theHamiltonian
of the finite system at state |ki. The state |ki
is always extended and moreover naturally ap-
proaches theBloch state of an infinite systemas
the system size increases. Consequently, our
experiments can provide a measurement of
the band structure of an infinite system satis-
fying Bloch’s theorem. As an illustration, in
supplementary section S1B and fig. S1 (29)
we consider a numerical experiment where
we apply our technique for the extreme case as
mentioned abovewhere a finite non-Hermitian
lattice is truncated by the OBC. Even though
such a finite lattice exhibits a non-Hermitian
skin effect, our technique still provides a faith-
ful measurement of the band structure of the
infinite system.
We now present an example where the

winding of the band can be straightforwardly
controlled. In Fig. 3A, we sketch a lattice with
nearest-neighbor non-Hermitian couplings in
the form kT1 ¼ CTDexpðTifÞ. Importantly, the
topological winding is largely determined by
the value of the phase f, which can readily be
tuned in our experiments by varying the rela-
tive phase between the amplitude and phase
modulations. Figure 3, B and C, shows the
band structure measurement for f = 0 accom-
panied by a theoretical prediction. This case
serves as a faithful realization of the Hatano-
Nelsonmodel (26). The complex band encircles
an elliptical area in the counterclockwise di-
rection (Fig. 3D) corresponding to a winding
number v = 1 (light blue shading). By contrast,
if we have f = −p/2 (Fig. 3, E and F), the topo-
logy is trivial—the band forms a line in the
complex plane (Fig. 3G). As we further choose
f = −3p/4 (Fig. 3, H and I), the band becomes a
tilted ellipse with a clockwise handedness (Fig.
3J). The winding number with respect to a ref-
erence energy inside the loop becomes v = −1.
A strength of the synthetic-dimension ap-

proach lies in the ability to readily incorpo-
rate long-range couplings, which can also be
non-Hermitian. We harness this ability to
producemore complex windings. In Fig. 4A, we
sketch a lattice model with a Hermitian first-
order couplingkT1 ¼ C and a skew-Hermitian
third-order coupling kT3 ¼ TDexpðTifÞ. This
lattice has a dispersion EðkÞ ¼ 2CcosðkÞ þ
2iDsinð3kþ fÞ � ig. Figure 4, B and C, shows
the measurement results for f = 0. The ex-
tracted complex band winding is shown in

Fig. 4C, which encloses three areas with the
winding number v = 1, −1, and 1 from left to
right, respectively. As another example, in Fig.
4D, the Hermitian coupling is varied to sec-
ond order compared with the lattice in Fig.
4A, and hence the dispersion becomesEðkÞ ¼
2Ccosð2kÞ þ 2iDsinð3kþ fÞ � ig. We show a
measurement and the extracted complex band
winding with f = −3p/4 (Fig. 4, E and F,
respectively). The winding loop encloses three
areas with v = 1 (light blue shading), three
areas with v = −1 (light orange shading), and
two areas with v = 0 (no shading). These ex-
amples act as longer-range generalizations of
the instances shown in Fig. 3. Additionally, be-
cause the winding number v theoretically
can take any integer value, to showcase the
capability of implementing and measuring
windings with jvj > 1, we also present an
instance as shown in Fig. 4, G to I. The lat-
tice model illustrated in Fig. 4G incorporates
non-Hermitian couplings of both first and sec-
ond orders, where we have kT1 ¼ TD′expðTif′Þ,
kT2 ¼ CTDexpðTifÞ. The Bloch band is giv-
en by EðkÞ ¼ 2C cosð2kÞ þ 2iD′sinðkþ f′Þ þ
2iDsinð2kþ fÞ � ig. In Fig. 4H, we show the
measurement for the case f = f′ = p, and the
winding loop encloses not only areas with v =
−1 (light orange shading) but also an area that
winds twice clockwise, which corresponds to
v = −2 (dark orange shading). In this example,
we use a different phase modulation strength
that alters the range of Re(E) (Fig. 4I; see
also fig. S7). More examples of experimen-
tal results can be found in supplementary
section S3 (29).
Our experimental observation of topolog-

ical windings of the complex band energy
shows that non-Hermitian lattice Hamilto-
nians in the frequency synthetic space can
be implemented through simultaneous am-
plitude and phase modulations of a ring
resonator supportingmultiple resonantmodes.
The realization of non-Hermitian lattice
Hamiltonians in synthetic space brings un-
precedented flexibility to arbitrarily tailor the
complex band structure, fully combining non-
Hermitian, long-range, and complex-valued
couplings. Such an experimental platform
holds great promise in the exploration of high-
ly complex behaviors in synthetic frequency
space, such as the interplay of gain, loss,
topology, dimensionality, nonlinearity, and
lasing.
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