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Abstract

Nonlinear optics has traditionally been associated with large, high power devices and

applications. Engineering photonic devices with high nonlinearities at low input pow-

ers and in a compact size is more challenging but opens up a range of new applications

and possibilities in spectroscopy, sensing, imaging and quantum information process-

ing. Photonic crystal cavities provide a promising platform for achieving such low

power operation, as the low mode volumes and high quality factors allow signi�cant

intensity buildup within the cavities for very low input powers, in a device footprint

on the order of a few microns. In this dissertation we investigate the potential of

photonic crystal cavities fabricated in III-V semiconductors for nonlinear frequency

conversion via the �(2) nonlinearity of the semiconductor. This dissertation inves-

tigates second harmonic generation in planar GaAs photonic crystal cavities. Such

cavities traditionally have modes in a single photonic band gap. We �rst investi-

gate the process of second harmonic generation in such cavities, demonstrating the

e�ect of the substrate symmetry on the process and matching simulated modes to

experimentally measured momentum space patterns. The e�ciency of all the nonlin-

ear frequency conversion processes can be improved through engineering well de�ned

modes at all frequencies involved in the process, and designing the modes to have high

overlap and high quality factors. We demonstrate two such designs, the crossbeam

photonic crystal cavity and a single nanobeam photonic crystal cavity, demonstrating

record frequency separations with designs for frequency separations of up to an oc-

tave. We demonstrate sum frequency generation in (111)-oriented GaAs with modes

separated by 700 nm.
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Chapter 1

Introduction

For the rest of my life I will re
ect on what light is.

Albert Einstein

1.1 Motivation and background

The interaction of light with matter has always been fascinating to scientists and

philosophers. This is due in no small part to the fact that our perception of the

universe is strongly in
uenced by our sense of vision, which is governed by this in-

teraction. Our everyday experiences include the phenomena of re
ection, refraction,

absorption and dispersion. There are a number of optical phenomena, however, that

we do not naturally experience. We would be surprised to look through a clear, col-

orless block of glass to see that colors had mixed together. Such phenomena are not

impossible, but rather do not occur for known materials in the regime of electric �eld

strength that we are accustomed to.

The physics of classical electromagnetic �elds can be accurately described by a

set of simple coupled di�erential equations, known as Maxwell’s equations. At the

low electric �eld strengths we experience in everyday life these equations are approx-

imately linear. However, above some (material dependent) electric �eld strength,

the nonlinearities in Maxwell’s equations in materials become non-negligible, leading

to coupling of photons via material-mediated interactions [2]. This nonlinearity can

1
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give rise to many exciting e�ects with diverse applications. Frequency conversion

is one example of such an e�ect, where the color of light can change through inter-

action with a material. The green laser pointer is a commercial example of such a

frequency converting device, where an infrared laser diode is frequency doubled to

produce green light. Various types of frequency conversion play an important role in

many scienti�c endeavors, in particular for advanced spectroscopy and sensing tech-

niques. Other e�ects such as multi-photon absorption are used for medical imaging,

3D photolithography and commercially for etching 3D images in glass ornaments like

paperweights [3].

As the nonlinearity becomes signi�cant only at high electric �eld strengths, it is

natural that most of these applications utilize relatively large, high power or pulsed

lasers. However, the development of low power, compact nonlinear devices is also of

signi�cant interest [4, 5, 6, 7]. In particular, low power on chip frequency conversion

has applications in quantum information processing [8], where 
ying qubits could be

converted to telecommunications wavelength for transmission over optical �ber [9],

and to visible wavelengths for optimal detection with silicon detectors [10, 11]. Such

devices would also have applications for sources for on-chip spectroscopy and sensing

and for frequency conversion from the mid-IR to the visible for imaging applications

[12]. Such devices could also allow us to observe phenomena of fundamental interest,

such as strong coupling of single photons [13] and single photon blockade mediated

by the intrinsic material nonlinearity [14, 15].

Periodically poled lithium niobate optical waveguides currently provide the lowest

power frequency conversion available [10, 16], with frequency conversion of single pho-

tons with milliwatts of optical pump power. Second harmonic generation [17] and op-

tical parametric oscillation [18] at extremely low powers have also been demonstrated

in millimeter sized lithium niobate optical resonators. Optical micro-resonators pro-

vide an alternative method for achieving high e�ciency frequency conversion, that

o�er small physical footprints and can take advantage of semiconductor fabrication

for scalability.

Great progress has been made in the past decade in on chip nanophotonic fre-

quency conversion. In particular, �(3) waveguides and micro-resonators for frequency
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comb generation in the visible, telecom and out to the mid-IR [19, 20, 21, 22, 23], Ra-

man lasing [24] and entangled photon pair generation [25] have all been demonstrated

in a variety of materials. While there has also been similar work on �(2) nanopho-

tonics, the performance of such on-chip devices for parametric frequency conversion

still lags behind its �(3) counterparts, despite the relatively higher nonlinearity at

lower powers. This discrepancy can in part be attributed to the di�culty in achiev-

ing the dispersion engineering necessary for meeting the phase-matching condition for

photonic modes that are very far apart in frequency. Additionally, the frequency con-

version e�ciency increases with increasing quality factors in all modes. It is typically

more challenging to obtain high quality factor modes in the materials that exhibit

high �(2) nonlinearities. Even for micro-resonators that are smaller than the coher-

ence length of the nonlinear process, engineering high quality factor modes that are

far apart in frequency is also very challenging [26, 27, 28, 29]. In particular, photonic

crystal cavities provide a promising platform for achieving such low power operation,

as the low mode volumes and high quality factors allow signi�cant intensity buildup

within the cavities for very low input powers.

In this thesis we discuss the feasibility of using photonic crystal cavities in III-V

semiconductors for high e�ciency low power frequency conversion. In the remainder

of Chapter 1 we discuss the background and theory of cavity �(2) nonlinear optics.

We review recent progress in cavity �(2) nonlinear optics and discuss the potential for

improvement. In Chapter 2 we introduce photonic crystal cavities, in particular with

respect to generation of high Q=V modes in a photonic band gap and the symmetries

of such modes. In Chapter 3 we discuss second harmonic generation in GaAs L3

photonic crystal cavities in (001) and (111)B crystal orientations. In particular, we

match experimental and simulated second harmonic modes of the structure, and

show how sensitive the particular mode is to the cavity parameters. These results

were published in refs. [30] and [31], with material for these experiments grown

by Dr. Klaus Biermann at the Paul Drude Institute in Berlin. In Chapter 4 we

discuss the design and fabrication of photonic crystal cavities speci�cally for frequency

conversion. We demonstrate resonances with Q > 3,000 separated by up to 700 nm

and show sum frequency conversion using these resonances. We design cavities of
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frequency separation of one octave. The results in the �rst part of this chapter

were done in collaboration with Kelley Rivoire and are published in refs. [26] and

[27]. The theory and experimental results in the second part of this chapter are

under review (see refs. [32] and [33]). In Chapter 5 we discuss one application for

quantum information processing, quasi-resonant excitation via SHG generated within

a photonic crystal cavity. This work was also done in collaboration with Kelley

Rivoire, with material provided by Fariba Hatami at Humboldt University, Berlin.

Some of the discussion section in this chapter was published in the review article

in ref. [34], while the results were published in ref. [35]. Finally, in Chapter 6 we

conclude with a summary and discussion of the future of this research.

1.2 Classical description of nonlinear polarization

Maxwell’s equations are the set of partial di�erential equations that describe classical

electromagnetism. They are usually written in the di�erential form as follows:

r � ~B (r; t) = 0 (1.1a)

r � ~D (r; t) = �(r; t) (1.1b)

r� ~E (r; t) = �@
~B(r; t)

@t
(1.1c)

r� ~H (r; t) = ~J(r; t) +
@ ~D(r; t)

@t
(1.1d)

where ~E and ~B are the electric and magnetic �elds as a function of position (r)

and time (t), while � is the free charge density and ~J is the current density in the

material with permittivity " and magnetic permeability �. ~D and ~H are the electric

displacement �eld and the magnetic �eld strength, given by

~D(r; t) = "0
~E(r; t) + ~P(r; t) (1.2a)

~H(r; t) = ~B(r; t)=�0 + ~M(r; t) (1.2b)
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where ~P is the electric polarization density, or electric polarizability per unit volume.

~M is the magnetization of the material, which occurs due to bound currents within

the material.

Electric polarization density is the relative tendency of a charge distribution, like

the electron cloud of an atom or molecule, to be distorted from its normal shape by

an external electric �eld. In linear optics, the induced polarization depends linearly

on the electric �eld according to

~P = "0�
(1) ~E (1.3)

where �(1) is the linear susceptibility and "0 is the permittivity of free space. However,

for higher electric �elds it becomes apparent that this is only an approximation [2],

and the polarization can be described more accurately as a power series in the �eld

strength ~E as

~P = "0

�
�(1) ~E + �(2) ~E2 + �(3) ~E3 + :::

�
(1.4)

~P = ~P(1) + ~PNL (1.5)

This nonlinear polarization leads to a variety of e�ects, including (�(2)) the linear

electro-optic e�ect, three wave mixing, optical parametric oscillation, (�(3)) intensity

dependent refractive index, and four-wave mixing. These are described in great detail

in a number of textbooks [36]. The aforementioned processes are known as paramet-

ric processes. In such a process the initial and �nal quantum mechanical states of

the system are equivalent. However, this is not necessarily always the case. In linear

optics, refraction is a parametric process, while absorption is a nonparametric pro-

cess. Non-parametric processes involve the transfer of population from one real level

to another. Just as in the case of refraction (which is described by the real part of

the refractive index) and absorption (which is described by the imaginary part of the

refractive index), non-parametric processes must be described using a complex non-

linear susceptibility. In this thesis we will focus on parametric processes for frequency
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conversion, and will only discuss the real part of the nonlinear susceptibility, as well

as neglecting dispersion of the nonlinear susceptibilities.

In the case that the nonlinearity is electronic in origin, we can perform an order-

of-magnitude estimate for the size of the nonlinearity [2, 37]. When the electric �eld

applied is on the order of the �eld strength within the atom (Eat), the nonlinearities

will all contribute to the polarization approximately equally. This suggests that for a

non-centro-symmetric material, the second order polarization ~P(2) = �0�
(2) ~E2 would

be comparable to the linear response ~P(1) when the amplitude of the applied �eld E is

of the order of the characteristic atomic �eld strength Eat = 5�1011 V/m. Therefore,

under conditions of non-resonant excitation the second-order susceptibility �(2) will

be of the order of �(1)

Eat
, and �(3) will be of the order of �(1)

E2
at

.

From this, it is apparent that (for non-resonant processes) the lower the order of

the nonlinearity, the lower the electric �eld at which it becomes signi�cant. Therefore,

for low power and high e�ciency frequency conversion there is an advantage to using

�(2), the lowest order nonlinear contribution, over �(3) or higher order terms.

1.3 Three wave mixing processes

If we next consider an input �eld with two frequencies !1 and !2

~E(t) = E1e
i!1t + E2e

i!2t + c:c: (1.6)

inputting this to the nonlinear polarization we �nd that

~PNL = �(2)
�
E1

2e2!1t + E2
2e2!2t + E1E2e

(!1+!2)t + E1E�2e
(!1�!2)t + :::

�
(1.7)

From Eq. 1.7, we �nd contributions to the nonlinear polarizations at neither !1 nor

!2, but rather at second harmonic (2!i), sum (!1 + !2) or di�erence frequencies

(!1�!2). The nonlinear polarization will in turn generate an electric �eld oscillating

at these frequencies. The processes of sum, di�erence and second harmonic generation
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are known as three-wave mixing processes.

We also need to consider the tensor nature of �(2). Following the convention used

in ref. [2], we de�ne a new tensor, dijk for a lossless medium away from resonance

(where there is negligible dispersion of the susceptibility),

dijk =
1

2
�

(2)
ijk (1.8)

The nonlinear polarization can then be written as

Pi(!n + !m) = "0�jk�nm2dijkEj(!n)Ek(!m) (1.9)

and the nonlinear susceptibility tensor can then be represented as the 3� 6 matrix

dil =

0BB@
d11 d12 d13 d14 d15 d16

d21 d22 d23 d24 d25 d26

d31 d32 d33 d34 d35 d36

1CCA (1.10)

and we can describe the polarization leading to sum frequency generation as

0BB@
Px(!3)

Py(!3)

Pz(!3)

1CCA = 2"0

0BB@
d11 d12 d13 d14 d15 d16

d21 d22 d23 d24 d25 d26

d31 d32 d33 d34 d35 d36

1CCA�

0BBBBBBBBBB@

Ex(!1)Ex(!2)

Ey(!1)Ey(!2)

Ez(!1)Ez(!2)

Ey(!1)Ez(!2) + Ez(!1)Ey(!2)

Ex(!1)Ez(!2) + Ez(!1)Ex(!2)

Ex(!1)Ey(!2) + Ey(!1)Ex(!2)

1CCCCCCCCCCA
(1.11)

1.4 Optical micro-resonators

As we will see in the following sections, one good way of observing nonlinear fre-

quency conversion processes for low input powers is using optical micro-resonators to
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con�ne light for long times in a small optical volume. Therefore before developing the

nonlinear optical formalism further, we will introduce the important �gures of merit

for optical micro-resonators.

An optical resonator recirculates light, leading to a high build up of intensity

within the cavity and storage of light for a characteristic time. Intuitively we can

see that the smaller the resonator and the longer the modal lifetime, the stronger

the �eld intensity and the more time light has to interact within. In a perfect,

lossless resonator, the �eld resonates at a single frequency, and the mode has a �eld

E(t) = Eei!t. In the presence of losses, the frequency of the resonator becomes

smeared out. These losses can be due to absorption, radiation, scattering or other

mechanisms. If we assume that the resonant frequency does not change in the presence

of the losses (i.e. the change in frequency �! � 0, which is an appropriate assumption

given the line widths we will be considering), then the �eld in a such a leaky resonator

can be described as

E(t) = E0e
i!te

�!
2Q (1.12)

and taking the Fourier transform of the �eld we obtain a Lorentzian line shape

jE(!)j2 = jE0j2
1

(! � !0)2 + !0

2Q
2 (1.13)

E(!) is now a superposition of harmonic modes with frequencies in the vicinity of !0,

and with bandwidth �! given by

�! =
!

Q
(1.14)
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This bandwidth is inversely proportional to the photon storage time,

� = Q=! (1.15)

de�ned as the time after which the energy in the resonator decays to 1=e of the

original value. A second important �gure of merit for optical resonators is the mode

volume Vmode. This is de�ned as

V =

RRR
"jE(r; t)j2dV

max ("jE(r; t)j2)
(1.16)

Optical micro-resonators come in a large variety of di�erent types using di�erent

con�nement mechanisms. They are characterized by small physical footprints, high Q

factors and ultra-low mode volumes. For example whispering gallery resonators rely

on the con�nement of light by total internal re
ection at a curved boundary between

two materials with di�erent refractive indices. The maximum measured Q-factors for

GaAs microdisks are � 105 [38]; the corresponding calculated mode volume is around

6(�=n)3. Other whispering gallery resonators with signi�cantly higher mode volumes

and Q factors are possible, such as microtoroids and microspheres, although these are

in general fabricated in materials such as silica. ‘Photonic crystals’ refer to structures

with periodic dielectric constants. Some one-dimensional periodic media, such as

the structures used in VCSELs, are instead referred to as Bragg re
ectors, although

the mechanism is the same. Photonic crystal cavities con�ne light to the lowest

mode volumes (< (�=n)3) of the high-Q dielectric micro-cavities, by introducing a

perturbation in the periodicity of the structure. The highest Q-factors of photonic

crystal cavities have been demonstrated in silicon at 1550 nm, with Q-factors as high

as 9�106 [39]. Q factors as high as 700,000 have been measured in the same frequency

range in GaAs [40], where fabrication is somewhat less well developed and absorption

in deep GaAs impurities is possible. We will discuss photonic crystal cavities in more

detail in Chapter 2.
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1.5 General coupled mode theory equations

In order to derive the e�ciency of the process of three-wave mixing in a nanophotonic

resonator, we will use temporal coupled mode theory [37]. This approach can be

applied given that the interaction of localized cavity modes with their environment

is weak. We use this approach due to the intuitive nature of the equations and

the minimum of algebra required. The resulting equations are analogous to those

obtained using a quantum mechanical second quantization approach [41].

Consider two weakly coupled lossy resonators. Following Section 1.4, we denote

the time dependent complex amplitude with the time dependence ei!1t�!1t=2Q1 in

one resonator by a1, the amplitude in the other resonator with the time dependence

ei!2t�!2t=2Q2 by a2. These are the positive frequency components of the electric �eld

amplitudes, normalized such that jak(t)j2 is the energy of the mode at !k. They obey

the di�erential equations

da1

dt
= (i!1 � !1=2Q1)a1 (1.17a)

da2

dt
= (i!2 � !2=Q2)a2 (1.17b)

When the two resonators are coupled, their time dependence changes. When the

coupling is weak, it has the form

da1

dt
= (i!1 � !1=2Q1)a1 + i�12a2 (1.18)

da2

dt
= (i!2 � !2=Q2)a2 + i�21a1 (1.19)

where the coupling factor �12 = ��21 = � by energy conservation. We next include

a single input/output port for each mode. We denote the time dependent amplitude of

the ingoing/outgoing wave by js�j, which is normalized such that js+j2 is the power.

The total Q of the mode can then be broken into 1
Qk

= 1
Qk;s

+ 1
Qk;e

, where Qk;s is

proportional to the decay rate into output channel sk� and Qk;e is proportional to

the the external loss rate, including absorption. Any additional output ports can also
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be included in the total Qk. We de�ne the coupling fraction into the input/output

port sk as �s;k = Qk=Qs;k. When the weak coupling to the input (s+)and output (s�)

channels are included as well as the decay of the mode, the coupled mode equations

become

da1

dt
=

�
i!1 �

!1

2Q1

�
a1 + i�12a2 +

r
�s;1!1

Q1

s1+ (1.20)

da2

dt
=

�
i!2 �

!2

2Q2

�
a2 + i�21a1 +

r
�s;2!2

Q2

s2+ (1.21)

sk+ = �sk� +

r
�s!k
Qk

ak (1.22)

We next introduce the �(2) nonlinearity into the equations [42, 43, 37, 44]. We

neglect higher order nonlinearities, and here only consider the �(2) nonlinearity. We

also make the rotating wave approximation and only include terms for ak that have

frequency near !k. Finally, since the modes are weakly coupled by the nonlinearity

and we drive each mode at its frequency, we can use the adiabatic variables Ak (t) =

ak (t) exp (�i!t) and Sk� (t) = sk� (t) exp (�i!t). For a system with three such modes

at frequencies !1, !2 and !3 with !3 = !1 + !2 and coupled by a �(2) nonlinearity,

and using the notation in refs. [44] and [45] we obtain a system of coupled equations

dA1

dt
= � !1

2Q1

A1 + i!1�1A3A
�
2 +

r
�s;1!1

Q1

S1+ (1.23)

dA2

dt
= � !2

2Q2

A2 + i!2�2A3A
�
1 +

r
�s;2!2

Q2

S2+ (1.24)

dA3

dt
= � !3

2Q3

A3 + i!3�3A1A2 +

r
�s;3!3

Q3

S3+ (1.25)

Sk+ = �Sk� +

r
�s;k!k
Qk

Ak (1.26)

where by energy conservation we can additionally show that the coupling factor �1 =

�2 = ��3 . The value of � can be derived via perturbation theory [44] to be



12 CHAPTER 1. INTRODUCTION

�1 =
1

4

RRR
d3x�0

P
ijk �

(2)
ijkE

�
1i

�
E�2jE3k + E�2kE3j

�qRRR
d3x�jE1j2

qRRR
d3x�jE2j2

qRRR
d3x�jE3j2

(1.27)

where � has units of J�1=2.

1.5.1 Second harmonic generation in a doubly resonant cav-

ity

The above results are general to �(2) three wave mixing processes in triply resonant

cavities. We now move to the speci�c case of second harmonic generation in a doubly

resonant cavity (this is equivalent to the triply resonant case, as two of the waves are

degenerate). We rede�ne our modes such that !2 = 2!1, and we input light only to

the mode at !1 (S2+ = 0). In this case the coupled mode equations become

dA1

dt
= � !1

2Q1

A1 + i!1�1A2A
�
1 +

r
�s;1!1

Q1

S1+ (1.28a)

dA2

dt
= � !2

2Q2

A2 + i!2�2A
2
1 (1.28b)

S1+ = �S1� +

r
�s;1!1

Q1

A1 (1.28c)

S2� =

r
�s;2!2

Q2

A2 (1.28d)

from energy conservation we this time obtain

!1�
�
1 = !2�2 = 2!1�2 (1.29)

and

�1 =
1

4

RRR
d3x�0

P
ijk �

(2)
ijkE

�
1i

�
E�1jE2k + E�1kE2j

�
RRR

d3x�jE1j2
qRRR

d3x�jE2j2
(1.30)
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To obtain the maximum conversion e�ciency possible, we calculate jS1+j2 when

d

djS2+j2

�
jS2�j2

jS2+j2

�
= 0 (1.31)

and we �nd the maximum conversion e�ciency occurs at a critical power

Pcrit =
!1

2�s;1j�1j2Q2
1Q2

(1.32)

with a maximum conversion e�ciency given by

�
jS2�j
jS1+j

�2

max

= �s;1�s;2 (1.33)

We can see that the higher the overlap and the Q factor of both modes, the lower

the power at which maximum conversion e�ciency occurs. This is shown in Fig. 1.1

(a), where the e�ciency Pout=Pin is plotted against in the input power for di�erent

values of the nonlinear overlap, given maximum input and output coupling e�ciencies.

For these plots, we choose Q1 = 50000, Q2 = 4000, which are taken from our !-2!

single beam design, which we describe in Chapter 4. The minimum value of overlap

is the overlap for the initial design (� = 1 [J�1=2]), while the middle value (� = 10

[J�1=2]), represents the value obtained with an improved design. The maximum value

plotted (� = 100 [J�1=2]), is still an order of magnitude lower than the theoretical

maximum overlap given these mode volumes. In each case, at input powers greater

than Pcrit, the conversion back from the second harmonic to the fundamental starts

to decrease the conversion e�ciency. In addition, bistable limit cycles are expected

in this region [44]. The maximum conversion e�ciency is limited by the losses to

channels other than the input and output channels, such as absorption and radiation

losses. This is shown in Fig. 1.1 (b), where the e�ciency is plotted against input

power for di�erent values of the input e�ciency �s;1, for the same parameters as in

Fig. 1.1 (a) and the maximum plotted overlap (� = 100 [J�1=2]),.

At low input powers in the undepleted pump limit, we expect to see a quadratic

input/output curve. This occurs when
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Figure 1.1: (a) E�ciency versus input power for three values of nonlinear overlap �.
(b) E�ciency versus input power for three values of coupling e�ciency.

jA1j2 <<
!1

2Q1Q2j�1j2
(1.34)

with e�ciency per unit input power a constant given by

PSHG
P 2
in;lp

= 32�2
s;1�s;2

Q2
1Q2j�1j2

!1

(1.35)

We can calculate a maximum value for the nonlinear overlap � for an optical micro

resonator. We �nd that for a micro-resonator such as a photonic crystal cavity in a

III-V material, with TE polarized mode at !1 and a TM polarized mode at !2, the

maximum allowed value of � for a resonator with a maximum mode volume V2 is

given by

�max =
�(2)

2n2
1n2

p
"0V2

(1.36)

Bulk doubly resonant cavities for second harmonic generation have been realized

for many years [46], with applications in particular to generating squeezed states of

light [47, 48]. Doubly resonant designs have been realized more recently in LiNbO3

millimeter sized whispering gallery mode resonators [49, 17]. We will discuss doubly

resonant designs in integrated micro-resonator in more detail in Chapter 3. Doubly
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and triply resonant optical parametric oscillators with ultra-low thresholds have also

been realized [16, 18], which utilize the same enhancement mechanisms.

Let us now consider a large standing wave resonator with length L and area A,

for a second order process in a material with �
(2)
i 6=j 6=k = 0. We consider at pump at !1

with Ez = 0, and second harmonic with Ex = Ey = 0. We take the modes have the

form [42, 50]

E1x =

r
2

LA
sin k1z (1.37a)

E1y =

r
2

LA
sin k1z (1.37b)

E2z =

r
2

LA
sin k2z (1.37c)

De�ning a phase matching term �k = 2k1�k2, we can calculate the nonlinear overlap

� in this case from Eq. 1.30 analytically to be given by

� =
�

(2)
ijk

2n2
1n2

p
"0V

�
sin2(�kL=2)

�kL

�
(1.38)

where we de�ne the mode volume V = LA=2. We can see that this is equivalent to

the expression in Eq. 1.36 apart from the F (�k) = sin2(�kL=2)=�kL term. From

Eq. 1.35, the low power conversion e�ciency in this case is given by

PSHG
P 2
in;lp

=
16�2

s;1�s;2Q
2
1Q2

n2
1n2!1

p
"0V

�
sin4(�kL=2)

�k2L2

�
(1.39)

The e�ciency is maximized for �kL � 2:33, with F (�k) = 0:362. This is very

close to �k = 0, considering k is usually on the order of 105. A more complete

analysis of second harmonic generation in doubly resonant monolithic cavities can

be found in references [51] and [52]. In the case of second harmonic generation in a

traveling wave geometry, such as an optical waveguide, the coupled mode equations
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1.28 will change. In this case, we consider waves coupled in space, instead of modes

coupled in time [43, 37]. In the case of a traveling wave geometry, or in the case where

one of the modes is a traveling wave and one mode is a standing wave, the expression

changes and is maximized for �k = 0 [50].

1.6 Phasematching

For optical micro-resonators on the order of the coherence length, the k-vectors of the

modes do not take discrete values (as in Eq. 1.37), but instead each mode will have a

range of k-vectors. In this case, the overlap integral in Eq. 1.27 can be inspected and

simpli�ed using symmetry considerations, but in general will require evaluation by nu-

merical integration. Conversely, for larger resonators and for guided wave geometries

such as waveguides, the k-vectors do take discrete values, and ensuring that �k = 0

is necessary for high e�ciency frequency conversion. In both cases, maximizing the

conversion e�ciency via the nonlinear overlap is known as phase matching.

In order to achieve �k = 0 for second harmonic generation, we require that the

refractive index at the fundamental and second harmonic wavelengths be equal, i.e.

n1 = n2. Due to material dispersion, this is in general not the case. In the the case

of a �nite �k, the �eld will build up over a nonlinear coherence length, after which

time the second harmonic generated in the crystal will start to destructively interfere

causing a decrease in the signal. The generated second harmonic signal will oscillate

in intensity with distance travelled in the crystal, instead of coherently building up.

Phasematching for second harmonic generation is traditionally implemented using

birefringent materials. In these materials, along a particular crystal axis the refractive

index for one polarization is di�erent than the refractive index for the orthogonal

polarization. Therefore, in certain birefringent crystals, for a particular direction and

polarization selection of the fundamental and second harmonic signals, the phase-

matching condition can be reached. Build-up over the length of the crystal can

also be achieved via the technique of quasi-phasematching (QPM), where the crystal

orientation is reversed every coherence length. QPM is reviewed in more detail in ref.

[53]. QPM of ferroelectric materials such as LiNbO3 can be done by applying high
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Table 1.1: Comparison of di�erent nonlinear materials.
Material Si GaAs GaP LiNbO3

Max deff (pm/V) [59] 0 120 40 25
n (@ 1.55 �m) [60] 3.47 3.37 3.2 2.1 (d33)
Transparency (�m) 1.1-4 0.9-17 0.5-11 0.4-4.5

Birefringent No No No Yes
Semiconductor Yes Yes Yes No

electric �elds, however, in semiconductor and other non-ferroelectric materials, QPM

can be more challenging.

1.6.1 Phasematching in III-V semiconductors

Not all materials that exhibit �(2) also exhibit birefringence. In this thesis, we are

particularly interested in III-V semiconductors due to the very large nonlinearities,

large transparency window out to the mid infra-red and, in particular, the suitability

for on-chip integration. However, III-V semiconductors do not exhibit birefringence.

Many di�erent approaches have been taken in order to overcome this limitation and

take advantage of III-V materials, including growth of multiple quantum wells to

induce birefringence [54], orientation patterning for quasiphasematching [55], inver-

sion phase-matching in microdisks [56], form birefringence in waveguides [57], surface

emitting cavities [58] and integration with optical micro-resonators [30]. Table 1.1

shows comparison between several nonlinear materials.

We note that materials such as silicon and silicon nitride can exhibit high second order

nonlinear susceptibilities when strained [61, 62, 63, 64], plasma-activated [65] or under

an electric �eld [66], and that second harmonic generation has been demonstrated in

these materials under such conditions. Additionally, even non-centrosymmetric ma-

terials will exhibit second harmonic generation at surfaces, [67] where the symmetry

is broken. For optical micro-resonators, waveguides or nanowires with high surface

to volume ratios it is possible to exploit this nonlinearity as well [68, 69, 70, 71].



18 CHAPTER 1. INTRODUCTION

Table 1.2: Comparison of the potential of di�erent micro-resonator geometries for
nonlinear frequency conversion.

Resonator Q Vmode(�=n)3 � (J1=2) � (%/mW)
Photonic crystal cavity (III-V) [40] 105 1 1� 103 1� 106

Microdisk (III-V) [38] 105 6 50 1� 104

Mechanically polished WGR (LiNbO3) [17] 108 106 10�1 108

1.7 Comparison

Let us now consider the expected conversion e�ciencies in the light of realizable

microresontor parameters. Table 1.2 shows the highest Q factors demonstrated for

various types of optical micro-resonators with approximate mode volumes. The max-

imum nonlinear overlap (�) attainable with these mode volumes, calculated from

Eq. 1.36 are also shown. These values may be subject to further limitations due to

the modes available in each geometry (theoretical predictions of e�ciency for modes

found in the speci�c geometries of LiNbO3 WGM resonators and GaAs microdisk

resonators are available in refs. [49] and [72]). The low power e�ciency per milliwatt

of input power, calculated from equation 1.35, and assuming the maximum attainable

Q factor for both modes in the doubly resonant process for each device, is shown in

the �nal column of Table 1.2. We assume �s;1 = �s;2 = 100%, and therefore that the

total Q factor is decreased by a factor of 2 from the unloaded Q factor due to critical

coupling to an input channel.

For comparison, experimentally reported e�ciencies are recorded in Table 1.3.

As can be seen, there is a large gap between experimentally observed e�ciencies and

maximum attainable e�ciencies. In part, this is due to the fact that these experiments

were not done with the highest Q=V resonators, and critical coupling has not been

attained. Even allowing for that, there is still a signi�cant gap between experiment

and theory due to poor mode overlap. We discuss our e�orts to improve these results

in photonic crystal cavities in Chapters 3 and 4, in addition to giving further review

of the literature on this topic.

Looking closer, Fig. 1.2 (a) shows the conversion e�ciency per milliwatt for fre-

quency conversion from 1.8 �m to 0.9 �m in the undepleted pump regime for a micro
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Table 1.3: Experimentally recorded nonlinear conversion e�ciencies for various struc-
tures. PhCC is short for photonic crystal cavity and WGM for whispering gallery
mode resonator.

Resonator Q1 Q2 Vmode(�=n)3 �1 (%) �2 (%) � (%/mW)
PhCC (GaAs) [31] 4000 � 100 0.7 15% 30% 1� 10�2

Microdisk (GaAs) [56] 2� 104 9� 103 - 94 55 5:2� 10�5

WGR (LiNbO3) [49] 1:2� 107 8� 106 2� 106 94 84 > 4
WGR (LiNbO3) [17] 2� 107 � 1� 107 - 60 �100 300

resonator with a mode volume of (�=n)3 in GaAs, for di�erent values of nonlinear

overlap. For comparison, Fig. 1.2 (b) shows the conversion e�ciency per milliwatt

for the same frequency conversion process for a typical periodically poled LiNbO3

waveguide with a mode size of 3 �m2, assuming no loss and perfect transverse over-

lap of the mode. For the conversion e�ciency achieved in a 7 cm LiNbO3 waveguide,

a micro resonator in GaAs for the same frequencies would need a Q factor for all

three modes of at least 2500. As this is a best case scenario, we can see that for 10

times worse overlap a Q factor of 1� 104 for all three modes would be su�cient. We

note that the values of conversion e�ciency attained in PPLN waveguides is signif-

icantly closer to these theoretical maximum values than what has been attained for

the resonator geometries. There has also been signi�cant work in other types of �(2)

waveguides, such as waveguides fabricated in GaAs [57] and other III-V semiconduc-

tors [6], GaN [73] and AlN [74] which use dispersion engineering of the waveguide

modes to phasematch, however these also have yet to match the e�ciency of PPLN

waveguides.

We also note that on �rst sight, increasing the Q factor has a bigger e�ect than

increasing the mode overlap. However, increasing the Q factor of the resonator de-

creases its line width. As the line width decreases, it becomes more challenging to

match the two frequencies exactly. In addition, other nonlinearities may also shift

the wavelength, and these e�ects will also be enhanced by large Q=V ratios. If the

line width is very narrow, the cavity may be switched o� resonance due to a number

of e�ects [75, 76, 77], or there may be induced bistability. Therefore, it is impor-

tant to take these e�ects into account, and additionally to maximize the overlap for
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Figure 1.2: (a) Undepleted pump e�ciency per mW versus Q factor for second har-
monic generation in a doubly resonant cavity with two modes of the same Q. (b)
Undepleted pump e�ciency per mW versus length in a lossless PPLN waveguide.

the particular process desired before increasing the Q. These e�ects are more signif-

icant in semiconductors than in crystalline materials such as LiNbO3, due to higher

absorption and �(3) nonlinearities.



Chapter 2

Photonic crystal cavities

The butter
y’s attractiveness derives not only from colors and

symmetry: deeper motives contribute to it.

Primo Levi

2.1 Introduction

The electronic properties of semiconductors can be described by the interaction of

electrons with the periodic potential of the atomic crystal lattice. Similarly, the

properties of photonic crystals can be described by the interaction of light with a

periodic refractive index. Analogous to the electronic bandgap in a semiconductor, a

photonic band gap can be formed in such a periodic structure. In this photonic band

gap, certain energies of photons, or frequencies of light, are forbidden. Perturbing

a structure with a photonic band gap can con�ne light, forming a resonator with

very high Q and low mode volumes. While the modes of photonic crystals typically

cannot be calculated analytically, the symmetry of the modes will depend on the

symmetry of the structure itself. For nonlinear frequency conversion, this symmetry

is particularly relevant as it can govern which modes will interact via the intrinsic

material nonlinearity. In this Chapter we will discuss photonic crystal cavities, in

particular with respect to the symmetry of modes in photonic crystal cavities and

21
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how this relates to nonlinear frequency conversion processes. We will also discuss the

fabrication of photonic crystal cavities in (001) and (111) oriented GaAs.

2.2 Photonic crystal band strucure

Photonic crystals have discrete translational symmetry, and are invariant under trans-

lations that are a multiple of some �xed step length. This discrete translational

symmetry leads to modes that have the Bloch form

Hk = eik�ru(k)(r) (2.1)

where r is the position vector and the function u(r) is periodic such that

uk(r) = uk(r + R) (2.2)

for all lattice vectors R [78]. Non-degenerate modes of the periodic structure are

orthogonal to each other. In the case of a periodic 1D structure, these modes can be

solved analytically, but for 2D and 3D periodic structures, numerical solutions are

typically required. The band diagram for a triangular lattice 2D photonic crystal with

lattice constant a, " = 12 and hole radius r = 0:45a is shown in Fig. 2.1 (a). The

band diagram plots the dimensionless frequency parameter a=� for k vectors along

di�erent directions, where � is the wavelength in free space. In this case, the speed

of light c is taken taken as unity, and the frequency f = 1=�, which can be made

dimensionless and scale invariant by multiplying by the lattice constant a.

The k-vector directions plotted along the x-axis are along the edge of the irre-

ducible Brillouin zone (IBZ), as only these directions need to be plotted in order to

�nd the minima and maxima of the bands, which are relevant for �nding the location

of photonic band gaps [78]. The high symmetry points are at the corners of the IBZ,

and for a triangular lattice are � : (kx; ky) = (0; 0), X : (kx; ky) = (0; 2�=
p

3a) and

J : (kx; ky) = (2�=3a; 2�=
p

3a). Therefore the relevant directions on the band dia-

gram are ��X, X � J and J � �. k-vectors along these directions outside the IBZ

can be folded back to within the IBZ, and therefore can be plotted on the same band
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Figure 2.1: Band diagram for triangular lattice photonic crystal with " =12, r=a =
0:45. Blue (green) lines show TE (TM) polarizations in 2D, TE-like (TM-like) for
planar structures. (a) Band diagram in 2D showing a photonic band gap. (b) Band
diagram for planar triangular lattice photonic crystal with thickness d=a = 0:5. (c)
Band diagram for planar triangular lattice photonic crystal with thickness d=a = 0:3.
The TM-like band gap is closed for the planar structures with these thicknesses.

diagram. Furthermore, the modes in a 2D photonic crystal can be separated into two

polarizations, transverse electric (TE) and transverse magnetic (TM) (we will show

this in section 2.4), indicated by the blue and green bands in the �gure. TE modes

have Hx = Hy = Ez = 0 (where we de�ne z as the surface normal direction), and

therefore have only ‘transverse’ electric �eld components. TM modes have Ex = Ey

= Hz = 0 and similarly have only ‘transverse’ magnetic �eld components. We can

see that for this example, there is a frequency region for both polarizations where no

modes exist. This is known as a complete photonic band gap. In this frequency range,

the wave propagation is prohibited through the crystal in any direction in space and

for any polarization. Therefore light in this frequency range will be re
ected from the

structure. This is known as distributed Bragg re
ection. Additionally, in this case

there is larger region where no TE modes exist. It is common for structures to have

a bandgap only for either the TE or TM polarization.

We want to realize photonic crystals in real space, which is 3D. Periodicity in three

dimensions can lead to a complete photonic band gap. Unfortunately, 3D photonic

crystals are very di�cult to fabricate, although high Q 3D photonic crystal cavities

have been demonstrated [79]. For this reason, most research e�orts have been focused

on alternative approaches. Planar 2D photonic crystals are 2D photonic crystals of

�nite depth, which possess most of the properties of 2D photonic crystals but with the
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advantage that they can be made by standard microfabrication methods. A planar

2D photonic crystal cavity is shown in Fig. 2.2 (a). Photonic crystals with periodicity

in only one dimension include distributed Bragg re
ectors, which are used in anti-

re
ection coatings and vertical cavity surface emitting lasers (VCSELs), and more

recently in planar 1D cavities known as nanobeam photonic crystal cavities (Fig. 2.2

(b)). Photonic crystal cavities are discussed in more detail in section 2.3.

The light con�nement in planar photonic crystals results from the combined action

of distributed Bragg re
ection and total internal re
ection. The band diagrams for

planar photonic crystal structures with the same parameters as the structure shown

in Fig. 2.1 (a) with �nite thickness are shown in Fig. 2.1 (b) and (c), for thicknesses

d=a = 0:5 and d=a = 0:3. In the case of a planar structure, modes can be de�ned as

‘TE-like’ or ‘TM-like’. This is because they are TE or TM at the center of the slab,

but away from the center, there may be some �nite non-transverse components of

the �elds. However, for slabs with thickness less than a wavelength in the material,

these components are very small (Fig. 2.3 (a)-(c) shows the relative Ex, Ey and

Ez components of a simulated TE-like photonic crystal cavity mode). Since we are

working with mainly planar structures, we will keep this in mind while referring to

the modes as ‘TE’ or ‘TM’. For these band diagrams, the x-axis plots the in-plane

wave vector kk, while the out of plane wave vector kz can vary. The light line is

indicated by by the solid red line, and de�nes the boundary between modes con�ned

by total internal re
ection and leaky modes. These leaky modes are outside the light

line and indicated by the gray shaded area. As can be seen from the �gure, the band

gap is therefore incomplete, and this leads to imperfect con�nement which produces

some unwanted out-of-plane loss (radiation loss). The band diagram is also changed

relative to the 2D structure inside the light cone; the bands must be continuous with

the leaky modes outside the light cone.

Furthermore, the band gap will close for slabs that are too thick or too thin. If

the slab is too thin, the modes will be weakly guided or not guided at all, and the

band gap will close. On the other hand, if the slab is too thick, the band gap will

close due to the formation of higher order modes in the vertical direction which will

�ll the band gap. The optimal thickness depends on the polarization, due to the fact














































































































































































































