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The asymptotic structure of laminar, moderately rich, premixed methane flames is analyzed using a reduced
chemical-kinetic mechanism comprising four global reactions. This reduced mechanism is different from those
employed in previous asymptotic analyses of stoichiometric and lean flames, because a steady-state approxi-
mation is not introduced for CH;. The aim of the present analysis is to develop an asymptotic model for rich
flames, which can predict the rapid decrease of the burning velocity with increasing equivalence ratio ¢. In the
analysis, the flame structure is presumed to consist of three zones: a preheat zone with a normalized thickness
of the order of unity, a thin reaction zone, and a postflame zone. The preheat zone is presumed to be chemically
inert, and in the postflame zone the products are in chemical equilibrium and the temperature is equal to the
adiabatic flame temperature 7',. In the reaction zone the chemical reactions are presumed to take place in two
layers: the inner layer and the oxidation layer. The rate constants of these reactions are evaluated at 79, which
is the characteristic temperature at the inner layer. In the inner layer the dominant reactions taking place are
those between the fuel and radicals, and between CH; and the radicals. An important difference between the
structure of the inner layer of rich flames and that of lean flames analyzed previously is the enhanced influence
of the chain-breaking reaction CH; + H + (M) — CH, + (M) in rich flames. Here M represents any third
body. This reaction decreases the concentration of H radicals, which in turn decreases the values of the burning
velocity. In the oxidation layer of rich flames, the reactive—diffusive balance of O, is considered. This differs
from the structure of the oxidation layer of lean flames where the reactive-diffusive balance of H, and CO was
of primary interest. The burning velocities calculated using the results of the asymptotic analysis agree
reasonably well with the burning velocities calculated numerically using chemical-kinetic mechanisms made up
of elementary reactions. The values of the characteristic temperature at the inner layer T° are found to increase
with increasing values of the equivalence ratio and to approach T, at ¢ = 1.36. When T? is very close to T,
the asymptotic analysis developed here is no longer valid and an alternative asymptotic analysis must be

developed for even larger equivalence ratios.

INTRODUCTION

Reduced chemical-kinetic mechanisms have
been employed successfully previously to ana-
lyze the asymptotic structure of laminar, stoichi-
ometric, and lean methane flames [1-6]. For
rich flames, these analyses did not predict the
observed rapid decrease of the burning veloci-
ties with increasing equivalence ratio [1-6].
Here, an asymptotic analysis, which applies to
rich, laminar methane flames, is developed.
Detailed and reduced chemical-kinetic mech-
anisms have been employed in previous numer-
ical computations of the structure and burning
velocities of stoichiometric, lean, and rich meth-
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ane flames [7-10]. The reduced four-step mech-
anisms used in these analyses were deduced
from detailed mechanisms after introducing
steady-state approximations for a number of
intermediate species, including CHj;, and radi-
cals including OH and O but not H. The
reaction rates of the global reactions in the
reduced mechanisms were expressed in terms of
the reaction rates of elementary steps. The main
contributors to these global rates are called the
principal reactions and the others, additional
reactions. Among the additional reactions, the
chain-breaking step CH; + H + (M) — CH, +
(M) was found to have a significant influence on
the burning velocities [8, 9]. Here M represents
any third body. This reaction was found to
decrease the burning velocities [8]. For stoichi-
ometric, lean, and rich flames, a set of approx-
imations have been described [9, 10], for which
the numerically calculated values of the burning
velocities obtained using the reduced mecha-
nism agree well with those obtained using the
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detailed mechanisms and measurements. For
stoichiometric and lean flames the burning ve-
locities were found to increase with increasing
values of the equivalence ratio ¢. For moder-
ately rich flames, with values of ¢ between 1.0
and 1.4, the burning velocities were found to
decrease rapidly with increasing values of the
equivalence ratio [9, 10]. For very rich flames,
with values of ¢ greater than 1.4, the burning
velocities were found to decrease slowly with
increasing values of the equivalence ratio [10].
The profiles of temperature and of concentra-
tions of reactants (CH, and O,), products (H,O
and CO,), intermediate species (H, and CO),
and radicals (H, OH, and O) calculated using
the reduced mechanisms were found to agree
well with those obtained using the detailed
mechanisms [9, 10]. The concentration profiles
of CHj; calculated using the reduced mecha-
nisms were found to be significantly higher than
those calculated using the detailed mechanisms
[9, 10]. This indicates that the steady-state ap-
proximation for CHj; is not accurate [10].

The asymptotic analysis of Peters and Wil-
liams [1] was performed with a reduced three-
step mechanism deduced from a four-step
mechanism after introducing a steady-state ap-
proximation for the H radical. Only the contri-
butions of the principal elementary reactions to
the rates of the global steps were considered in
the analysis [1]. The asymptotic analyses of
Seshadri and Peters [2], Seshadri and Gottgens
[3], and Bui-Pham et al. [4] employed a four-
step mechanism. These analyses treated the
contribution of additional reactions, including
the chain-breaking step CH; + H + (M) —
CH, + (M), to the rates of the global steps as a
perturbation and included only the leading or-
der terms [2-4]. For ¢ greater than unity all
asymptotic analyses failed to predict the ob-
served rapid decrease of the burning velocities
with increasing equivalence ratio. The analysis
of Bui-Pham et al. [4] predicted only a weak
decrease of the burning velocities with increas-
ing equivalence ratio.

The aim of the present analysis is to develop
an asymptotic model that can predict the rapid
decrease of the burning velocities with increas-
ing equivalence ratio. The analysis employs a
reduced mechanism in which the intermediate
species CHj is not presumed to maintain steady
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state. The contribution of the chain-breaking
reaction CH; + H + (M) — CH, + (M) to the
rates of the global reactions of the reduced
mechanism is included in the analysis. The
analysis developed here is valid for moderately
rich flames. The results are not accurate for
stoichiometric and lean flames and do not apply
for very rich flames.

REDUCED CHEMICAL-KINETIC
MECHANISM

Two sets of elementary chemical-kinetic mech-
anisms are assembled from Table 1.1 of Ref. 11,
for describing the oxidation of methane. These
mechanisms are called the Cs-mechanism and
the C;-mechanism. In the C;-mechanism, reac-
tions in which compounds made up of four or
more carbon atoms participate, are not in-
cluded. The C;-mechanism also excludes reac-
tions in which the species C;H, and C;Hg
appear and comprises steps 1-72 shown in
Table 1.1 of Ref. 11. In the C;-mechanism,
reactions in which compounds made up of two
or more carbon atoms participate are not in-
cluded. The C;-mechanism comprises reactions
1-35 and 37-40 shown in Table 1.1 of Ref. 11.
The elementary step 36 is the reaction CH; +
CH; + (M) — C,Hg + (M), which is neglected
in the C,-mechanism because it leads to the
C,-chain. The inclusion of this reaction, in
general, decreases the overall chain-breaking
effects of the C;-mechanism in comparison with
those in the C;-mechanism and the C,-mecha-
nism [10] and therefore leads to slightly larger
burning velocities. Around ¢ = 1.2, the burning
velocity calculated using the Cs-mechanism is
approximately 12% larger than that calculated
using the C;-mechanism. The C,-mechanism
has been employed in previous numerical [7-10]
and asymptotic studies [1-4] of premixed meth-
ane flames and provides sufficiently accurate
values of the burning velocity even for moder-
ately rich flames. The species CH,, O,, H,O,
CO,, CH;, CH,, CH, CH,0O, CHO, CO, H,,
HO,, O, OH, and H appear in this C,-mecha-
nism. In the Cs;-mechanism, the species C,H,
C,H,, C,H;, C,H,, C,H;, C,Hy, CHCO, C;H;,
C;H,, C;Hs, and C;H, appear, in addition to
those in the C;-mechanism. The burning veloc-
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ities calculated using the C;-mechanism will be
compared with those calculated using the Cs-
mechanism.

A reduced five-step chemical-kinetic mecha-
nism is deduced from the C,;-mechanism after
introducing steady-state approximations for
CH,, CH, CH,0, CHO, HO,, O, and OH. This
reduced five-step mechanism can be written as

CH, + H= CH, + H,, (Ia')
CH, + H + H,0 = CO + 3H,, (Ib")
CO + H,0 = CO, + H,, 1)
H+H+M=H, + M, (I11")
0, + 3H, = 2H + 2H,0. av’y

The global reactions Ia’ and Ib’ are chain
breaking and represent the reactions between
the fuel and the radicals and between CH; and
the radical to form CO and H,. The global
reaction II' represents the oxidation of CO to
form the final product CO,. The global reaction
III" represents the three-body recombination
steps and is also responsible for a major fraction
of heat released in the flame. The global reac-
tion IV’ represents the reaction of O, with the
radicals and the formation of H,O. It comprises
the chain-branching steps. This five-step mech-
anism was employed in a previous numerical
study of the structure of nonpremixed methane
flames [12]. Table 1 shows the elementary reac-
tions that are presumed to be the major con-
tributors to the rates of the global steps of the
reduced mechanism and includes the chain-
breaking step 34. The symbols f and b appearing
in the first column of Table 1, respectively,
identify the forward and backward steps of a
reversible elementary reaction n. The backward
steps of reactions 5, 34, 35, and 38 are ne-
glected. The elementary reactions are identified
using the same numbers as those shown in Table
1.1 of Ref. 11. The reaction rate coefficient k,,
of the elementary reactions is calculated using
the expression k, = B,T% exp[—E,/(RT)],
where T denotes the temperature and R is the
universal gas constant. The quantities B,,, «,,,
and E,, are the frequency factor, the tempera-
ture exponent, and the activation energy of the
elementary reaction n, respectively. The con-
centration of the third-body C,, is calculated

using the relation C,, = [pW/(RT)]Z}_,
,Y,/W, where p denotes the pressure; W is the
average molecular weight; and Y;, W,, and n,,
are, respectively, the mass fraction, the molec-
ular weight, and the chaperon efficiency of
species i. The chaperon efficiencies are shown
in Table 1. The asymptotic analysis is performed
using only the elementary reactions shown in
Table 1.

In the analysis, a steady-state approximation
is introduced for H radicals [1]. This gives a
four-step mechanism that can be written as

CH, + 050, + 0.5 H, = CH, + H,0, (Ia)
CH, + 0.50,=CO + 1.5 H,, (Ib)
CO + H,0 = CO, + H,, (I1)

0, + 2 H, = 2 H,0. (I1I)

The reaction rates of the global steps w;, in
the five-step mechanism (k = Ia-IV’), and in
the four-step mechanism (k = Ia-III), ex-
pressed in terms of the reaction rates of elemen-
tary reactions w,, are

\
Wiar = Wia = W3g — Wi,
Wi = Wip = W3s,

Wi = Wi = Wigr — Wisbs (D

Wi = Wi = Ws T Wiy,

Wiv' = Wit = Wip- J

In the four-step mechanism Ia-III, if a
steady-state approximation is introduced for
CHs;, then the global step Ib will disappear and
the global fuel-consumption reaction CH, + O,
= CO + H, + H,0, deduced from Ia and Ib,
will replace Ia. The reaction rate of this global
fuel-consumption step is given by wy,. This
approximation was employed in previous as-
ymptotic analysis of stoichiometric and lean
methane flames [1-6]. In rich flames the con-
centration of O atoms can be expected to be
lower than that in lean flames. Hence O atoms
are expected to have a greater influence on the
structure of rich flames in comparison with their
influence on the structure of lean flames. Equa-
tion 1 shows that the reaction rate of the global
step Ib is given by w;s, which is proportional to
the concentration of O atoms (see Table 1).
Therefore the present formulation, in which a
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TABLE 1
Rate Data for Elementary Reactions Employed in Asymptotic Analysis

Number Reaction B, a, E,
1f O,+H—OH+ O 2.000E+14 0.00 70.30
1b O+ OH—H+ 0, 1.568E+13 0.00 352

2f H,+O—O0OH+H 5.060E+04 2.67 26.3
2b H+OH—-O0 +H, 2.222E+04 2.67 18.29
3f H, + OH - H,0 + H 1.000E+08 1.60 13.80
3b H + H,O0 — OH + H, 4312E+08 1.60 76.46
At OH + OH — H,0 + O 1.500E+09 1.14 0.42
4b O + H,O0 — OH + OH 1.473E+10 1.14 71.09
5¢ H+ 0,+M—>HO,+M 2.300E+18 —0.80 0.00
18t CO + OH — CO, + H 4.400E+06 1.50 -3.10
18b H + CO, — OH + CO 4.956E+08 1.50 89.76
34> CH; + H— CH, k, 6.257TE+23 —1.80 0.00
k.. 2.108E+14 0.00 0.00
35 CH; + O — CH,0 + H 7.000E+13 0.00 0.00
38 CH, + H—CH, + H, 2.200E +04 3.00 36.60

Units are moles, cubic centimeters, seconds, kJoules, Kelvin.

“ Third body collision efficiencies are [M] = 6.5[CH,] + 1.5[CO,] + 0.75[CO] + 0.4[N,] + 6.5[H,0] + 0.4[O0,] + 1.0

[other].

b For reaction 34: k = Fk_ko[p/(RT)|/{k.. + ko[p/(RT)]}, where log,, F = log,o F./{1 + (log,o(ko[p/(RT)]/k..)/N)>},

N =0.75 — 1.27 log,, F., and F, = 0.577 exp[—T7/2370.0].

steady-state approximation is not introduced for
CHy, directly includes the influence of O atoms
on fuel-consumption through CH;.

To simplify the calculation of the reaction
rates of the global steps, the elementary reac-
tions 2 and 3 are presumed to maintain partial
equilibrium. Previous numerical calculations
show that these approximations are reasonably
accurate [10]. These approximations give the
results

Con = [Ciy,0/(K3Cy1)1Chy,

Co= [CHZO/(K2K3C12—IZ)]C£D

()

where C; is the molar concentration of species i,
and K,, is the equilibrium constant of the ele-
mentary step n. Also from the chemical-kinetic
mechanism shown in Table 1 it follows that K,
= Ky/K,.

FORMULATION

The four-step mechanism Ia-III is used in the
asymptotic analysis. The steady propagation of a
planar, laminar flame under adiabatic and iso-
baric (small Mach number) conditions is con-
sidered. The solution to the equation of mass

conservation is pv p.S1, where p is the
density, v the gas velocity, s; the burning veloc-
ity, and subscript u refers to the initial condi-
tions in the unburnt reactant mixture. The
Lewis numbers for species i are assumed to be
constants and defined as Le; M(pc,D;),
where A is the thermal conductivity, ¢, the mean
specific heat at constant pressure, and D, the
diffusion coefficient of species i. The diffusion
velocity of the species is presumed to be given
by Fick’s Law [13]. The nondimensional species
balance equations and the energy conservation
equation can be written as

o1 ax ar
dx Le; dx* 1 Vi), dx  dx?
111
= (Qrwy), (3)
k=Ia

where x = [§ (pvc,/A) dx'" and x' is the spatial
coordinate. The origin x = 0 is taken to coin-
cide with the location of the inner reactive—
diffusive zone. The quantity v, ; is the stoichio-
metric coefficient of species i in the global step
k of the reduced mechanism. The value of v, ; is
positive if species i appears on the right side of
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global step k and negative if it appears on the
left side. If the balance equation for each spe-
cies is integrated, then the product of the mass
fraction of the species with its diffusion velocity
summed over all species will vanish only when
Le; is unity for all species [7]. A correction
velocity is often introduced so that this sum will
vanish [7]. For methane flames, Le; for the
reactants (CH, and O,) and the major products
(H,O and CO,) are very close to unity, and the
mass fractions of the intermediate species are of
lower order than those for the reactants and the
products. Hence the correction velocity will be
very small and is neglected in the asymptotic
analysis.

The dependent variables X; and 7 are defined
as

YiWe
Xi = s
YFuWi

T-T, A
T.-T, )

T=

where X; is the normalized mass fraction of
species i and 7 the normalized temperature. Y,
is the initial value of Y in the unburnt reactant
mixture, T, is the temperature for “complete
combustion,” which is defined as the tempera-
ture in the burnt gas if the products are only
CO,, H,0O, and fuel CH, for ¢ > 1, and
subscript F refers to the fuel. From Eq. 4 it
follows that C; = (pY g /Wy)X,. The nondimen-
sional reaction rates w, and heats of reaction
0, are defined as

o, = AWEwy 0, = Yru(—AH,) )
g CpYFupis% ’ . Cp(Tc - Tu)WF’

where (—AH)) is the heat release in the global
step k. From the definition of Q, it follows that
O+ Qp+Qu+t Q=1

The asymptotic structure of rich methane
flames analyzed here is presumed to be similar
to the structure of stoichiometric and lean
flames analyzed previously [1-3]. The outer
structure of the premixed flame is presumed to
comprise an inert preheat zone of thickness of
the order of unity, a thin reaction zone where all
chemical reactions take place, and a postflame
zone where the products are in equilibrium and
the temperature is equal to its adiabatic value
T,. The reaction zone comprises the inner layer
and the oxidation layer [1-6]. The preheat zone
is located upstream of the reaction zone and the
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Fig. 1. Equilibrium mass fractions of the products Y;;,, as
functions of equivalence ratio ¢ calculated for 7,, = 300 K
and p = 1 bar.

postflame zone downstream of the reaction
zone. For given initial values of the equivalence
ratio ¢, the pressure p, the mass fractions of the
reactants Y;,, and the temperature 7,, the

values of 7, and T, and the mass fractions of
the equilibrium products Y;;,, can be calculated.
The equivalence ratio is given by the expression
¢ = nyYp/Yo,,» Where ny, is the ratio of the
mass of oxygen to the mass of fuel in a stoichi-
ometric mixture of these reactants. For meth-
ane flames n,, = 4. The equilibrium products in
the postflame zone are presumed to comprise
CO,, H,0, 0,, CO, H,, and N,. Figure 1 shows
values of Y;, for rich mixtures of methane,
oxygen, and nitrogen calculated for 7,, = 300
K, p = 1 bar, and various values of ¢. Figure 2
shows values of T, and T, calculated for T, =
300 K, p = 1 bar, and various values of d¢.
Figure 2 also shows the values of the character-
istic temperature at the inner layer T7°. The
procedure employed to calculate 7 is described
later.

In the preheat zone the normalized mass
fractions of CH,, O,, CO,, and H,O are of the
order of unity. To leading order the profiles of
these species can be calculated by neglecting the
reaction terms in the balance equations. The
profiles of CH, and O, in the preheat zone are

Xg=1—exp (Legx),
on = onu - (onu - onb) eXp (Leozx) (6)
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Fig. 2. Temperature for complete combustion 7., equilib-
rium temperature in postflame zone T}, and characteristic
temperature at the inner layer 7°, as functions of the
equivalence ratio ¢ calculated for p = 1 bar and T, =
300 K.

where X, is the initial value of X, in the
unburnt reactant mixture, and Xy, the value in
the postflame zone.

A schematic illustration of the structure of
the preheat zone and the structures of the inner
layer and the oxidation layer in the reaction
zone are shown in Fig. 3. To illustrate the main
qualitative features of the flame structure,
sketches of the temperature profile and the
concentration profiles of CH,, CH;, O,, and H,
are shown. The characteristic nondimensional
thickness of the inner layer is presumed to be of
order of 6 and in this layer the reactions taking
place at appreciable rates are the global steps la
and Ib. The fuel is consumed in the inner layer,

oxidation layer

preheat zone | 1
I .
0, ___—inner layer T

» -—

Fig. 3. Illustration of presumed asymptotic structure of
preheat zone and reaction zone of premixed methane
flames. Reaction zone shows inner layer and oxidation layer.
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and the intermediate species CHj; is produced
and completely consumed in this layer. The
characteristic nondimensional thickness of the
oxidation layer is presumed to be of the order of
¢ and in this layer the global reactions II and III
take place, and the rates of the global reactions
Ia and Ib are presumed to be negligibly small.
Oxygen is consumed in this layer. In the oxida-
tion layer the global reaction II is presumed to
maintain partial equilibrium everywhere except
in a thin sublayer. The nondimensional thick-
ness of this sublayer is presumed to be of the
order of v [1, 2]. In the analysis it is presumed
that 6 << v << ¢ << 1. The validity of the
presumed ordering is checked later using the
results of the analysis.

Within the reaction zone the coordinate is
selected such that the inner layer is located at
x = 0, and the conditions there are identified by
the superscript 0. The quantity 7° shown in Fig.
3 is the characteristic temperature at the inner
layer. In the asymptotic analysis of the reaction
zone, the convective terms in the species bal-
ance equations and in the energy conservation
equation shown in Eq. 3 are neglected because
they are presumed to be small in comparison
with the diffusive terms and the reactive terms.
The activation energies of all the elementary
reactions that appear in the global rates shown
in Eq. 1 are small. Therefore in the asymptotic
analysis the values of the rate constants of the
elementary reactions are evaluated at 7°.
Changes in the values of the rate constants with
changes in the values of T are neglected [1, 2, 4].
In the asymptotic analysis of the reaction zone,
the concentrations of H,O and CO, are treated
as being of the order of unity. To the leading
order the values of Xy, and X, are pre-
sumed to be equal to their values in the post-
flame zone represented by Xyy,op and Xco,ps
respectively. Also, in the reaction zone the
concentrations of O,, CO, and H, are presumed
to be of the order of &, and the concentration of
CH, of the order of é.

ASYMPTOTIC ANALYSIS OF THE
INNER LAYER

The analysis of the structure of the inner layer is
different from that of stoichiometric and lean
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methane flames, because for rich flames a
steady-state approximation is not introduced for
CH;. The balance equations for CH, and CHj
obtained from Eq. 3 and using Eqgs. 1, 2, and 4
are

1 deF
Liep W = W3z T W3y,
1 d°Xcp, Q)

Lecn, A2 Wss T w34 + 03s.
The balance equation for CH; shows the forma-
tion of this compound by reaction 38 and con-
sumption by the competing reactions 34 and 35.
If reaction 34 is neglected and CH; is assumed
to maintain steady state, a formulation equiva-
lent to that employed in previous analyses [1-6]
of stoichiometric and lean flames is recovered.
The diffusivities of CH, and CH; are nearly
equal. Therefore, for simplicity the approxima-
tion Leg ~ Lecyy, is used. For convenience, the
definition X, = Xy + Xcy, is introduced, and
from Eq. 7 the differential equation

L dX, _ q
Ley A2 W35 ( )

is obtained. This shows that the sum of CH, and
CH; is consumed eventually by reaction 35,
which therefore is the rate determining step of
fuel consumption in moderately rich methane
flames. The rates of the elementary reactions 38
and 34 are very fast. The small fractional differ-
ences between these large quantities are pre-
sumed to be of the same order as the other
terms in Eq. 7. Because of this the approxima-
tion wsg ~ ws, is introduced. It gives the result
Xg = (k3s/kss)Xcp, This is similar to the
criterion employed by introducing a partial
equilibrium approximation for a reversible ele-
mentary reaction [13, 14]. Here it is applied to
two irreversible reactions. For large values of
the ratio k54/kg, the approximate results

Xp =X, XCH3 = (ksg/ks4) X )

are obtained. This approximation will be used in
the analysis.

To calculate the source terms in Eq. 8, it is
necessary to relate the concentration of H rad-
icals to the concentration of the species appear-
ing in the four-step mechanism Ia-III. The

steady-state concentration of H can be calcu-
lated from the algebraic relation wp,, + wy, +
20 — 2oy = 0 which gives the quadratic
equation

X§I+ 1 [ ks X, \ Xy
R*> o \kyXo,) R

k34k38Xs

+k—1=0
kiks34Xo,

(10)
where Egs. 1, 2, 4, and 9 have been used. The

quantities R, o, and k appearing in Eq. 10 are
defined as

o KVKSK XX )
Xu,0 ’
2k34K(2)'5X(})i§
7T oKX )
N ksCy
B ki )

The third term appearing on the left side of
Eq. 10, k34k33X,/(k1k34X0,), is deduced from
the reaction rate of the chain-breaking step 34,
CH; + H + (M) — CH, + (M). This term
decreases the steady-state value of the H radi-
cals. Equation 10 shows that Xy must be of the
order of R. The value of « is found to be small
when it is evaluated at typical temperatures of
the inner layer, therefore it is neglected. To
analyze the structure of the inner layer, the
expansions

x=8(, X,=08Lepy, Xo =Xo + o,

Xy, = Xiy, + dyp, (12)

are introduced, where the expansion parameter
6 is presumed to be small. In this layer the
quantities ¢, y,, yo,, and yy, are treated as being of
order of unity, ng and X%z are of the order of
e and represent the leading order values of Xq
and Xy, at the inner layer. The values of X‘é)z and
X‘I){2 are obtained later. The small parameter 8 is
chosen such that

UYL KX,

6= - . 13
kgskgs(K?)O's Leg (13)

where the superscript 0 over any rate constant
and equilibrium constant implies that its value is
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evaluated at T = T°. The value of T° is
obtained later.

If the expansion for X, given by Eq. 12 is
introduced into Eq. 10 and Eq. 13 is used, the
steady-state concentration of H radicals in the

inner layer is given by

Xy = 0.5R =y, + 2+ 4(1 — o%)].  (14)

The quantities ¢° and R” are the values of o and
R evaluated from Eq. 11 with the rate and
equilibrium constants evaluated at 7°, and with
X, and Xy replaced by X¢, and X7 . Introduc-
ing Eq. 12 into Eq. 8 and using Egs. 9, 11, and
14, the differential equation

d?,
dr?

= Ly, (Xu/R"), (15)

is obtained, where

AKYskSKIKS Lep Xo X367

= q ,
k34X, H,Ob

i ()0
A=\ \p)
The quantity L is equivalent to a reduced
Damkohler number and is presumed to be of
order unity. Equation 16 explicitly relates s; to
the rate constant of the elementary reaction 34
and shows the influence of this reaction on the
burning velocity. Boundary conditions for Eq.
15 must be obtained by matching the profile of
X, in the inner layer with its profile in the
preheat zone as { — — and with its profile in
the oxidation layer as { — oc. In the preheat
zone the concentration of CH, is given by Eq. 6.
The value and derivative of Xy, with respect to
x in the preheat zone is of the order of 6.
Matching these solutions with the expansion for
X, shown in Eq. 12, it follows that as { — —o»,
dy,/d{ = —1. Equation 14 shows that the
concentration of the radicals becomes equal to
zero when y, = 1/0°. Upstream from this point
the flow field is chemically inert because radi-
cals are not present, and the profile of the fuel
in the inner layer must match with its profile in
the preheat zone. It follows that the matching
conditions can be applied at { = —1/¢” and at
this point dy,/d{ = —1 and y, = 1/0". In the
oxidation layer the concentrations of CH, and

(16)
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CH; are negligibly small. Hence it follows that
as { — o, y, = dy/d{ = 0.

Integrating Eq. 15 once after treating y, as the
independent variable and dy,/d{ as the depen-
dent variable and using the definition y = ¢",
and the matching conditions, the result

L:(GO)Z[J‘] |:yz_|_2(l_ )
y (0_0)2 y
0

5 0.5 —1
- jo[(;o)ﬁ 41 —y)] ] dy} (17)

is obtained. Equation 17 is evaluated numeri-
cally.

The results obtained in this section can be
used to calculate s; from Eq. 16 if the values of
T°, X%z, and X(I){2 are known. These quantities
can be obtained by analyzing the structure of
the oxidation layer.

ASYMPTOTIC ANALYSIS OF THE
OXIDATION LAYER

In the oxidation layer the concentrations of CH,
and CHj; are negligibly small, and the influence
of the overall steps Ia and Ib on the structure of
this layer can be neglected. In this layer O,, H,,
and CO are consumed by the overall steps II
and III. The structure of the oxidation layer of
rich flames can be expected to be influenced
mainly by the consumption of O,, represented
by the overall step III, because the amounts of
oxygen in rich flames are lower than those in
lean flames. In previous asymptotic analyses of
stoichiometric and lean flames, the structure of
the oxidation layer was presumed to be influ-
enced mainly by the oxidation of H, and CO
[1-6]. Following previous analyses [1, 2, 5, 6],
the water—gas shift reaction II is presumed to
maintain partial equilibrium everywhere except
in a thin sublayer within the oxidation layer,
located immediately downstream of the inner
layer. The structure of the oxidation layer is first
analyzed with overall step II in partial equilib-
rium, followed by an analysis of the sublayer
where the water—gas shift reaction is not in
equilibrium.
Partial equilibrium for overall step II gives
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Xco/LeCO = a(XHz/LeHz)’ (18)

where the quantity « is presumed to be of the
order of unity and is defined as

a = KO}XCO2b LeHz/(K(l)SXHZOb Leco)-

The differential equations describing the struc-
ture of this layer deduced from Eq. 3 are

(19)

1 d°Xo,
Leo, dx?

d? Xy,
dx? a
Ley,

2

= o115

X,
-2 02] —0,
Leo,

Xy,
—On+— Lep, + 7] = O.)
(20)
The value of Qy; = 0.6232 and that of O =
0.0363. Since the value of Qy; is small it is

neglected, and for convenience the definition
q = Qqq is introduced. The expansions

qx = em, qXo, = € Leg, (a + 2),
q(1 + )Xy, =2e Ley, (b +2),7= 1, — SZ,}

21)
are introduced, where ¢ is a small expansion
parameter and the quantities m, z, 7, = (T}, —
Tu)/(Tc - Tu)’ a = ('])(Ozb/(8 LeOz)7 and b =
q(1 + a)Xyy,,/(2e Ley,) are treated as being of
order unity. The presumed ordering of the
quantities @ and b implies that X, and Xy,
are of order &. The expansions for Xy, and 7in
Eq. 21 are written such that they satisfy the
coupling relation in Eq. 20 and match with the
temperature profile and concentration profiles
in the postflame zone. From Eq. 10 it follows
that in the oxidation layer the steady-state con-
centration of H radicals is given by Xz = R.
The source term wy; written in terms of the
expansions shown in Eq. 21 after using Egs. 1, 4,
5, and 11 is

2 |:(QIII + 2QII)

o = gDe(a +2)'(b + 2)'2, (22)

where Dyy; is a characteristic Damkohler num-
ber and is given by

2 SAKICY(KIKYKS Lol Lels

I — (1 + a)1.5q4XH20b 4

(23)

where CY, is the value of C,, evaluated at T =
T°. The small expansion parameter is chosen
such that

& = DIIO 25. (24)

Using Eqgs. 21, 22, and 24 in Eq. 20 the differ-
ential equation

22ldn? = (a + 2)'5(b + 2)'?° (25)

is obtained. Boundary conditions for Eq. 25
must be obtained by matching the profile of
oxygen in this layer with its profile in the other
reaction layers at n = 0, and with its profile in
the postflame zone in the limit n — <. In all
layers except the oxidation layer, if the influence
of reaction III on the structure of these layers is
neglected, then from Eq. 3 the coupling relation
d*(2Xg/Lep + Xcy/Lecn, — 2Xo/Leg )/dx?
= 0 is obtained. Integrating this coupling rela-
tion once and matching the result with the
profiles of X and X, in the preheat zone given
by Eq. 6, the result d(2Xp/Leg + Xcp/Lecn, —
2Xo/Lep)ldx = —2(1 — Xgo, + Xop) is
obtained. The quantity X, can be neglected
because it is of order ¢ and very small for rich
flames. Matching this result with the expansion
for X, in Eq. 21, the boundary condition

dzldn = —(Xo,, — 1) (26)

is obtained at m = 0. Values of the initial
concentration of oxygen in the range 1 < Xg,
< 2 are considered here. For methane flames at
Xou = 1, ¢ = 2 and at X, = 2, ¢ = L.
Matching the expansion for X, in Eq. 21 with
the profile of oxygen in the postflame zone the
result z = dz/dn = 0 is obtained as n — .
Using these matching conditions, Eq. 25 can be
written as

2 fz @+2"b+2"d= Xow — %, (27)

0

where z° is the value of z at 7 = 0. The integral
in Eq. 27 must be evaluated numerically to
obtain the value of z°. From the expansions in
Eq. 21, the values of the temperature and
concentration of O, at 1 = 0 are given by

=T, —&(T.—T,)z"

X%, = e Leo, (a +2°%/q. (28)
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To calculate the leading order value of Xy, at
the inner layer, which is required for calculating
the burning velocity, the thin sublayer within the
oxidation layer, where the overall reaction II is
not in equilibrium, must be analyzed. This sub-
layer is a transition layer in which the overall
reaction II attains partial equilibrium from non-
equilibrium in the inner layer. Because O, does
not participate in step II, the quantity X%Z shown
in Eq. 28 is the leading order value of X, at the
inner layer. The leading order value of tempera-
ture at the inner layer is also given by Eq. 28
because the heat release in step II is negligible.

The details of the analysis of the nonequilib-
rium layer are given elsewhere [1-3], therefore
only the results of these previous analyses are
shown here. The leading order value of Xy, at

K. SESHADRI ET AL.

the nonequilibrium layer deduced from Eq. 21
is 2eley (b + z%/[q(1 + «)]. In the nonequi-
librium layer the influence of reactions III can
be neglected and reactions Ia and Ib do not take
place. The expansions

x = v{,
Xy, =2eLey, (b + g1+ )] + vLiey, Zy,
Xco =2as Leco (b +2°)/[q(1 + a)]
+vLlecoZco
(29)
are introduced, where v is a small expansion
parameter and {, Zy, and Zo are treated as

being of the order of unity. The small expansion
parameter is [1-3],

203 15(kICYKS Ley, Leg,) "

14

¢+ kfgXiron Lecol ™ (@ + 2" (b + 27>

(30)

Following previous methods [1-3], it can be
shown that zy;, and Z, are given by

1- - 2
f =~ g s P+ @~
SCO = 11—« 1 0.5% 20l
z —(1+a)1_5exp[—( T g]_1+a'
(1)

At the inner layer where ¢ = 0, the value of
XYy, obtained from Egs. 21, 29, and 31 is
2e Ley, (b + 2%
H, — q(1 + @)

) [ B vg(l — a)
2e(b + 201 + )

(32)

The boundary condition at ) = 0 given by Eq.
26 is obtained by neglecting the influence of the
global step III in the inner layer and using a
coupling relation among X, Xcy,, and Xo,. A
different boundary condition will be obtained if
the coupling relation d*(2Xp/Leg + 2.5Xcp/
Lecy, + Xp/Ley, + Xco/Leco)/dx® = 0 in the
inner layer, obtained from Eq. 3 after neglecting
the reaction rate of global step III, is used.
Integrating this coupling relation once, and
matching the result with the profile for X in the

preheat zone given by Eq. 6, gives the result
d(2Xg/leg + 2.5Xcy/Lecy, + Xy /ley, +
Xco/Leco)/dx® = — 2. Matching this result
with the expansion for Xy, and X, in Eq. 21
gives the result that dz/dn is equal to —1 at n =
0. For stoichiometric mixtures X, , = 2, there-
fore both coupling relations give the same re-
sult. For nonstoichiometric mixtures the value
for dz/dm obtained from integrating the cou-
pling relation among Xp, Xy, Xpp,, and X is
different from that shown in Eq. 26. The differ-
ence arises from the neglect of the global step
IIT in the inner layer. If this step is not neglected
in the inner layer, then the jump conditions can
only be obtained from numerical integration of
the differential equations governing the struc-
ture of this layer. For rich flames the structure
of the oxidation layer can be expected to be
influenced more by the consumption of O, and
less by the oxidation of H, and CO, therefore
the boundary condition Eq. 26 is used here. For
stoichiometric and lean flames, the concentra-
tion of O, in the reaction zone is larger than
that in rich flames. Hence, the structure of the
oxidation layer of lean flames can be expected
to be influenced more by the oxidation of H,
and CO and less by the consumption of O,. The
previous asymptotic analyses of the structure of
the oxidation layer of stoichiometric and lean
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flames employed the boundary condition de-
duced from the coupling relation among the
fuel, hydrogen, and carbon monoxide [1-6].
There are significant differences in the values of
the burning velocities calculated using these
different boundary conditions for dz/dmn at n =
0.

BURNING VELOCITY

To calculate the value of the characteristic
temperature at the inner layer 7°, it is conve-
nient to first eliminate the quantity A appearing
in the definition of L in Eq. 16 by combining it
with Eq. 23. Using Eqgs. 13, 24, 28, and 32 the
result

Ly B ) S B B B N S B B N B S N

40
35
30

25

= E
i ?
e . E
= E Asymptotics 3

15 F — — - C3-Mechanism 3

E T C,-Mechanism E

10 =
£ N o 3
s E ~ D 3
o0c, L L [ R
1.0 1.2 1.4 1.6 1.8 2.0

D

Fig. 4. Burning velocities s; (cm/s) as functions of equiva-
lence ratio ¢ calculated for p = 1 bar and 7,, = 300 K.
Solid line represents results of asymptotic analysis; dashed
and dotted lines represent results of numerical calculations
using the C;-mechanism and C,-mechanism, respectively.

L 223(k)7k34(K3 Ley, Leo ) (a + 2°)(b + 2%)° [ vg(1 — a) ]2

kSCHKIsk3s(KD (1 + ) Leg

is obtained. The right side of Eq. 33 is a function
of T° z° &, and v. Using Eq. 28, ¢ can be
written as a function of 7° and z°, and using Eq.
30 v can be written as a function of 7% and z°.
The quantity z° is given by the numerical eval-
uation of Eq. 27. Therefore the right side of Eq.
33 can be expressed as a function of 7°. The
value of T is calculated by equating the right
side of Eq. 33 to the right side of Eq. 17. The
quantity o appearing on the right side of Eq. 17
is given by

~ 2e(b + 291 + )7 (33)
o_ 2159, K9 Ley, (b + zY) 0.3
77 ks |KY Leo, (@ +2%(1 + a)
vq(1 — @) 02
' [ " 2e(b +2°(1 + a)0~5} (34)

Equations 11, 28, and 32 are used to derive Eq.
34. To calculate the burning velocity, the second
expression in Eq. 16 and Egs. 24 and 28 are used
to rewrite Eq. 23 as

2

CO

LT W \ONTO

Vi <A°> ( Tu> 2 219kSCH(KIK) K] Leys) L

ey
1+ 01)1'5614XH201>(ZO)4 '

T.-T, (35)

RESULTS AND DISCUSSION

To calculate the burning velocities, the value of
()\0/(:2) appearing in Eq. 35 is calculated using
the expression ()\O/cg) = 2.58 X 1073(T°
298)%7 kg/(m s) [8]. The values of Le; used in
the calculations are Lep = Lecy, = 0.97, Leg, =
1.1, Leco = 1.11, and Ley, = 0.3. The average
molecular weight W is taken to be a constant
and it is evaluated in the postflame zone. The
values of Y; appearing in the definition of Cj,
also are evaluated in the postflame zone. Cal-
culations are performed for values of ¢ equal to

and greater than unity, for values of p equal to
and greater than 1 bar and for various values of
the initial temperature of the reactant stream
T,.
Figures 2, 4, 5, and 6 show results of calcula-
tions for p = 1 bar, and 7,, = 300 K. In Fig. 4
the asymptotic results for the burning velocities,
calculated as a function of the equivalence ratio
¢, are compared with numerical results ob-
tained using the Cs-mechanism and the C;-
mechanism. The burning velocities calculated
using the C;-mechanism agree reasonably well
with those calculated using the Cs;-mechanism.
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Fig. 5. Values of a, b (Eq. 21), z° (Eq. 27), and " (Eq. 11)
as functions of equivalence ratio ¢ calculated for p = 1 bar
and T,, = 300 K.

For ¢ slightly larger than unity and less than
1.36, the numerical results show s; to decrease
rapidly with increasing equivalence ratio. For ¢
larger than 1.36 the numerical results show s; to
decrease more slowly with increasing equiva-
lence ratios. For ¢ less than 1.36, Fig. 4 shows
the values of s, calculated using the C5;-mech-
anism to be larger than those calculated using
the C;-mechanism. This is attributed to the
larger overall chain-breaking effects in the C;-
mechanism in comparison with those in the
C;-mechanism. This is consistent with previous
numerical results that show the burning veloci-
ties calculated using the C,-mechanism to be
higher than those calculated using the C,;-mech-
anism [10]. Figure 4 shows the asymptotic re-
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0.2
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1.0 1.1 1.2 1.3 1.4

Fig. 6. Characteristic nondimensional thickness of inner
layer 8 and oxidation layer &, as functions of the equivalence
ratio ¢ calculated for p = 1 bar and 7,, = 300 K.
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sults for the burning velocities to agree quite
well with the numerical results for ¢ < 1.36. The
asymptotic analysis did not give converged so-
lutions for equivalence ratios greater than 1.36.
At ¢ = 1.36, the asymptotic result for s; is 4.95
cm/s.

Figure 2 shows values of 7., T,, and T° as
functions of ¢. With increasing ¢, the values of
T, and T, decrease and the values of 7° in-
crease. This trend is similar to previous asymp-
totic results for lean flames where the values of
T° also increased with increasing ¢ [1-6]. Fig-
ure 2 shows TV to approach T, as ¢ increases.
Equation 35 shows that the burning velocity is
proportional to the fourth power of the differ-
ence between T, and T°. With increasing values
of the equivalence ratio this difference de-
creases, which contributes to the decrease in the
values of s; shown in Fig. 4. Equation 21 shows
that the difference between 7, and 7° is of order
&. With increasing values of ¢ as T° approaches
T,, the difference between 7, and 1° decreases.
When this difference is of order §, the asymp-
totic analysis developed here does not apply. At
these conditions an alternative analysis must be
developed to predict the slow decrease in s,
with increasing ¢ as shown by the numerical
results in Fig. 4.

Figure 5 shows values of a, b (Eq. 21), z° (Eq.
27), and ¢ (Eq. 11) as functions of ¢. With
increasing ¢, there is a sharp decrease in the
values of a and a sharp increase in the values of
b. Thus in the postflame zone with increasing
values of the equivalence ratio, the equilibrium
concentration of O, decreases and the equilib-
rium concentration of H, increases. The param-
eter 0" is a weak function of ¢.

Figure 6 shows values of the characteristic
nondimensional thickness of the inner layer §,
and the oxidation layer ¢, as functions of the
equivalence ratio ¢. The results show that the
presumed ordering § << ¢ << 1 is maintained.
The values of & slowly decrease with increasing
¢. The values of ¢ first slowly increase with
increasing ¢ and then rapidly decrease and
approach 8. When the values of 6 and € become
equal, the inner layer and the oxidation layer
merge and the asymptotic analysis developed
here is no longer valid. This implies that for very
rich flames an alternative asymptotic analysis
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Fig. 7. Burning velocities s, (cm/s) as functions of initial
temperature of reactants 7, calculated for ¢ = 1.3 andp =
1 bar. Solid line represents results of asymptotic analysis,
dashed and dotted lines represent results of numerical
calculations performed using Cs;-mechanism and C;-mech-
anism, respectively.

must be developed, in which all reactions are
presumed to take place in one layer.

The analysis developed here is valid for mod-
erately rich flames. Therefore further tests of
the predictions of the asymptotic model are
made at ¢ = 1.3. In Fig. 7 the burning velocities,
calculated using the results of asymptotic anal-
ysis for ¢ = 1.3, p = 1 bar, and for various
values of the initial temperature of the reactant
stream are compared with numerical results
obtained using the Cs;-mechanism and the C;-
mechanism. Atp = 1 bar and 7,, = 300 K, the
value of s; calculated using results of asymp-
totic analysis is 20.07 cm/s, which is smaller than
the numerical result 24.05 cm/s obtained using
the Cs-mechanism and larger than the numeri-
cal result 14.21 cm/s obtained using the C;-
mechanism. Figure 7 show the asymptotic re-
sults to agree well with the numerical results. In
Fig. 8 the burning velocities, calculated using
the results of asymptotic analysis for ¢ = 1.3,
T, = 300 K, and for various values of the
pressure, are compared with numerical results
obtained using the Cs;-mechanism and the C;-
mechanism. For increasing values of p, Fig. 8
shows the asymptotic results for s, to decrease
much more rapidly than the numerical results.
The asymptotic analysis did not give converged
solutions for pressures greater than 1.455 bars.
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Fig. 8. Burning velocities s, , (cm/s) as functions of pressure
p (bars) calculated for ¢ = 1.3 and 7,, = 300 K. Solid line
represents results of asymptotic analysis, dashed and dotted
lines represent results of numerical calculations performed
using Cs;-mechanism and C,-mechanism, respectively.

SUMMARY AND CONCLUSIONS

An asymptotic analysis of the structure of mod-
erately rich methane flames has been described.
The analysis employs a reduced four-step chem-
ical-kinetic mechanism. This differs from those
employed in previous asymptotic analyses of
stoichiometric and lean methane flames [1-6],
because a steady-state approximation is not
introduced for CH;. The results of the asymp-
totic analysis show the burning velocities s; to
decrease rapidly with increasing equivalence
ratio. This is in agreement with results of nu-
merical calculations obtained using chemical-
kinetic mechanisms made up of elementary
reactions. Previous asymptotic analyses of stoi-
chiometric and lean methane flames did not
predict this rapid decrease in the values of the
burning velocities for rich flames [1-6].

In the asymptotic analysis developed here
chemical reactions are presumed to take place
in two layers, the inner layer and the oxidation
layer. This is similar to previous asymptotic
analyses of stoichiometric and lean flames
[1-6]. In these previous analyses the rate deter-
mining reactions taking place in the inner layer
were presumed to be between the fuel and
radicals (H and OH). In the inner layer of rich
flames, in addition to these reactions, the reac-
tion between CH; and O atoms given by step 35
(see Table 1) also has a rate determining influ-



602

ence on the structure of this layer. The influence
of this reaction in rich flames, in comparison
with those in lean flames, arises from the lower
level of O atoms. Also, the enhanced influence
of the chain-breaking reaction 34 in rich flames,
in comparison with that in lean flames, de-
creases the concentration of H radicals, which
in turn decreases the values of the burning
velocities. The success of the present analysis, in
predicting the observed rapid decrease in the
values of the burning velocities with increasing
equivalence ratio, for moderately rich flames is
attributed to the influence of reaction 34 on the
structure of the inner layer. The structure of the
oxidation layer of rich flames is influenced
mainly by the consumption of O,, whereas for
lean flames the structure of this layer is influ-
enced mainly by the oxidation of hydrogen and
carbon monoxide.

The asymptotic analysis developed here ap-
plies to moderately rich flames. At values of the
equivalence ratio larger than 1.36, all chemical
reactions will take place in one layer with 7° =
T,,. Asymptotic analyses of these rich flames are
yet to be developed.
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asymptotic analysis. The research was supported
by the U.S. Army Research Office Grant # ARO
DAAH-95-1-0108.
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