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Natural selection on complex traits is difficult to study in part due to the ascertainment inherent to genome-wide association studies (GWAS).
The power to detect a trait-associated variant in GWAS is a function of its frequency and effect size —but for traits under selection, the effect size
of a variant determines the strength of selection against it, constraining its frequency. Recognizing the biases inherent to GWAS ascertainment,
we propose studying the joint distribution of allele frequencies across populations, conditional on the frequencies in the GWAS cohort. Before
considering these conditional frequency spectra, we first characterized the impact of selection and non-equilibrium demography on allele fre-
quency dynamics forwards and backwards in time. We then used these results to understand conditional frequency spectra under realistic hu-
man demography. Finally, we investigated empirical conditional frequency spectra for GWAS variants associated with 106 complex traits,
finding compelling evidence for either stabilizing or purifying selection. Our results provide insights into polygenic score portability and other

properties of variants ascertained with GWAS, highlighting the utility of conditional frequency spectra.
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Introduction

Over the last two decades, genome-wide association studies (GWAS)
have uncovered countless associations between genetic variants
and complex traits. In the process, it has become apparent that the ef-
fect sizes of trait-associated variants are inversely correlated with
their frequencies (Yang]J et al. 2010, 2015; Speed et al. 2012). This rela-
tionship has been interpreted as a sign that natural selection acts on
complex traits (Zeng et al 2018, 2021; Schoech et al 2019).
Furthermore, patterns of diversity around trait-associated variants
appear to deviate from neutral expectations (Gazal et al. 2017; Speed
et al. 2020).

To explain these observations, different models of selection on
complex traits have been proposed. Several groups have proposed
models of stabilizing selection, wherein intermediate trait values are
favored (Lande 1976; Turelli 1984; Simons et al. 2018; Zhang et al.
2023). Stabilizing selection on a trait results in selection against the
minor allele at independent genetic variants underlying the trait
(Robertson 1956; Simons et al. 2018; Walsh and Lynch 2018). In other
words, the direction of selection at individual alleles depends on the
frequency of the allele. In contrast, others have proposed a model of
purifying selection, which entails selection against all new mutations
(Keightley and Hill 1990; Eyre-Walker 2010; Caballero et al. 2015;

Zengetal. 2021). Under such models, the direction of selection is inde-
pendent of allele frequency. Finally, some have proposed models of
directional selection on complex traits, where the direction of selec-
tion at individual alleles depends on the sign of their effects (Guo
et al. 2018).

Distinguishing between competing models of selection is es-
sential for interpreting the results of GWAS. The mode and
strength of selection acting on traits determines whether GWAS
tend to ascertain variants with large or small effects. Moreover,
because selection influences the genetic architecture of traits at
the molecular level, selection can also shape the extent to which
discovered variants are pleiotropic and further upstream in regu-
latory networks, or more specific and further downstream in regu-
latory networks (Mostafavi et al. 2023). Naturally, this has
consequences for the proportion of heritability explained by dis-
covered variants (O’'Connor et al. 2019; Weiner et al. 2023), as
well as the portability of polygenic scores, or the extent to which
a polygenic score derived from a particular GWAS cohort is pre-
dictive in genetically dissimilar individuals (Wang et al. 2020;
Durvasula and Lohmueller 2021; Yair and Coop 2022). Thus, a
clear understanding of selection on complex traits is not only es-
sential for studying complex trait evolution, but also for under-
standing complex trait architecture more broadly.
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Selection on complex traits has been challenging to investigate
in part because of the technical limitations of GWAS. First, the
power to ascertain a trait-associated variant in GWAS depends
on the variant’s frequency and effect size; GWAS are more pow-
ered to ascertain variants with large minor allele frequencies
and large effect sizes. For traits under selection, the effect size
of a variant determines the strength of selection on the variant,
which in turn constrains its frequency. This logic also applies to
traits that are genetically correlated with traits under selection.
Trait-associated variants ascertained in GWAS are therefore en-
riched for common variants and thought to be depleted for the
most strongly selected variants (Pritchard 2001; Manolio et al.
2009). Second, GWAS generally rely on genotype arrays and im-
putation panels to infer genotypes genome-wide. By implicitly pri-
oritizing a subset of genetic variation, arrays and imputation
algorithms will bias discovered variants in a manner that is par-
ticularly difficult to model (Clark et al. 2005; Lachance and
Tishkoff 2013; Kim et al. 2018). As a result, the process of GWAS as-
certainment can obscure the hallmark signatures of selection.

To avoid certain biases induced by GWAS ascertainment, we
propose conditioning on the allele frequency in the GWAS cohort
by leveraging additional, diverged populations. These additional
populations provide orthogonal sources of information about se-
lection. Moreover, conditioning on the frequency in the GWAS co-
hort effectively conditions on GWAS ascertainment itself. Yet, in
order to combine information across populations, we need to de-
velop a framework for describing how selection and
non-equilibrium demography impact the distribution of allele fre-
quencies in one population conditional on another.

A wealth of previous work has used population genetics theory
to answer questions at the intersection of selection, demography,
and (joint) allele frequency trajectories. Maruyama (1974) derived
theoretical expectations for the impact of selection on allele fre-
quencies within a single population under equilibrium demog-
raphy. More recently, others have characterized the impact of
non-equilibrium demographies on both neutral variation (Myers
et al. 2008; Bhaskar and Song 2014; Bhaskar et al. 2015; Terhorst
and Song 2015; Spence et al. 2016; Baharian and Gravel 2018;
Ragsdale et al. 2018; Rosen et al. 2018; Schraiber 2018) and selected
alleles within a single population (Slatkin 2001; Evans et al. 2007;
Zivkovié and Stephan 2011; Song and Steinriicken 2012; Chen
and Slatkin 2013; Schraiber et al. 2016; Ortega-Del Vecchyo et al.
2022). Consequently, we have a solid theoretical expectation for
how selection and demography impact the allele frequency spec-
trum within one population. There has also been a line of work ex-
ploring how these two evolutionary forces impact the joint
frequency spectrum for two or more populations (Gutenkunst
et al. 2009; Luki¢ et al. 2011; Luki¢ and Hey 2012; Yang MA et al.
2014; Jouganous et al. 2017; Kamm JA et al. 2017; Kern and Hey
2017; Kamm J et al. 2020; Dilber and Terhorst 2024).

However, the effect of conditioning on frequencies in one popu-
lation has been under-explored. We propose conditioning on fre-
quencies in a GWAS cohort as a means of studying selection on
complex traits, but previous work on conditional frequency spec-
tra has focused on neutral variants, not selected variants (Chen
et al. 2007; Harpak et al. 2016; Durvasula and Sankararaman
2020). While it is known that different models of selection leave
distinct signatures on joint frequency spectra, it is unclear if this
also holds for conditional frequency spectra. Conditional fre-
quency spectra can be understood by considering selection both
forwards and backwards in time: first backwards from the condi-
tional population to a shared ancestor, then forwards to the se-
cond, unconditioned population. The impact of selection on

allele frequency trajectories backwards in time is poorly under-
stood, especially under non-equilibrium demographies.

Thus, we sought to characterize conditional frequency spectra
across modern human populations under different models of se-
lection. Through our theoretical analyses of conditional fre-
quency spectra, we identified strong qualitative signatures
associated with each model of selection. We then used 106 com-
plex trait GWAS to investigate empirical conditional frequency
spectra at trait-associated variants and assess evidence for differ-
ent models of selection on complex traits. Finally, we used this
framework to understand how selection and non-equilibrium
demography impact the portability of polygenic scores. Our re-
sults highlight the utility of conditional frequency spectra as a
tool for studying selection on complex traits.

Results

GWAS ascertainment biases allele frequency
spectra

We first sought to demonstrate the impact of GWAS ascertain-
ment on the allele frequency spectrum. We began by curating a
set of variants associated with 106 complex traits and diseases.
We obtained 18,229 trait-associated variants from published
GWAS of 94 quantitative traits in the UK Biobank “White British”
cohort, approximately 337,000 individuals (Simons et al. 2022).
We additionally obtained a set of 1,040 trait-associated variants
from published GWAS of 12 complex diseases in various cohorts
with European ancestries (Supplementary Table S1).

We compared the derived allele frequencies of trait-associated
variants to those of approximately 11 million non-associated var-
iants imputed in the UK Biobank. As expected, we found that the fre-
quencies of trait-associated variants are enriched for common
variation, reflecting the bias induced by the process of ascertainment
(Fig. 1a). The tremendous discrepancy between the frequencies of
trait-associated variants and the true allele frequency spectrum em-
phasizes the utility of conditional frequency spectra (Fig. 1b). Similar
tojoint frequency spectra, conditional frequency spectra can encode
information about demography and natural selection. Unlike joint
frequency spectra, conditional frequency spectra can circumvent
the biases induced by GWAS ascertainment by conditioning on the
frequencies of trait-associated variants in the GWAS cohort.

Characterizing allele frequency dynamics over
time
To build intuition for the allelic dynamics captured by conditional
frequency spectra, we characterized the impact of demography
and selection on allele frequencies over time. We considered
four different demographic models relevant for human popula-
tions: equilibrium demography (i.e. constant population size),
bottleneck, exponential population growth, and bottleneck fol-
lowed by exponential growth. We also considered the following
three types of selection: purifying selection against new alleles,
directional selection on traits, and stabilizing selection on traits.
These three modes of selection can be well-approximated by dif-
ferent allelic dynamics. Purifying selection acts as negative genic
selection against derived alleles; directional selection at the trait
level acts as positive genic selection for trait-improving alleles;
and stabilizing selection can be approximated by perfect underdo-
minance where only heterozygotes have reduced fitness
(Robertson 1956; Walsh and Lynch 2018).

We first recapitulated well-known results about how selection
impacts the trajectory of an allele beginning at a particular fre-
quency. We simulated allele frequencies under a Wright-Fisher
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Fig. 1. Overview. a) Derived allele frequency distribution of 19,269 trait-associated variants and approximately 11 million non-associated variants in the
UK Biobank White British cohort. b) Overview of conditional frequency spectra. Given two populations k and j, the conditional frequency spectrum P(X; =
X | X; = x;) requires us to first consider allele trajectories backwards in time from x; to the frequency in the common ancestor of populations k and j; then

ultimately forwards in time to X;.

model for 2,000 generations and a constant population size with
N, =10,000. Regardless of an allele’s frequency, positive selection
and negative selection consistently act to increase and decrease
frequencies, respectively. In contrast, allelic dynamics under sta-
bilizing selection exhibit a frequency dependence because stabil-
izing selection results in selection against the minor allele. Alleles
atlow frequencies (e.g. 0.1) have nearly indistinguishable dynam-
ics under stabilizing selection and negative selection (Fig. 2a), but
as the derived allele frequency increases, the dynamics under sta-
bilizing selection gradually diverge from those under negative se-
lection. When alleles are at a frequency of 0.5, dynamics under
stabilizing selection resemble those of neutrality (Fig. 2b), and at
frequencies well above 0.5, stabilizing selection begins to look
similar to positive selection (Fig. 2c).

We next summarized allelic dynamics by computing the
probability of an allele transitioning from a given ancestral fre-
quency, Xane, to a given descendant frequency, Xgesc,
P(Xgesc = Xdesc | Xanc = Xanc; S, 17), Where s represents the selection
scenario and # the demography. We computed these
forward-in-time transition probabilities using two different ap-
proaches: Wright-Fisher simulations conducted with SLiM (Haller
and Messer 2019), and numerically with fastDTWF (Spence et al.
2023).

Using these transition probabilities, we computed the ex-
pected frequency in the descendant population conditional on
the ancestral frequency. Results for our equilibrium model are
presented in Fig. 2d, with expected allele frequencies remaining
unchanged over time under a neutral model; increasing under
positive selection; decreasing under negative selection; and be-
having in a frequency-dependent manner under stabilizing se-
lection. For non-equilibrium models, the results are
qualitatively consistent (Supplementary Fig. S1), but by shrink-
ing population sizes, bottlenecks increase the effect of genetic
drift, thereby reducing the differences between selection and
neutrality (Supplementary Fig. S1a, Sic, S1d). Transition prob-
abilities were concordant between SLIM simulations and
fastDTWF, though there were some discrepancies at low allele
frequencies due to the different assumptions of both methods
(Methods, Supplementary Fig. Sla—-c). We next considered the
impact of selection and demography backwards in time. In other
words, given an allele segregating in a descendant population,
what do we expect its frequency to have been in an ancestral

population? Under equilibrium demography, we found that se-
lected alleles are expected to be at lower frequencies in an an-
cestral population regardless of the direction of selection.
Moreover, conditional on the frequency in the descendant popu-
lation, the distribution of frequencies in the ancestral popula-
tion is identical for positive and negative selection (Fig. 3b),
consistent with a classic result from Maruyama (1974).

This can be rationalized by thinking of the backward transition
probability P(Xanc = Xanc | Xdesc = Xdesc; S, #7) @s @ posterior probabil-
ity proportional to the likelihood of transitioning from some an-
cestral  frequency  to the descendant  frequency,
P(Xdesc = Xdesc | Xanc = Xanc; S, 17), Weighted by the prior probability
of being at that ancestral frequency, P(Xanc = Xanc; S, ) (Fig. 3a;
Equation 2). Under equilibrium demography and negative selec-
tion, the likelihood is maximized by values of Xanc greater than
Xgesc Decause negative selection decreases frequencies over
time. Conversely, under positive selection, the likelihood is maxi-
mized by values of Xanc less than xgesc because positive selection
increases frequencies over time. However, the prior distribution
differs under negative and positive selection in the opposite
way: high derived allele frequencies in the ancestor are much
less probable under negative selection compared to positive selec-
tion. For equilibrium demographies, these two forces exactly bal-
ance, resulting in negative and positive selection having identical
posterior distributions (Fig. 3a).

Under non-equilibrium demography, different trends emerged
(Supplementary Fig. S2). The demographic models we considered
only differ from each other following the split from the ancestral
population; thus, while selection impacts both the prior P(Xgp. =
Xanc; S, ) and the likelihood P(Xgese = Xgesc | Xanc = Xanc; S, 77), our
demographic models only change the likelihood.

In the presence of a bottleneck, the increased strength of gen-
etic drift makes the likelihood flatter, and as a result, the posterior
is dominated by the prior, such that the expected frequency in the
ancestor does not vary dramatically across descendant frequen-
cies (Fig. 3¢, Supplementary Fig. S2c). Specifically, we found that
alleles subject to negative and stabilizing selection are likely to
berarein the ancestor regardless of their frequency in the present.
We found that a bottleneck followed by exponential growth re-
verses some of the observed flattening because the increase in
population size decreases the strength of genetic drift (Fig. 3d,
Supplementary Fig. S2d).
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Fig. 2. Forward transitions. a, b, c) Allele frequency trajectories simulated under a Wright-Fisher model. Dashed lines depict the mean frequency across
20 trajectories for each model of selection. d) Expected frequency in a descendant population conditional on the frequency in the ancestral population,
computed with fastDTWF. For all panels, the demographic model consists of a constant population size with N, = 10,000 for 2,000 generations, and

selection coefficients correspond to |hs| = 5.0 x 107%.

Under exponential growth alone, genetic drift is much weaker,
meaning the likelihood is sharper than itis at equilibrium, and the
posterior is dominated by the likelihood instead of the prior. As a
result, alleles subject to negative selection are expected to be at
higher frequencies in the ancestral population relative to alleles
evolving neutrally, while alleles subject to positive selection are
expected to be at lower frequencies (Fig. 3e, Supplementary Fig.
S2e). We also varied the strength of the bottleneck and the degree
of exponential growth, finding qualitatively similar results
(Supplementary Fig. S3).

Selection and the out-of-Africa demographic
model

Having developed intuition for forward and backward allelic dy-
namics under simple demographies, we next considered their im-
plications for realistic human demographies. We generated allele
frequency distributions under a demographic model inferred
from Han Chinese in Beijing, China (CHB); Yoruba in Ibadan,
Nigeria (YRI); and Northern Europeans from Utah (CEU) in the
1,000 Genomes Project (Fig. 4a) (Auton et al. 2015; Jouganous
et al. 2017). Briefly, this model consists of an ancestral human
population under equilibrium demography with 24,000 indivi-
duals approximately 4,100 generations ago. At this time, the
out-of-Africa migration occurs, and the population of the
out-of-Africa branch shrinks by almost 90%, reflecting a severe
bottleneck. After an additional 2,500 generations, the
out-of-Africa branch splits into the CEU and CHB populations,
both of which undergo a modest bottleneck and then experience
exponential growth until the present day.

We first sought to understand the impact of selection on fre-
quency spectra in ancestral populations conditioned on the
present-day frequency in CEU. Surprisingly, we found that the ex-
pected frequency in the ancestor of CEU and CHB,
E[Xcru—cHB ancestor | XcEu; S, 7], 1s similar for alleles evolving neu-
trally and those under strong negative selection (s=1073)
(Supplementary Fig. S4a).

One might suppose that selection resembles neutrality because
the 1,600 generations separating the CEU-CHB ancestor from CEU
does not provide enough time for selection to act. However, this
explanation can be ruled out by considering allele frequency dy-
namics forwards in time along this branch: it is apparent that se-
lection substantially impacts allele frequencies over the 1,600
generations between the CEU-CHB ancestor and CEU
(Supplementary Fig. S4b). Instead, our observations can be ex-
plained by non-equilibrium demography, which results in offset-
ting effects between the likelihood of CEU frequencies and the

prior distribution in the CEU-CHB ancestor, similar to what we
saw previously (Fig. 3a).

In contrast, we found that the expected frequency in the ances-
tor of CEU and YRI, IE[XCEU—YRI ancestor | Xceu; S, I]], is similar for al-
leles under strong stabilizing selection and alleles under strong
negative selection (Supplementary Fig. S4c). Regardless of the fre-
quency in CEU, alleles under strong stabilizing or negative selec-
tion are likely to be maintained at low frequencies in the
ancestor of CEU and YRI. This is concordant with the results we
saw for a pure bottleneck scenario (Fig. 3c), suggesting that the
strength of the out-of-Africa bottleneck outweighs the subse-
quent exponential growth.

The stark difference in the backward transition probabilities
for the CEU-YRI ancestor and the CEU-CHB ancestor is particular-
ly notable given the qualitative similarity of the forward transition
probabilities (Supplementary Fig. S4b, S4d). Ultimately, this un-
derscores our finding that backward transitions are more sensi-
tive to demography than forward transitions.

We next turned to understanding the allele frequency spec-
trum in one modern human population conditional on the fre-
quency in another modern population. We focused on the
distribution of frequencies in YRI and CHB conditional on the fre-
quency in CEU, given that the majority of GWAS participants are
highly genetically similar to CEU (Mills and Rahal 2019).

We observed that conditional on the frequency in CEU, stabil-
izing and negative selection both result in lower frequencies in
CHB and YRI relative to neutrality, regardless of the CEU fre-
quency (Fig. 4c, 4d). At low frequencies in CEU, positive selection
and neutrality result in similar expected frequencies in CHB and
YRI. However, as the CEU frequency increases, positively selected
alleles are expected to be at much higher frequencies in CHB and
YRIrelative to neutral alleles. To understand this result, note that
low frequency alleles tend to be younger on average and less likely
to be segregating in the ancestral populations, especially when
subject to selection (Supplementary Fig. S5a, S5d) (Maruyama
1974). As the CEU frequency increases, the likelihood of a positive-
ly selected allele segregating in the ancestral population in-
creases, such that the allele can experience positive selection
along the other branches, resulting in higher frequencies in CHB
and YRI relative to neutrality (Supplementary Fig. S5c, S5f).

Finally, we considered which conditional frequency spectra
would be most informative for identifying the mode of selection
acting on complex traits. We found that comparing YRI and CEU
is more informative than comparing CHB and CEU, especially
when selection is weak (Supplementary Fig. S6). We also found
that it is generally much easier to distinguish neutrality from
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modes of selection than it is to distinguish among the different
modes of selection. Specifically, frequency spectra in YRI condi-
tional on CEU are similar under strong negative selection and
strong stabilizing selection. At high (derived) allele frequencies
in CEU, stabilizing selection and negative selection become easier
to distinguish (Supplementary Fig. S5), but alleles at such high fre-
quencies are discovered infrequently, particularly under these
modes of selection (Fig. 1a, 4b). Interestingly, stabilizing and nega-
tive selection are easier to distinguish when selection is weaker —
in this regime, derived alleles are more likely to reach frequencies
greater than 0.5, where the two modes of selection exhibit differ-
ent allelic dynamics (Supplementary Fig. S7a-c, Fig. 2c).

One consideration is that our approach inherently assumes a
tree-like demographic model: when two populations split, allele
frequencies in both populations must evolve independently.
However, it is well-known that human demographic history fea-
tured ongoing migration between populations (Gutenkunst et al.
2009; Ragsdale and Gravel 2019). Such migration would generate
a correlation between population allele frequencies, potentially
impacting the conditional frequency spectrum. To understand
the impact of migration on conditional frequency spectra, we
used the software package moments, which is capable of modeling
the joint frequency spectrum under more complex and
non-tree-like demographies (Jouganous et al. 2017). Under weak
selection, we found that conditional frequency spectra are quali-
tatively consistent in the presence of migration. Conditional on
the frequency in CEU, alleles subject to negative or stabilizing

selection are expected to be at lower frequencies in CHB and YRI
relative to neutral alleles, while alleles subject to positive selec-
tion are expected to be at higher frequencies (Supplementary
Fig. S8). Interestingly, we also observed some notable differences
in the presence of migration: at frequencies upwards of 90% in
CEU, alleles subject to stabilizing selection are likely to be at high-
er frequencies in CHB and YRI relative to neutral alleles.

Empirical analysis of trait-associated variants

To understand the mode of selection acting on human complex
traits, we investigated empirical conditional frequency spectra.
There are two primary challenges in using our theoretical work
on conditional frequency spectra to interpret empirical data.
First, we expect trait-associated variants ascertained with
GWAS to represent a mixture of different selection coefficients.
Second, as we observed in our theoretical work, conditional fre-
quency spectra are sensitive to demography, meaning that our
quantitative theoretical results are sensitive to the exact demo-
graphic parameters in the Jouganous et al. (2017) out-of-Africa
model. However, our qualitative theoretical results are robust to
small changes in demographic parameters along the branches
of the tree (Supplementary Fig. S9), as well as in the ancestral
population (Supplementary Fig. S10). This is especially true
when conditioning on a modern population that has experienced
a bottleneck: a recent bottleneck generates a strong qualitative
signal that is recapitulated across many demographic scenarios.
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Fig. 4. Out-of-Africa demography. a) Overview of out-of-Africa demographic model inferred from YRI, CEU, and CHB by Jouganous et al. (2017). Widths
and lengths of branches are approximately proportional to population sizes and split times. b) Marginal distribution in CEU predicted by our theoretical
results. ¢, d) Expected frequency in CHB and YRI conditional on the frequency in CEU. For all panels, selection coefficients correspond to |hs| = 5.0 x 1074,

computed with fastDTWF.

Thus, given the challenges associated with drawing quantitative
conclusions from conditional frequency spectra, we instead qualita-
tively investigate the mode of selection acting on complex traits. To
do so, we compare conditional frequency spectra for trait-associated
variants to conditional frequency spectra for “matched variants,” a
set of putatively neutral, non-associated variants with similar gen-
omic properties. We generated a set of matched variants by match-
ing trait-associated variants to non-associated variants on two
metrics: derived allele frequency in the UK Biobank White British co-
hort, and B-value, a measure of background selection (Murphy et al.
2022). Matching on B-value accounts for differences in allele fre-
quency spectra that are due to selection at linked sites, as opposed
to selection at the focal variant. Though some fraction of these
matched variants may be functional and under selection, this only
makes our comparisons more conservative.

We compared conditional frequency spectra in YRI and CHB be-
tween trait-associated variants and matched variants. We condi-
tioned on frequencies in the UK Biobank White British cohort
because it is the GWAS cohort for 94 of the 106 complex traits we
analyzed, and because the individuals in this cohort are generally
genetically similar to the individuals in the remaining GWAS co-
horts. To compare conditional frequency spectra between
trait-associated variants and matched variants, we first grouped var-
iants into 10 deciles based on their frequency in the UK Biobank
White British. Within each decile, we computed the mean frequency
in YRI and CHB for trait-associated variants and matched variants.

Across all deciles, we found that variants associated with quan-
titative traits have a systematically lower mean frequency in YRI
relative to matched variants (Fig. 5a; p = 2.4 x 107%; unpaired two-

sided t-test). The same pattern was broadly observed for CHB, al-
beit to a lesser extent (Fig. 5b; p = 9.8 x 107?%; unpaired two-sided
t-test). Much of this signal is driven by the fact that trait-associated
variants are less likely to be polymorphic in YRI and CHB
(Supplementary Fig. S11, S12). (Notably, given the empirical sam-
ple sizes of YRI and CHB, it is plausible that trait-associated var-
iants are still segregating in the larger populations.)

Having established that trait-associated variants appear non-
neutral, we aimed to understand which mode of selection ex-
plains the signal. We considered three models of selection on
complex traits: stabilizing selection, directional selection, and
purifying selection (i.e. negative selection against new mutations).
Based on our theoretical results, stabilizing and negative selection
on alleles produce similar conditional frequency spectra (Fig. 4d),
making it difficult to distinguish between stabilizing and purifying
selection at the trait level. However, these two models are easy to
distinguish from directional selection: if a trait is under direction-
al selection, then alleles with positive and negative effects on the
trait should experience directional selection in opposite direc-
tions, and hence have different conditional frequency spectra.
This means that under directional selection, either trait-associated
variants with a positive effect or trait-associated variants with a
negative effect should be at higher frequencies in YRI and CHB
relative to matched variants. Under stabilizing or purifying selec-
tion, however, we always expect to see trait-associated variants at
lower frequencies in YRI and CHB relative to matched variants, re-
gardless of the sign of their effect.

For each trait, we divided trait-associated variants into two
groups based on the sign of their effect, and compared their
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Fig. 5. Conditional frequency spectra for trait-associated variants. a, b) Mean frequency in YRI and CHB conditional on UK Biobank White British
frequency decile for quantitative trait-associated variants and matched variants. c-h) Mean frequency in YRI conditional on UK Biobank White British
frequency decile for variants associated with height, trunk mass, and complex diseases. For all panels, error bars depict the 95% confidence interval for
the mean, calculated from 100 bootstrap samples. Points are jittered along the x-axis (UK Biobank White British frequency) for better visibility.

conditional frequency spectra to matched variants. Specifically,
we performed one-sided tests of the alternate hypothesis that
trait-associated variants have lower frequencies in YRI relative
to matched variants. Across quantitative traits, we found that
trait-associated variants have significantly lower frequencies in
YRI relative to matched variants, regardless of the sign of their

effect (Fig. 5¢, 5d, 5f, 5g; p = 3.2 x 1070 positive effect on height,
p = 2.3 x 1078 negative effect on height, p = 4.6 x 10~* positive ef-
fect on trunk mass, p = 7.6 x 1072 negative effect on trunk mass;
unpaired one-sided t-test; see also Supplementary Fig. S13, S14).
For complex diseases, we also found that trait-associated var-
iants have lower frequencies in YRI relative to matched
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variants, regardless of whether they are risk-increasing or risk-
decreasing (Fig. 5e, 5h; p = 1.4 x 107° risk-increasing, p = 1.5 x
10~" rigsk-decreasing; unpaired one-sided t-test). Thus, we do
not find evidence for directional selection, and instead find com-
pelling evidence that stabilizing or purifying selection is the pre-
dominant mode of selection acting on complex traits and
diseases.

Given that our results depend on knowing which allele is ances-
tral or derived, one consideration is the potential mispolarization
of variants. In particular, variants at CpG sites are more difficult to
polarize because of the higher mutation rate at these sites
(Jonsson et al. 2017; Keightley and Jackson 2018). To account for
this, we repeated our analyses excluding all transition mutations,
and found that our results were qualitatively unchanged
(Supplementary Fig. S15).

Another potential consideration is that our set of
trait-associated variants likely contains some non-functional
“tag” variants in linkage disequilibrium (LD) with the true causal
variants: if two variants are in LD, their association signals are
also highly correlated, makingit difficult to determine which vari-
ant is causal. Ascertainment of non-functional tag variants can
affect our results in two ways. First, tag variants and causal var-
iants could be at different frequencies, distorting our empirical
conditional frequency spectra. Second, conditional frequency
spectra encode information about derived allele frequencies. If
the derived allele at the tag variant is in negative LD with the de-
rived allele at the causal variant, the trajectory of the derived al-
lele at the tag variant will be opposite of that at the causal
variant. Then, in conditional frequency spectra, the true direction
of selection would appear to be reversed. While this would make
our qualitative test of neutrality against selection more conserva-
tive, it could bias our results when trying to determine the mode of
selection.

We used coalescent simulations to better understand these po-
tential sources of bias. First, we investigated whether variants in
LD could be at dramatically different frequencies. We found
that for variants with r? > 0.5, the corresponding minor allele fre-
quencies are essentially identical with high probability
(Supplementary Fig. S16a). Next, we estimated the probability
that the derived allele at a tag variant is in negative LD with the
derived allele at a causal variant. We found that negative LD is un-
common when the derived allele at the tag variant is rare, but
negative LD between derived alleles happens with ~50% probabil-
ity when the derived allele at the tag variant reaches higher fre-
quencies (Supplementary Fig. S16b).

Given that rare derived alleles more reliably tag derived causal
variants, we repeated our tests for directional selection using
trait-associated variants in the lowest quintile of UK Biobank
White British derived allele frequency. For quantitative traits,
we found that our results were qualitatively unchanged; we find
that both trait-increasing and trait-decreasing variants have sig-
nificantly lower frequencies in YRI relative to matched variants,
ruling out directional selection (p = 2.4 x 10~? positive effect on
height, p= 1.2 x 1078 negative effect on height, p= 5.7 x 10~ posi-
tive effect on trunk mass, p = 7.4 x 10~* negative effect on trunk
mass; unpaired one-sided t-test). For complex diseases, we found
that risk-increasing variants had significantly lower frequencies
than matched variants but did not find significant evidence for
risk-decreasing variants (p=1.7 x 10~ risk-increasing, p =0.09
risk-decreasing; unpaired one-sided t-test). This could be due to
the reduction in power when excluding 80% of trait-associated
variants, or could be compatible with directional selection against
variants increasing disease risk.

Impact of selection and demography on polygenic
score portability

Our results have broader implications for applications of GWAS
data, particularly in the context of polygenic scores. Polygenic
scores estimate the genome-wide genetic contribution to a trait
or disease using trait-associated variants ascertained in a GWAS.
The phenotypic variance explained by polygenic scores is known
to decrease in populations with less genetic similarity to the
GWAS cohort — commonly referred to as a lack of “portability”
(Martin ARetal. 2019; Dingetal. 2023). The portability of a polygenic
score is influenced by many factors including differing patterns of
linkage between ascertained variants and causal variants across
populations; bias in effect sizes due to population structure; and
environmental differences across populations (Vilhjalmsson
et al. 2015; Wojcik et al. 2019; Mostafavi et al. 2020; Wang et al.
2020; Patel et al. 2022; Privé et al. 2022). Here, we focus on under-
standing the impact of allele frequency differences on portability,
particularly in the context of different modes of selection.

For quantitative traits, the phenotypic variance explained by a
polygenic score is proportional to Y, 2x;(1 - x;)f?: the sum of
squared effect sizes, #7, at trait-associated variants, weighted by
heterozygosity, 2x;(1 — x;). Thus, systematic differences in hetero-
zygosity across populations will drive differences in the variance
explained by the polygenic score, affecting portability.

Using theoretical conditional frequency spectra, we computed
the expected heterozygosity of variants in CHB and YRI condition-
al on their frequency in CEU. We found that in both CHB and YR,
stabilizing and negative selection reduce heterozygosity relative
to neutral alleles for low to moderate CEU frequencies (Fig. 6a,
6b). At CEU frequencies greater than 0.75, however, we found
that negative and stabilizing selection can actually increase het-
erozygosity in CHB above neutral levels.

Relative to CHB, selection has a much more dramatic impact on
theheterozygosity of allelesin YRI (Fig. 63, 6b). Regardless of CEU fre-
quency, negative and stabilizing selection result in extremely low
heterozygosity in YRI. Even weakly selected alleles (corresponding
toNs ~ 1) have a substantially reduced heterozygosity in YRI, almost
10% lower than neutral alleles. In CHB, however, the heterozygosity
under weak selection is nearly indistinguishable from neutrality.

This suggests that selection actingon complex traits (or correlated
traits) will strongly impact polygenic score portability from CEU-like
populations to YRI-like populations. To understand the role of dem-
ography, we considered a simpler demographic model consisting of
two populations that split 2,000 generations ago and maintained a
constant population size of N, = 10,000. We computed the expected
heterozygosity in one population conditional on the other and again
found that selected alleles have reduced heterozygosity in compari-
son to neutral alleles (Supplementary Fig. S17). However, the magni-
tude of this difference is much smaller than what our theoretical
results predict for CEU and YRI. It is therefore evident that while se-
lection reduces polygenic score portability across all demographic
scenarios, certain demographic scenarios can exacerbate the im-
pacts of selection (Durvasula and Lohmueller 2021). Indeed, much
of the reduction in polygenic score portability observed in empirical
data can likely be attributed to the out-of-Africa bottleneck experi-
enced by CEU-like populations (Martin AR et al. 2019; Ding et al. 2023).

To understand this phenomenon in empirical data, we compared
the mean heterozygosity of trait-associated variants and matched
variants in CHB and YRI across each decile of UK Biobank White
British frequency. We found that trait-associated variants systemat-
ically have less heterozygosity in CHB and YRI, relative to matched
variants (Fig. 6¢, 6d; p= 9.9 x 107 CHB, p=5.0 x 10723 YRI; unpaired
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Fig. 6. Implications for polygenic score portability. a, b) Expected heterozygosity in CHB and YRI conditional on the frequency in CEU, computed with
fastDTWE. Selection coefficients range from |hs| = 5.0 x 10~>, shown in the lightest shades, to |hs| = 5.0 x 10~#, shown in the darkest shades. c, d) Mean
heterozygosity in CHB and YRI conditional on UK Biobank White British frequency decile for all trait-associated variants and matched variants. Error bars
depict the 95% confidence interval for the mean, calculated from 100 bootstrap samples, and points are jittered along the x-axis (UK Biobank White
British frequency) for better visibility. For all panels, dotted line corresponds to the heterozygosity in the conditional population.

two-sided t-test). As suggested by our theoretical results, the reduc-
tion in heterozygosity at trait-associated variants is stronger in YRI
compared to CHB. These results illustrate how differences in allele
frequencies driven by selection can contribute to the poor portability
of polygenic scores.

Discussion

We presented conditional frequency spectra as a tool for studying
selection on complex traits. The utility of conditional frequency
spectra stems from the peculiarities of GWAS: GWAS ascertainment
implicitly prioritizes variants with large minor allele frequencies and
large effect sizes, both of which are related to the strength of selec-
tion on a variant. In doing so, GWAS ascertainment obscures
much of the information one actually wants to learn from GWAS.
Here, we used conditional frequency spectra to circumvent the is-
sues caused by GWAS ascertainment to study selection on complex
traits - but conditional frequency spectra should be broadly useful
for other statistical genetics applications as well.

Our theoretical analyses of conditional frequency spectra iden-
tified robust qualitative signatures for each model of selection.
Applying this intuition to empirical data, we found significant evi-
dence for stabilizing or purifying selection acting on
trait-associated variants, but no evidence for directional selec-
tion. We note that our approach only enables us to detect sus-
tained directional selection shared by all branches in the tree.
Others have previously proposed that selection acts in divergent
directions across human populations, structuring many complex
trait phenotypes (Guo et al. 2018); our analyses cannot rule out this
possibility. However, our work does highlight that certain empir-
ical observations can be compatible with multiple models of se-
lection on complex traits. This emphasizes the benefit of
invoking explicit population genetic models: models are crucial
for interpreting what observations can or cannot tell us about se-
lection, even if inference under such models is difficult.

Though empirical conditional frequency spectra are inform-
ative about the mode of selection acting on complex traits, we
caution against using them to interpret the strength of selection.
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First, trait-associated variants represent a mixture of selection
coefficients — and moreover, trait-associated variants at inter-
mediate frequencies in the GWAS cohort are likely to represent
a different mixture of selection coefficients relative to
trait-associated variants that are rare. Second, trait-associated
variants in UK Biobank will not always tag the causal variant in
other populations. Imperfect tagging will increase the similarity
between conditional frequency spectra for trait-associated var-
iants and matched variants, such that the strength of selection
appears weaker.

Drawing quantitative conclusions about the strength of selec-
tion is also challenging because of the uncertainty in demographic
models. Given how sensitive backward transitions are to demog-
raphy, demographic misspecification can hinder the inference of
selection coefficients from conditional frequency spectra. In our
case, demographic misspecification arises from the fact that we
use 1,000 Genomes CEU to construct our theoretical predictions,
but we use variants ascertained in UK Biobank White British and
other European cohorts for our empirical analyses. These subtle
differences in allele frequency between European populations
could bias quantitative inference of selection coefficients. To ac-
count for this, one could use putatively neutral variation to infer
a demographic model relating the specific cohorts of individuals
represented in empirical conditional frequency spectra. This
demographic model could then be used to generate theoretical ex-
pectations of conditional frequency spectra and ultimately obtain
more robust estimates of selection coefficients from data. In any
case, care would need to be taken such that errors in the inferred
demographic model do not affect estimates of selection.

Finally, we examined the consequences of selection on com-
plex traits for polygenic score portability. Though it is well-known
that selection on complex traits can affect the portability of poly-
genic scores (Wang et al. 2020; Durvasula and Lohmueller 2021;
Yair and Coop 2022), our approach enables us to contrast different
models of selection, as well as understand the respective contri-
butions of demography and selection. We find that while selection
reduces portability, the out-of-Africa bottleneck and subsequent
drift likely plays an outsized role in the decreased portability
from CEU-like populations to YRI-like populations. Here, we
only modeled alleles, as opposed to traits, and so our results can-
not speak to the effects of environmental heterogeneity, different
contributions of the additive genetic component across popula-
tions, gene-gene interactions, or gene-environment interactions.
Investigating these aspects further is likely to be informative for
improving polygenic score portability across groups.

In conclusion, we characterize the conditional frequency spec-
trum under different models of selection, underscoring the value
of conditioning on GWAS ascertainment. Our work parallels re-
cent findings by Koch et al. (2024), who use the joint distribution
of effect size and allele frequency to compare likelihoods for dif-
ferent models of selection. Together, these complementary ap-
proaches paint a compelling picture of stabilizing selection
shaping the architecture of human complex traits.

Methods
Theoretical analysis of allele frequency spectra

We characterized the impact of demography and selection on the
distribution of allele frequencies across populations by treating
demography, #, and selection, s, as fixed quantities in a discrete
probability distribution over allele frequencies X. We considered
four distinct types of allele frequency distributions:

1) Forward transitions P(Xgesc = Xdesc | Xanc = Xanc; S, #): the dis-
tribution of frequencies in a descendant population, condi-
tional on the frequency in its ancestral population
Marginals P(X; = x; s, n): the marginal distribution of fre-
quencies in population k

ili) Backward transitions P(Xanc = Xanc | Xdesc = Xdesc; S, 77): the
distribution of frequencies in an ancestral population, con-
ditional on the frequency in its descendant population
Conditional frequency spectra P(X;=x;|X,=x; s, ) the

il

=

v

=

distribution of frequencies X in population j, conditional
on the frequencies in population k, where j and k share a
common ancestor.

For each branch in a particular demographic model, we obtained
forward transitions P(Xgesc = Xdesc | Xanc = Xanc; S, #7) using two dif-
ferent implementations of the Wright-Fisher model. First, we
used fastDTWF to numerically compute likelihoods under the
discrete-time Wright-Fisher model (Spence et al. 2023).
fastDTWEF is restricted to modeling demographies that are piece-
wise constant. As such, we approximated exponential population
growth by a piecewise constant model by updating the population
size every 20 generations. Second, we used forward-time SLiM si-
mulations, which are capable of modeling more flexible demogra-
phies, to obtain Monte Carlo approximations of the forward
transitions (Haller and Messer 2019). We started at an initial an-
cestral frequency Xanc and simulated forward-in-time, recording
the frequency in every downstream population in the demograph-
ic model. We then approximated the forward transition P(Xgesc =
Xdesc | Xanc = Xanc; S, #7) With the empirical distribution across repli-
cate simulations. We performed 1,000 replicates for each initial
frequency for simple two population demographic models and
2,000 replicates for the out-of-Africa demographic model (see
Modeling demography below for details). The forward transitions
generated by fastDTWF and SLiM simulations differed in that
while fastDTWF incorporates both recurrent mutations and new
mutations, our particular implementation of SLiM simulations re-
quires alleles to be segregating in the ancestral population of the
demographic model.

To compute a marginal distribution for a descendant popula-
tion, we first obtained the marginal distribution of the ancestral
population in the demographic model, P(Xanc;s, #), using
fastDTWF. Unless explicitly stated otherwise, we assumed the an-
cestral population is at mutation-selection-drift balance condi-
tioned on non-fixation of the derived allele (see Spence et al.
2023 for more details). We then computed the marginal distribu-
tion for the descendant population as follows:

P(Xgesc = Xdesc; S, 1)

= Z (P(Xdesc = Xgesc | Xanc = Xanc; S, 77)

Xanc

X P(Xanc = Xanc; S, ’7))

Using the marginal probability P(Xgesc = Xdesc; S, 1), We computed
the backward transition as follows:

P(Xanc = Xanc | Xdesc = Xdescs S» ’7)

1
= | P(X = Xane = ;S
P(Xdesc = Xgese! S, ”) ( ( desc = Xdesc | Xanc = Xanc; S, 77)

9

X P(Xanc = Xanc; S, ’7))
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Similarly, we computed a conditional frequency distribution
P(X;=x;| X}, = X; s, 1) in which populations j and k share a com-
mon ancestor:

P(X; =% | X =X; S, 1)

1
=mz (P(Xj =X | Xanc = Xanc; S, 77)

Xanc

(3)

X P(Xk =Xk | Xanc = Xanc; S, ’7) X P(Xanc = Xanc; S, ’7))

In practice, we performed these computations on frequency dis-
tributions by first aggregating allele frequencies into bins. A distri-
bution over allele frequencies is a discrete probability distribution
with 2N possible outcomes, where N is the diploid population size.
Thus, without binning frequencies, the number of computations
required for basic operations quickly becomes cumbersome.
Moreover, adjacent conditional distributions will be trivially simi-
lar (e.g. the probability distribution P(X;| X} = 10,000 counts; s, 7)
is nearly identical to the probability distribution
P(X; | X, = 10,001 counts; s, ;) (Spence et al. 2023). To account for
the fact that adjacent conditional distributions are more dissimi-
lar when alleles are close to loss or fixation, we used denser bin-
ning for allele frequencies close to 0 and 1. Specifically, we
created bins corresponding to 0 derived allele counts, 1 count, 2
counts, (2, 5] counts, (5, 10] counts, and (10, 20] counts to cover
the space of allele frequencies close to 0; and bins corresponding
to 2N counts, 2N — 1 counts, and (2N -5, 2N — 2] counts to cover
the space of allele frequencies close to 1. To cover the remaining
space of allele frequencies, we created frequency bins with a
width of 0.01. For each population this procedure generated
roughly 100 allele frequency bins, regardless of the population
size N.

Modeling demography

We relied on two different types of demographic models. First, we
considered a simple two population model consisting of one an-
cestral population and one descendant population separated by
2,000 generations. We used this model to understand how selec-
tion impacts allele frequency dynamics under different demo-
graphic conditions: equilibrium demography (i.e. constant
population size), a bottleneck (i.e. a sudden decrease in population
size), exponential population growth, and a bottleneck followed
by exponential growth. We focused on parameter values relevant
tohuman demographic history, modeling an ancestral population
size with N, = 10,000; a bottleneck of 0.1N, and 0.3N,; and an expo-
nential growth rate of 0.05% and 0.1% (Gutenkunst et al. 2009;
Jouganous et al. 2017; Ragsdale and Gravel 2019).

The second demographic model we considered was the
out-of-Africa model inferred by Jouganous et al. (2017).
Jouganous et al. (2017) inferred demographic parameters relating
three modern-day populations in the 1000 Genomes Project
(Auton et al. 2015): Han Chinese in Beijing, China (CHB); Yoruba
in Ibadan, Nigeria (YRI); and Northern Europeans from Utah
(CEU). In brief, this model consists of a common ancestor for
CHB, YRI, and CEU 4,100 generations ago, followed by a strong
out-of-Africa bottleneck and subsequent split between CHB and
CEU 1,600 generations ago. CHB experiences a modest bottleneck
after splitting from CEU, and the CHB and CEU branches both ex-
perience exponential growth following their split (Fig. 3a). Our
model only differs from that of Jouganous et al. (2017) in that we
did not model migration between branches; our probability

computations assume that populations are independent after
branching (but see Conditional frequency spectra with migration be-
low for a different approach that incorporates migration between
branches).

For all theoretical results, we report the exact frequency spec-
trum of the entire population in the demographic model (as op-
posed to an approximate frequency spectrum estimated from a
smaller sample).

Modeling selection

We considered three types of selection on alleles: negative genic
selection, positive genic selection, and stabilizing selection.
Using common notational convention, we can represent the fit-
ness of the AA genotype as 1, the Aa genotype as 1+ hs, and the
aa genotype as 1 + s, where A is the ancestral allele and a is the de-
rived allele (Gillespie 2004). Under negative genic selection, h = 0.5
and s <0. We considered three values of s: —1x107%, -5x107%,
and -1 x 1073, These values range from extremely weak (corre-
sponding to Ns ~ 1in the ancestral population) to the strongest se-
lection coefficients inferred for trait-associated variants
ascertained in complex trait GWAS (Simons et al. 2022). Under
positive genic selection, h=0.5 and s> 0. We modeled values of
sranging from +1 x 107 to +1 x 1073, analogous to negative selec-
tion. Under stabilizing selection, allele frequency dynamics re-
semble a scenario where hs<0 but s=0, such that only
heterozygotes experience a fitness cost (Robertson 1956; Walsh
and Lynch 2018). We modeled values of hs ranging from -5 x
10™* to =5 x 107>, analogous to negative selection.

Conditional frequency spectra with migration

To generate conditional frequency spectra that incorporate mi-
gration, we used moments (Jouganous et al. 2017). moments is able
to model the joint frequency spectrum between populations un-
der complex demographic scenarios (albeit with weaker selection
regimes). We obtained the joint frequency spectrum between
CEU, CHB, and YRI under the demographic model inferred by
Jouganous et al. (2017) and weak selection (Jhs| = 5.0 x 107°). As be-
fore, we used the joint frequency spectrum to compute condition-
al frequency spectra by marginalizing out one population and
conditioning on another.

Empirical analysis of trait-associated variants

We obtained trait-associated variants from published GWAS for
94 quantitative complex traits and 12 (binary) complex diseases.
For quantitative traits, we obtained a set of 18,229 variants ascer-
tained in the UK Biobank “White British” cohort with a minor allele
frequency of at least 0.01 (Simons et al. 2022) (http/www.
nealelab.is/uk-biobank). The White British cohort consists of ap-
proximately 337,000 unrelated individuals in the UK Biobank.
We restricted our analyses to this subset of the UK Biobank be-
cause our approach relies on performing GWAS in a cohort that
is relatively homogeneous and has reasonably high genetic simi-
larity to one of the populations in our out-of-Africa demographic
model. Moreover, the size of the White British cohort enables
less noisy estimation of allele frequencies.

For disease traits, we obtained a total of 1,040 variants ascer-
tained in cohorts with European ancestries using individual
case/control GWAS (Supplementary Table S1) (International IBD
Genetics Consortium (IIBDGC) et al. 2013; Michailidou et al. 2015;
De Lange et al. 2017; Scott et al. 2017; Pardifias et al. 2018;
Schumacher et al. 2018; Nalls et al. 2019; Mullins et al. 2021;
Aragam et al. 2022; Bellenguez et al. 2022; Ishigaki et al. 2022;
Demontis et al. 2023). Paralleling our quantitative trait analyses,
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we filtered out variants with a minor allele frequency less than
0.01 in the UK Biobank White British.

For each trait-associated variant, we generated a set of
“matched variants” that share similar properties. We started
with approximately 11million (imputed) variants in the UK
Biobank that are not found to be trait-associated in our GWAS da-
tasets. For a given trait-associated variant, we identified matched
variants by selecting for two different criteria. First, we matched
on the derived allele frequency in the UK Biobank White British.
To compute derived allele frequencies, we obtained the ancestral
allele state inferred by Auton et al. (2015) and stored in the
Ensembl variation database for all trait-associated variants and
all other imputed variants in the UK Biobank (Martin FJ et al.
2023). Briefly, Auton et al. (2015) identified ancestral allele states
using a multiple genome alignment between human, chimp,
orangutan, and rhesus macaque to infer ancestral sequences
and annotate ancestral allele states. We matched on UK
Biobank White British derived allele frequency by binning con-
tinuous frequencies into 100 evenly spaced bins between 0 and
1; two derived allele frequencies were deemed to match if they be-
longed to the same bin.

Second, we matched variants on their B-value, a background
selection statistic (Murphy et al. 2022). Background selection im-
pacts allele frequency spectra by decreasing genetic diversity,
and varies throughout the genome as a function of recombination
rate, gene density, and other genomic features. Thus, matching on
B-values accounts for differences in allele frequency spectra be-
tween trait-associated variants and matched variants that arise
due to varying levels of background selection throughout the gen-
ome. We matched on B-value by binning the B-values for the 11
million variants imputed by UKB into 15 quantiles; two B-values
were deemed to match if they belonged to the same bin. We dis-
carded trait-associated variants with fewer than 500 matched var-
iants, generating an average of 11,547 matched variants for each
trait-associated variant.

We generated empirical conditional frequency spectra for both
trait-associated variants and matched variants. We considered
two types of conditional frequency spectra: the distribution of fre-
quencies in CHB (Han Chinese from Beijing, China) conditional on
the frequency in UK Biobank White British, and the distribution of
frequencies in YRI (Yoruba in Ibadan, Nigeria) conditional on the
frequency in UK Biobank White British. To compute allele fre-
quencies in CHB and YRI, we used 103 CHB individuals and 108
YRI individuals from 1,000 Genomes Phase 3, respectively.

To pool information across the relatively small number of
trait-associated variants, we split them into ten deciles based on
their frequency in UK Biobank White British. Within each UK
Biobank frequency decile, we computed the mean frequency in
CHB and YRI across all trait-associated variants in the decile.
This approximates the expectation over the conditional frequency
spectrum, E[Xcpp | Xuks] and E[Xvyr: | Xuks], for trait-associated var-
iants. We next computed the analogous quantity for matched var-
iants by aggregating across the matched variants for each
trait-associated variant in a particular UK Biobank frequency de-
cile. To compute the 95% confidence interval for the mean(s), we
separately bootstrapped over trait-associated and matched var-
iants, and reported the 0.025 and 0.975quantiles across 100
replicates.

To test for selection, we compared trait-associated and
matched variants by performing an unpaired two-sided t-test
for unequal sample variances within each UK Biobank frequency
decile. We combined p-values across deciles using Fisher’s
method.

To specifically test for directional selection, we split
trait-associated variants into two groups based on the sign of their
effect (i.e. trait-increasing and trait-decreasing). For each group,
we tested the alternative hypothesis that trait-associated variants
have a lower frequency in YRI and CHB relative to matched var-
iants by performing an unpaired one-sided t-test for unequal sam-
ple variances within each UK Biobank frequency decile. We again
combined p-values across deciles using Fisher's method. When
the null hypothesis was rejected for both trait-increasing and
trait-decreasing variants, we interpreted this as evidence against
directional selection.

Analysis of imperfect tagging

We aimed to understand the probability that a trait-associated
variant accurately tags the “correct” allele at the true causal vari-
ant-in other words, the probability that derived alleles at a pair of
linked variants are positively correlated. Using msprime
(Baumdicker et al. 2022), we performed coalescent simulations
for 100 diploid individuals. Specifically, we simulated 100,000 co-
alescent trees with exactly two mutations. For each tree, we cal-
culated the linkage disequilibrium (LD) between the pair of
mutations as the squared correlation coefficient of their geno-
types. We then computed the probability that derived alleles are
linked at pairs of mutations meeting various LD thresholds.

Data availability

Conditional frequency spectra and other allele frequency distri-
butions can be found at https:/github.com/roshnipatel/
conditional-frequency-spectra, along with code for performing
computations on frequency distributions and analyzing empirical
data. Supplemental material available at GENETICS online.
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