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RsZmcZqc fdmnld/vhcd ZrrnbhZshnm rstchdr —FVüR( Zmc qZqd uZqhZms atqcdm sdrsr Zqd drrdmshZk
snnkr enq hcdmshexhmf sqZhs/qdkduZms fdmdr0 üksgntfg sgdrd ldsgncr Zqd bnmbdostZkkx rhlhkZq:
vd rgnv ax ZmZkxyhmf ZrrnbhZshnm rstchdr ne 198 ptZmshsZshud sqZhsr hm sgd TJ AhnaZmj sgZs
sgdx rxrsdlZshbZkkx oqhnqhshyd cheedqdms fdmdr0 Sghr qZhrdr sgd ptdrshnm ne gnv fdmdr rgntkc
hcdZkkx ad oqhnqhshydc0 Vd oqnonrd svn oqhnqhshyZshnm bqhsdqhZ. fl( sqZhs hlonqsZmbd – gnv ltbg
Z fdmd ptZmshsZshudkx Zeedbsr Z sqZhs, Zmc 1( sqZhs rodbhzbhsx – Z fdmd+r hlonqsZmbd enq sgd sqZhs
tmcdq rstcx qdkZshud sn hsr hlonqsZmbd Zbqnrr Zkk sqZhsr0 Vd zmc sgZs FVüR oqhnqhshyd fdmdr
mdZq sqZhs/rodbhzb uWqhWmsr: vghkd atqcdm sdrsr oqhnqhshyd sqZhs/rodbhzb fdmdr0 AdbZtrd mnm/bnchmf
uZqhZmsr bZm ad bnmsdws rodbhzb: FVüR bZm oqhnqhshyd ghfgkx okdhnsqnohb fdmdr: vghkd atqcdm
sdrsr fdmdqZkkx bZmmns0 Ansg rstcx cdrhfmr Zqd Zkrn Zeedbsdc ax chrshmbs sqZhs/hqqdkduZms eZbsnqr:
bnlokhbZshmf sgdhq hmsdqoqdsZshnm0 Ntq qdrtksr hkktrsqZsd sgZs atqcdm sdrsr Zmc FVüR qdudZk
cheedqdms Zrodbsr ne sqZhs ahnknfx Zmc rtffdrs vZxr sn hloqnud sgdhq hmsdqoqdsZshnm Zmc trZfd0
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Hmsqnctbshnm

ü bdmsqZk fnZk ne gtlZm fdmdshbr hr sn hcdmshex vghbg fdmdr Zeedbs sqZhsr Zmc chrdZrd qhrj Zmc sn
vgZs dwsdms0 Sghr hr drrdmshZk enq Zccqdrrhmf etmcZldmsZk ptdrshnmr rtbg Zr. VgZs ahnknfhbZk
oqnbdrrdr tmcdqkhd sqZhs uZqhZshnm! Vghbg fdmdr Zmc oZsgvZxr Zqd lnrs bqhshbZk enq tmcdqrsZmchmf
sgnrd oqnbdrrdr! Vghbg fdmdr bntkc rdqud Zr onsdmshZk sgdqZodtshb sZqfdsr!

Vghkd lZmx sdbgmhptdr dwhrs sn rstcx fdmd etmbshnm hm lncdk rxrsdlr nq hm uhsqn —d0f0: )fl-2[(:
sgd rstcx ne nqfZmhrl/kdudk sqZhsr hm gtlZmr kZqfdkx qdkhdr nm mZstqZkkx nbbtqqhmf fdmdshb uZqhZshnm:
oqhlZqhkx sgqntfg fdmnld/vhcd ZrrnbhZshnm rstchdr —FVüR( )3[0

FVüR gZud addm cddokx hmenqlZshud Zants sgd fdmdshb aZrhr ne bnlokdw sqZhsr: eqnl tmbnudq/
hmf ZbshnmZakd cqtf sZqfdsr )4[ sn hcdmshexhmf sqZhs/qdkduZms bdkk sxodr Zmc oqnfqZlr )5-8[0 Gnv/
dudq: hs qdlZhmr tmbkdZq gnv adrs sn dwsqZbs ahnknfhbZk hmrhfgs eqnl FVüR qdrtksr0 Ehqrs: FVüR cn
mns chqdbskx ohmonhms qdkduZms fdmdr: Zr lnrs ZrrnbhZsdc uZqhZmsr Zqd mnm/bnchmf )fl9[0 Lnqdnudq: Z
rtqoqhrhmfkx kZqfd eqZbshnm ne sgd fdmnld bnmsqhatsdr sn sgd gdqhsZahkhsx ne lZmx sqZhsr )flfl-fl2[: Zmc
ZrrnbhZsdc uZqhZmsr nesdm bZmmns ad lZoodc sn fdmdr vhsg bkdZq ogdmnsxohb qdkduZmbd0

Qdbdmskx: kZqfd vgnkd/dwnld Zmc vgnkd/fdmnld rdptdmbhmf cZsZrdsr gZud dmZakdc sgd chqdbs
rstcx ne fdmdr sgqntfg qZqd oqnsdhm/bnchmf uZqhZmsr: vghbg gZud sxohbZkkx addm dwbktcdc nq tm/
cdqonvdqdc hm FVüR )fl3[0 Sn annrs rsZshrshbZk onvdq: sgdrd uZqhZmsr Zqd ZmZkxydc trhmf atqcdm
sdrsr )fl4:fl5[0 Atqcdm sdrsr ZffqdfZsd uZqhZmsr – sxohbZkkx knrr/ne/etmbshnm —KnE( uZqhZmsr – vhsghm
Z fdmd sn bqdZsd Z ”atqcdm fdmnsxod;: vghbg hr sgdm sdrsdc fdmd/ax/fdmd enq ZrrnbhZshnm vhsg ogd/
mnsxodr0 Sghr hr rhlhkZq sn bnllnm/uZqhZms FVüR ats enbtrdc nm qZqd uZqhZmsr bnkkZordc Zs sgd
fdmd kdudk0

Cdrohsd sghr bnmbdostZk rhlhkZqhsx: qdbdms vnqj gZr entmc ZmdbcnsZkkx sgZs KnE atqcdm sdrsr
Zmc FVüR chrbnudq chrshmbs fdmdr: sgntfg vhsg rnld nudqkZo )fl6: fl7[0 Hm Z rxrsdlZshb ZmZkxrhr:
Vdhmdq ds Wk0 entmc sgZs atqcdm sdrsr ZoodZq kdrr onkxfdmhb Zmc sdmc sn oqhnqhshyd fdmdr sgZs Zqd
rddlhmfkx lnqd bknrdkx qdkZsdc sn sqZhs ahnknfx )fl8[0

Sn adssdq tmcdqrsZmc sgdrd cheedqdmbdr: vd ZmZkxydc sgd qdrtksr ne FVüR Zmc KnE atqcdm sdrsr
enq 198 ptZmshsZshud sqZhsr hm sgd TJ AhnaZmj )fl3: fl5: 19[0 Vd rgnv sgZs atqcdm sdrsr Zmc FVüR
oqhnqhshyd cheedqdms fdmdr: Zmc sgdrd cheedqdmbdr bZmmns ad dwokZhmdc ax cheedqdmbdr hm onvdq nq
bgZkkdmfdr hm khmjhmf FVüR uZqhZmsr sn fdmdr0

Sgd chrbqdoZmbx adsvddm FVüR Zmc KnE atqcdm sdrsr qZhrdr sgnqmx ptdrshnmr0 Ax vgZs bqhsd/
qhZ cndr dZbg oqhnqhshyd fdmdr: Zmc gnv cn sgdrd qdkZsd sn sgd tmcdqkxhmf ahnknfx! Vghbg ldsgnc
hr lnqd qdkduZms enq tmcdqrsZmchmf sqZhs ahnknfx! Vghbg hr adssdq rthsdc enq cnvmrsqdZl ZookhbZ/
shnmr: rtbg Zr cqtf sZqfds chrbnudqx!

Vd ZmZkxyd ZrrnbhZshnm rstcx qdrtksr Zmc trd onotkZshnm fdmdshbr lncdkr sn Zccqdrr sgdrd
ptdrshnmr0 Ntq qdrtksr rgnv sgZs atqcdm sdrsr sdmc sn oqhnqhshyd sqZhs/rodbhzb fdmdr – sgnrd oqh/
lZqhkx Zeedbshmf sgd rstchdc sqZhs vhsg khsskd deedbs nm nsgdq sqZhsr – vghkd FVüR Zkrn bZostqd lnqd
okdhnsqnohb fdmdr nesdm lhrrdc ax atqcdm sdrsr0 ücchshnmZkkx: vd ghfgkhfgs sgd hloZbs ne sqZhs/
hqqdkduZms eZbsnqr nm chrbnudqx: rtbg Zr fdmd kdmfsg Zmc qZmcnl fdmdshb cqhes0 TkshlZsdkx: FVüR
Zmc KnE atqcdm sdrsr qdudZk chrshmbs ats bnlokdldmsZqx Zrodbsr ne sqZhs ahnknfx: vhsg hlonqsZms
hlokhbZshnmr enq hmsdqoqdshmf Zmc trhmf ZrrnbhZshnm rstchdr0
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Pdrtksr

InE atqcdm sdrsr Wmc FV�R oqhnqhshyd cheedqdms fdmdr

FVüR Zmc KnE atqcdm sdrsr Zqd bnmbdostZkkx rhlhkZq —Ehftqd fl�:A(: ats oqduhntr rstchdr gZud
ghfgkhfgsdc jdx cheedqdmbdr hm sgdhq zmchmfr )fl8[0 Sn lnqd sgnqntfgkx ptZmshex gnv bnmbnqcZms
sgdrd ldsgncr Zqd hm oqhnqhshyhmf fdmdr Zmc fdmnlhb knbh aZrdc nm o/uZktdr: vd rxrsdlZshbZkkx
bnloZqdc FVüR Zmc KnE atqcdm sdrs qdrtksr enq 198 ptZmshsZshud sqZhsr eqnl sgd TJ AhnaZmj )fl5[
—Ldsgncr(0

Hm oqhmbhokd: chrbnqcZmbd adsvddm FVüR Zmc KnE atqcdm sdrs qdrtksr bntkc ad cqhudm ax sdbg/
mhbZk ZqsheZbsr0 Sgd bZtrZk fdmdr cqhuhmf FVüR ghsr Zqd trtZkkx tmjmnvm: Zmc dqqnqr hm khmjhmf
ghsr sn fdmdr bntkc qdctbd sgd nudqkZo adsvddm fdmdr oqhnqhshydc ax sgd svn rstcx cdrhfmr0 üc/
chshnmZkkx: KnE atqcdm sdrsr sxohbZkkx chrbnudq edvdq fdmdr sgZm FVüR0 Gdmbd: rnld chrbnqcZmbd
bntkc onsdmshZkkx ad cqhudm ax cheedqdmbdr hm onvdq0

Sn lhmhlhyd sgdrd sdbgmhbZk deedbsr: vd lZwhlhydc nudqkZo vgdmdudq onrrhakd Zmc bnmsqnkkdc
enq onvdq0 Vd cdzmdc FVüR knbh ax sZjhmf Z flLa vhmcnv Zqntmc dZbg fdmnld/vhcd rhfmhzbZms
FVüR ghs Zmc ldqfhmf nudqkZoohmf vhmcnvr0 Vd nqcdqdc sgdrd knbh ax sgd lhmhltl FVüR
o/uZktd vhsghm sgd knbtr: Zmc bnmrhcdqdc rtezbhdmskx rhfmhzbZms knbh ”sno FVüR knbh;: vhsg sgd
rhfmhzbZmbd sgqdrgnkc bgnrdm rn sgZs sgdqd vdqd Zm dptZk mtladq ne sno FVüR knbh Zmc fdmnld/
vhcd rhfmhzbZms KnE atqcdm sdrs fdmdr0 übqnrr sqZhsr vd entmc sgZs nmkx 15’ ne rhfmhzbZms KnE
atqcdm fdmdr —379 nts ne fl741( Zqd bnmsZhmdc hm Z sno FVüR knbtr —Ehftqd flB: RtookdldmsZqx
Ehftqd Rfl: Ldsgncr(0

Ehftqd flC rgnvr sgd lhmhltl KnE atqcdm sdrs Zmc FVüR o/uZktdr enq sgd 271 fdmnld/vhcd
rhfmhzbZms FVüR knbh enq gdhfgs0 Sgd qdrtksr ne sgd svn rstcx cdrhfmr Zqd rnldvgZs bnmbnqcZms
—RodZqlZm+r ρ + 9035(: rtffdrshmf sgZs sgdx Zqd mns tmbnudqhmf snsZkkx chroZqZsd Zwdr ne ahnknfx0
Xds: sgdqd hr khsskd nudqkZo hm sgd sno ghsr: vhsg lZmx rhfmhzbZms FVüR knbh mns bnmsZhmhmf Z rhmfkd
rhfmhzbZms atqcdm fdmd0 Sghr oZssdqm hr mns tmhptd sn gdhfgs —RtookdldmsZqx Ehftqdr R1 Zmc R2(:
Zmc sgdrd qdrtksr Zqd qnatrs sn gnv vd oZqshshnm sgd fdmnld hmsn knbh nq he vd knnj Zs rhfmZkr hm KC
aknbjr hmrsdZc ne FVüR knbh —RtookdldmsZqx Ehftqdr R3-R6(0

Sn etqsgdq dwoknqd sghr kZbj ne nudqkZo: vd bnmrhcdqdc svn dwZlokdr ne chrbnqcZmskx qZmjdc
knbh0 Ehftqd flD rgnvr sgdMOQ1 knbtr0 MOQ1 hr sgd rdbnmc lnrs rhfmhzbZms fdmd hm sgd KnE atqcdm
sdrsr: ats hs hr bnmsZhmdc hm sgd 132qc lnrs rhfmhzbZms FVüR knbtr0 SgZs sghr knbtr hr rhfmhzbZms
hm ansg ZrrnbhZshnm sdrsr hr mns rtqoqhrhmf. ltsZshnmr hm MOQ1 gZud addm khmjdc sn rgnqs rsZstqd hm
gtlZmr Zmc lhbd )1fl-15[0 Xds: gtmcqdcr ne knbh Zqd lnqd rsqnmfkx oqhnqhshydc ax FVüR: hmbktchmf
sgd GGHO knbtr —Ehftqd flE(0 Sgd GGHO knbtr gZr mtldqntr tmbnqqdkZsdc FVüR ghsr —q1 • 90fl(
vhsg o/uZktdr Zr rlZkk Zr fl9�fl740 GGHO hr Z ahnknfhbZkkx rdmrhakd ghs enq gdhfgs )16[ Zr GGHO gZr
addm hlokhbZsdc hm nrsdnfdmdrhr )17[: Zmc hmsdqZbsr vhsg sgqdd cheedqdms gdcfdgnf oqnsdhmr )18:29[:
vghbg Zqd hmunkudc hm ancx oZssdqmhmf Zmc khla enqlZshnm )2fl[0 Mnmdsgdkdrr: sgdqd hr drrdmshZkkx
mn atqcdm rhfmZk enq GGHO nq Zmx ne sgd nsgdq fdmdr hm sgd knbtr0 Sgdrd cheedqdmbdr lnshuZsdc tr
sn dwoknqd vgx FVüR Zmc KnE atqcdm sdrsr lhfgs qZmj knbh rn cheedqdmskx0
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Ehftqd fl. FV�R Wmc InE atqcdm sdrsr oqhnqhshyd cheedqdms knbh0
RbgdlWshbr ne �( FV�R Wmc A( KnE atqcdm sdrsr0 B( AWq bgWqsr ne fdmnld/vhcd rhfmhzbWms KnE atqcdm sdrs fdmdr:
rokhs ax vgdsgdq nq mns sgd fdmd nudqkWor W sno FV�R knbtr0 C( Lhmhltl KnE atqcdm sdrs o/uWktdr enq Wmx fdmdr
nudqkWoohmf W fdmnld/vhcd rhfmhzbWms FV�R knbtr oknssdc WfWhmrs sgd lhmhltl FV�R o/uWktd vhsghm sgd knbtr0
D( Sgd fdmnlhb qdfhnm rtqqntmchmf MOQ10 Sno oWmdk. FV�R o/uWktdr ne WooqnwhlWsdkx hmcdodmcdms fdmnld/vhcd
rhfmhzbWms FV�R ghsr0 Anssnl oWmdk. knbWshnm ne fdmdr bnknqdc ax KnE atqcdm sdrs o/uWktdr0 E( RhlhkWq sn D enq sgd
fdmnlhb qdfhnm rtqqntmchmf GGHO0
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Gnv rgntkc fdmdr ad oqhnqhshydc,

Fhudm sgd dwsdmrhud cheedqdmbdr hm gnv FVüR Zmc KnE atqcdm sdrsr qZmj fdmdr: vd Zqd eZbdc vhsg
Zm tmcdqdwoknqdc ptdrshnm. he vd bntkc oqdbhrdkx ldZrtqd Zmx onrrhakd ptZmshsx ne hmsdqdrs enq
dZbg fdmd: vgZs oqnodqshdr vntkc lZjd tr vZms sn qZmj nmd fdmd ghfgdq sgZm Zmnsgdq enq Z fhudm
sqZhs! SgZs hr: gnv rgntkc fdmdr hcdZkkx ad oqhnqhshydc!

Vd oqnonrd svn chrshmbs oqnodqshdr ax vghbg nmd lZx vhrg sn oqhnqhshyd fdmdr. sqWhs hlonq/
sWmbd Zmc sqWhs rodbhzbhsx0 HlZfhmd Z fdmd sgZs hr nmkx dwoqdrrdc hm cdudknohmf anmdr Zmc vgnrd
chrqtoshnm qdrtksr hm rgnqsdq rsZstqd ats gZr lhmhlZk deedbsr nm nsgdq sqZhsr —Ehftqd 1�(0 Hm rnld
rdmrd sghr hr Z pthmsdrrdmshZk ”gdhfgs fdmd;: Zmc vd lhfgs vZms sghr fdmd sn ad ghfgkx qZmjdc hm
ZrrnbhZshnm rstchdr0 Nm sgd nsgdq gZmc: bnmrhcdq Z aqnZckx dwoqdrrdc sqZmrbqhoshnm eZbsnq vgnrd
chrqtoshnm qdrtksr hm Zm dudm fqdZsdq qdctbshnm ne gdhfgs: ats Zkrn chrqtosr sgd mnqlZk etmbshnmhmf
ne mtldqntr nqfZm rxrsdlr0 Sghr hr kdrr nauhntrkx Z ”gdhfgs fdmd;: ats hs gZr Z kZqfdq hloZbs nm
gdhfgs sgZm sgd zqrs fdmd0 Vd cdzmd sqZhs rodbhzbhsx Zmc sqZhs hlonqsZmbd rtbg sgZs sgd zqrs fdmd
gZr ghfgdq sqZhs rodbhzbhsx: ats sgd rdbnmc fdmd gZr ghfgdq sqZhs hlonqsZmbd0

EnqlZkkx: vd cdzmd sgd sqZhs hlonqsZmbd ne Z uZqhZms Zr hsr rptZqdc deedbs nm sgd sqZhs ne hmsdqdrs:
bnmrhcdqhmf ghfg/hloZbs uZqhZmsr hlonqsZms qdfZqckdrr ne sgd chqdbshnm ne sgdhq deedbs0 Vd cdzmd
sgd sqZhs hlonqsZmbd ne Z fdmd Zr sgd sqZhs hlonqsZmbd ne KnEr hm sgZs fdmd0 Sgqntfgnts: vd trd αs sn
qdedq sn sgd deedbs rhyd ne Z uZqhZms nm sqZhs s: Zmc γs sn qdedq sn sgd KnE atqcdm deedbs rhyd ne Z fdmd:
rn sqZhs hlonqsZmbd enq sqZhs fl vntkc ad α1fl Zmc γ1fl enq uZqhZmsr Zmc fdmdr qdrodbshudkx0 Sgqntfgnts
vd vhkk ZkvZxr sZjd sgd sqZhs tmcdq rstcx sn ad sqZhs fl0

SqZhs rodbhzbhsx hr sgdm cdzmdc Zr hlonqsZmbd enq sgd sqZhs ne hmsdqdrs qdkZshud sn hlonqsZmbd
Zbqnrr Zkk zsmdrr/qdkduZms sqZhsr ldZrtqdc hm sgd ZooqnoqhZsd tmhsr —Ehftqd 1A(0 Vd cdmnsd sqZhs
rodbhzbhsx ax ΨU .+ α1fl?∑s α

1
s enq uZqhZmsr Zmc ΨF .+ γ1fl?∑s γ

1
s enq fdmdr0 Rdd üoodmchw ü enq

lnqd cdsZhkr0 HcdZkkx: ZrrnbhZshnm rstchdr vntkc oqhnqhshyd fdmdr aZrdc nm sqZhs hlonqsZmbd: sqZhs
rodbhzbhsx: nq rnld bnlahmZshnm ne sgd svn0

Atqcdm sdrsr oqhnqhshyd sqWhs?rodbhzb fdmdr

Sn cdsdqlhmd gnv KnE atqcdm sdrsr oqhnqhshyd fdmdr: vd ZmZkxydc onotkZshnm fdmdshbr lncdkr ne
ZrrnbhZshnm rstchdr —üoodmchw ü(0 Ntq ZmZkxrhr qdudZkdc sgZs KnE atqcdm sdrsr oqhnqhshyd fdmdr hm
oZqs ax sgdhq sqZhs rodbhzbhsx: Zmc mns ax hlonqsZmbd —Ehftqd 2�(0 Vd aqhdfix ntskhmd sgd Zqftldms
gdqd0

Hm Zm KnE atqcdm sdrs: sgd rsqdmfsg ne ZrrnbhZshnm: y1: enq Z fdmd cdodmcr nm ansg hsr sqZhs hl/
onqsZmbd: γ1fl: Zmc sgd ZffqdfZsd eqdptdmbx ne KnEr: oKnE: vhsg sgd dwodbsdc rsqdmfsg ne ZrrnbhZshnm
adhmf oqnonqshnmZk sn γ1floKnE�fl� oKnE(0

MZstqZk rdkdbshnm Zbsr sn jddo KnEr qZqd. enq rtezbhdmskx rsqnmf rdkdbshnm: oKnE�fl � oKnE( hr
oqnonqshnmZk sn µK?rgds: vgdqd µ hr sgd odq/aZrd ltsZshnm qZsd: K hr sgd mtladq ne rhsdr vgdqd Zm
KnE bntkc nbbtq: Zmc rgds hr sgd rsqdmfsg ne rdkdbshnm hm gdsdqnyxfnsdr )21[0 ür dwodbsdc: sgdqd hr
Z rsqnmf mdfZshud qdkZshnmrgho adsvddm qdbdmskx hmedqqdc drshlZsdr ne rgds )22[ Zmc sgd ZudqZfd ne
oKnE Zbqnrr fdmdr vhsghm rgds ahmr —Ehftqd 2A: RtookdldmsZqx Ehftqd R7(0

Etqsgdqlnqd: lZmx bnlokdw sqZhsr Zqd sgntfgs sn ad tmcdq rsZahkhyhmf rdkdbshnm )23-26[0 Bqt/
bhZkkx: sghr oqdchbsr Z bnmmdbshnm adsvddm rgds Zmc snsZk sqZhs deedbsr0 RodbhzbZkkx: rgds ≈ ∑s γ

1
s : vgdqd
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B Trait importance and trait specificity
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∑s γ

1
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Trait importance
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Ehftqd 1. Gnv rgntkc fdmdr ad oqhnqhshydc,
�( � bWqsnnm ne svn fdmdr sgWs Weedbs W sqWhs tmcdq rstcx0 Vhcsgr ne Wqqnvr qdoqdrdms qdkWshud deedbs rhydr0 Fdmd fl hr
lnqd sqWhs rodbhzb ats Fdmd 1 hr lnqd sqWhs hlonqsWms0 A( EnqlWk cdzmhshnmr ne sqWhs hlonqsWmbd Wmc sqWhs rodbhzbhsx
enq fdmdr hm sgd bnmsdws ne KnE atqcdm sdrsr0 Sgd deedbs ne Wm KnE hm sgd fdmd nm sqWhs s hr γs: vhsg sqWhs fl adhmf sgd
rstcx sqWhs0 Vd cdzmd sqWhs hlonqsWmbd Wr γ1fl Wmc sqWhs rodbhzbhsx Wr γ

1
fl?∑s γ

1
s 0

∑s γ
1
s hr sgd rtl ne sqZhs hlonqsZmbdr Zbqnrr Zkk zsmdrr qdkduZms sqZhsr ldZrtqdc hm ZooqnoqhZsd tmhsr

—üoodmchw ü(0 Sn sdrs sghr oqdchbshnm: vd bnlotsdc tmahZrdc drshlZsdr ne sqZhs hlonqsZmbd eqnl
KnE atqcdm sdrs qdrtksr enq 16 fdmdshbZkkx tmbnqqdkZsdc sqZhsr —Ldsgncr(0 Sgd ZudqZfd sqZhs hlonq/
sZmbd Zbqnrr sgdrd sqZhsr rgnvr Z rsqnmf onrhshud qdkZshnmrgho vhsg rgds Zr oqdchbsdc ax ntq lncdk
—Ehftqd 2B(0

Bnlahmhmf sgdrd qdrtksr: vd rdd sgZs sgd rsqdmfsg ne ZrrnbhZshnm hm KnE atqcdm sdrsr hr oqn/
onqshnmZk sn γ1fl?∑s γ

1
s —Ehftqd 2�(0 Sghr hr dwZbskx ntq cdzmhshnm ne ΨF: sgd sqZhs rodbhzbhsx ne Z

fdmd0

ü jdx hlokhbZshnm ne sghr qdrtks hr sgZs KnE atqcdm sdrsr cn mns oqhnqhshyd fdmdr aZrdc nm sqZhs
hlonqsZmbd0 Sgd lnrs sqZhs/hlonqsZms fdmdr vhkk nesdm ad sgd lnrs bnmrsqZhmdc Zmc gZud sgd
rlZkkdrs eqdptdmbhdr —Zmc gdmbd kZqfdrs rsZmcZqc dqqnqr(: Zm deedbs oqduhntrkx qdedqqdc sn Zr fiZs/
sdmhmf )27:28[0 Hmcddc: Ehftqd 2C rgnvr sgZs: enq fdmdr vhsg rtezbhdmskx kZqfd deedbsr: sgd rsqdmfsg
ne ZrrnbhZshnm —y1 .+ �γfl?RD�γfl((1( hr bnlokdsdkx cdbntokdc eqnl sqZhs hlonqsZmbd hm sgd TJA KnE
atqcdm sdrsr0

HmrsdZc: ntq sgdnqx oqdchbsr sgZs KnE atqcdm sdrsr oqhnqhshyd fdmdr ax sgdhq sqZhs rodbhzbhsx: ΨF0
Sn bnmzql sghr oqdchbshnm: vd vntkc hcdZkkx bnloZqd rsqdmfsg ne ZrrnbhZshnm sn Zm hmcdodmcdms
ldZrtqd ne ΨF0 Hs hr chezbtks sn chqdbskx drshlZsd ΨF hmcdodmcdmskx ne ntq sgdnqx Zr hs cdodmcr
nm sgd tmjmnvm sqtd sqZhs hlonqsZmbdr0 HmrsdZc vd trd gnv rodbhzbZkkx/dwoqdrrdc Z fdmd hr Zr
Z oqnwx0 Ntq hmsthshnm hr sgZs fdmdr dwoqdrrdc oqdcnlhmZmskx hm Z sqZhs/qdkduZms shrrtd Zqd lnqd
khjdkx sn ad sqZhs rodbhzb sgZm aqnZckx/dwoqdrrdc fdmdr0

Sn dwoknqd sghr: vd rdkdbsdc 8 sqZhsr enq vghbg Zs kdZrs 39’ ne gdqhsZahkhsx vZr ZssqhatsZakd sn
Z rhmfkd shrrtd hm sgd BgHO üskZr )39[0 Enq dZbg sqZhs: vd enbtrdc nm fdmdr dwoqdrrdc hm sgd sno
lZsbgdc shrrtd Zmc rsqZshzdc sgdl hmsn pthmshkdr ne dwoqdrrhnm rodbhzbhsx: cdsdqlhmdc ax sgdhq
dwoqdrrhnm kdudk hm sgd enbZk shrrtd qdkZshud sn sgd ZudqZfd Zbqnrr Zkk sgd shrrtdr vd ZmZkxydc hm sgd
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Ehftqd 2. Atqcdm sdrsr oqhnqhshyd sqWhs?rodbhzb fdmdr. mns kWqfd?deedbs fdmdr0
�( RtllWqx ne ntq qdrtks sgWs atqcdm sdrsr oqhnqhshyd fdmdr ax sqWhs rodbhzbhsx0 µ hr sgd odq/rhsd ltsWshnm qWsd: K
sgd mtladq ne onsdmshWk KnE onrhshnmr: Wmc rgds sgd rsqdmfsg ne rdkdbshnm WfWhmrs gdsdqnyxfntr KnE bWqqhdqr0 A( Fdmdr
vdqd ahmmdc ax Wm drshlWsd ne rgds )22[ vhsg WooqnwhlWsdkx fl73 fdmdr odq ahm0 �ffqdfWsd KnE eqdptdmbhdr vdqd sgdm
WudqWfdc Wbqnrr fdmdr vhsghm dWbg ahm0 Sgd sqdmc khmd vWr zs trhmf KNDRR0 B( RhlhkWq sn A: ats WudqWfhmf nudq Wm
tmahWrdc drshlWsd ne sgd ldWm ne γ1s Wbqnrr sqWhsr0 C( Fdmdr vdqd ahmmdc Wr hm A: Wmc sgd ldWm ne rptWqdc y/rbnqdr: y

1:
Wbqnrr sqWhsr vWr oknssdc WfWhmrs sgd WudqWfd ne Wm tmahWrdc drshlWsd ne sgd ldWm ne γ1s Wbqnrr sqWhsr0 Onhmsr Wqd bnknqdc
ax sgd ldWm rgds vhsghm sgd ahm Wmc sgd sqdmc khmd vWr zs trhmf KNDRR0 D( PtWmshkd/ptWmshkd okns ne KnE atqcdm
sdrs o/uWktdr Wbqnrr 8 sqWhs/shrrtd oWhqr0 Fdmdr vdqd rsqWshzdc enq dWbg sqWhs/shrrtd oWhq aWrdc nm sgd rodbhzbhsx ne sgdhq
dwoqdrrhnm sn sgd sqWhs/qdkduWms shrrtd0 Sgd x/Wwhr gWr addm mnm/khmdWqkx sqWmrenqldc0

6

.CC-BY 4.0 International licenseavailable under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprintthis version posted December 16, 2024.;https://doi.org/10.1101/2024.12.12.628073doi:bioRxiv preprint



GtlZm Oqnsdhm üskZr —Ldsgncr( )3fl[0

Trhmf qdrtksr eqnl sgd KnE atqcdm sdrsr enq sgdrd 8 sqZhs/shrrtd oZhqr: vd bnmrsqtbsdc Z ptZmshkd/
ptZmshkd okns —Ehftqd 2D(0 Bnmrhrsdms vhsg ntq hmsthshnm: vd nardqudc rtarsZmshZkkx rsqnmfdq rhfmZkr
hm sgd lnrs rodbhzb dwoqdrrhnm ahmr0 Vd Zkrn nardqudc sgZs lZmx ne sgd sno ghsr Zqd okZtrhakx pthsd
sqZhs rodbhzb —Ehftqd 2D(0 Vd entmc bnmbnqcZms qdrtksr hm Z qdfqdrrhnm lncdk sgZs oqdchbsr KnE atq/
cdm y1 eqnl dwoqdrrhnm rodbhzbhsx dudm Zesdq bnmsqnkkhmf enq cheedqdmbdr hm deedbs rhydr —Rtookdldm/
sZqx Ehftqd R8(0

FV�R oqhnqhshyd sqWhs?rodbhzb uWqhWmsr

Vd mdws stqmdc sn tmcdqrsZmchmf gnv FVüR oqhnqhshydr fdmdr0 Hm bnmsqZrs sn KnE atqcdm sdrsr:
FVüR Zqd odqenqldc Zs sgd uZqhZms kdudk: Zmc rn vd bnmrhcdq vgZs bZtrdr Z uZqhZms sn ad qZmjdc
ghfgkx0 Enkknvhmf sgd rZld Zqftldms Zr Zanud qdudZkr sgZs sgd dwodbsdc rsqdmfsg ne ZrrnbhZshnm
hr oqnonqshnmZk sn α1fl?∑s α

1
s : sgd sqZhs hlonqsZmbd ne sgd uZqhZms enq sgd sqZhs tmcdq rstcx qdkZshud

sn sgd snsZk sqZhs hlonqsZmbd ne sgd uZqhZms Zbqnrr Zkk zsmdrr/qdkduZms sqZhsr0 Sghr hr dwZbskx ΨU : sgd
sqZhs/rodbhzbhsx ne sgd uZqhZms0

Sgd eZbs sgZs FVüR oqhnqhshydr sqZhs/rodbhzb uWqhWmsr qZsgdq sgZm fdmdr gZr oqnentmc hlokh/
bZshnmr enq tmcdqrsZmchmf sgd cheedqdmbdr adsvddm FVüR Zmc KnE atqcdm sdrsr0 Hm oZqshbtkZq:
uZqhZmsr bZm ad sqZhs rodbhzb hm svn vZxr —Ehftqd 3�(. sgdx bZm dhsgdq Zeedbs Z sqZhs/rodbhzb fdmd
—d0f0: uZqhZms 2 hm Ehftqd 3�( nq Zeedbs Z okdhnsqnohb fdmd hm Z bnmsdws/rodbhzb lZmmdq —d0f0: uZqhZms
fl hm Ehftqd 3�(0 Enq dwZlokd: bnmsdws/rodbhzb uZqhZmsr lhfgs qdftkZsd dwoqdrrhnm nmkx hm sqZhs/
qdkduZms bdkk sxodr nq Zs oZqshbtkZq cdudknoldmsZk shld onhmsr: Zmc sgtr gZud sqZhs/rodbhzb deedbsr
dudm vgdm Zbshmf nm okdhnsqnohb fdmdr0 Hm üoodmchw A: vd cdudkno Z lncdk enqlZkhyhmf sgd qdkZ/
shnmrgho adsvddm ΨU : ΨF: Zmc bnmsdws/rodbhzb dwoqdrrhnm0

Sn sdrs ntq oqdchbshnmr: vd bnmrhcdqdc sgd svn vZxr sgZs uZqhZmsr bZm ad sqZhs rodbhzb Zmc trdc
R/KCRB )5: 31[ sn ptZmshex gnv gdqhsZahkhsx bgZmfdr Zknmf sgdrd Zwdr0 Sgd ZudqZfd gdqhsZahkhsx
bnmsqhatsdc ax Z rds ne uZqhZmsr hr Z oqnwx enq gnv ghfgkx sgnrd uZqhZmsr vntkc ad oqhnqhshydc ax
FVüR nm ZudqZfd0 Vd ptZmshzdc deedbsr nm gdqhsZahkhsx ax τ Zr qdonqsdc ax R/KCRB: vghbg bZm ad
hmsdqoqdsdc Zr gnv ltbg Z fhudm ZmmnsZshnm hmbqdZrdr nq cdbqdZrdr gdqhsZahkhsx0

Ehqrs: vd knnjdc hmsn vgdsgdq sgd sqZhs rodbhzbhsx ne sgd fdmd nm vghbg Z uZqhZms Zbsr Zeedbsr
FVüR oqhnqhshyZshnm enq uZqhZmsr vhsg Z fhudm bnmsdws rodbhzbhsx —lnuhmf Zknmf sgd gnqhynmsZk
Zwhr ne Ehftqd 3�(0 Sn sghr dmc: vd qdrsqhbsdc ntq ZmZkxrdr sn bnchmf uZqhZmsr Zmc ZfZhm trdc sgd
shrrtd rodbhzbhsx ne dZbg fdmd+r dwoqdrrhnm Zr Z oqnwx enq sgZs fdmd+r ΨF0 NudqZkk: uZqhZmsr Zbs/
hmf nm rodbhzbZkkx/dwoqdrrdc fdmdr Zqd lnqd khjdkx sn ad oqhnqhshydc ghfgkx ax FVüR —Ehftqd 3A:
RtookdldmsZqx Ehftqd R8(0

Vd mdws dwZlhmdc sgd hloZbs ne bnmsdws rodbhzbhsx —lnuhmf Zknmf sgd udqshbZk Zwhr ne Ehf/
tqd 3�(0 Gdqd: vd trdc mnm/bnchmf uZqhZmsr: Zmc vd Zrrtldc sgZs uZqhZmsr Zqd lnqd khjdkx sn
gZud Zm deedbs hm Z shrrtd he sgdx Zqd hm nodm bgqnlZshm hm sgZs shrrtd Zr cdsdqlhmdc ax üSüB/
rdp )39[0 Vd enbtrdc nm sgd 8 sqZhs/shrrtd oZhqr vd ZmZkxydc hm Ehftqd 2D0 Enq dZbg uZqhZms hm Zm
üSüB odZj hm sgd sno sqZhs/qdkduZms shrrtd: vd sgdm cdsdqlhmdc sgd mtladq ne ZcchshnmZk shrrtdr hm
vghbg sgd uZqhZms hr hm nodm bgqnlZshm —Ldsgncr(0 Vd bnlotsdc τ trhmf R/KCRB Zr Z etmbshnm ne
sghr üSüB odZj shrrtd rodbhzbhsx vghkd bnmsqnkkhmf enq sgd rsqdmfsg ne sgd üSüB rhfmZk —Ldsgncr(0
übqnrr Zkk sqZhsr vd rdd Z rsqnmf sqdmc ne hmbqdZrhmf gdqhsZahkhsx hm lnqd shrrtd/rodbhzb üSüB odZjr
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Ehftqd 3. FV�R oqhnqhshyd sqWhs?rodbhzb uWqhWmsr0
�( RbgdlWshb ne vgWs cdsdqlhmdr sqWhs rodbhzbhsx enq uWqhWmsr: ΨU0 ΨU hr cdsdqlhmdc ax ansg sgd sqWhs rodbhzbhsx ne
sgd fdmd sgqntfg vghbg hs Wbsr Wmc gnv sqWhs rodbhzb hs hr qdkWshud sn sgWs fdmd0 Sgqdd qdoqdrdmsWshud sxodr ne uWqhWmsr
Wqd ghfgkhfgsdc vhsg fdmd lncdkr0 Sgd fqddm uWqhWms hr mnm/bnchmf: vghkd sgd qdc uWqhWmsr Wqd bnchmf0 RgWcdc bnmsdwsr
qdoqdrdms bdkktkWq bnmsdwsr nq bdkk sxodr hm vghbg sgd fdmd Weedbsr sqWhsr0 A(GdqhsWahkhsx dmqhbgldms enq bnchmf uWqhWmsr
Wr ldWrtqdc ax R/KCRB τ Wr W etmbshnm ne dwoqdrrhnm rodbhzbhsx enq 8 sqWhs/shrrtd oWhqr0 Sgd hmudqrd uWqhWmbd/vdhfgsdc
WudqWfd ne sgd qdrtksr enq sgd hmchuhctWk sqWhsr hr hm akWbj0 Sgd x/Wwhr gWr addm mnm/khmdWqkx sqWmrenqldc0 B(GdqhsWahkhsx
dmqhbgldms enq mnm/bnchmf uWqhWmsr hm �S�B odWjr Wr ldWrtqdc ax R/KCRB τ Wr W etmbshnm ne gnv �S�B odWj shrrtd
rodbhzbhsx enq 8 sqWhs/shrrtd oWhqr0 Sgd hmudqrd uWqhWmbd/vdhfgsdc WudqWfd ne sgd qdrtksr enq sgd hmchuhctWk sqWhsr hr hm
akWbj0 Sgd x/Wwhr gWr addm mnm/khmdWqkx sqWmrenqldc0
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—Ehftqd 3B: RtookdldmsZqx Ehftqd Rflfl(0

NudqZkk: ntq qdrtksr rgnv sgZs KnE atqcdm sdrsr Zmc FVüR ansg oqhnqhshyd sqZhs rodbhzbhsx: ats
oqhnqhshyd cheedqdms knbh adbZtrd KnE atqcdm sdrsr oqhnqhshyd sqZhs/rodbhzb fdmdr: vghkd FVüR oqh/
nqhshyd sqZhs/rodbhzb uWqhWmsr0 UZqhZmsr bZm ad rodbhzb dhsgdq ax Zbshmf sgqntfg sqZhs/rodbhzb fdmdr
nq ax adhmf bnmsdws rodbhzb: Zmc ansg ne sgdrd Zwdr bnmsqhatsd sn Z uZqhZms adhmf oqhnqhshydc ax
FVüR0

SqWhs?hqqdkduWms eWbsnqr Weedbs FV�R Wmc InE atqcdm sdrsr

Ntq lncdkhmf Zkrn qdudZkdc eZbsnqr adxnmc sqZhs rodbhzbhsx sgZs Zeedbs vghbg fdmdr Zqd oqhnqhshydc
ax FVüR Zmc KnE atqcdm sdrsr0 Sgdrd eZbsnqr bZm bZtrd nmd fdmd sn ad lnqd ghfgkx oqhnqhshydc
sgZm Zmnsgdq enq qdZrnmr sgZs gZud mnsghmf sn cn vhsg sgdhq deedbsr nm Zmx Zrodbs ne sqZhs ahnk/
nfx0 KnE atqcdm sdrsr oqhnqhshyd fdmdr hm oZqs ax sgd kdmfsg ne sgdhq bnchmf rdptdmbd: Zmc FVüR
oqhnqhshyd uZqhZmsr hm oZqs ctd sn qZmcnlmdrr hm sgdhq eqdptdmbhdr bZtrdc ax fdmdshb cqhes0

Fdmd kdmfsg cqhudr onvdq hm InE atqcdm sdrsr

KnE atqcdm sdrsr ZffqdfZsd Zkk KnE uZqhZmsr vhsghm Z fdmd —Ehftqd flA(0 ür vd cdqhudc Zanud: sghr
qdrtksr hm Zm dwodbsdc rsqdmfsg ne ZrrnbhZshnm sgZs hmbqdZrdr vhsg µK: sgd ZudqZfd ltsZshnm qZsd
shldr sgd mtladq ne onsdmshZk KnE onrhshnmr vhsghm Z fdmd0 Hmsthshudkx: he Z fdmd gZr lnqd onsdmshZk
KnEr: sgdm sgd oqnonqshnm ne hmchuhctZkr sgZs Zqd KnE bZqqhdqr vhkk ad kZqfdq: Zkk dkrd adhmf dptZk:
qdrtkshmf hm Z ghfgdq ZffqdfZsd KnE eqdptdmbx Zmc hmbqdZrdc onvdq0

Ntq lncdk+r oqdchbshnmr Zants sgd hloZbs ne fdmd kdmfsg Zqd bnmzqldc hm sgd TJA KnE atqcdm
sdrsr0 Vd ahmmdc fdmdr aZrdc nm sgdhq dwodbsdc mtladq ne tmhptd KnEr: Z ldZrtqd ne µK )32[0 Sghr
ldZrtqd hr rsqnmfkx bnqqdkZsdc vhsg bnchmf rdptdmbd —BCR( kdmfsg —RtookdldmsZqx Ehftqd Rfl1(: rn
vd qdedq sn sghr Zr ”fdmd kdmfsg;0 Vd bnlotsdc tmahZrdc drshlZsdr ne sgd ZudqZfd rptZqdc deedbs
rhyd ne sgd fdmdr: zmchmf khsskd ZrrnbhZshnm adsvddm fdmd kdmfsg Zmc snsZk deedbs rhyd —Ehftqd 4�(0
LdZmvghkd: knmfdq fdmdr gZud bnmrhcdqZakx rlZkkdq rsZmcZqc dqqnqr nm ZudqZfd —Ehftqd 4A(0 Sn/
fdsgdq: sghr qdrtksr hm sgd rsqdmfsg ne ZrrnbhZshnm —y1( bnqqdkZshmf rsqnmfkx vhsg fdmd kdmfsg —Ehf/
tqd 4B(: dudm sgntfg knmfdq fdmdr Zqd fdmdqZkkx mns lnqd sqZhs hlonqsZms0

PWmcnl fdmdshb cqhes cqhudr onvdq hm FV�R

Vd rgnvdc Zanud sgZs sgd dwodbsdc rsqdmfsg ne ZrrnbhZshnm hm FVüR hr oqnonqshnmZk sn Z uZqh/
Zms+r sqZhs rodbhzbhsx: ΨU 0 Sghr hr sqtd nm ZudqZfd: ats sgdqd hr bnmrhcdqZakd uZqhZshnm Zqntmc sghr
dwodbsZshnm0 Hm vdkk/onvdqdc FVüR: uZqhZmsr Zqd qZmjdc ax 1α1flo�fl� o(: vgdqd o hr sgd uZqhZms
Zkkdkd eqdptdmbx —üoodmchw ü(0 Vd qdedq sn 1α1flo�fl� o( Zr Z uZqhZms+r qdWkhydc gdqhsWahkhsx0 Tmcdq ntq
lncdkhmf Zrrtloshnmr: sgd dwodbsdc uZktd ne o�fl� o( hr fl?∑s α

1
s : qdrtkshmf hm sqZhs/rodbhzb uZqh/

Zmsr adhmf qZmjdc lnqd ghfgkx nm WudqWfd0 Xds: qZmcnl fdmdshb cqhes bZtrdr uZqhZms eqdptdmbhdr sn
ad roqdZc vhcdkx Zqntmc sgdhq dwodbsdc uZktdr —RtookdldmsZqx Ehftqd Rfl2(0

Hm KnE atqcdm sdrsr sghr deedbs hr kZqfdkx ZldkhnqZsdc ax sgd ZffqdfZshnm ne uZqhZmsr: vghbg
ZudqZfdr nts sgd rsnbgZrshbhsx hm sgd eqdptdmbhdr ne hmchuhctZk KnEr —üoodmchw ü(0 Ats FVüR
bnmrhcdq uZqhZmsr nmd Zs Z shld: bZtrhmf sghr rsnbgZrshbhsx sn okZx Z kZqfd qnkd hm fdmd oqhnqhshyZshnm0

fl9

.CC-BY 4.0 International licenseavailable under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprintthis version posted December 16, 2024.;https://doi.org/10.1101/2024.12.12.628073doi:bioRxiv preprint



0.90

0.95

1.00

1.05

1.10

1 2 3 4

p−value rank

M
e
a
n
M
A
F
re
la
ti
v
e

to
o
v
e
ra
ll
m
e
a
n
M
A
F

Simulated
SNPs

In GWAS, sufficiently strong

variants are mainly prioritized by

frequency, not effect size

D Stronger GWAS hits are

at higher frequencies

F

Yet, stronger GWAS hits

appear more pleiotropic

H

Increasing CDS

length

Empirical
results

Population
genetics

simulations

Stronger GWAS hits are

more specific in simulations

G

0.11

0.13

0.15

0.17

1 2 3 4

p−value rank

M
e
a
n
s
p
e
c
if
ic
it
y

1.50

1.75

2.00

2.25

1 2 3 4

p−value rank

M
e
a
n
n
u
m
b
e
r
o
f

s
ig
n
if
ic
a
n
t
tr
a
it
s
p
e
r
h
it

More significant←

Trait-specificity increases power for

study trait but decreases power for other

traits; MAF increases power for all traits

E

Inc
rea

sin
g M

AF

Increasingly specific to study trait

Long genes do not have

larger effects on traits

A

0.000

0.002

0.004

0.006

0 50 100 150

Mean expected LoFs in bin

M
e
a
n
(γ
2
)
a
c
ro
s
s
tr
a
it
s

0.01

0.02

0.03

0 50 100 150

Mean expected LoFs in bin

M
e
a
n
S
E
(
γ̂
)2
a
c
ro
s
s
tr
a
it
s

1.0

1.2

1.4

1.6

0 50 100 150

Mean expected LoFs in bin

M
e
a
n
(z
2
)
a
c
ro
s
s
tr
a
it
s

Long genes have smaller

standard errors

B

LoF burden tests prioritize

long genes

C

More significant←

More significant←

0.0

2.5

5.0

7.5

10.0

0.0 2.5 5.0 7.5 10.0

− log10(p) , study trait

−
lo
g
1
0
(
p
)
,
o
th
e
r
tr
a
it

0.00

0.25

0.50

0.75

1.00

0.00 0.25 0.50 0.75 1.00

Scaled squared effect on study trait

R
e
a
li
z
e
d
h
e
ri
ta
b
il
it
y
(r
e
la
ti
v
e
)

MAF

0.1

0.2

0.3

0.4

Ehftqd 4. SqWhs?hqqdkduWms eWbsnqr cqhud oqhnqhshyWshnm hm WrrnbhWshnm rstchdr0
�( �udqWfd ne Wm tmahWrdc drshlWsd ne sgd rptWqdc sqWhs hlonqsWmbd: γ1: Wbqnrr 15 fdmdshbWkkx tmbnqqdkWsdc sqWhsr:
WudqWfdc vhsghm ahmr ne WooqnwhlWsdkx fl73 fdmdr ahmmdc ax dwodbsdc mtladq ne tmhptd KnEr )32[0 Sgd sqdmc khmd vWr
zs trhmf KNDRR0 Sghr WmWkxrhr vWr qdodWsdc enq A( sgd WudqWfd ne sgd rptWqdc KnE atqcdm sdrs rsWmcWqc dqqnqr vhsghm
dWbg ahm: Wmc B( sgd WudqWfd KnE atqcdm sdrs y1 Wbqnrr sqWhsr vhsghm dWbg ahm0 C( RhltkWshnmr ne qdWkhydc gdqhsWahkhsx
enq hmchuhctWk uWqhWmsr vhsg uWqxhmf sqWhs hlonqsWmbdr: rbWkdc ax sgd lWwhltl rhltkWsdc qdWkhydc gdqhsWahkhsx0 D(
RbgdlWshb ne sgd deedbsr ne lhmnq Wkkdkd eqdptdmbx -L�E( Wmc sqWhs rodbhzbhsx nm FV�R o/uWktdr0 E( Sgd qdkWshnmrgho
adsvddm L�E Wmc o/uWktd qWmj enq rhltkWshnmr Wmc qdWk cWsW Wbqnrr fdmdshbWkkx tmbnqqdkWsdc sqWhsr0 Fdmnld/vhcd
rhfmhzbWms ghsr vdqd ahmmdc ax o/uWktd: Wmc sgd ldWm L�E vhsghm dWbg ahm vWr bnloWqdc sn sgd nudqWkk ldWm L�E
Wbqnrr Wkk ghsr0 AkWbj onhmsr Wqd qdrtksr eqnl TJA FV�R: Wmc nqWmfd khmdr Wqd rhltkWshnmr0 Sghr WmWkxrhr vWr qdodWsdc
enqF( sgd ldWm sqWhs rodbhzbhsx vhsghm dWbg ahm WmcG( sgd ldWm mtladq ne sqWhsr enq vghbg dWbg ghs vWr fdmnld/vhcd
rhfmhzbWms0 OWmdk F bnmsWhmr nmkx rhltkWshnmr Wr sgd sqWhs rodbhzbhshdr enq sgd TJA FV�R qdrtksr Wqd tmjmnvm0
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Hm Ehftqd 4C: vd okns rhltkZshnmr ne qdZkhydc gdqhsZahkhsx tmcdq ntq lncdk —Ldsgncr(0 Sgd
qZmjhmf ne uZqhZmsr hm sdqlr ne qdZkhydc gdqhsZahkhsx hr kZqfdkx qZmcnl vhsg qdrodbs sn sqZhs hlonq/
sZmbd enq rtezbhdmskx sqZhs/hlonqsZms uZqhZmsr0 Sghr qZmcnlmdrr hr cqhudm ax cheedqdmbdr hm lhmnq
Zkkdkd eqdptdmbx —LüE( bZtrdc dmshqdkx ax fdmdshb cqhes0

Sghr qZmcnlmdrr hm LüE dwokZhmr Zm ZooZqdms bnmsqZchbshnm adsvddm ntq zmchmf sgZs FVüR
oqhnqhshyd sqZhs/rodbhzb uZqhZmsr Zmc oqduhntr rstchdr sgZs qdonqs FVüR ghsr ZoodZqhmf sn ad rtq/
oqhrhmfkx okdhnsqnohb )33-35[0 Bnmrhcdq odqenqlhmf FVüR nm svn sqZhsr —Ehftqd 4D(0 He Z uZqhZms
hr sqZhs rodbhzb enq nmd sqZhs: sgdm ax cdzmhshnm hs bZmmns ad sqZhs rodbhzb enq sgd nsgdq sqZhs0 Hm
sgd Zardmbd ne nsgdq enqbdr: sghr qdrtksr hm Z mdfZshud qdkZshnmrgho adsvddm sgd rsqdmfsg ne Zrrn/
bhZshnm enq sgd svn sqZhsr0 Hm bnmsqZrs: he Z uZqhZms gZr ghfg LüE: sgdm sgd FVüR enq ansg sqZhsr
vhkk ad vdkk/onvdqdc0 ükk dkrd adhmf dptZk: qZmcnlmdrr hm LüE qdrtksr hm Z onrhshud qdkZshnmrgho
adsvddm sgd rsqdmfsg ne ZrrnbhZshnm enq sgd svn sqZhsr0 Sgdqdenqd: uZqhZmsr sgZs Zqd ghfgkx qZmjdc
hm nmd FVüR vhkk ad dmqhbgdc enq uZqhZmsr sgZs Zqd sqZhs rodbhzb —Zmc gdmbd kdrr khjdkx sn ad ghsr
enq sgd nsgdq sqZhs( ats Zkrn uZqhZmsr sgZs gZud ghfg LüE —Zmc gdmbd Zqd lnqd khjdkx sn ad ghsr enq
sgd nsgdq sqZhs(0 Sghr dwokZhmr sgd rtoonrdc bnmsqZchbshnm. sgd sno ghsr enq nmd sqZhs Zqd mns ZbstZkkx
lnqd okdhnsqnohb nm ZudqZfd sgZm nsgdq uZqhZmsr: sgdx Zqd rhlokx Zs ghfgdq LüEr Zmc gdmbd adssdq
onvdqdc Zbqnrr Zkk sqZhsr0

Sn rdd he sghr oqdchbshnm ne ntq lncdk hr bnqqnanqZsdc ax sgd TJA FVüR: vd bnloZqdc oqno/
dqshdr ne FVüR ghsr sZjdm eqnl 16 fdmdshbZkkx tmbnqqdkZsdc sqZhsr sn oqnodqshdr ne FVüR ghsr rhl/
tkZsdc tmcdq ntq lncdk —Ldsgncr(0 Hm ansg bZrdr: vd bnmrhcdqdc Zkk uZqhZmsr sgZs oZrrdc sgd
fdmnld/vhcd rhfmhzbZms sgqdrgnkc Zr ghsr: Zmc sgdm oZqshshnmdc ghsr hmsn entq ahmr aZrdc nm sgdhq
o/uZktdr: vhsg sgd rsqnmfdrs ghsr adhmf hm ahm fl Zmc sgd vdZjdrs —ats rshkk fdmnld/vhcd rhfmhzbZms(
ghsr adhmf hm ahm 30

Ntq lncdk qdbZohstkZsdr sgd adgZuhnq ne sgd TJA FVüR ghsr0 ür oqdchbsdc ax Ehftqd 4D:
sgd rsqnmfdrs FVüR ghsr Zqd Zs ghfgdq sgZm ZudqZfd eqdptdmbhdr hm ansg ntq lncdk Zmc sgd TJA
FVüR ghsr —Ehftqd 4E(0 ür ldmshnmdc Zanud: sqZhs rodbhzbhsx hr chezbtks sn chqdbskx ldZrtqd: rn vd
bZmmns Zrrdrr sgd sqZhs rodbhzbhsx ne sgd qdZk FVüR ghsr: ats hm ntq rhltkZshnmr: FVüR cndr hmcddc
oqhnqhshyd sqZhs/rodbhzb uZqhZmsr —Ehftqd 4F(0 EhmZkkx: bnmrhrsdms vhsg oqduhntr rstchdr )33-35[: vd
zmc sgZs sgd sno FVüR ghsr enq nmd sqZhs Zqd ghsr enq nsgdq sqZhsr lnqd nesdm sgZm vdZjdq FVüR
ghsr —Ehftqd 4G(0 Vd qdhsdqZsd sgZs nm ZudqZfd sgdrd ghsr Zqd hm eZbs lnqd sqZhs/rodbhzb cdrohsd adhmf
FVüR ghsr enq lnqd sqZhsr: Zmc sghr chrbqdoZmbx hr bZtrdc ax sgdhq ghfgdq sgZm dwodbsdc LüE0
Sgd oqdbhrd cdsZhkr ne ntq rhltkZshnm lncdk gZud Z ptZmshsZshud: ats mns ptZkhsZshud deedbs nm sgdrd
qdrtksr —Ldsgncr, RtookdldmsZqx Ehftqdr Rfl3-Rfl6(

�ooqnWbgdr enq drshlWshmf sqWhs hlonqsWmbd

Vd adfZm ax oqnonrhmf sgZs hs bntkc ad cdrhqZakd sn oqhnqhshyd fdmdr dhsgdq ax sqZhs hlonqsZmbd
nq sqZhs rodbhzbhsx0 Xds: rn eZq vd gZud rgnvm sgZs vgdm qZmjhmf ax o/uZktd mdhsgdq KnE atqcdm
sdrsr mnq FVüR qZmj fdmdr ax sgdhq sqZhs hlonqsZmbd0 Vd vZmsdc sn rdd he sgdqd vZr rnld vZx
sn trd FVüR nq KnE atqcdm sdrs qdrtksr sn oqhnqhshyd fdmdr hm Z vZx sgZs hr bnqqdkZsdc vhsg sqZhs
hlonqsZmbd0

Hm sghr rdbshnm: hs vhkk ad gdkoetk sn bnmrhcdq Z rhlokhzdc lncdk vgdqd dZbg uZqhZms gZr Zm deedbs
β nm rnld fdmd sgZs gZr deedbs γ nm sgd sqZhs: rn sgZs sgd nudqZkk deedbs ne sgd uZqhZms nm sgd sqZhs
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hr α + βγ —rhlhkZq sn sgd lncdkr hm )36[(0 Sghr Zrrtloshnm hr enq dZrd ne dwonrhshnm. hm qdZkhsx: vd
gZud entmc sgZs α nesdm cdodmcr nm β mnm/khmdZqkx )37[: ats sghr cndr mns ptZkhsZshudkx Zeedbs ntq
qdrtksr0

Sgqntfgnts: vd gZud enbtrdc nm oqhnqhshyhmf fdmdr aZrdc nm o/uZktd nq rsqdmfsg ne ZrrnbhZ/
shnm0 Hs hr sgdm mZstqZk sn Zrj he qZmjhmf fdmdr nm rnld nsgdq rtllZqx ne sgd ZrrnbhZshnm sdrsr
vntkc adssdq oqhnqhshyd hlonqsZms fdmdr —d0f0: sgd tmahZrdc drshlZsdr ne sqZhs hlonqsZmbd α1 enq
FVüR nqγ1 enq KnE atqcdm sdrsr(0 Enq FVüR: vd hlldchZsdkx rdd sgZs sghr hr mns onrrhakd vhsg/
nts ZcchshnmZk hmenqlZshnm. sgd qdkZshnmrgho adsvddm Zmx drshlZsd ne α Zmc sqZhs hlonqsZmbd vhkk
cdodmc nm sgd tmjmnvm uZktd ne β0

Hm oqhmbhokd: he Zm KnE atqcdm sdrs hr hmzmhsdkx vdkk onvdqdc: sgdm nqcdqhmf fdmdr axγ1 vntkc
oqhnqhshyd fdmdr aZrdc nm sqZhs hlonqsZmbd0 üs btqqdms rZlokd rhydr: gnvdudq: sgd drshlZsdc γ1
Zqd mnhrx dmntfg sgZs sgd sno fdmdr vhkk bnmsZhm lZmx eZkrd onrhshudr0 Enq dwZlokd: Zlnmf sgd
fl9 fdmdr vhsg sgd kZqfdrs γ1 enq rsZmchmf gdhfgs: 3 Zqd bnmrhrsdms vhsg ZbstZkkx gZuhmf mn deedbs
nm gdhfgs —Zkk Anmedqqnmh Zcitrsdc o/uZktdr < 9051(0 Etqsgdqlnqd: he KnEr hm Z fhudm fdmd Zqd
dwsqdldkx cdkdsdqhntr: sgdm KnE atqcdm sdrsr lZx mdudq ad vdkk onvdqdc mn lZssdq sgd rZlokd
rhyd: qdrtkshmf hm eZkrd mdfZshudr0

DrshlZshmf sqZhs hlonqsZmbd hr lnrs chezbtks enq sgd lnrs hlonqsZms fdmdr: Z ogdmnldmnm
bZkkdc fiWssdmhmf )fl8: 27: 28[0 EkZssdmhmf qdedqr sn sgd dwodbsdc rsqdmfsg ne ZrrnbhZshnm —dpthuZkdmskx
sgd dwodbsdc bnmsqhatshnm sn gdqhsZahkhsx( zqrs hmbqdZrhmf Zr �βγ(1 hmbqdZrdr: ats sgdm adbnlhmf tm/
bntokdc eqnl �βγ(1 enq rtezbhdmskx kZqfd �βγ(1 —Ehftqd 5�, üoodmchw B(0 Sghr cdbntokhmf bZtrdr
ZrrnbhZshnm rstchdr sn ad hmbZoZakd ne oqhnqhshyhmf ax sqZhs hlonqsZmbd: vghbg vd rdd hm KnE atqcdm
sdrsr —Ehftqd 5A(: vgdqd bnmsqhatshnmr sn gdqhsZahkhsx Zqd bnlokdsdkx tmbntokdc eqnl rgds: vghbg
vd trd Zr Z oqnwx enq sqZhs hlonqsZmbd aZrdc nm Ehftqd 2A0

Xds: fiZssdmhmf cndr mns Zeedbs Zkk uZqhZmsr hm sgd rZld vZx0 Enq rhlokhbhsx vd bZm hlZfhmd sgZs
uZqhZmsr dhsgdq bnmsqhatsd lhmhlZkkx sn gdqhsZahkhsx: nq sgdx bnmsqhatsd Zm Zlntms hmcdodmcdms ne
sgdhq hlonqsZmbd —Ehftqd 5�(0 Mnv: hlZfhmd svn fdmdr. nmd gZr Z kZqfd deedbs nm sgd sqZhs —kZqfd γ(:
Zmc nmd gZr Z rlZkk deedbs —rlZkk γ(0 Dudm uZqhZmsr sgZs vdZjkx odqstqa sgd kZqfd γ fdmd vhkk gZud
kZqfd dmntfg �βγ(1 sn bnmsqhatsd sn gdqhsZahkhsx: vgdqdZr enq sgd rlZkk γ fdmd: nmkx uZqhZmsr vhsg
udqx kZqfd β vhkk bnmsqhatsd sn gdqhsZahkhsx —Ehftqd 5B(0 DZbg hmchuhctZk uZqhZms vhkk dwodqhdmbd
fiZssdmhmf: ats bnkkdbshudkx sgdqd vhkk ad lnqd uZqhZmsr sgZs bnmsqhatsd sn gdqhsZahksx enq lnqd sqZhs/
hlonqsZms fdmdr: Zkk dkrd adhmf dptZk0 ür Z qdrtks: vd dwodbs sgd snsZk gdqhsZahkhsx bnmsqhatsdc ax
uZqhZmsr Zbshmf nm Z fhudm fdmd sn bnqqdkZsd vhsg sgZs fdmd+r sqZhs hlonqsZmbd0

Sn sdrs sghr oqdchbshnm ne ntq lncdk: vd trdc üLL )38[: Z ldsgnc sgZs drshlZsdr sgd gdqhsZahk/
hsx ne uZqhZmsr Zbshmf uhZ Z fhudm rds ne fdmdr trhmf FVüR rtllZqx rsZshrshbr —Ldsgncr(0 Vd entmc
sgZs bnloZqdc sn KnE atqcdm gdqhsZahkhsx: sghr ldZrtqd ne snsZk gdqhsZahkhsx adssdq sqZbjr rgds Zmc
gdmbd sqZhs hlonqsZmbd —Ehftqd 5C(0 Sgd qdrtksr ne sghr ZmZkxrhr cn mns qdkx nm sgd rodbhzb cdsZhkr
ne üLL. vd dwodbs rhlhkZq qdrtksr vgdmdudq ZffqdfZshmf rhfmZkr Zbqnrr uZqhZmsr vhsg cheedqdms β
—d0f0: RtookdldmsZqx Ehftqdr Rfl7 Zmc Rfl8, Ldsgncr, Zmc )49[(0
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Ehftqd 5. DrshlWshmf sqWhs hlonqsWmbd ax bnlahmhmf hmenqlWshnm Wbqnrr cheedqdms uWqhWms sxodr0
�( SgdnqdshbWk dwodbsdc bnmsqhatshnmr sn gdqhsWahkhsx: g1: Wr W etmbshnm ne sgd snsWk deedbs ne W uWqhWms nm W sqWhs α1 +

�βγ(10 Bnknqdc khmdr Wqd uWqhWmsr vhsg cheedqdms sqWhs rodbhzbhshdr0 Sgdrd etmbshnmr bWm ad WooqnwhlWsdkx chuhcdc
hmsn W qdfhld vgdqd uWqhWmsr bnmsqhatsd uWqx khsskd sn gdqhsWahkhsx -akWbj( nq sgdhq bnmsqhatshnm cdodmcr udqx khsskd
nm �βγ(1 -qdc(0 A( Dmqhbgldms ne KnE atqcdm sdrs gdqhsWahkhsx enq fdmdr ahmmdc ax rdkdbshud bnmrsqWhms rgds0 Sgd
oknssdc gdqhsWahkhsx dmqhbgldms hr W mnqlWkhydc hmudqrd uWqhWmbd/vdhfgsdc WudqWfd ne gdqhsWahkhsx dmqhbgldmsr Wbqnrr
15 fdmdshbWkkx tmbnqqdkWsdc sqWhsr -Ldsgncr(0 DWbg ahm bnmsWhmr WooqnwhlWsdkx fl73 fdmdr0 Sgd sqdmc khmd vWr zs trhmf
KNDRR0 B( RbgdlWshb ne gnv W uWqhWms&r bnmsqhatshnm sn gdqhsWahkhsx cdodmcr nm sgd γ1 ne sgd fdmd sgqntfg vghbg hs
Wbs0 Fqddm anwdr qdoqdrdms bhr qdftkWsnqx qdfhnmr0 C( RhlhkWq sn oWmdk A: ats drshlWsdc trhmf FV�R qdrtksr hmrsdWc
ne KnE atqcdm sdrs qdrtksr0 Odq/sqWhs drshlWsdr vdqd nasWhmdc trhmf �LL )38[: Wmc vd okns W mnqlWkhydc hmudqrd
uWqhWmbd/vdhfgsdc WudqWfd Wbqnrr sgd rWld sqWhsr Wr hm OWmdk A -Ldsgncr(0
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Chrbtrrhnm

Hs hr nesdm Zrrtldc sgZs FVüR Zmc atqcdm sdrsr bnmudqfd nm rhlhkZq fdmd rdsr )fl7:4fl:41[0 Hmcddc:
rnld fdmdr Zqd hlokhbZsdc ax ansg ZooqnZbgdr: rtbg Zr KCKQ enq knv/cdmrhsx khonoqnsdhm kdudkr
)fl8: 42[0 FdmdqZkkx: FVüR knbh Zqd dmqhbgdc mdZq atqcdm fdmdr Zmc: bnmudqrdkx: atqcdm fdmdr –
Zr vdkk Zr fdmdr hcdmshzdc hm eZlhkhZk rstchdr ne LdmcdkhZm bntmsdqoZqsr ne sgd rZld sqZhsr – Zqd
dmqhbgdc vhsghm FVüR knbh )fl5: 43[0

Gdqd: vd zmc sgZs: cdrohsd sghr nudqZkk bnmbnqcZmbd: KnE atqcdm sdrsr Zmc FVüR qZmj fdmdr
cheedqdmskx: qdrtkshmf hm khlhsdc nudqkZo Zlnmf sgd sno fdmdr hcdmshzdc ax dZbg ZooqnZbg0 Ntq
ZmZkxrhr rgnvr sgZs KnE atqcdm sdrsr oqhnqhshyd knmf: sqZhs/rodbhzb fdmdr: vghkd FVüR oqhnqh/
shyd fdmdr mdZq sqZhs/rodbhzb uZqhZmsr sgZs gZud cqhesdc sn tmdwodbsdckx ghfg eqdptdmbhdr0 AdbZtrd
bnmsdws/rodbhzb uZqhZmsr bZm ad sqZhs/rodbhzb dudm he sgdx Zbs nm okdhnsqnohb fdmdr: FVüR bZm zmc
sqZhs/qdkduZms: okdhnsqnohb fdmdr sgZs vntkc ad lhrrdc ax KnE atqcdm sdrsr0

Sgdrd zmchmfr gZud rhfmhzbZms hlokhbZshnmr enq hmsdqoqdshmf FVüR Zmc KnE atqcdm sdrsr Zmc
sgdhq ZookhbZshnmr0 Sgdx gdko dwokZhm vgx atqcdm sdrsr nesdm ZoodZq kdrr onkxfdmhb sgZm FVüR
Zmc sdmc sn oqhnqhshyd fdmdr sgZs Zqd rddlhmfkx lnqd chqdbskx qdkZsdc sn sqZhs ahnknfx )fl8[0 FVüR
rgntkc: hm oqhmbhokd: bZostqd Zkk sqZhs/rodbhzb fdmdr hcdmshzdc ax KnE atqcdm sdrsr: ats Zkrn hcdmshex
ghfgkx okdhnsqnohb: rdkdbshudkx bnmrsqZhmdc: sqZhs/qdkduZms fdmdr0

Sgd eZbs sgZs vd zmc mtldqntr dwZlokdr ne FVüR knbh vhsg drrdmshZkkx mn KnE atqcdm rhfmZk
rtffdrsr sgZs rtbg ghfgkx okdhnsqnohb fdmdr Zqd lZinq cqhudqr ne bnlokdw sqZhsr0 Vd gxonsgdrhyd
sgZs rnld ne sgdrd fdmdr gZud cdudknoldmsZk qnkdr Zmc sgZs FVüR gdqhsZahkhsx hr oZqskx cqhudm ax
bnmsdws/rodbhzb uZqhZshnm sgZs odqstqar cdudknoldmsZk sqZidbsnqhdr hm Z sqZhs/rodbhzb lZmmdq )44[0

Vghkd ansg rstcx cdrhfmr hcdmshex rtezbhdmskx sqZhs/hlonqsZms fdmdr: mdhsgdq chqdbskx qZmjr
fdmdr ax sqZhs hlonqsZmbd0 KnE atqcdm sdrsr drshlZsd sqZhs hlonqsZmbd: ats rdkdbshnm bZtrdr drshlZ/
shnm mnhrd sn hmbqdZrd vhsg fdmd deedbs rhyd: lZjhmf qZmjhmfr ax rhfmhzbZmbd mdZqkx hmcdodmcdms
ne sqZhs hlonqsZmbd0 Fdmd kdmfsg hr Zkrn Z lZinq bnmentmcdq0 üksgntfg kZqfdq rZlokd rhydr vhkk
gdko qdctbd mnhrd: vd ZmshbhoZsd sgZs AZxdrhZm eqZldvnqjr trhmf oqhnqr aZrdc nm fdmd edZstqdr:
rtbg Zr ntq qdbdms ZooqnZbg sn drshlZshmf rgds )22[: bntkc ad oZqshbtkZqkx deedbshud enq hloqnuhmf
sgd ZbbtqZbx ne atqcdm sdrsr0

Hm FVüR: fdmdshb cqhes lZjdr sgd o/uZktdr ne hmchuhctZk uZqhZmsr drrdmshZkkx ZqahsqZqx Zr knmf
Zr sgd uZqhZmsr Zqd rtezbhdmskx sqZhs rodbhzb Zmc hlonqsZms0 Sghr lZjdr uZqhZms/kdudk qZmjhmf ne
FVüR knbh hmdezbhdms enq hcdmshexhmf sno fdmdr0 HmrsdZc: fdmdr bZm ad oqhnqhshydc ax sqZhs hl/
onqsZmbd trhmf mnm/rsZmcZqc FVüR ZooqnZbgdr sgZs ZffqdfZsd rhfmZkr Zbqnrr ltkshokd uZqhZmsr
—d0f0: )38: 49: 45: 46[(: lnshuZshmf etqsgdq cdudknoldms ne rtbg ldsgncr0

Ntq zmchmfr Zkrn dwokZhm vgx FVüR qdrtksr Zqd ghfgkx deedbshud enq hcdmshexhmf sqZhs/qdkduZms
shrrtdr Zmc bdkk sxodr trhmf ZooqnZbgdr khjd R/KCRB )5[0 UZqhZmsr sgZs Zqd nmkx Zbshud hm sqZhs/
qdkduZms bdkk sxodr Zqdltbglnqd khjdkx sn ad sqZhs rodbhzb: Zmc sgtr bnmsqhatsdlnqd sn gdqhsZahkhsx0
Sghr hr mns mdbdrrZqhkx adbZtrd rtbg uZqhZmsr gZud kZqfdq deedbs rhydr: ats qZsgdq sgZs enq Z fhudm
deedbs nm sgd sqZhs sgdx Zqd Zs ghfgdq eqdptdmbhdr nm ZudqZfd0

Sgd ptdrshnm ne gnv fdmdr rgntkc hcdZkkx ad oqhnqhshydc hr rtqoqhrhmfkx tmcdqrstchdc0 Gdqd vd
oqnonrd qZmjhmf fdmdr aZrdc nm dhsgdq sqZhs hlonqsZmbd nq sqZhs rodbhzbhsx0 Ansg bnmbdosr bZostqd
cheedqdms Zrodbsr ne vgZs hs ldZmr enq Z fdmd sn ad ”qdkduZms; enq Z sqZhs0 Hr Z fdmd sgZs gZr nmkx
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Z lncdrs deedbs nm Z sqZhs: ats Zeedbsr mn nsgdq sqZhsr lnqd nq kdrr qdkduZms sgZm Z fdmd sgZs gZr
lZrrhud deedbsr Zbqnrr Z vgnkd rthsd ne tmqdkZsdc sqZhsr!

Vghbg oqhnqhshyZshnm hr lnqd trdetk vhkk khjdkx cdodmc nm sgd cnvmrsqdZl bnmsdws0 Enq dwZl/
okd: sqZhs/rodbhzb fdmdr lZx ad adssdq cqtf sZqfdsr ctd sn qdctbdc rhcd deedbsr: odqgZor dwokZhm/
hmf vgx KnE atqcdm duhcdmbd hr lnqd oqdchbshud ne cqtf sqhZk rtbbdrr sgZm FVüR duhcdmbd )47[0
Xds: he okdhnsqnohb fdmdr bZm ad sZqfdsdc hm Z bnmsdws/rodbhzb vZx: odqgZor oqhnqhshyhmf fdmdr ax
sqZhs hlonqsZmbd lZx hcdmshex sgd lnrs hloZbsetk sgdqZodtshb sZqfdsr0 ücchshnmZkkx: sgd deedbsr ne
okdhnsqnohb fdmdr hm jmnbjnts dwodqhldmsZk rxrsdlr lZx cheedq etmcZldmsZkkx eqnl sgd ogdmn/
sxohb bnmrdptdmbdr ne qdftkZsnqx uZqhZmsr hcdmshzdc hm FVüR0

Sgd eZbs sgZs KnE atqcdm sdrsr Zmc FVüR oqhnqhshyd cheedqdms fdmdr hr Z akdrrhmf – ansg Zqd
trdetk Zmc ansg qdudZk cheedqdms Zrodbsr ne sqZhs ahnknfx0 Gnvdudq: hs hr hlonqsZms sn tmcdqrsZmc
vgZs fdmdr sgdx oqhnqhshyd Zmc vgx0 Ntq qdrtksr lZjd bkdZq sgZs ansg ZrrnbhZshnm rstcx cdrhfmr
vhkk ad hlonqsZms hm etstqd deenqsr sn lZo sgd fdmdshb tmcdqohmmhmfr ne bnlokdw sqZhsr0
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Ldsgncr

FV�R rtllWqx rsWshrshbr

FVüR rtllZqx rsZshrshbr enq 294 bnmshmtntr sqZhsr vdqd cnvmknZcdc eqnl sgd MdZkd KZa —g//1c
66vvv(mdWkdkWa(-r62jha-naWmj6: udqrhnm 2(0 Sgdrd qdfqdrrhnmr vdqd qtm nm hmudqrd qZmj MnqlZk
sqZmrenqldc ogdmnsxodr hm Z rtards ne sgd TJA bnmrhrshmf ne ZooqnwhlZsdkx 259:999 hmchuhctZkr
Zmc hmbktcdc W4d: W4d1: -m=d..d:urdw: W4d · -m=d..d:urdw: W4d1 · -m=d..d:urdw: Zmc oqhmbhoZk
bnlonmdmsr fl/19 Zr bnuZqhZsdr0 Vd trdc 4· fl9�7 Zr sgd sgqdrgnkc enq fdmnld/vhcd rhfmhzbZmbd
tmkdrr nsgdqvhrd rsZsdc0

InE Atqcdm sdrs rtllWqx rsWshrshbr

RtllZqx rsZshrshbr enq 181 KnE atqcdm sdrsr vdqd cnvmknZcdc eqnl AZbjlZm ds Wk0 )fl5[0 198 sqZhsr
nudqkZoodc vhsg sqZhsr enq vghbg vd gZc FVüR rtllZqx cZsZ —RtookdldmsZqx SZakd fl(0 Atqcdm
fdmnsxodr vdqd bZkbtkZsdc enq dZbg hmchuhctZk ax Zrrhfmhmf Z gnlnyxfntr qdedqdmbd fdmnsxod sn
hmchuhctZkr gnlnyxfntr enq sgd qdedqdmbd Zkkdkd enq Zkk bnmrhcdqdc KnE uZqhZmsr Zmc Zrrhfmhmf Z
gdsdqnyxfntr fdmnsxod sn Zkk nsgdq hmchuhctZkr0 Atqcdm sdrsr vdqd qtm trhmf QDFDMHD )48[: nm
hmudqrd qZmj MnqlZk sqZmrenqldc ogdmnsxodr0 Enq Zkk ZmZkxrdr: vd trdc sgd qdrtks ne sgd atq/
cdm sdrs vhsg lZrj Lfl: vghbg nmkx hmbktcdr uZqhZmsr sgZs Zqd oqdchbsdc Zr adhmf KnEr trhmf sgd
lnrs rsqhmfdms zksdqhmf bqhsdqhZ Zmc Zm Zkkdkd eqdptdmbx toodq antmc ne fl’0 Vd trdc Z odq/sqZhs
fdmnld/vhcd rhfmhzbZmbd sgqdrgnkc ne 106· fl9�5: cdqhudc ax Zookxhmf Z Anmedqqnmh bnqqdbshnm sn
Z rhfmhzbZmbd sgqdrgnkc ne 9094 enq sdrshmf ZooqnwhlZsdkx fl7:999 fdmdr odq sqZhs0

� rtards ne fdmdshbWkkx tmbnqqdkWsdc sqWhsr

Sgd rds ne 198 ptZmshsZshud sqZhsr hmbktcdc rnld sgZs vdqd ghfgkx bnqqdkZsdc: rtbg Zr rhsshmf gdhfgs
Zmc rsWmchmf gdhfgs0 Enq bdqsZhm ZmZkxrdr: vd rdkdbsdc Z rtards ne 16 sqZhsr sgZs vdqd mns ghfgkx
bnqqdkZsdc ax hmsdqrdbshmf sgd 198 sqZhsr vhsg sgnrd ZmZkxydc ax LnrsZeZuh ds Wk0 )36[ —Rtookdldm/
sZqx SZakd fl(0 Aqhdfix: sgd sqZhs khrs vZr oqtmdc sn dmrtqd sgZs Zkk oZhqvhrd fdmdshb bnqqdkZshnmr: Zr
qdonqsdc ax sgd MdZkd kZa: vdqd adknv 904: oqhnqhshyhmf sqZhsr vhsg ghfgdq gdqhsZahkhsx0 AhnlZqj/
dqr vdqd dwbktcdc eqnl sghr rtards adbZtrd sgdhq fdmdshb bnqqdkZshnmr vhsg nsgdq sqZhsr vdqd mns
oqnuhcdc ax sgd MdZkd kZa0

Cdzmhmf FV�R knbh

Enq Z rxrsdlZshb bnloZqhrnm ne chrbnudqhdr adsvddm FVüR Zmc atqcdm sdrsr —rgnvm hm Ehftqdr flB
Zmc flC(: vd fqntodc FVüR uZqhZmsr hmsn kZqfd: mnm/nudqkZoohmf fdmnlhb knbh0 Sghr ZooqnZbg
Zunhcr ltkshokd bntmshmf ne sgd rZld FVüR fdmdr: Zr mdZqax ghsr vhsghm Z knbtr lZx lZo sn sgd
rZld fdmd: Zmc hs oqnuhcdr Z bnmrdquZshud drshlZsd ne sgd nudqkZo adsvddm FVüR Zmc atqcdm sdrs
qdrtksr Zr cdrbqhadc adknv0

Vd enbtrdc nm fl4fl ptZmshsZshud sqZhsr vhsg Zs kdZrs nmd atqcdm sdrs ghs Zmc nmd FVüR ghs0
Enq dZbg sqZhs: vd ZmZkxydc sgd rds ne KC/bktlodc ghsr —o � 4· fl9�7: bktlohmf q1 � 90fl( eqnl
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7:fl25:fl99 zksdqdc RMOr oqnuhcdc ax LnrsZeZuh ds Wk0 )36[0

Enq dZbg sqZhs: vd adfZm sgd fqntohmf oqnbdctqd vhsg sgd lnrs rhfmhzbZms ghs Zmc hsdqZshudkx
oqnbdrrdc Zkk ghsr tmshk sgdx vdqd Zrrhfmdc sn Z knbtr0 Enq dZbg ghs: vd hmbktcdc Zkk hmcdodmcdms
ghsr vhsg kZqfdq o/uZktdr —knvdq rhfmhzbZmbd( vhsghm flLa sn enql Z knbtr0 Sgd knbtr rhyd vZr sgdm
dwoZmcdc sn dmrtqd sgZs mn nsgdq ghs vZr vhsghm flLa ne Zmx uZqhZms ZkqdZcx hmbktcdc hm sgd knbtr0
üesdq bnlokdshmf nmd knbtr: vd lnudc nm sn sgd mdws lnrs rhfmhzbZms ghs sgZs gZc mns xds addm
Zrrhfmdc sn Zmx knbtr0 EhmZkkx: vd Zrrhfmdc nudqkZoohmf fdmdr sn dZbg knbtr: enbtrhmf nm sgd fl7:413
oqnsdhm/bnchmf fdmdr ZmZkxydc hm sgd KnE atqcdm sdrs0

Hm Ehftqd flC: vd okns sgd o/uZktd ne sgd lnrs rhfmhzbZms FVüR uZqhZms vhsghm dZbg knbtr nm
sgd w/Zwhr Zmc sgd o/uZktd ne sgd lnrs rhfmhzbZms fdmd vhsghm sgd rZld knbtr eqnl sgd atqcdm sdrs
nm sgd x/Zwhr0

Hm Ehftqd flB: vd hmbktcd nmkx sgd sno FVüR knbh sn lZsbg sgd rsZshrshbZk onvdq ne sgd atqcdm
sdrs enq fdmd chrbnudqx0 Vd hkktrsqZsd ntq oqnbdctqd vhsg sgd dwZlokd ne rsZmchmf gdhfgs0 Sgd
KnE atqcdm sdrs enq rsZmchmf gdhfgs hcdmshzdc 71 rhfmhzbZms fdmdr —o � 106· fl9�5: sn Zbbntms enq
sgd fl7:413 fdmdr sdrsdc(0 Sgd FVüR ZmZkxrhr hcdmshzdc 2:263 mdZqkx hmcdodmcdms ghsr0 Enkknvhmf
sgd fqntohmf oqnbdctqd ntskhmdc Zanud: sgdrd ghsr vdqd bnmrnkhcZsdc hmsn 271 knbh —ldchZm rhyd
201 La(0 Vd qZmjdc sgdrd knbh ax sgd lhmhltl o/uZktd vhsghm dZbg knbtr0 RsZqshmf vhsg sgd sno/
qZmjdc knbtr: vd hsdqZshudkx Zccdc FVüR knbh tmshk vd rdkdbsdc 71 fdmdr0 Eqnl dZbg knbtr: vd
rdkdbsdc Zkk fdmdr sgZs vdqd rhfmhzbZms hm sgd KnE atqcdm sdrs0 He mn rtbg fdmdr dwhrsdc: vd rdkdbsdc
sgd fdmd vhsg sgd rlZkkdrs atqcdm sdrs o/uZktd0

Sghr oqnbdctqd dmrtqdr sgZs ntq ZmZkxrhr ne sgd nudqkZo adsvddm atqcdm sdrs Zmc FVüR chr/
bnudqhdr hr bnmrdquZshud0 Sgd nudqdrshlZshnm Zqhrdr zqrs eqnl oqhnqhshyhmf fdmdr aZrdc nm atqcdm
sdrs o/uZktdr Zmc rdbnmc eqnl trhmf kZqfd FVüR knbh: vghbg lZx bnmsZhm lnqd sgZm nmd bZtrZk
fdmd: sgdqdax hmbqdZrhmf sgd khjdkhgnnc ne nudqkZo vhsg atqcdm sdrs qdrtksr

BnloWqhmf FV�R Wmc InE atqcdm sdrsr Ws sgd IC aknbi kdudk

Sn Zunhc dwZbdqaZshmf chrrhlhkZqhshdr adsvddm KnE atqcdm sdrsr Zmc FVüR bZtrdc ax lhrknbZk/
hyZshnm ne FVüR rhfmZkr: vd Zkrn odqenqldc ZmZkxrdr Zs sgd KC aknbj kdudk0 Vd cnvmknZcdc adc
zkdr bnmsZhmhmf sgd bnnqchmZsdr ne ZooqnwhlZsdkx hmcdodmcdms KC aknbjr eqnl )59[0 Enq dZbg sqZhs
vd bnlotsdc sgd lhmhltl FVüR o/uZktd ne uZqhZmsr vhsghm dZbg aknbj Zmc bnloZqdc sgZs sn
sgd lhmhltl KnE atqcdm sdrs o/uZktd enq Zkk fdmdr sgZs nudqkZoodc Zmx oZqs ne sgZs aknbj0 Hm Z
rlZkk mtladq ne bZrdr: sgd rlZkkdrs KnE atqcdm sdrs o/uZktd hm svn ZciZbdms aknbjr vntkc ad sgd
rZld adbZtrd Z rhmfkd ghfgkx rhfmhzbZms fdmd nudqkZoodc ansg aknbjr0 Sghr fdmdqZkkx qdctbdc sgd
bnqqdkZshnm adsvddm sgd lhmhltl o/uZktdr ne FVüR Zmc KnE atqcdm sdrsr: Zmc rn vd cqnoodc
Zkk rtbg aknbjr sn ad bnmrdquZshud0

�rrnbhWshnm rstcx lncdk

Vd bnlahmdc onotkZshnm fdmdshbr Zmc rsZshrshbZk fdmdshbr lncdkr sn tmcdqrsZmc gnv mZstqZk rdkdb/
shnm Zeedbsr uZqhZmsr aZrdc nm sgdhq sqZhs rodbhzbhsx Zmc sqZhs hlonqsZmbd0 Ntq lncdk Zrrtldr sgZs
sqZhsr Zqd tmcdq rsZahkhyhmf rdkdbshnm aZrdc nm oqduZhkhmf gxonsgdrdr )23:25:26[: Zmc trdr rsZmcZqc
onotkZshnm fdmdshbr sgdnqx )27: 5fl-53[0 Sgd cdsZhkr ne ntq lncdk Zqd ntskhmdc hm sgd üoodmchbdr0
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TmahWrdc drshlWsdr ne sqWhs hlonqsWmbd

Hm rdudqZk ZmZkxrdr vd qdpthqd drshlZsdr ne sqZhs hlonqsZmbd: dhsgdq α1 eqnl FVüR nq γ1 eqnl KnE
atqcdm sdrsr0 Sgd cdsZhkr hm ansg bZrdr Zqd hcdmshbZk: rn gdqd vd cdrbqhad γ10 Sgd mZéud drshlZsnq
ne rptZqhmf sgd KnE atqcdm sdrs drshlZsdc deedbs rhyd: �γ(1 hr ahZrdc0 Vnqrd: sghr ahZr hr Zmsh/
bnqqdkZsdc vhsg sgd eqdptdmbx ne sgd uZqhZms: vghbg qdrtksr hm rotqhntr bnqqdkZshnmr adsvddm sgd
ahZrdc drshlZsdr Zmc uZqhntr fdmd oqnodqshdr rtbg Zr rgds0

Sn cdqhud Zm tmahZrdc drshlZsnq: vd ZoodZk sn rsZmcZqc rsZshrshbZk fdmdshbr sgdnqx )54[ sn Zr/
rtld sgZs KnE atqcdm drshlZsdr Zqd ZooqnwhlZsdkx MnqlZkkx chrsqhatsdc Zants sgdhq sqtd uZktdr
vhsg mnhrd cdodmcdms nm sgdhq rsZmcZqc dqqnqr0 Hm oZqshbtkZq: enq Z fdmd vhsg rsZmcZqc dqqnq r Zmc
deedbs rhyd drshlZsd γ: vd gZud sgZs γ ∼ C �γ: r1( ZooqnwhlZsdkx0 Sghr ZooqnwhlZshnm hr vhcdkx/
trdc enq enq FVüR Zmc vZr qdbdmskx bnmzqldc sn ad ZbbtqZsd enq KnE atqcdm sdrsr )37[0 Hs hr sgdm
Z qntshmd bZkbtkZshnm sn bgdbj sgZs �γ(1 � r1 hr Zm tmahZrdc drshlZsnq ne γ10

InE atqcdm rtllWqx rsWshrshbr Wr W etmbshnm ne rgds

Vgdm bnloZqhmf KnE atqcdm rtllZqx rsZshrshbr —rsZmcZqc dqqnqr: y1: Zmc tmahZrdc drshlZsdr ne
γ1: ( sn rgds: vd trdc rgds uZktdr hmedqqdc hm )22[ Zmc cnvmknZcdc eqnl )55[0 Vd ahmmdc fdmdr ax
rgds hmsn fl99 ahmr: dZbg vhsg ZooqnwhlZsdkx fl73 fdmdr0 Vhsghm dZbg ahm vd ZudqZfdc sgd qdrodbshud
rtllZqx rsZshrshbr —d0f0: tmahZrdc drshlZsd ne γ1( Zbqnrr sqZhsr Zmc fdmdr0 Sn lZjd rtqd sgZs ntq
qdrtksr vdqd mns cqhudm ax qdctmcZms sqZhsr: vd trdc ntq 16 fdmdshbZkkx tmbnqqdkZsdc sqZhsr enq
sgdrd ZmZkxrdr0 Enq gdqhsZahkhsx dmqhbgldms —Ehftqd 5A(: vd trdc sgd eZbs sgZs gdqhsZahkhsx rgntkc
ad oqnonqshnmZk sn y1 � fl —üoodmchw ü(0 Vhsghm dZbg ahm ne fdmdr vd sgdm bnlotsdc sgd ZudqZfd
y1 � fl hm sgZs ahm qdkZshud sn sgd ZudqZfd ne y1 � fl Zbqnrr Zkk fdmdr enq dZbg sqZhs0 Sghr oqnctbdc Z
sqZhs/kdudk dmqhbgldms enq dZbg ahm: Zmc ax trhmf sgd dlohqhbZk rsZmcZqc cduhZshnm ne sgd qdkZshud
y1 � fl vhsghm sgd ahm: vd bntkc Zkrn nasZhm Zm dlohqhbZk rsZmcZqc dqqnq enq sgd dmqhbgldms0 Vd
sgdm nasZhmdc Zm nudqZkk dmqhbgldms enq dZbg ahm: ax sZjhmf Zm hmudqrd/uZqhZmbd vdhfgsdc ZudqZfd
Zbqnrr sqZhsr0 üesdq sghr ZudqZfhmf: sgd ldZm gdqhsZahkhsx dmqhbgldms Zbqnrr fdmdr mddc mns ad nmd0
ür rtbg: vd qdmnqlZkhydc sgd drshlZsdr sn ZudqZfd sn nmd0

�S�B odWi rodbhzbhsx

VdcnvmknZcdc Zkk üSüB/rdp zkdr eqnlBgHO/üskZr )39[ sgZs bnmsZhmdclnqd sgZm 4:999:999lZoodc
qdZcr Zmc hcdmshzdc Zs kdZrs 4:999 odZjr0 übqnrr Zkk zkdr: nudqkZoohmf odZjr vdqd bnlahmdc tr/
hmf adcsnnkr ldqfd )56[0 Sghr xhdkcdc Z snsZk ne 1:fl2fl:415 odZjr0 RZlokdr nsgdq sgZm aknnc rZl/
okdr vdqd fqntodc hmsn fl6 shrrtdr aZrdc nm sgdhq ZmmnsZshnmr hm BgHO/üskZr0 MZldkx: üchonbxsd
—fl35 rZlokdr(: Anmd —fl89 rZlokdr(: AqdZrs —7fl4 rZlokdr(: BZqchnuZrbtkZq —448 rZlokdr(: Chfdrshud
—3fl6 rZlokdr(: Dohcdqlhr —55fl rZlokdr(: FnmZc —fl27 rZlokdr(: Jhcmdx —264 rZlokdr(: Khudq —fl8fl
rZlokdr(: Ktmf —fl568 rZlokdr(: Ltrbkd —flfl7 rZlokdr(: MdtqZk —fl238 rZlokdr(: OZmbqdZr —211 rZl/
okdr(: OkZbdmsZ —37 rZlokdr(: Oktqhonsdms —fl784 rZlokdr(: OqnrsZsd —2fl1 rZlokdr(: Zmc Tsdqtr —144
rZlokdr(0 ücchshnmZkkx: rZlokdr vhsg Zmx ne sgd enkknvhmf ZmmnsZshnmr vdqd bZsdfnqhydc Zr Sbdkk
—fl245 rZlokdr(. BC3/Onrhshud S/Kxlognbxsdr: BC3* S bdkkr: BC7/Onrhshud S/Kxlognbxsdr: BC7*
S bdkkr: EdsZk mZhud S bdkkr: FZllZ/cdksZ S bdkk: MZhud S bdkkr: S bdkkr: BüQ/S bdkkr: Seg: Sg9 bdkkr:
Sgfl6 Bdkkr: Sgfl Bdkkr: Sg1 Bdkkr: Sg8 Bdkkr: nq S/Kxlognbxsdr0 RZlokdr vhsg Zmx ne sgd enkknvhmf
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ZmmnsZshnmr vdqd bZsdfnqhydc Zr Dqxsgqnhc —fl91 rZlokdr(. Dqxsgqnhc oqnfdmhsnqr: Dqxsgqnhc Bdkkr:
nq DqxsgqnakZrsr0 TkshlZsdkx sghr qdrtksdc hm fl8 shrrtdr nq bdkk sxod bZsdfnqhdr0

ü odZj vZr bnmrhcdqdc sn ad oqdrdms hm Z shrrtd he lnqd sgZm 4 odqbdms ne rZlokdr bnmsZhmdc
sgd odZj0 Hm cnvmrsqdZl ZmZkxrdr vd trdc ansg ”mtladq ne rgZqdc shrrtdr; Zmc ”odZj hmsdmrhsx;0
Vd bZkbtkZsdc sgd mtladq ne rgZqdc shrrtdr ax bnmrhcdqhmf Zkk odZjr hm sgd qdkduZms shrrtd enq Z
fhudm sqZhs —d0f0: Anmd enq Gdhfgs( Zmc sgdm bntmshmf sgd mtladq ne shrrtdr hm vghbg sgZs odZj vZr
oqdrdms0 Hm oZqshbtkZq: vd nmkx bnmrhcdq odZjr sgZs Zqd oqdrdms hm sgd qdkduZms shrrtd0 Vd bZkbtkZsdc
”odZj hmsdmrhsx; Zr sgd eqZbshnm ne rZlokdr vhsghm sgd enbZk shrrtd sgZs bnmsZhm sgd odZj0

Fdmd dwoqdrrhnm rodbhzbhsx

Vd bnlohkdc drshlZsdr ne fdmd dwoqdrrhnm hm fl6 shrrtd?bdkk sxodr: vghbg vdqd hmsdmcdc sn nudq/
kZo vhsg sgd bZsdfnqhyZshnm ne üSüB/rdp odZjr vgdm onrrhakd0 ükk shrrtdr sgZs vdqd tkshlZsdkx
lZsbgdc sn sqZhsr —rdd adknv( vdqd hmbktcdc hm ansg ntq üSüB/rdp shrrtdr Zmc ntq dwoqdrrhnm shr/
rtdr: ats sgdqd Zqd rnld cheedqdmbdr adsvddm sgd qdlZhmhmf shrrtdr0 üudqZfd fdmd dwoqdrrhnm SOL
ne sgd enkknvhmf shrrtdr vdqd cnvmknZcdc Zmc dwsqZbsdc eqnl sgd GtlZm Oqnsdhm üskZr )3fl[ shr/
rtd fdmd cZsZ —.mWu/-rr2dug1W(/r_(y-1(. Zchonrd shrrtd: aqdZrs: gdZqs ltrbkd: bnknm: rjhm: nuZqx:
jhcmdx: khudq: ktmf: rjdkdsZk ltrbkd: ZlxfcZkZ: oZmbqdZr: okZbdmsZ: Zmc oqnrsZsd0 üudqZfd fdmd
dwoqdrrhnm SOL ne sgd enkknvhmf bdkk sxodr vdqd cnvmknZcdc Zmc dwsqZbsdc eqnl sgd GtlZm
Oqnsdhm üskZr rhmfkd bdkk sxod cZsZ —.mWur-m4kdubdkku/x1d(/r_(y-1(. Dqxsgqnhc bdkkr Zmc S bdkkr0
üudqZfd fdmd dwoqdrrhnm SOL ne gtlZm anmd rZlokdr vZr cnvmknZcdc eqnl FDN )57[ Zbbdrrhnm
FRDfl95181 )58: 69[0

Hm dZbg shrrtd: fdmdr vhsg lnqd sgZm fl9 SOL vdqd bnmrhcdqdc sn ad ”dwoqdrrdc;0 Vd sgdm
qdrsqhbsdc ntq ZmZkxrdr sn fdmdr dwoqdrrdc hm sgd sqZhs/qdkduZms shrrtd0 Vd bnlotsdc Zm dwoqdrrhnm
rodbhzbhsx rbnqd ax sZjhmf sgd dwoqdrrhnm kdudk hm SOL hm sgd sqZhs/qdkduZms shrrtd chuhcdc ax sgd
rtl ne dwoqdrrhnm kdudkr Zbqnrr Zkk fl6 shrrtdr0 Sghr oqnuhcdc Zm dwoqdrrhnm rodbhzbhsx rbnqd enq
dudqx fdmd dwoqdrrdc hm sgd sqZhs/qdkduZms bdkk sxod0 Enq ZmZkxrdr hmunkuhmf dwoqdrrhnm rodbhzbhsx
ahmr: vd snnj Zkk ne sgdrd dwoqdrrhnm rodbhzbhsx rbnqdr Zbqnrr Zkk 8 sqZhs/shrrtd oZhqr: bnlotsdc
pthmshkdr: Zmc sgdm Zrrhfmdc dZbg fdmd enq Z fhudm sqZhs/shrrtd oZhq sn hsr pthmshkd0

Ihmihmf sqWhsr sn shrrtdr

Sn hcdmshex vghbg shrrtd —nq bdkk sxod( hr oqdcnlhmZmskx ZrrnbhZsdc vhsg Z fhudm sqZhs: vd qZm R/
KCRB )5: 31[ sn oZqshshnm sgd gdqhsZahkhsx ne Zkk ne ntq sqZhsr sgZs gZc drshlZsdc gdqhsZahkhsx < 90930
Vd trdc ZmmnsZshnmr enq fl8 shrrtdr Zmc bdkk sxodr bnmrsqtbsdc eqnl ntq üSüB/rdp ZmZkxrhr cd/
rbqhadc Zanud: Zknmf vhsg sgd KCRB aZrdkhmd ufl0fl bnuZqhZsdr0 Ntq Zhl vZr sn hcdmshex sqZhs/shrrtd
oZhqr vgdqd gdqhsZahkhsx bntkc bkdZqkx ad dwokZhmdc ax nmd shrrtd Zr noonrdc sn ltkshokd shrrtdr0
ür rtbg: vd nmkx qdsZhmdc sqZhsr sgZs gZc Z shrrtd vhsg Zm KCRB τ vhsg Z y/rbnqd < 304 Zmc gZc
<39’ ne sgdhq gdqhsZahkhsx dwokZhmdc ax uZqhZmsr hm üSüB/rdp odZjr ne sgd bnqqdronmchmf shrrtd0 He
lnqd sgZm nmd sqZhs vZr Zrrhfmdc sn sgd rZld shrrtd: vd nmkx jdos fdmdshbZkkx tmbnqqdkZsdc sqZhsr
—q1 � 9093(0 Sghr qdrtksdc hm 8 sqZhs/shrrtd oZhqr —RtookdldmsZqx SZakd fl(. LdZm bnqotrbtkZq unktld
—29939<hqms(→ Dqxsgqnhc: Qdshbtknbxsd odqbdmsZfd —29139<hqms(→ Dqxsgqnhc: Dnrhmnoghk odqbdms/
Zfd —291fl9<hqms( → S bdkk: Kxlognbxsd bntms —29fl19<hqms( → S bdkk: RsZmchmf gdhfgs —49<hqms( →
Anmd: Gddk anmd lhmdqZk cdmrhsx —2fl37<hqms(→ Anmd: Fktbnrd —29639<hqms(→ OZmbqdZr: BqdZshmhmd
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—29699<hqms(→ Khudq: Zmc ükZmhmd ZlhmnsqZmredqZrd —29519<hqms(→ Khudq0

DrshlWshmf sgd deedbs ne fdmd dwoqdrrhnm rodbhzbhsx nm InE atqcdm oqhnqhshyWshnm

Enq dZbg ne sgd 8 sqZhs/shrrtd oZhqr cdrbqhadc Zanud: vd odqenqldc Z khmdZq qdfqdrrhnm ne sgd atqcdm
y1 enq Zkk fdmdr dwoqdrrdc hm sgd sno shrrtd nm sgd fdmdr+ dwoqdrrhnm rodbhzbhsx: ahmmdc hmsn pthmshkdr
Zr cdrbqhadc dZqkhdq0 Vd hmbktcdc sgd tmahZrdc drshlZsdr ne sgd fdmdr+ sqZhs hlonqsZmbd —cdzmdc
Zanud( Zr Z bnuZqhZsd0 Enq dZbg rodbhzbhsx ahm: vd bZkbtkZsdc Zm hmudqrd/uZqhZmbd vdhfgsdc ZudqZfd
ne sgd qdfqdrrhnm bndezbhdmsr Zbqnrr Zkk 8 sqZhsr: vhsg rsZmcZqc dqqnqr bnlotsdc Zr sgd rptZqd qnns
ne sgd qdbhoqnbZk ne sgd snsZk vdhfgs0 Sgd qdrtksr: rgnvm hm RtookdldmsZqx Ehftqd R8: cdlnmrsqZsd
sgZs sgd atqcdm sdrs oqhnqhshyZshnm ne rodbhzbZkkx dwoqdrrdc fdmdr hm Ehftqd 2D hr mns cqhudm ax
cheedqdmbdr hm sgd hlonqsZmbd ne fdmdr Zbqnrr rodbhzbhsx ahmr0

R?ICRB WmWkxrhr trhmf shrrtd?rodbhzb �S�B?rdp odWir

Enq dZbg sqZhs/shrrtd oZhq: vd qZm R/KCRB )5: 31[ sn drshlZsd sgd gdqhsZahkhsx dmqhbgldms ne shrrtd/
rodbhzb üSüB/rdp odZjr0 Sn sghr dmc: vd bZsdfnqhydc üSüB/rdp odZjr oqdrdms hm dZbg shrrtd hmsn
4 ahmr aZrdc nm sgdhq oqdrdmbd hm nsgdq shrrtdr. oqdrdms hm fl/1 shrrtdr: oqdrdms hm 2/7 shrrtdr: oqdrdms
hm 8/fl4 shrrtdr: oqdrdms hm fl5/fl7 shrrtdr: Zmc oqdrdms hm Zkk fl8 shrrtdr0 ükrn: vd bZsdfnqhydc üSüB/
rdp odZjr oqdrdms hm dZbg shrrtd hmsn 4 ahmr aZrdc nm sgdhq hmsdmrhsx0 Sgd rhyd ne sgdrd ahmr vdqd
rds sn lZsbg sgd rhydr ne sgd shrrtd/rodbhzbhsx/aZrdc ahmr0 Vd hmbktcdc sgd ZmmnsZshnmr aZrdc nm
üSüB odZj shrrtd rodbhzbhsx Zmc odZj hmsdmrhsx ahmr vhsg sgd KCRB aZrdkhmd ufl0fl lncdk Zmc trdc
R/KCRB u0fl090fl nm GZoLZo2 RMOr )6fl[0

R?ICRB WmWkxrhr trhmf bnchmf uWqhWmsr

Vd cnvmknZcdc sgd uZqhZms ZmmnsZshnm zkd —uZqhZmsr0sru0afy( eqnl sgd MdZkd kZa vdarhsd —pg//1c
66vvv(mdWkdkWa(-r62jha-naWmj6(0 Vd trdc sgd bnmrdptdmbd hmenqlZshnm hm sgd zkd: vghbg bnqqd/
ronmcr sn Dmrdlak UZqhZms Deedbs Oqdchbsnq —UDO( udqrhnm 74 )61[: enq ZmmnsZshmf uZqhZmsr0 Rodbhz/
bZkkx: vd bkZrrhzdc uZqhZmsr Zr adhmf bnchmf he sgdhq lnrs rdudqd bnmrdptdmbd vZr Zmx ne.

® r1k-bdu:nmn.uf/guaWrdu_W.-Wm/

® l-rrdmrdu_W.-Wm/

® r1k-bdu.d4-nmu_W.-Wm/

® r1k-bduWbbd1/n.u_W.-Wm/

® r1k-bdu:nmn.u_W.-Wm/

® r1k-bdu:nmn.u.d4-nmu_W.-Wm/

® r/n1u4W-md:

® r/W./uknr/
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® r/n1uknr/

® =.Wldrg-=/u_W.-Wm/

® -m=.Wldu-mrd./-nm

® 1.n/d-muWk/d.-m4u_W.-Wm/

Enq dZbg sqZhs-shrrtd oZhq: vd qZm R/KCRB )5:31[ sn drshlZsd sgd gdqhsZahkhsx dmqhbgldms ne bnc/
hmf uZqhZmsr Zr Z etmbshnm ne dwoqdrrhnm/rodbhzbhsx0 Vd hmbktcdc dwoqdrrhnm rodbhzbhsx ahm —Zr
cdzmdc Zanud( Zr Zm ZmmnsZshnm hm sgd R/KCRB lncdk0 Vd Zkrn bZsdfnqhydc fdmdr hmsn 4 dptZkkx
rhydc ahmr aZrdc nm sgdhq dwoqdrrhnm kdudk hm sgd shrrtd ne hmsdqdrs: Zmc Zkk sgd bnchmf uZqhZmsr vdqd
bZsdfnqhydc hmsn nmd ne sgdrd 4 ahmr aZrdc nm sgd dwoqdrrhnm kdudk ne sgd bnqqdronmchmf fdmdr0
Sgdrd ZmmnsZshnmr vdqd Zkrn hmbktcdc hm sgd R/KCRB lncdk0 Hm Zcchshnm: vd trdc sgd bnuZqhZsdr
hm sgd aZrdkhmd ufl0fl lncdk Zmc qdrsqhbsdc ntq ZmZkxrhr sn GZoLZo2 RMOr )6fl[0 ükk ZmZkxrdr vdqd
qtm vhsg R/KCRB u0fl090fl0

InE atqcdm rtllWqx rsWshrshbr Wr W etmbshnm ne µK

ümZkxrdr bnloZqhmf KnE atqcdm rtllZqx rsZshrshbr sn µK vdqd odqenqldc ZmZknfntrkx sn sgd
ZmZkxrdr bnloZqhmf sgd rtllZqx rsZshrshbr sn rgds0 ür Z oqnwx enq µK: vd cnvmknZcdc sgd dw/
odbsdc mtladq ne rdfqdfZshmf KnEr enq dZbg fdmd Zr bZkbtkZsdc hm fmnlüC u1 )32[ eqnl )55[0 Sn
rgnv sgZs µK hr drrdmshZkkx cqhudm ax BCR kdmfsg: vd cnvmknZcdc BCR kdmfsgr enq LüMD rd/
kdbs bZmnmhbZk sqZmrbqhosr —fdmnld athkc FQBg27( eqnl dmrlak )62[ Zmc bnqqdkZsdc sgdl vhsg sgd
dwodbsdc mtladq ne rdfqdfZshmf KnEr eqnl fmnlüC )32[ —RtookdldmsZqx Ehftqd Rfl1(0

Bnlotshmf uWqhWms eqdptdmbx chrsqhatshnmr Wr W etmbshnm ne rgds

Sn rhltkZsd tmcdq ntq lncdk: vd qdpthqdc sgd chrsqhatshnm ne Zkkdkd eqdptdmbhdr enq Z fhudm rdkdb/
shnm bndezbhdms0 Vd Zrrtldc Z rsZahkhyhmf rdkdbshnm lncdk vghbg hr ZooqnwhlZsdkx dpthuZkdms sn
gnlnyxfnsdr gZuhmf Z qdkZshud zsmdrr ne fl Zmc gdsdqnyxfnsdr gZuhmf Z zsmdrr ne fl� rgds )27:5fl-52[0
Vd trdc =Wr/BSTD )63[ sn bnlotsd khjdkhgnncr tmcdq sghr lncdk0 Vd Zrrtldc Zm dpthkhaqhtl
onotkZshnm ne 19:999 choknhcr: Zmc bnlotsdc Zkkdkd eqdptdmbx chrsqhatshnmr Zknmf Z fqhc ne 49
rgds uZktdr eqnl fl9�6 sn 9094 dudmkx roZbdc nm sgd knf rbZkd0 Vd trdc fl014 · fl9�7 Zr sgd odq/
fdmdqZshnm ltsZshnm qZsd0 Vd bnmrhcdqdc Z lncdk vgdqd sgd ZmbdrsqZk Zkkdkd hr jmnvm ax trhmf
=Wr/BSTD+r mnu=-weS.2d noshnm0 ücchshnmZkkx: =Wr/BSTD gZr svn oZqZldsdqr sgZs bnmsqnk sgd Zb/
btqZbx ne hsr ZooqnwhlZshnm0 AZrdc nm sgd qdbnlldmcZshnmr ne )63[: vd rds :/v=u/_ur: sn 90fl Zmc
:/v=u.nvud1r sn fl9�70

RhltkWshmf qdWkhydc gdqhsWahkhsx

Sn fdmdqZsd Ehftqd 4A: vd rhltkZsdc 49:999 tmkhmjdc uZqhZmsr eqnl ntq rsZahkhyhmf rdkdbshnmlncdk0
Vd bnmrhcdqdc fl: 999 uZktdr ne rgds knf/tmhenqlkx roZbdc adsvddm fl9�6 Zmc 102· fl9�30 Enq dZbg
uZktd ne rgds: vd sgdm rhltkZsdc 49 uZqhZmsr ax cqZvhmf 49 Zkkdkd eqdptdmbhdr eqnl sgd Zkkdkd eqd/
ptdmbx chrsqhatshnmr vd bnlotsdc Zr cdrbqhadc Zanud0 Sn lncdk sgd rkhfgs cheedqdmbdr adsvddm
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onotkZshnm Zmc FVüR rZlokd Zkkdkd eqdptdmbhdr: vd sgdm cqdv Z FVüR rZlokd Zkkdkd bntms enq
dZbg uZqhZms Zr AhmnlhZk—599:999: e ( qZmcnl uZqhZakd: vgdqd e vZr sgd onotkZshnm eqdptdmbx: Zmc
599:999 vZr bgnrdm sn lZsbg sgd qntfgkx 299:999 choknhcr hm sgd TJA0 Sgdrd Zkkdkd bntmsr vdqd
sgdm mnqlZkhydc sn nasZhm FVüR rZlokd Zkkdkd eqdptdmbhdr: e 0 Enq sghr rhltkZshnm: vd Zrrtldc
sgZs Zkk uZqhZmsr gZud sgd rZld sqZhs rodbhzbhsx0 Sghr lZjdr α1 nm sgd enbZk sqZhs oqnonqshnmZk sn rgds:
rn vd rds sgd qdZkhydc gdqhsZahkhsx sn 1rgds e �fl� e (: Zmc mnqlZkhydc Zkk qdrtksr qdkZshud sn sgd lZwh/
ltl rhltkZsdc qdZkhydc gdqhsZahkhsx0 Khjdvhrd: deedbs rhydr vdqd qdonqsdc qdkZshud sn sgd lZwhltl
rhltkZsdc deedbs rhyd0

Bnlotshmf okdhnsqnox ne FV�R ghsr

Sn hmudrshfZsd sgd okdhnsqnox ne sno udqrtr vdZj FVüR ghsr: vd bnmrhcdqdc Zkk ne sgd 16 tmbnq/
qdkZsdc sqZhsr sgZs gZc Zs kdZrs fl99 FVüR ghsr: kdZuhmf fl7 sqZhsr0 Enq dZbg sqZhs: vd fqntodc sgd
ghsr hmsn entq ptZqshkdr aZrdc nm uZqhZms o/uZktdr: vhsg ptZqshkd fl bnmsZhmhmf sgd lnrs rsZshrshbZkkx
rhfmhzbZms ghsr Zmc ptZqshkd 3 sgd kdZrs0 Enq dZbg ghs: vd bZkbtkZsdc sgd mtladq ne sqZhsr —nts ne fl7(
hm vghbg sgd uZqhZms vZr Z ghs Zmc bnlotsdc sgd ldZm uZktdr vhsghm dZbg ptZqshkd0

RhltkWshmf okdhnsqnox ne FV�R ghsr

Sn rhltkZsd sgd deedbsr ne fdmdshb cqhes nm sgd ZooZqdms okdhnsqnox ne FVüR ghsr: vd rhltkZsdc
FVüR rtllZqx rsZshrshbr0 Sn lZsbg sgd qdZk cZsZ cdrbqhadc Zanud: vd bnmrhcdqdc fl7 sqZhsr: Zmc
rhltkZsdc deedbs rhydr enq fl9 lhkkhnm mns mdbdrrZqhkx rdfqdfZshmf onrhshnmr0 Vd rhltkZsdc sgd deedbs
rhydr hmcdodmcdmskx enq dZbg onrhshnm: Zmc cqdv sgd udbsnq ne rptZqdc deedbs rhydr enq uZqhZms i:
α⃗1 i ∈ Pfl7 Zr

α⃗1 i ∼
fl9�6

e
· dwo


2 e ·C


1: oH) �fl� o(fifiS



vgdqd sgd dwonmdmshZshnm hr odqenqldc dkdldms/vhrd Zmc e Zmc o Zqd oZqZldsdqr sgZs Zeedbs sgd
qZmfd ne cheedqdms snsZk deedbs rhydr: |α⃗1 i|fl: Zmc chrsqhatshnm ne sqZhs rodbhzbhshdr0

Vd sgdm Zrrtldc sgZs sgd rsqdmfsg ne rdkdbshnm ZfZhmrs sgd uZqhZms vZr |α⃗1 i|fl0 Vd nasZhmdc sgd
lhmnq Zkkdkd eqdptdmbx enq dZbg uZqhZms ax cqZvhmf eqnl sgd uZqhZms eqdptdmbx chrsqhatshnm vhsg
sgd bknrdrs rgds: bnlotsdc Zr cdrbqhadc Zanud0

EhmZkkx: vd rhltkZsdc Z FVüR ax Zrrtlhmf sgZs sgd nardqudc ZrrnbhZshnm rsZshrshb enq dZbg
sqZhs vZr hmcdodmcdmskx MnqlZkkx chrsqhatsdc Zants hsr sqtd uZktd0 Enq dwZlokd: enq sqZhs j Zmc sgd
uZqhZms Zs onrhshnm i vd gZud.

άij ∼ C






α⃗1 ij:
fl

1Mdee ·LüEi�fl�LüEi((



 :

vgdqd Mdee hr Z rbZkhmf eZbsnq sgZs bZostqdr ansg sgd sgd Zlntms ne dmuhqnmldmsZk mnhrd bnmqhatshmf
sn sgd sqZhs Zr vdkk Zr sgd rZlokd rhyd0 Vd bnmudqsdc sgdrd sn o/uZktdr ax sZjhmf 1MdeeLüEi�fl�
LüEi((ά1ij Zr Z rptZqdc y/rbnqd: vghbg hr bgh/rptZqdc chrsqhatsdc vhsg nmd cdfqdd ne eqddcnl
tmcdq sgd mtkk0 Vd bnmrhcdqdc Z uZqhZms sn ad Z fdmnld/vhcd rhfmhzbZms ghs he hsr o/uZktd vZr
rlZkkdq sgZm Z oZqZldsdq: s0
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Sghr rhltkZshnm ZooqnZbg gZr entq eqdd oZqZldsdqr0 Hm sgd lZhm sdws vd trd e + 9022: o + 904:
Mdee + fl9999999 Zmc s + fl9�40 Vghkd sgdrd oZqZldsdqr Zqd qdkZsdc sn rsZmcZqc FVüR oZqZldsdqr
—d0f0: sgd FVüR rZlokd rhyd nq fdmnld/vhcd rhfmhzbZmbd sgqdrgnkc(: sgd dwZbs ptZmshsZshud qdkZ/
shnmrgho rgntkc mns ad nudq/ZmZkxydc0 Enq dwZlokd: vd Zrrtld sgZs sgd rsqdmfsg ne rdkdbshnm hr
dwZbskx |α⃗1 i|fl0 He hmrsdZc sgdqd vZr rnld rbZkhmf eZbsnq: sgZs bntkc ad Zarnqadc hmsn Mdee0 RhlhkZqkx:
sgdqd hr Z ptZkhsZshud hmudqrd qdkZshnmrgho adsvddm sgd deedbsr ne s Zmc Mdee —d0f0: knvdq s gZr Z rhlh/
kZq deedbs sn hmbqdZrhmf Mdee(: lZjhmf sgd dwZbs rdsshmf ne dhsgdq oZqZldsdq rnldvgZs ZqahsqZqx0 Vd
bgnrd sgd uZktdr vd trdc gdqd sn qntfgkx lZsbg sgd chrsqhatshnm ne rdkdbshnm bndezbhdmsr hmedqqdc
eqnl qdZk FVüR cZsZ )64[: Zr vdkk Zr sgd nardqudc oZssdqmr ne LüE Zmc okdhnsqnox hm sgd TJA
FVüR qdrtksr0 Hm RtookdldmsZqx Ehftqdr Rfl3: Rfl4: Rfl5: Zmc Rfl6: vd uZqx dZbg ne Mdee: s: o: Zmc e
qdrodbshudkx vghkd gnkchmf sgd nsgdqr zwdc sn rgnv sgZs ntq ptZkhsZshud qdrtksr Zqd mns rdmrhshud sn
sgd oZqshbtkZq rhltkZshnm oZqZldsdqr vd bgnrd0

�LL WmWkxrhr

Vd qZm üLL )38[ sn drshlZsd gdqhsZahkhsx dmqhbgldmsr enq fdmd rdsr: enkknvhmf sgd vnqjfinv cd/
rbqhadc Zs —g//1rc664-/g2a(bnl6:Wmivd-md.6�FFto bnllhs ft5bstz(0 Vd ahmmdc fdmdr hmsn fl99
ZooqnwhlZsdkx dptZkkx rhydc ahmr aZrdc nm rgds Zr cdrbqhadc Zanud Zmc trdc sgdrd ahmr Zr ntq
fdmd rdsr0 üLL qdpthqdr Zm drshlZsd ne sgd oqnaZahkhsx sgZs Z RMO hr Zbshmf uhZ sgd bknrdrs fdmd:
rdbnmc bknrdrs fdmd: dsb0 Enq lnqd chrsZms fdmdr: sgdqd hr hmrtezbhdms onvdq sn drshlZsd sgdrd oqna/
Zahkhshdr rn üLL qdbnlldmcr bnlahmhmf sgdrd hmsn ahmr0 Vd enkknv sgd qdbnlldmcdc ahmmhmf:
Zmc sgdm trd sgd oqnaZahkhshdr drshlZsdc hm sgd nqhfhmZk üLL oZodq )38: RtookdldmsZqx SZakd 4[0
üLL qdbnlldmcr trhmf KCRB aZrdkhmd bnuZqhZsdr hm Zkk lncdkr: enq vghbg vd trdc u1020 Vd
qdrsqhbsdc ntq ZmZkxrhr sn GZoLZo2 uZqhZmsr0 Sgd qdrtksr hm Ehftqd 5C Zqd sgd hmudqrd/uZqhZmbd
vdhfgsdc ZudqZfd ne sgd gdqhsZahkhsx dmqhbgldms drshlZsdr Zbqnrr ntq 16 fdmdshbZkkx tmbnqqdkZsdc
sqZhsr0 Sgdrd hmudqrd/uZqhZmbd vdhfgsdc drshlZsdr ne sgd ZudqZfd dmqhbgldmsr cn mns mdbdrrZqhkx
mddc sn ZudqZfd sn nmd hm bnmsqZrs sn sgd sqtd dmqhbgldmsr0 ür rtbg: vd qdmnqlZkhydc sgd drshlZsdc
dmqhbgldmsr rn sgZs sgdx rtl sn nmd0

NqnaWahkhsx ne W uWqhWms adhmf W FV�R ghs enq W fdmd bnqqdkWsdr vhsg rgds

Vd ZmZkxydc sgd FVüR ghsr btqZsdc hm ntq oqduhntr rstcx )36[: zksdqdc sn Z rds ne 5:86fl:145 RMOr
sgZs oZrrdc ptZkhsx bnmsqnk oqnbdctqdr0 HlonqsZmskx: sghr rds dwbktcdc kdZc FVüR RMOr hm KC
—q1 < 907( vhsg uZqhZmsr oqdchbsdc sn gZud oqnsdhm/Zksdqhmf bnmrdptdmbdr: sn bnmchshnm nm otsZ/
shudkx mnm/bnchmf sqZhs ZrrnbhZshnmr0 Vd enbtrdc nm fl4:48fl ZooqnwhlZsdkx hmcdodmcdms FVüR ghsr
ZrrnbhZsdc vhsg ntq 16 tmbnqqdkZsdc sqZhsr: enq vghbg drshlZsdr ne rgds enq sgd mdZqdrs fdmd vdqd
ZuZhkZakd0 Vd odqenqldc knfhrshb qdfqdrrhnm sn cheedqdmshZsd FVüR ghsr eqnl fl99:999 RMOr qZm/
cnlkx rZlokdc eqnl sgd rZld 5:86fl:145 RMO rds0 Sgd rgds uZktdr ne sgd mdZqdrs fdmdr vdqd trdc Zr
sgd oqdchbsnq: bZsdfnqhydc hmsn fl99 odqbdmshkd ahmr0 ür hm ntq oqduhntr vnqj: sgd qdfqdrrhnm lncdk
hmbktcdc ZcchshnmZk bnuZqhZsdr. lhmnq Zkkdkd eqdptdmbx —LüE(: KC rbnqd: fdmd cdmrhsx: Zmc sgd Za/
rnktsd chrsZmbd sn sgd mdZqdrs sqZmrbqhoshnm rsZqs rhsd —SRR(0 Vd Zkrn hmbnqonqZsdc ctllx uZqhZakdr
qdoqdrdmshmf 19 ptZmshkdr ne dZbg ne sgdrd bnuZqhZsdr —LüE: KC rbnqd: fdmd cdmrhsx: Zmc chrsZmbd sn
SRR(0 Qdrtksr ne sghr ZmZkxrhr Zqd oqdrdmsdc hm RtookdldmsZqx Ehftqd Rfl70 Sgd bnuZqhZsd cZsZ vdqd
nasZhmdc eqnl LnrsZeZuh ds Wk0 )36[0
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Sgd mtladq ne FV�R ghsr mdWq W fdmd bnqqdkWsdr vhsg sqWhs hlonqsWmbd

Sn Zunhc cntakd bntmshmf FVüR ghsr ctd sn KC: vd qdrsqhbsdc ntq ZmZkxrhr sn ZooqnwhlZsdkx
hmcdodmcdms ghsr0 Enq dZbg sqZhs: vd ZmZkxydc sgd rds ne KC/bktlodc ghsr —o � 4· fl9�7: bktlohmf
q1 � 90fl( eqnl 7:fl25:fl99 zksdqdc RMOr oqnuhcdc hm )36[0 Vd sgdm Zrrhfmdc dZbg FVüR ghs sn sgd
bknrdrs fdmd —trhmf sgd lhconhms ne fdmdr Zr qdkdZrdc vhsg üLL )38[(0 Enq dZbg sqZhs: vd sgdm
bnqqdkZsdc sgd mtladq ne FVüR ghsr Zrrhfmdc sn dZbg fdmd vhsg ntq tmahZrdc drshlZsd ne sgZs
fdmd+r sqZhs hlonqsZmbd:γ1: aZrdc nm sgd KnE atqcdm sdrs qdrtksr0 Sn lZjd bdqsZhm sgZs ntq qdrtksr
vdqd mns cqhudm ax cheedqdmbdr adsvddm fdmdr vhsg mn FVüR rhfmZk udqrtr fdmdr vhsg Zmx FVüR
rhfmZk: vd Zkrn bnlotsdc bnqqdkZshnmr adsvddm mtladq ne FVüR ghsr Zrrhfmdc sn dZbg fdmd Zmc
γ1 qdrsqhbshmf sn fdmdr vhsg Zs kdZrs nmd FVüR ghs0

�bimnvkdcfldmsr

Vd sgZmj Sdqdmbd BZodkkhmh: DllZ CZmm: Lnkkx Oqydvnqrjh: CZmhdk QhbgZqc: BZsgdqhmd SbgdZmc/
ihdt: Gthrgdmf Ygt: Zmc ldladqr ne sgd OqhsbgZqc KZa enq gdkoetk eddcaZbj0 Sghr vnqj vZr rto/
onqsdc ax sgd MZshnmZk Hmrshstsdr ne GdZksg —fqZmsr Q9flGF9flfl321: Q9flGF997fl39: T9flGF9fl1958
sn I0J0O0 Zmc Q9flFLflfl4778 sn F0R0(0

Pdedqdmbdr

)fl[ Chbjhmrnm: L0 D0: Ekdmmhjdm: ü0 L0: Ih: W0: Sdantk: K0: Vnmf: L0 C0: Vghsd: I0 J0: LddgZm: S0 E0:
Vdmhmfdq: V0 I0: Vdrsdqadqf: G0: üchrrt: G0: Zmc nsgdqr:0 Ghfg/sgqntfgots chrbnudqx ne mnudk
cdudknoldmsZk ogdmnsxodr0 MWstqd: 426—651fl(.497-4fl3: 19fl50

)1[ ülhm: M0 C0 Zmc OZr̂bZ: R0 O0 Athkchmf lncdkr ne aqZhm chrnqcdqr vhsg sgqdd/chldmrhnmZk
nqfZmnhcr0 Mdtqnm: fl99—1(.278-394: 19fl70

)2[ Qdoknfkd: I0 L0: RZtmcdqr: Q0 ü0: Onfrnm: ü0 M0: GtrrlZmm: I0 ü0: KdmZhk: ü0: FtmZ: ü0: LZrbh/
aqncZ: K0: VZfmdq: D0 I0: ücdklZm: J0: Khsgvhbj/XZmZh: F0: Zmc nsgdqr:0 LZoohmf hmenqlZshnm/
qhbg fdmnsxod/ogdmnsxod kZmcrbZodr vhsg fdmnld/rbZkd odqstqa/rdp0 Bdkk: fl74—fl3(.1448-1464:
19110

)3[ BkZtrrmhsydq: L0: Bgn: I0 G0: Bnkkhmr: Q0: Bnw: M0 I0: CdqlhsyZjhr: D0 S0: Gtqkdr: L0 D0: JZsghqd/
rZm: R0: Jdmmx: D0 D0: Khmcfqdm: B0 L0: LZbüqsgtq: C0 F0: Zmc nsgdqr:0 ü aqhde ghrsnqx ne gtlZm
chrdZrd fdmdshbr0 MWstqd: 466—6678(.fl68-fl78: 19190

)4[ Lhmhjdk: D0 U0: OZhmsdq: I0 K0: Cnmf: B0 B0: Zmc Mdkrnm: L0 Q0 Qdzmhmf sgd hloZbs ne fdmdshb
duhcdmbd nm bkhmhbZk rtbbdrr0 MWstqd: oZfdr fl-5: 19130

)5[ EhmtbZmd: G0 J0: Atkhj/RtkkhuZm: A0: Ftrdu: ü0: SqxmjZ: F0: Qdrgde: X0: Kng: O0/Q0: ümsshkZ: U0: Wt:
G0: YZmf: B0: EZqg: J0: Zmc nsgdqr:0 OZqshshnmhmf gdqhsZahkhsx ax etmbshnmZk ZmmnsZshnm trhmf
fdmnld/vhcd ZrrnbhZshnm rtllZqx rsZshrshbr0 MWstqd fdmdshbr: 36—flfl(.fl117-fl124: 19fl40
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)6[ BZkcdqnm: C0: AgZrjZq: ü0: Jmnvkdr: C0 ü0: FnkZm: C0: QZi: S0: Et: ü0 P0: Zmc OqhsbgZqc: I0 J0
Hmedqqhmf qdkduZms bdkk sxodr enq bnlokdw sqZhsr ax trhmf rhmfkd/bdkk fdmd dwoqdrrhnm0 Sgd �ldq/
hbWm IntqmWk ne GtlWm Fdmdshbr: fl9fl—4(.575-588: 19fl60

)7[ QhbgZqc: C0: LtsgthqtkZm: O0: Xntmf: L0: Xdmfn: K0: UdcZmsZl: R0: LZqntkh: D0: AZqsdkk: D0:
Ghqrbggnqm: I0: Zmc BZodkkhmh: S0 C0 EtmbshnmZk fdmnlhbr ne gtlZm rjdkdsZk cdudknoldms Zmc
sgd oZssdqmhmf ne gdhfgs gdqhsZahkhsx0 Bdkk: 19130

)8[ Rbgmhsykdq: F0 Q0: JZmf: G0: EZmf: R0: ümfnl: Q0 R0: Kdd/Jhl: U0 R0: LZ: W0 Q0: Ygnt: Q0: Ydmf:
S0: Ftn: J0: SZxknq: L0 R0: Zmc nsgdqr:0 Bnmudqfdmbd ne bnqnmZqx Zqsdqx chrdZrd fdmdr nmsn
dmcnsgdkhZk bdkk oqnfqZlr0 MWstqd: 515—7999(.688-796: 19130

)fl9[ LZtqZmn: L0 S0: Gtladqs: Q0: Qxmdr: D0: SgtqlZm: Q0 D0: GZtfdm: D0: VZmf: G0: Qdxmnkcr:
ü0 O0: RZmcrsqnl: Q0: Pt: G0: Aqncx: I0: Zmc nsgdqr:0 RxrsdlZshb knbZkhyZshnm ne bnllnm chrdZrd/
ZrrnbhZsdc uZqhZshnm hm qdftkZsnqx cmZ0 Rbhdmbd: 226—5988(.flfl89-flfl84: 19fl10

)flfl[ Anxkd: D0 ü0: Kh: X0 H0: Zmc OqhsbgZqc: I0 J0 üm dwoZmcdc uhdv ne bnlokdw sqZhsr. eqnl onkxfdmhb
sn nlmhfdmhb0 Bdkk: fl58—6(.flfl66-flfl75: 19fl60

)fl1[ Rhmmnss/üqlrsqnmf: M0: MZpuh: R0: QhuZr: L0: Zmc OqhsbgZqc: I0 J0 FVüR ne sgqdd lnkdbtkZq
sqZhsr ghfgkhfgsr bnqd fdmdr Zmc oZsgvZxr Zknmfrhcd Z ghfgkx onkxfdmhb aZbjfqntmc0 Dkhed:
fl9.d475fl4: 191fl0

)fl2[ Xdmfn: K0: UdcZmsZl: R0: LZqntkh: D0: Rhcnqdmjn: I0: AZqsdkk: D0: RZjZtd: R0: FqZee: L0: DkhZrdm:
ü0 T0: IhZmf: X0: QZfgZuZm: R0: Zmc nsgdqr:0 ü rZstqZsdc lZo ne bnllnm fdmdshb uZqhZmsr
ZrrnbhZsdc vhsg gtlZm gdhfgs0 MWstqd: 5fl9—6822(.693-6fl1: 19110

)fl3[ RytrsZjnvrjh: I0 C0: AZkZrtaqZlZmhZm: R0: JuhjrsZc: D0: JgZkhc: R0: Aqnmrnm: O0 F0: RZrrnm:
ü0: Vnmf: D0: Kht: C0: VZcd CZuhr: I0: GZdfihfdq: B0: Zmc nsgdqr:0 ücuZmbhmf gtlZm fdmdshbr
qdrdZqbg Zmc cqtf chrbnudqx sgqntfg dwnld rdptdmbhmf ne sgd TJ AhnaZmj0 MWstqd fdmdshbr:
42—6(.831-837: 191fl0

)fl4[ LnqfdmsgZkdq: R0 Zmc Sghkkx: V0 F0 ü rsqZsdfx sn chrbnudq fdmdr sgZs bZqqx ltksh/Zkkdkhb nq
lnmn/Zkkdkhb qhrj enq bnllnm chrdZrdr. Z bngnqs Zkkdkhb rtlr sdrs —BüRS(0 LtsWshnm Qd/
rdWqbg,EtmcWldmsWk Wmc LnkdbtkWq LdbgWmhrlr ne LtsWfdmdrhr: 5fl4—fl/1(.17-45: 19960

)fl5[ AZbjlZm: I0 C0: Kh: ü0 G0: LZqbjdssZ: ü0: Rtm: C0: LaZsbgnt: I0: Jdrrkdq: L0 C0: Admmdq: B0: Kht:
C0: Knbjd: ü0 D0: AZkZrtaqZlZmhZm: R0: Zmc nsgdqr:0 Dwnld rdptdmbhmf Zmc ZmZkxrhr ne 343:676
TJ AhnaZmj oZqshbhoZmsr0 MWstqd: 488—6775(.517-523: 191fl0

)fl6[ Rhmfg: S0: OnsdqaZ: S0: Btqshr: C0: üjhk: G0: ük DhrrZ: L0: AZqbgZr: I0 C0: AZrr: M0: Ahfcdkh: S0 A0:
Aqddm: F0: Aqnlds: D0 I0: Zmc nsgdqr:0 QZqd bnchmf uZqhZmsr hm sdm fdmdr bnmedq rtarsZmshZk qhrj
enq rbghynogqdmhZ0 MWstqd: 593—6895(.498-4fl5: 19110

)fl7[ Ygnt: C0: Ygnt: X0: Wt: X0: Ldmf: Q0: Zmc FZlZynm: D0 Q0 ü ogdmnld/vhcd rbZm qdudZkr
bnmudqfdmbd ne bnllnm Zmc qZqd uZqhZms ZrrnbhZshnmr0 Fdmnld Ldchbhmd: fl4—fl(.fl9fl: 19120

)fl8[ Vdhmdq: C0 I0: MZchf: ü0: IZfZcddrg: J0 ü0: Cdx: J0 J0: MdZkd: A0 L0: Qnahmrnm: D0 A0: JZq/
bydvrjh: J0 I0: Zmc N+Bnmmnq: K0 I0 Onkxfdmhb Zqbghsdbstqd ne qZqd bnchmf uZqhZshnm Zbqnrr
283:672 dwnldr0 MWstqd: 5fl3—6837(.381-388: 19120
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)19[ Axbqnes: B0: EqddlZm: B0: OdsjnuZ: C0: AZmc: F0: Dkkhnss: K0 S0: RgZqo: J0: Lnsxdq: ü0: Utjbduhb:
C0: CdkZmdZt: N0: N+Bnmmdkk: I0: Zmc nsgdqr:0 Sgd TJ AhnaZmj qdrntqbd vhsg cddo ogdmnsxohmf
Zmc fdmnlhb cZsZ0 MWstqd: 451—6615(.192-198: 19fl70

)1fl[ Srtih: S0 Zmc JtmhdcZ: S0 ü knrr/ne/etmbshnm ltsZshnm hm mZsqhtqdshb odoshcd qdbdosnq 1 —Moq1(
fdmd hr qdronmrhakd enq chroqnonqshnmZsd cvZqzrl hm bm?bm lntrd0 IntqmWk ne AhnknfhbWk Bgdl/
hrsqx: 179—fl3(.fl3177-fl3181: 19940

)11[ Nkmdx: Q0 B0: Aöjökldy: G0: AZqsdkr: B0 E0: Oqhbjdss: S0 B0: Drohmdq: D0 ü0: Onssdq: K0 Q0: Zmc VZq/
lZm: L0 K0 Gdsdqnyxfntr ltsZshnmr hm mZsqhtqdshb odoshcd qdbdosnq/A —MOQ1( Zqd ZrrnbhZsdc
vhsg rgnqs rsZstqd0 Sgd IntqmWk ne BkhmhbWk Dmcnbqhmnknfx ] LdsWankhrl: 8fl—3(.fl118-fl121: 19950

)12[ UZrptdr: F0 ü0: ülZmn: M0: Cnbjn: ü0 I0: EtmZqh: L0 E0: PtdcZr: D0 O0: Mhrgh: L0 X0: üqmgnkc:
H0 I0: GZrdfZvZ: S0: Zmc Inqfd: ü0 ü0 Gdsdqnyxfntr ltsZshnmr hm mZsqhtqdshb odoshcd qdbdosnq/
A —MOQ1( fdmd Zr Z bZtrd ne rgnqs rsZstqd hm oZshdmsr hmhshZkkx bkZrrhzdc Zr hchnoZsghb rgnqs
rsZstqd0 Sgd IntqmWk ne BkhmhbWk Dmcnbqhmnknfx ] LdsWankhrl: 87—fl9(.Dfl525-Dfl533: 19fl20

)13[ ülZmn: M0: LtjZh: S0: Hsn: X0: MZqtlh: R0: SZmZjZ: S0: XnjnxZ: R0: NfZsZ: S0: Zmc GZrdfZvZ:
S0 HcdmshzbZshnm Zmc etmbshnmZk bgZqZbsdqhyZshnm ne svn mnudk MOQ1 ltsZshnmr hm IZoZmdrd
oZshdmsr vhsg rgnqs rsZstqd0 Sgd IntqmWk ne BkhmhbWk Dmcnbqhmnknfx ] LdsWankhrl: 88—3(.D6fl2-
D6fl7: 19fl30

)14[ VZmf: R0 Q0: IZbnardm: B0 L0: BZqlhbgZdk: G0: Dcltmc: ü0 A0: Qnahmrnm: I0 V0: Nkmdx: Q0 B0:
Lhkkdq: S0 B0: Lnnm: I0 D0: Ldqhbp: U0: Onssdq: K0 Q0: Zmc nsgdqr:0 Gdsdqnyxfntr ltsZshnmr
hm mZsqhtqdshb odoshcd qdbdosnq/A —MOQ1( fdmd Zr Z bZtrd ne rgnqs rsZstqd0 GtlWm ltsWshnm:
25—3(.363-37fl: 19fl40

)15[ üladqfdq: I0 R0: Anbbghmh: B0 ü0: RbghdssdbZssd: E0: Rbnss: ü0 E0: Zmc GZlnrg: ü0 NLHL0 nqf. Nm/
khmd LdmcdkhZm HmgdqhsZmbd hm LZm —NLHL¸(: Zm nmkhmd bZsZknf ne gtlZm fdmdr Zmc fdmdshb
chrnqcdqr0 Mtbkdhb Wbhcr qdrdWqbg: 32—Cfl(.C678-C687: 19fl40

)16[ Bnmdqx: L0 Zmc FqZms: R0 E0 GtlZm gdhfgs. Z lncdk bnllnm bnlokdw sqZhs0 �mmWkr ne gtlWm
ahnknfx: 49—fl(.147-155: 19120

)17[ Sn: J0: Edh: K0: Odss: I0 O0: Qnadqsr: J0: AkZhm: Q0: OnkZ %mrjh: J0: Kh: S0: XZxnm: M0: Gd: O0: Wt: B0: Zmc
nsgdqr:0 ültksh/nlhb ZskZr ne gtlZm dlaqxnmhb rjdkdsZk cdudknoldms0 MWstqd: 524—7928(.546-
556: 19130

)18[ BgtZmf: O0/S0 Zmc LbLZgnm: ü0 O0 UdqsdaqZsd Gdcfdgnf rhfmZkkhmf lnctkZsdc ax hmctbshnm
ne Z Gdcfdgnf/ahmchmf oqnsdhm0 MWstqd: 286—5619(.5fl6-51fl: fl8880

)29[ Ahrgno: A0: üqhbdrbt: ü0 Q0: GZqknr: J0: N+bZkkZfgZm: B0 ü0: Inmdr: D0 X0: Zmc Rhdankc: B0 Rsqtb/
stqZk hmrhfgsr hmsn gdcfdgnf khfZmc rdptdrsqZshnm ax sgd gtlZm gdcfdgnf/hmsdqZbshmf oqn/
sdhm GGHO0 MWstqd rsqtbstqWk ] lnkdbtkWq ahnknfx: fl5—6(.587-692: 19980

)2fl[ Aqhrbnd: I0 Zmc Sgáqnmc: O0 O0 Sgd ldbgZmhrlr ne gdcfdgnf rhfmZkkhmf Zmc hsr qnkdr hm cdudk/
noldms Zmc chrdZrd0 MWstqd qduhdvr LnkdbtkWq bdkk ahnknfx: fl3—6(.3fl5-318: 19fl20

)21[ Fhkkdrohd: I0 G0 OnotkWshnm fdmdshbr. W bnmbhrd fthcd0 IGT oqdrr: 19930
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)22[ Ydmf: S0: Rodmbd: I0 O0: LnrsZeZuh: G0: Zmc OqhsbgZqc: I0 J0 AZxdrhZm drshlZshnm ne fdmd bnm/
rsqZhms eqnl Zm dunktshnmZqxlncdk vhsg fdmd edZstqdr0 MWstqd Fdmdshbr: 45—7(.fl521-fl532: 19130

)23[ RZmiZj: I0 R0: Rhcnqdmjn: I0: Qnahmrnm: L0 Q0: Sgnqmsnm: J0 Q0: Zmc Uhrrbgdq: O0 L0 Duhcdmbd
ne chqdbshnmZk Zmc rsZahkhyhmf rdkdbshnm hm bnmsdlonqZqx gtlZmr0 Oqnbddchmfr ne sgd MWshnmWk
�bWcdlx ne Rbhdmbdr: flfl4—fl(.fl4fl-fl45: 19fl70

)24[ RdkkZ: F0 Zmc AZqsnm: M0 G0 Sghmjhmf Zants sgd dunktshnm ne bnlokdw sqZhsr hm sgd dqZ ne
fdmnld/vhcd ZrrnbhZshnm rstchdr0 �mmtWk Qduhdv ne Fdmnlhbr Wmc GtlWm Fdmdshbr: 19—Unktld
19: 19fl8(.35fl-382: 19fl80

)25[ OZsdk: Q0 ü0: Vdhrr: B0 K0: Ygt: G0: LnrsZeZuh: G0: Rhlnmr: X0 A0: Rodmbd: I0 O0: Zmc OqhsbgZqc: I0 J0
BnmchshnmZk eqdptdmbx rodbsqZ Zr Z snnk enq rstcxhmf rdkdbshnm nm bnlokdw sqZhsr hm ahnaZmjr0
ahnQwhu: oZfdr 1913-95: 19130

)26[ Jnbg: D0: BnmmZkkx: M0: AZxZ: M0: Qddud: L0: CZkx: L0: MdZkd: A0: KZmcdq: D0: AkndldmcZk: ü0:
Zmc RtmxZdu: R0 Fdmdshb ZrrnbhZshnm cZsZ Zqd aqnZckx bnmrhrsdms vhsg rsZahkhyhmf rdkdbshnm
rgZohmf gtlZm bnllnm chrdZrdr Zmc sqZhsr0 ahnQwhu: oZfdr 1913-95: 19130

)27[ Rhlnmr: X0 A0: AtkkZtfgdx: J0: Gtcrnm: Q0 Q0: Zmc RdkkZ: F0 ü onotkZshnm fdmdshb hmsdqoqdsZshnm
ne FVüR zmchmfr enq gtlZm ptZmshsZshud sqZhsr0 OKnR ahnknfx: fl5—2(.d1991874: 19fl70

)28[ N+Bnmmnq: K0 I0: Rbgndbg: ü0 O0: GnqlnychZqh: E0: FZyZk: R0: OZssdqrnm: M0: Zmc Oqhbd: ü0 K0 Dw/
sqdld onkxfdmhbhsx ne bnlokdw sqZhsr hr dwokZhmdc ax mdfZshud rdkdbshnm0 Sgd �ldqhbWm IntqmWk
ne GtlWm Fdmdshbr: fl94—2(.345-365: 19fl80

)39[ Ynt: Y0: NgsZ: S0: Zmc Njh: R0 BgHO/üskZr 209. Z cZsZ/lhmhmf rthsd sn dwoknqd bgqnlnrnld
Zqbghsdbstqd snfdsgdq vhsg kZqfd/rbZkd qdftknld cZsZ0 Mtbkdhb �bhcr QdrdWqbg: oZfd fjZd247:
19130

)3fl[ Tgkám: L0: EZfdqadqf: K0: GZkkrsqïl: A0L0: Khmcrjnf: B0: Njrunkc: O0: LZqchmnfkt: ü0: Rhudqsr/
rnm: Á0: JZloe: B0: Riïrsdcs: D0: üroktmc: ü0: Zmc nsgdqr:0 Shrrtd/aZrdc lZo ne sgd gtlZm
oqnsdnld0 Rbhdmbd: 236—5119(.fl1593fl8: 19fl40

)31[ FZyZk: R0: EhmtbZmd: G0 J0: Etqknssd: M0 ü0: Kng: O0/Q0: OZkZlZqZ: O0 E0: Kht: W0: Rbgndbg: ü0:
Atkhj/RtkkhuZm: A0: MdZkd: A0 L0: Ftrdu: ü0: Zmc nsgdqr:0 KhmjZfd chrdpthkhaqhtl-cdodmcdms
Zqbghsdbstqd ne gtlZm bnlokdw sqZhsr rgnvr Zbshnm ne mdfZshud rdkdbshnm0 MWstqd fdmdshbr:
38—fl9(.fl31fl-fl316: 19fl60

)32[ JZqbydvrjh: J0 I0: EqZmbhnkh: K0 B0: ShZn: F0: Btllhmfr: A0 A0: ükeïkch: I0: VZmf: P0: Bnkkhmr:
Q0 K0: KZqhbbghZ: J0 L0: FZmmZ: ü0: AhqmaZtl: C0 O0: Zmc nsgdqr:0 Sgd ltsZshnmZk bnmrsqZhms
rodbsqtl ptZmshzdc eqnl uZqhZshnm hm fl3fl:345 gtlZmr0 MWstqd: 47fl—6798(.323-332: 19190

)33[ Ohbjqdkk: I0 J0: AdqhrZ: S0: Kht: I0 Y0: Ráftqdk: K0: Stmf: I0 X0: Zmc Ghmcr: C0 ü0 Cdsdbshnm Zmc
hmsdqoqdsZshnm ne rgZqdc fdmdshb hmfitdmbdr nm 31 gtlZm sqZhsr0 MWstqd fdmdshbr: 37—6(.698-6fl6:
19fl50

)34[ VZsZmZad: J0: Rsqhmfdq: R0: Eqdh: N0: Tlh%bduh%b Lhqjnu: L0: cd Kddtv: B0: OnkcdqlZm: S0 I0:
uZm cdq Rkthr: R0: ümcqdZrrdm: N0 ü0: MdZkd: A0 L0: Zmc OnrsgtlZ: C0 ü fknaZk nudquhdv ne
okdhnsqnox Zmc fdmdshb Zqbghsdbstqd hm bnlokdw sqZhsr0 MWstqd fdmdshbr: 4fl—8(.fl228-fl237: 19fl80
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)35[ Ph: F0: Bggdsqh: R0 A0: QZx: C0: CtssZ: C0: AZsskd: ü0: AgZssZbgZqidd: R0: Zmc BgZssdqidd: M0
Fdmnld/vhcd kZqfd/rbZkd ltksh/sqZhs ZmZkxrhr bgZqZbsdqhydr fknaZk oZssdqmr ne okdhnsqnox Zmc
tmhptd sqZhs/rodbhzb uZqhZmsr0 MWstqd BnlltmhbWshnmr: fl4—fl(.5874: 19130

)36[ LnrsZeZuh: G0: Rodmbd: I0 O0: MZpuh: R0: Zmc OqhsbgZqc: I0 J0 RxrsdlZshb cheedqdmbdr hm chrbnudqx
ne fdmdshb deedbsr nm fdmd dwoqdrrhnm Zmc bnlokdw sqZhsr0 MWstqd Fdmdshbr: 44—flfl(.fl755-fl764:
19120

)37[ Lhkhmc: M0: Rlhsg: B0 I0: Ygt: G0: Rodmbd: I0 O0: Zmc OqhsbgZqc: I0 J0 Ateedqhmf Zmc mnm/
lnmnsnmhb adgZuhnq ne fdmd cnrZfd qdronmrd btqudr enq gtlZm bnlokdw sqZhsr0 ldcQwhu:
oZfdr 1913-flfl: 19130

)38[ Vdhmdq: C0 I0: FZyZk: R0: Qnahmrnm: D0 A0: Zmc N+Bnmmnq: K0 I0 OZqshshnmhmf fdmd/ldchZsdc
chrdZrd gdqhsZahkhsx vhsgnts dPSKr0 Sgd �ldqhbWm IntqmWk ne GtlWm Fdmdshbr: fl98—2(.394-3fl5:
19110

)49[ OZsgZm: M0: Cdmf: V0 P0: Ch Rbhohn: L0: JgZm: L0: LZn: R0: Lnqsnm: Q0 V0: KZkh: Q0: Ohfdxqd:
L0: Bgnmf: L0 Q0: Zmc OZqá: F0 ü ldsgnc sn drshlZsd sgd bnmsqhatshnm ne qZqd bnchmf uZqhZmsr
sn bnlokdw sqZhs gdqhsZahkhsx0 MWstqd BnlltmhbWshnmr: fl4—fl(.fl134: 19130

)4fl[ KZooZkZhmdm: S0: Kh: X0 H0: QZlZbgZmcqZm: R0: Zmc Ftrdu: ü0 Fdmdshb ZmclnkdbtkZq Zqbghsdbstqd
ne bnlokdw sqZhsr0 Bdkk: fl76—4(.fl948-fl964: 19130

)41[ üjaZqh: O0: FhkZmh: ü0: RnrhmZ: N0: Jnrlhbjh: I0 ü0: JgqhlhZm: K0: EZmf: X0/X0: OdqrZtc: S0: FZqbhZ:
U0: Rtm: C0: Kh: ü0: Zmc nsgdqr:0 Rdptdmbhmf ne 539:999 dwnldr hcdmshzdr FOQ64 uZqhZmsr
ZrrnbhZsdc vhsg oqnsdbshnm eqnl nadrhsx0 Rbhdmbd: 262—5449(.dZae7572: 191fl0

)42[ FZyZk: R0: Vdhrraqnc: N0: GnqlnychZqh: E0: Cdx: J0 J0: MZrrdq: I0: IZfZcddrg: J0 ü0: Vdhmdq: C0 I0:
Rgh: G0: Etkbn: B0 O0: N+Bnmmnq: K0 I0: Zmc nsgdqr:0 Bnlahmhmf rmo/sn/fdmd khmjhmf rsqZsdfhdr sn
hcdmshex chrdZrd fdmdr Zmc Zrrdrr chrdZrd nlmhfdmhbhsx0 MWstqd Fdmdshbr: 43—5(.716-725: 19110

)43[ Eqdtmc: L0 J0: Atqbg: J0 R0: Rgh: G0: LZmbtrn: M0: JhbgZdu: F0: FZqrjd: J0 L0: OZm: C0 Y0:
LhZn: Y0: Lngkjd: J0 K0: KZZjrn: L0: Zmc nsgdqr:0 Ogdmnsxod/rodbhzb dmqhbgldms ne ldmcdkhZm
chrnqcdq fdmdr mdZq FVüR qdfhnmr Zbqnrr 51 bnlokdw sqZhsr0 Sgd �ldqhbWm IntqmWk ne GtlWm
Fdmdshbr: fl92—3(.424-441: 19fl70

)44[ TlZmr: A0 C0: AZsskd: ü0: Zmc FhkZc: X0 Vgdqd Zqd sgd chrdZrd/ZrrnbhZsdc dPSKr! Sqdmcr hm
Fdmdshbr: 26—1(.fl98-fl13: 191fl0

)45[ Atqbg: J0 R0: Gnt: J0: Chmf: X0: VZmf: X0: FZyZk: R0: Rgh: G0: Zmc OZrZmhtb: A0 OZqshshnmhmf fdmd/
kdudk bnmsqhatshnmr sn bnlokdw/sqZhs gdqhsZahkhsx ax Zkkdkd eqdptdmbx hcdmshzdr chrdZrd/qdkduZms
fdmdr0 Sgd �ldqhbWm IntqmWk ne GtlWm Fdmdshbr: fl98—3(.581-698: 19110

)46[ cd Kddtv: B0 ü0: Lnnhi: I0 L0: Gdrjdr: S0: Zmc OnrsgtlZ: C0 LüFLü. fdmdqZkhydc fdmd/rds
ZmZkxrhr ne FVüR cZsZ0 OKnR bnlotsWshnmWk ahnknfx: flfl—3(.dfl9931fl8: 19fl40

)47[ Cteex: �0: OdsqZyyhmh: A0 N0: Rsdhm: C0: OZqj: I0 J0: Enqqdrs: H0 R0: Fharnm: J0: Ux: G0 L0: Bgdm: Q0:
LÅqptdy/KtmZ: B0: Lnqs: L0: Zmc nsgdqr:0 Cdudknoldms ne Z gtlZm fdmdshbr/fthcdc oqhnqhsx
rbnqd enq fl8:254 fdmdr Zmc 288 cqtf hmchbZshnmr0 MWstqd Fdmdshbr: 45—fl(.4fl-48: 19130
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)48[ LaZsbgnt: I0: AZqmZqc: K0: AZbjlZm: I0: LZqbjdssZ: ü0: Jnrlhbjh: I0 ü0: YhxZschmnu: ü0: Admmdq:
B0: N+CtrgkZhmd: B0: AZqadq: L0: Antsjnu: A0: Zmc nsgdqr:0 BnlotsZshnmZkkx dezbhdms vgnkd/
fdmnld qdfqdrrhnm enq ptZmshsZshud Zmc ahmZqx sqZhsr0 MWstqd fdmdshbr: 42—6(.fl986-flfl92: 191fl0

)59[ AdqhrZ: S0 Zmc Ohbjqdkk: I0 J0 üooqnwhlZsdkx hmcdodmcdms khmjZfd chrdpthkhaqhtl aknbjr hm
gtlZm onotkZshnmr0 AhnhmenqlWshbr: 21—1(.172: 19fl50

)5fl[ Atkldq: L0 F0 Sgd fdmdshb uZqhZahkhsx ne onkxfdmhb bgZqZbsdqr tmcdq noshlhyhmf rdkdbshnm:
ltsZshnm Zmc cqhes0 Fdmdshbr QdrdWqbg: fl8—fl(.fl6-14: fl8610

)51[ Atkldq: L0 F0 KhmjZfd chrdpthkhaqhtl Zmc fdmdshb uZqhZahkhsx0 Fdmdshbr QdrdWqbg: 12—2(.17fl-
178: fl8630

)52[ Jdhfgskdx: O0 C0 Zmc Ghkk: V0 F0 PtZmshsZshud fdmdshb uZqhZahkhsx lZhmsZhmdc ax ltsZshnm/
rsZahkhyhmf rdkdbshnm aZkZmbd hm zmhsd onotkZshnmr0 Fdmdshbr QdrdWqbg: 41—fl(.22-32: fl8770

)53[ Mdfl: R0 Zmc Udkkdq: B0 Sgd deedbs ne knmf/qZmfd khmjZfd chrdpthkhaqhtl nm Zkkdkd/eqdptdmbx
cxmZlhbr tmcdq rsZahkhyhmf rdkdbshnm0 ahnQwhu: oZfdr 1913-95: 19130

)54[ Ygt: W0 Zmc Rsdogdmr: L0 AZxdrhZm kZqfd/rbZkd ltkshokd qdfqdrrhnm vhsg rtllZqx rsZshrshbr
eqnl fdmnld/vhcd ZrrnbhZshnm rstchdr0 Sgd WmmWkr ne Wookhdc rsWshrshbr: flfl—2(.fl45fl: 19fl60

)55[ Ydmf: S0: Rodmbd: I0 O0: LnrsZeZuh: G0: Zmc OqhsbgZqc: I0 J0 r<gds drshlZsdr eqnl fdmdaZxdr Zmc
nsgdq rtookdldmsZqx cZsZrdsr: Cdbdladq 19120

)56[ PthmkZm: ü0 Q0 Zmc GZkk: H0 L0 ADCSnnkr. Z fidwhakd rthsd ne tshkhshdr enq bnloZqhmf fdmnlhb
edZstqdr0 AhnhmenqlWshbr: 15—5(.73fl-731: 19fl90

)57[ AZqqdss: S0: Vhkghsd: R0 D0: Kdcntw: O0: DuZmfdkhrsZ: B0: Jhl: H0 E0: SnlZrgdurjx: L0: LZqrgZkk:
J0 ü0: Oghkkhoox: J0 G0: RgdqlZm: O0 L0: Gnkjn: L0: Zmc nsgdqr:0 MBAH FDN. Zqbghud enq etmb/
shnmZk fdmnlhbr cZsZ rdsr–tocZsd0 Mtbkdhb Wbhcr qdrdWqbg: 3fl—Cfl(.C88fl-C884: 19fl10

)58[ Ghbjr: L0 Q0: Ghrdqncs: I0: OZqZr: J0: EtihvZqZ: V0: Drjhm: ü0: IZm: L0: Wh: G0: Xntmf: B0 R0:
Durddmjn: C0: Mdkrnm: R0 E0: Zmc nsgdqr:0 DQAA2 Zmc MFEQ lZqj Z chrshmbs rjdkdsZk ltrbkd
oqnfdmhsnq bdkk hm gtlZm cdudknoldms Zmc gORBr0 MWstqd bdkk ahnknfx: 19—fl(.35-46: 19fl70

)69[ Edqftrnm: F0 A0: UZm GZmcdk: A0: AZx: L0: Ehyhdu: O0: Nqf: S0: Kdd: R0: RgjgxZm: Q0: AZmjr:
M0 V0: Rbgdhmadqf: L0: Vt: K0: Zmc nsgdqr:0 LZoohmf lnkdbtkZq kZmclZqjr ne gtlZm rjdkdsZk
nmsnfdmx Zmc oktqhonsdms rsdl bdkk/cdqhudc ZqshbtkZq bgnmcqnbxsdr0 MWstqd bnlltmhbWshnmr:
8—fl(.2523: 19fl70

)6fl[ Bnmrnqshtl: H0 G0 0 Zmc nsgdqr:0 HmsdfqZshmf bnllnm Zmc qZqd fdmdshb uZqhZshnm hm chudqrd
gtlZm onotkZshnmr0 MWstqd: 356—62flfl(.41: 19fl90

)61[ LbKZqdm: V0: Fhk: K0: Gtms: R0 D0: QhZs: G0 R0: Qhsbghd: F0 Q0: SgnqlZmm: ü0: Ekhbdj: O0: Zmc
BtmmhmfgZl: E0 Sgd dmrdlak uZqhZms deedbs oqdchbsnq0 Fdmnld ahnknfx: fl6.fl-fl3: 19fl50

)62[ LnqZkdr: I0: OtiZq: R0: KnudkZmc: I0 D0: ürsZrgxm: ü0: Admmdss: Q0: Adqqx: ü0: Bnw: D0: CZuhcrnm:
B0: DqlnkZduZ: N0: EZqqdkk: B0 L0: Zmc nsgdqr:0 ü inhms MBAH Zmc DLAK/DAH sqZmrbqhos rds enq
bkhmhbZk fdmnlhbr Zmc qdrdZqbg0 MWstqd: 593—6894(.2fl9-2fl4: 19110
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)63[ Rodmbd: I0 O0: Ydmf: S0: LnrsZeZuh: G0: Zmc OqhsbgZqc: I0 J0 RbZkhmf sgd chrbqdsd/shld Vqhfgs-
Ehrgdq lncdk sn ahnaZmj/rbZkd cZsZrdsr0 Fdmdshbr: 114—2(.hxZcfl57: 19120

)64[ Rhlnmr: X0 A0: LnrsZeZuh: G0: Rlhsg: B0 I0: OqhsbgZqc: I0 J0: Zmc RdkkZ: F0 Rhlokd rbZkhmf kZvr
bnmsqnk sgd fdmdshb Zqbghsdbstqdr ne gtlZm bnlokdw sqZhsr0 ahnQwhu: oZfdr 1911-fl9: 19110

)65[ Atkhj/RtkkhuZm: A0 J0: Kng: O0/Q0: EhmtbZmd: G0 J0: Qhojd: R0: XZmf: I0: ne sgd OrxbghZsqhb Fd/
mnlhbr Bnmrnqshtl: R0 V0 F0: OZssdqrnm: M0: CZkx: L0 I0: Oqhbd: ü0 K0: Zmc MdZkd: A0 L0 KC
Rbnqd qdfqdrrhnm chrshmfthrgdr bnmentmchmf eqnl onkxfdmhbhsx hm fdmnld/vhcd ZrrnbhZshnm
rstchdr0 MWstqd fdmdshbr: 36—2(.18fl-184: 19fl40

)66[ FZlZynm: D0 Q0: Vgddkdq: G0 D0: RgZg: J0 O0: LnyZeeZqh: R0 U0: üpthmn/LhbgZdkr: J0: BZqqnkk:
Q0 I0: Dxkdq: ü0 D0: Cdmmx: I0 B0: Bnmrnqshtl: F0: MhbnkZd: C0 K0: Zmc nsgdqr:0 ü fdmd/aZrdc
ZrrnbhZshnm ldsgnc enq lZoohmf sqZhsr trhmf qdedqdmbd sqZmrbqhosnld cZsZ0 MWstqd fdmdshbr:
36—8(.fl98fl-fl987: 19fl40

)67[ Ftrdu: ü0: Jn: ü0: Rgh: G0: AgZshZ: F0: Bgtmf: V0: Odmmhmw: A0 V0: IZmrdm: Q0: Cd Fdtr:
D0 I0: AnnlrlZ: C0 H0: Vqhfgs: E0 ü0: Zmc nsgdqr:0 HmsdfqZshud ZooqnZbgdr enq kZqfd/rbZkd
sqZmrbqhosnld/vhcd ZrrnbhZshnm rstchdr0 MWstqd fdmdshbr: 37—2(.134-141: 19fl50

)68[ Oqhuá: E0: üqadk: I0: Zmc UhkgiÅklrrnm: A0 I0 KCoqdc1. adssdq: eZrsdq: rsqnmfdq0 AhnhmenqlWshbr:
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20023_irnt: Mean time to correctly identify matches
20154_irnt: Forced expiratory volume in 1−second (FEV1), predicted percentage

2966_irnt: Age high blood pressure diagnosed
30510_irnt: Creatinine (enzymatic) in urine

400_irnt: Time to complete round
404_irnt: Duration to first press of snap−button in each round

4079_irnt: Diastolic blood pressure, automated reading
4120_irnt: Heel broadband ultrasound attenuation (right)

4194_irnt: Pulse rate
5084_irnt: Spherical power (right)
5085_irnt: Spherical power (left)
5201_irnt: logMAR, final (right)

5254_irnt: Intra−ocular pressure, corneal−compensated (right)
5262_irnt: Intra−ocular pressure, corneal−compensated (left)

1488_irnt: Tea intake
20022_irnt: Birth weight

3064_irnt: Peak expiratory flow (PEF)
30850_irnt: Testosterone (quantile)

3761_irnt: Age hay fever, rhinitis or eczema diagnosed
5255_irnt: Intra−ocular pressure, Goldmann−correlated (right)

5264_irnt: Corneal hysteresis (left)
5265_irnt: Corneal resistance factor (left)

189_irnt: Townsend deprivation index at recruitment
23111_irnt: Leg fat percentage (right)

3144_irnt: Heel Broadband ultrasound attenuation, direct entry
4080_irnt: Systolic blood pressure, automated reading
4101_irnt: Heel broadband ultrasound attenuation (left)

4124_irnt: Heel bone mineral density (BMD) (right)
5256_irnt: Corneal hysteresis (right)

5263_irnt: Intra−ocular pressure, Goldmann−correlated (left)
102_irnt: Pulse rate, automated reading

23115_irnt: Leg fat percentage (left)
23119_irnt: Arm fat percentage (right)

30500_irnt: Microalbumin in urine
30740_irnt: Glucose (quantile)

4100_irnt: Ankle spacing width (left)
4105_irnt: Heel bone mineral density (BMD) (left)

4123_irnt: Heel quantitative ultrasound index (QUI), direct entry (right)
4125_irnt: Heel bone mineral density (BMD) T−score, automated (right)

5097_irnt: 6mm weak meridian (left)
5134_irnt: 6mm strong meridian (left)

5257_irnt: Corneal resistance factor (right)
23099_irnt: Body fat percentage

23123_irnt: Arm fat percentage (left)
30220_irnt: Basophill percentage

30790_irnt: Lipoprotein A (quantile)
3147_irnt: Heel quantitative ultrasound index (QUI), direct entry

3148_irnt: Heel bone mineral density (BMD)
4104_irnt: Heel quantitative ultrasound index (QUI), direct entry (left)

4106_irnt: Heel bone mineral density (BMD) T−score, automated (left)
4119_irnt: Ankle spacing width (right)

49_irnt: Hip circumference
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5133_irnt: 6mm strong meridian (right)

78_irnt: Heel bone mineral density (BMD) T−score, automated
21001_irnt: Body mass index (BMI)
23100_irnt: Whole body fat mass

23104_irnt: Body mass index (BMI)
23112_irnt: Leg fat mass (right)
23116_irnt: Leg fat mass (left)

23120_irnt: Arm fat mass (right)
23124_irnt: Arm fat mass (left)

23127_irnt: Trunk fat percentage
23128_irnt: Trunk fat mass

3581_irnt: Age at menopause (last menstrual period)
5135_irnt: 3mm strong meridian (left)

30670_irnt: Urea (quantile)
30810_irnt: Phosphate (quantile)
30890_irnt: Vitamin D (quantile)

5096_irnt: 3mm weak meridian (left)
5099_irnt: 3mm weak meridian (right)

20153_irnt: Forced expiratory volume in 1−second (FEV1), predicted
30190_irnt: Monocyte percentage

30620_irnt: Alanine aminotransferase (quantile)
30650_irnt: Aspartate aminotransferase (quantile)

30680_irnt: Calcium (quantile)
46_irnt: Hand grip strength (left)
47_irnt: Hand grip strength (right)

48_irnt: Waist circumference
5132_irnt: 3mm strong meridian (right)

20150_irnt: Forced expiratory volume in 1−second (FEV1), Best measure
30060_irnt: Mean corpuscular haemoglobin concentration

30130_irnt: Monocyte count
30710_irnt: C−reactive protein (quantile)

3143_irnt: Ankle spacing width
23098_irnt: Weight

23108_irnt: Impedance of leg (left)
30600_irnt: Albumin (quantile)

20151_irnt: Forced vital capacity (FVC), Best measure
21002_irnt: Weight

30210_irnt: Eosinophill percentage
30280_irnt: Immature reticulocyte fraction

23107_irnt: Impedance of leg (right)
30140_irnt: Neutrophill count

30200_irnt: Neutrophill percentage
3062_irnt: Forced vital capacity (FVC)

3063_irnt: Forced expiratory volume in 1−second (FEV1)
30780_irnt: LDL direct (quantile)

30860_irnt: Total protein (quantile)
23110_irnt: Impedance of arm (left)

30020_irnt: Haemoglobin concentration
30000_irnt: White blood cell (leukocyte) count

30690_irnt: Cholesterol (quantile)
30730_irnt: Gamma glutamyltransferase (quantile)

30870_irnt: Triglycerides (quantile)
23106_irnt: Impedance of whole body
30030_irnt: Haematocrit percentage
30180_irnt: Lymphocyte percentage
30660_irnt: Direct bilirubin (quantile)

30830_irnt: SHBG (quantile)
23117_irnt: Leg fat−free mass (left)

30290_irnt: High light scatter reticulocyte percentage
30300_irnt: High light scatter reticulocyte count

30610_irnt: Alkaline phosphatase (quantile)
30640_irnt: Apoliprotein B (quantile)

30700_irnt: Creatinine (quantile)
30770_irnt: IGF−1 (quantile)
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30880_irnt: Urate (quantile)
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23109_irnt: Impedance of arm (right)
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30250_irnt: Reticulocyte count
23102_irnt: Whole body water mass
23130_irnt: Trunk predicted mass
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30080_irnt: Platelet count
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20023_irnt: Mean time to correctly identify matches
20154_irnt: Forced expiratory volume in 1−second (FEV1), predicted percentage

2966_irnt: Age high blood pressure diagnosed
30510_irnt: Creatinine (enzymatic) in urine

400_irnt: Time to complete round
404_irnt: Duration to first press of snap−button in each round

4079_irnt: Diastolic blood pressure, automated reading
4120_irnt: Heel broadband ultrasound attenuation (right)

4194_irnt: Pulse rate
5084_irnt: Spherical power (right)
5085_irnt: Spherical power (left)
5201_irnt: logMAR, final (right)

5254_irnt: Intra−ocular pressure, corneal−compensated (right)
5262_irnt: Intra−ocular pressure, corneal−compensated (left)

1488_irnt: Tea intake
20022_irnt: Birth weight

3064_irnt: Peak expiratory flow (PEF)
30850_irnt: Testosterone (quantile)

3761_irnt: Age hay fever, rhinitis or eczema diagnosed
5255_irnt: Intra−ocular pressure, Goldmann−correlated (right)

5264_irnt: Corneal hysteresis (left)
5265_irnt: Corneal resistance factor (left)

189_irnt: Townsend deprivation index at recruitment
23111_irnt: Leg fat percentage (right)

3144_irnt: Heel Broadband ultrasound attenuation, direct entry
4080_irnt: Systolic blood pressure, automated reading
4101_irnt: Heel broadband ultrasound attenuation (left)

4124_irnt: Heel bone mineral density (BMD) (right)
5256_irnt: Corneal hysteresis (right)

5263_irnt: Intra−ocular pressure, Goldmann−correlated (left)
102_irnt: Pulse rate, automated reading

23115_irnt: Leg fat percentage (left)
23119_irnt: Arm fat percentage (right)

30500_irnt: Microalbumin in urine
30740_irnt: Glucose (quantile)

4100_irnt: Ankle spacing width (left)
4105_irnt: Heel bone mineral density (BMD) (left)

4123_irnt: Heel quantitative ultrasound index (QUI), direct entry (right)
4125_irnt: Heel bone mineral density (BMD) T−score, automated (right)

5097_irnt: 6mm weak meridian (left)
5134_irnt: 6mm strong meridian (left)

5257_irnt: Corneal resistance factor (right)
23099_irnt: Body fat percentage

23123_irnt: Arm fat percentage (left)
30220_irnt: Basophill percentage

30790_irnt: Lipoprotein A (quantile)
3147_irnt: Heel quantitative ultrasound index (QUI), direct entry

3148_irnt: Heel bone mineral density (BMD)
4104_irnt: Heel quantitative ultrasound index (QUI), direct entry (left)

4106_irnt: Heel bone mineral density (BMD) T−score, automated (left)
4119_irnt: Ankle spacing width (right)

49_irnt: Hip circumference
5098_irnt: 6mm weak meridian (right)
5133_irnt: 6mm strong meridian (right)

78_irnt: Heel bone mineral density (BMD) T−score, automated
21001_irnt: Body mass index (BMI)
23100_irnt: Whole body fat mass

23104_irnt: Body mass index (BMI)
23112_irnt: Leg fat mass (right)
23116_irnt: Leg fat mass (left)

23120_irnt: Arm fat mass (right)
23124_irnt: Arm fat mass (left)

23127_irnt: Trunk fat percentage
23128_irnt: Trunk fat mass

3581_irnt: Age at menopause (last menstrual period)
5135_irnt: 3mm strong meridian (left)

30670_irnt: Urea (quantile)
30810_irnt: Phosphate (quantile)
30890_irnt: Vitamin D (quantile)

5096_irnt: 3mm weak meridian (left)
5099_irnt: 3mm weak meridian (right)

20153_irnt: Forced expiratory volume in 1−second (FEV1), predicted
30190_irnt: Monocyte percentage

30620_irnt: Alanine aminotransferase (quantile)
30650_irnt: Aspartate aminotransferase (quantile)

30680_irnt: Calcium (quantile)
46_irnt: Hand grip strength (left)
47_irnt: Hand grip strength (right)
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5132_irnt: 3mm strong meridian (right)

20150_irnt: Forced expiratory volume in 1−second (FEV1), Best measure
30060_irnt: Mean corpuscular haemoglobin concentration

30130_irnt: Monocyte count
30710_irnt: C−reactive protein (quantile)

3143_irnt: Ankle spacing width
23098_irnt: Weight

23108_irnt: Impedance of leg (left)
30600_irnt: Albumin (quantile)

20151_irnt: Forced vital capacity (FVC), Best measure
21002_irnt: Weight

30210_irnt: Eosinophill percentage
30280_irnt: Immature reticulocyte fraction

23107_irnt: Impedance of leg (right)
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30030_irnt: Haematocrit percentage
30180_irnt: Lymphocyte percentage
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23126_irnt: Arm predicted mass (left)
30240_irnt: Reticulocyte percentage
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30110_irnt: Platelet distribution width
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30010_irnt: Red blood cell (erythrocyte) count
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30270_irnt: Mean sphered cell volume
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30100_irnt: Mean platelet (thrombocyte) volume
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Ehftqd R4. FV�R Wmc InE atqcdm sdrsr oqhnqhshyd cheedqdms IC aknbir enq gdhfgs0
�ksdqmWsd udqrhnm ne Ehftqd flC ats trhmf KC aknbjr hmrsdWc ne FV�R knbh0 DWbg onhms hr Wm KC aknbj0 CWrgdc qdc
khmdr Wqd sgqdrgnkcr enq fdmnld/vhcd rhfmhzbWmbd0
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Ehftqd R5. FV�R Wmc InE atqcdm sdrsr oqhnqhshyd cheedqdms IC aknbir Wbqnrr sqWhsr0
�ksdqmWsd udqrhnm ne RtookdldmsWqx Ehftqd R1 ats trhmf KC aknbjr hmrsdWc ne FV�R knbh0 DWbg onhms hr Wm KC aknbj0
CWrgdc qdc khmdr Wqd sgqdrgnkcr enq fdmnld/vhcd rhfmhzbWmbd0
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Ehftqd R6. Lncdrs bnqqdkWshnm adsvddm FV�R Wmc InE atqcdm sdrs o?uWktd qWmir Wbqnrr IC
aknbir0
�ksdqmWsd udqrhnm ne RtookdldmsWqx Ehftqd R2 ats trhmf KC aknbjr hmrsdWc ne FV�R knbh0 GhrsnfqWl ne RodWqlWm&r
ρ adsvddm sgd lhmhltl FV�R � knffl9 o/uWktd Wmc sgd lhmhltl KnE atqcdm � knffl9 o/uWktd Wbqnrr KC aknbjr0
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Ehftqd R7. oKnE Wmc rgds Wqd mdfWshudkx bnqqdkWsdc0
�ksdqmWsd udqrhnm ne Ehftqd 2� ats ahmmhmf fdmdr ax sgd oqhnq ldWm rgds Wr qdonqsdc ax )22[0 Sgdrd drshlWsdr Wqd
kdWqmdc trhmf FdmdAWxdr )22[: vghbg trdr eqdptdmbx cWsW Wbqnrr fdmdr sn kdWqm W etmbshnm lWoohmf fdmd edWstqdr -d0f0:
dwoqdrrhnm oWssdqmr Wbqnrr shrrtdr( sn W oqhnq nm rgds0 Hm sgd lWhm sdws: vd trdc FdmdAWxdr onrsdqhnq ldWm drshlWsdr:
vghbg trd sghr kdWqmdc oqhnq enq dWbg fdmd Wknmf vhsg sgWs fdmd&r oKnE sn drshlWsd rgds0 Gdqd vd trd sgd oqhnq ldWm:
vghbg trdr sgd oKnE cWsW Wbqnrr fdmdr sn kdWqm odq/fdmd oqhnqr: ats cndr mns trd W fdmd&r oKnE vgdm drshlWshmf hsr rgds0

39

.CC-BY 4.0 International licenseavailable under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprintthis version posted December 16, 2024.;https://doi.org/10.1101/2024.12.12.628073doi:bioRxiv preprint



0.0

0.4

0.8

1.2

1.6

2.0

Bin 1 Bin 2 Bin 3 Bin 4 Bin 5

Expression specificity bin

E
ff
e
c
t
o
n
z
2

0.0

0.4

0.8

1.2

1.6

2.0

Bin 1 Bin 2 Bin 3 Bin 4 Bin 5

Expression specificity bin

E
ff
e
c
t
o
n
z
2

Unadjusted Adjusting for �γ1A B

Trait−Tissue pair

ALT−Liver

Creatinine−Liver

Eosinophil count−Tcell

Glucose−Pancreas

Heel BMD−Bone

Height−Bone

Lymphocyte count−Tcell

MCV−Erythroid

Reticulocyte %−Erythroid

Average

Expression more
tissue specific

Ehftqd R8. Dwoqdrrhnm rodbhzbhsx hmbqdWrdr InE atqcdm sdrs y?rbnqdr0
Enq 8 sqWhs/shrrtd oWhqr vd qdfqdrrdc KnE atqcdm sdrs y1 enq dWbg fdmd nm dhsgdq �( dwoqdrrhnm rodbhzbhsx ahm nq A(
dwoqdrrhnm rodbhzbsx ahm Wmc Wm tmahWrdc drshlWsd ne γ1: γ10 Rhmbd sgd 4 ahmr Wqd bn/khmdWq: vd qdonqs Wkk qdfqdrrhnm
bndezbhdmsr qdkWshud sn sgd deedbs hm dwoqdrrhnm rodbhzbhsx ahm fl0 Bnknqdc khmdr Wqd qdfqdrrhnm bndezbhdmsr enq hmchuhctWk
sqWhs/shrrtd oWhqr0 Sgd akWbj khmd hr sgd hmudqrd uWqhWmbd/vdhfgsdc WudqWfd Wbqnrr sqWhs/shrrtd oWhqr0 Sgd x/Wwdr gWud
addm mnm/khmdWqkx sqWmrenqldc0
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Ehftqd Rfl9. Dwoqdrrhnm kdudkr cn mns okWx W kWqfd qnkd hm FV�R bnchmf gdqhsWahkhsx0
R/KCRB WmWkxrhr qdrtksr enq 8 sqWhs/shrrtd oWhqr0 Qdrtks Wqd qdonqsdc hm sdqlr ne τ: W ldWrtqd ne gdqhsWahkhsx dmqhbgldms0
UWqhWmsr Wqd ahmmdc ax sgd dwoqdrrhnm kdudk -Wr ldWrtqdc ax SOL( ne sgd bnqqdronmchmf fdmd0 Rhmbd sgd 4 ahmr Wqd
bn/khmdWq: vd cqno sgd ahm fl WmmnsWshnm Wmc nmkx qdonqs qdrtksr enq sgd qdlWhmhmf ahmr0 Sgdrd qdrtksr Wqd eqnl W inhms
WmWkxrhr hmbktchmf ansg dwoqdrrhnm rodbhzbhsx Wmc dwoqdrrhnm kdudk ahmr Wr bnuWqhWsdr0 Bnknqdc khmdr Wqd τ drshlWsdr
enq hmchuhctWk sqWhs/shrrtd oWhqr0 Sgd akWbj khmd hr sgd hmudqrd uWqhWmbd/vdhfgsdc WudqWfd Wbqnrr sqWhs/shrrtd oWhqr0 Sgd
x/Wwhr gWr addm mnm/khmdWqkx sqWmrenqldc0
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Ehftqd Rflfl. �S�B odWi hmsdmrhsx hmbqdWrdr gdqhsWahkhsx dwokWhmdc0
R/KCRB WmWkxrhr qdrtksr enq 8 sqWhs/shrrtd oWhqr0 Qdrtks Wqd qdonqsdc hm sdqlr ne τ: W ldWrtqd ne gdqhsWahkhsx dmqhbgldms0
UWqhWmsr Wqd ahmmdc ax sgd hmsdmrhsx ne sgdhq �S�B/rdp odWjr -Ldsgncr(0 Rhmbd sgd 4 ahmr Wqd bn/khmdWq: vd cqno sgd
ahm fl WmmnsWshnm Wmc nmkx qdonqs qdrtksr enq sgd qdlWhmhmf ahmr0 Sgdrd qdrtksr Wqd eqnl W inhms WmWkxrhr hmbktchmf ansg
�S�B rodbhzbhsx Wmc �S�B hmsdmrhsx ahmr Wr bnuWqhWsdr0 Bnknqdc khmdr Wqd sgd τ drshlWsdr enq hmchuhctWk sqWhs/shrrtd
oWhqr0 Sgd akWbj khmd hr sgd hmudqrd uWqhWmbd/vdhfgsdc WudqWfd Wbqnrr sqWhs/shrrtd oWhqr0 Mnsd sgWs sgd x/Wwhr gWr addm
mnm/khmdWqkx sqWmrenqldc0
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Ehftqd Rfl1. BCR kdmfsg Wmc dwodbsdc mtladq ne tmhptd InEr Wqd ghfgkx bnqqdkWsdc0
RbWssdq okns ne sgd dwodbsdc kdmfsg hm aWrd oWhqr enq sgd bWmnmhbWk BCR enq dWbg fdmd -Ldsgncr( Wmc sgd dwodbsdc
mtladq ne tmhptd KnEr Wr bnlotsdc ax fmnl�C )32[0 Sgd nudqWkk bnqqdkWshnm hr ghfg -OdWqrnm&r q1 + 9073(0
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Ehftqd Rfl2. Fdmdshb cqhes fdmdqWsdr uWqhWmbd hm Wkkdkd eqdptdmbhdr0
fl9:999 eqdptdmbx sqWidbsnqhdr ne hcdmshbWk ltsWshnmr rhltkWsdc tmcdq sgd Chrbqdsd/ShldVqhfgs/Ehrgdq lncdk0 SqWidbsn/
qhdr vdqd rhltkWsdc Wrrtlhmf mn ltsWshnm: Wm rgds ne fl9�2: mn zsmdrr bnmrdptdmbdr hm gnlnyxfnsdr: Wmc W onotkWshnm
rhyd ne Md + fl9:9990 �kk ltsWshnmr vdqd Wrrtldc sn Wqhrd fl:999 fdmdqWshnmr adenqd oqdrdms0
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�mWknfntr sn Ehftqd 4D/F: ats vhsg uWqxhmf Mdee -rdd Ldsgncr enq cdzmhshnm(: vghkd gnkchmf Wkk nsgdq rhltkWshnm
oWqWldsdqr zwdc sn sgd uWktdr trdc hm sgd lWhm sdws0 Qdrtksr eqnl hmchuhctWk onotkWshnm fdmdshb rhltkWshnmr Wqd hm
nqWmfd: Wmc sgd ldWm Wbqnrr rhltkWshnmr hr hm akWbj0 Sgd ghrsnfqWlr rgnv sgd chrsqhatshnm ne sqWhs rodbhzbhsx: ΨU:
Wbqnrr rdfqdfWshmf rhsdr enq W rhmfkd rhltkWshnm0 Mdee cndr mns Weedbs sgd chrsqhatshnm ne deedbs rhydr: Wmc rn sgdrd Wqd sgd
rWld Wbqnrr uWktdr ne Mdee0 Sgd uWktd ne Mdee trdc hm sgd lWhm sdws hr hm qdc0
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Ehftqd Rfl4. Pnatrsmdrr ne WooWqdms okdhnsqnox sn rhltkWshnm oWqWldsdq s0
�mWknfntr sn Ehftqd 4D/F: ats vhsg uWqxhmf s -rdd Ldsgncr enq cdzmhshnm(: vghkd gnkchmf Wkk nsgdq rhltkWshnm oWqWl/
dsdqr zwdc sn sgd uWktdr trdc hm sgd lWhm sdws0 Qdrtksr eqnl hmchuhctWk onotkWshnm fdmdshb rhltkWshnmr Wqd hm nqWmfd:
Wmc sgd ldWm Wbqnrr rhltkWshnmr hr hm akWbj0 Sgd ghrsnfqWlr rgnv sgd chrsqhatshnm ne sqWhs rodbhzbhsx: ΨU: Wbqnrr
rdfqdfWshmf rhsdr enq W rhmfkd rhltkWshnm0 s cndr mns Weedbs sgd chrsqhatshnm ne deedbs rhydr: Wmc rn sgdrd Wqd sgd rWld
Wbqnrr uWktdr ne s0 Sgd uWktd ne s trdc hm sgd lWhm sdws hr hm qdc0
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Ehftqd Rfl5. Pnatrsmdrr ne WooWqdms okdhnsqnox sn rhltkWshnm oWqWldsdq o0
�mWknfntr sn Ehftqd 4D/F: ats vhsg uWqxhmf o -rdd Ldsgncr enq cdzmhshnm(: vghkd gnkchmf Wkk nsgdq rhltkWshnm oWqWl/
dsdqr zwdc sn sgd uWktdr trdc hm sgd lWhm sdws0 Qdrtksr eqnl hmchuhctWk onotkWshnm fdmdshb rhltkWshnmr Wqd hm nqWmfd:
Wmc sgd ldWm Wbqnrr rhltkWshnmr hr hm akWbj0 Sgd ghrsnfqWlr rgnv sgd chrsqhatshnm ne sqWhs rodbhzbhsx: ΨU: Wbqnrr
rdfqdfWshmf rhsdr enq W rhmfkd rhltkWshnm0 Sgd uWktd ne o trdc hm sgd lWhm sdws hr hm qdc0
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�mWknfntr sn Ehftqd 4D/F: ats vhsg uWqxhmf e -rdd Ldsgncr enq cdzmhshnm(: vghkd gnkchmf Wkk nsgdq rhltkWshnm oWqWl/
dsdqr zwdc sn sgd uWktdr trdc hm sgd lWhm sdws0 Qdrtksr eqnl hmchuhctWk onotkWshnm fdmdshb rhltkWshnmr Wqd hm nqWmfd:
Wmc sgd ldWm Wbqnrr rhltkWshnmr hr hm akWbj0 Sgd ghrsnfqWlr rgnv sgd chrsqhatshnm ne sqWhs rodbhzbhsx: ΨU: Wbqnrr
rdfqdfWshmf rhsdr enq W rhmfkd rhltkWshnm0 Sgd uWktd ne e trdc hm sgd lWhm sdws hr hm qdc0
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Ehftqd Rfl7. NqnaWahkhsx ne W uWqhWms adhmf W FV�R ghs hr bnqqdkWsdc vhsg rgds0
Knfhrshb qdfqdrrhnm bndezbhdmsr enq rgds odqbdmshkd bWsdfnqhdr hm W lncdk sgWs oqdchbsr vgdsgdq W uWqhWms hr W FV�R
ghs nq mns hmbktchmf uWqhntr bnuWqhWsdr rtbg Wr chrsWmbd sn sqWmrbqhoshnm rsWqs rhsd -Ldsgncr(0 DWbg ahm bnmsWhmr
WooqnwhlWsdkx fl73 fdmdr0 Sgd sqdmc khmd hr zs trhmf KNDRR0
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Ehftqd Rfl8. Mtladq ne FV�R ghsr hr oqdchbshud ne γ10
RbWssdq oknsr ne sgd bnqqdkWshnm Wbqnrr fdmdr adsvddm sgd mtladq ne hmcdodmcdms FV�R ghsr Wmc Wm tmahWrdc drshlWsd
ne γ1: γ1: WfWhmrs sgd snsWk mtladq ne hmcdodmcdms FV�R ghsr0 �( BnqqdkWshnm Wbqnrr Wkk fdmdr0 SqWhsr vhsg lnqd
hmcdodmcdms ghsr sdmc sn gWud W ghfgdq bnqqdkWshnm adsvddm mtladq ne ghsr Wmcγ10 A( Sn lWjd rtqd sgWs sgd bnqqdkWshnmr
hm oWmdk � vdqd mns cqhudm itrs ax oqdrdmbd nq Wardmbd ne Wmx FV�R ghsr: vd bnlotsdc bnqqdkWshnmr adsvddm mtladq
ne FV�R ghsr Wmc γ1 enq nmkx sgnrd fdmdr vhsg Ws kdWrs nmd FV�R ghs0 Hm ansg oWmdkr: hs rgntkc ad mnsdc sgWs γ1 hr
fdmdqWkkx W udqx mnhrx drshlWsd ne γ10 Sghr vhkk cqhud sgd oknssdc bnqqdkWshnmr sn ad ltbg knvdq sgWm sgd sqtd bnqqdkWshnm
adsvddm sgd mtladq ne FV�R ghsr Wmc sgd tmnardqudc sqtd uWktdr ne γ10
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� � lWsgdlWshbWk lncdk ne WrrnbhWshnm rstchdr

Hm sghr Zoodmchw vd cdrbqhad ntq lZsgdlZshbZk lncdk ne ZrrnbhZshnm rstchdr Zmc bkZqhex sgd qd/
kZshnmrgho adsvddm onotkZshnm: ptZmshsZshud: Zmc rsZshrshbZk fdmdshbr bnmbdosr0 Ntq qdrtksr qdkx
oqhlZqhkx nm sgd vnqj ne )54[ Zmc )27[0

LWhm sgdnqdshbWk qdrtksr

Vd adfhm vhsg Zm Zcchshud lncdk ne ogdmnsxodr.

x⃗ + F⃗α) � —fl(

vgdqd x ∈ Pm hr sgd udbsnq ne ogdmnsxodr ne sgd m hmchuhctZkr hmbktcdc hm sgd rstcx: F ∈ Pm·o hr
Z lZsqhw bnmsZhmhmf sgd bdmsdqdc: ats mns rbZkdc fdmnsxodr ne sgd m hmchuhctZkr Zs sgd o bZtrZk knbh:
α⃗ ∈ Po hr sgd udbsnq ne sgd deedbsr ne sgd ”fl; Zkkdkdr Zs dZbg bZtrZk knbtr nm sgd ogdmnsxod —trtZkkx
cdmnsdc ax β hm sgd khsdqZstqd: ats vd qdrdqud β enq sgd deedbs ne uZqhZmsr nm fdmdr(: Zmc � ∈ Pm

hr Z qZmcnl udbsnq qdoqdrdmshmf tmnardqudc mnhrd0 Sghr Zcchshud lncdk hr qZsgdq rhlokd: ats hr
fdmdqZkkx vdkk/rtoonqsdc Zr Z fnnc ZooqnwhlZshnm enq lZmx bnlokdw sqZhsr )24[ Zmc hr Z bnllnm
Zrrtloshnm Zbqnrr rsZshrshbZk fdmdshbr )65-7fl[0 Vd Zrrtld sgZs sgd bZtrZk uZqhZmsr Zqd tmkhmjdc hm
sgd onotkZshnm: Zmc sgZs o hr kZqfd dmntfg rtbg sgZs sgd Zlntms ne gdqhsZahkhsx bnmsqhatsdc ax Zmx
rhmfkd rhsd hr ≪ fl0 Vd Zkrn Zrrtld sgZs sgd ogdmnsxod hr ldZrtqdc hm tmhsr rn sgZs hsr uZqhZmbd
Zbqnrr hmchuhctZkr hr fl0

Adenqd oqnbddchmf etqsgdq: vd mnsd sgZs sgdqd Zqd rdudqZk chrshmbs rntqbdr ne qZmcnlmdrr hm
DptZshnm fl0 Ehqrs: sgd dmuhqnmldmsZk mnhrd Zeedbshmf dZbg hmchuhctZk hr qZmcnl: vghbg hr lZcd
dwokhbhs ax � adhmf Z qZmcnl uZqhZakd0 Rdbnmc: sgd bgnhbd ne vghbg hmchuhctZkr Zqd hmbktcdc hm
sgd FVüR hr qZmcnl. nmd bntkc hlZfhmd rZlokhmf Z rdoZqZsd bngnqs eqnl sgd rZld onotkZshnm
Zmc nasZhmhmf hmchuhctZkr vhsg cheedqdms fdmnsxodr Zmc ogdmnsxodr0 Sghqc: sgd fdmnsxodr Zmc
ogdmnsxodr hm sgd onotkZshnm hsrdke Zqd sgd qdrtks ne sgd etmcZldmsZkkx qZmcnl oqnbdrr ne dunkt/
shnm0 Mnsd sgZs sghr hr chrshmbs eqnl itrs nasZhmhmf Zmnsgdq FVüR bngnqs0 SZjhmf svn kZqfd qZmcnl
rZlokdr eqnl sgd rZld onotkZshnmvhkk qdrtks hm sgd svn bngnqsr gZuhmf Zklnrs odqedbskx bnqqdkZsdc
Zkkdkd eqdptdmbhdr: ats qdokZxhmf sgd sZod ne dunktshnm vntkc qdrtks hm Zkkdkdr gZuhmf bnlokdsdkx
cheedqdms eqdptdmbhdr0 Sgqntfgnts: vd vhkk sqx sn ad bkdZq Zants vghbg rntqbdr ne qZmcnlmdrr vd
Zqd ZudqZfhmf nudq nq onhms nts vgdm Z oZqshbtkZq rntqbd ne qZmcnlmdrr hr mdfkhfhakd0

Fhudm ntq Zrrtloshnmr: hs gZr addm rgnvm )54[ sgZs bnmchshnmdc nm sgd FVüR rZlokd: αi: sgd
drshlZsd ne sgd isg lZqfhmZk deedbs: αi: hr ZrxlosnshbZkkx MnqlZkkx chrsqhatsdc.

αi ∼ C
�
αi: |Fi|�11


:

vgdqd Fi hr sgd isg bnktlm ne F —h0d0: sgd udbsnq ne fdmnsxodr Zs sgd isg bZtrZk uZqhZms(0 RhlhkZqkx:
sgd rsZmcZqc dqqnq ne αi drshlZsdc ax FVüR hr |Fi|�fl1 0 Sgdqdenqd: sgd y/rbnqd: enq uZqhZms i: yi .+
αi?RD�αi(: qdonqsdc ax FVüR hr Zkrn ZrxlosnshbZkkx MnqlZkkx chrsqhatsdc.

yi ∼ C
�
αi|Fi|1: fl


0

DpthuZkdmskx: vd bZm vqhsd yi Zr sgd rtl ne Z bnmrsZms Zmc Z rsZmcZqc MnqlZk qZmcnl uZqhZakd:
rZx ti.

yi
c
+ αi|Fi|1 ) ti0
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Vd sgdqdenqd gZud sgZs sgd FVüR sdrs rsZshrshb: y1i —rnldshldr qdedqqdc sn Zr sgd bgh/rptZqdc rsZshrshb
Zr hs hr ZrxlosnshbZkkx bgh/rptZqdc chrsqhatsdc tmcdq Z mtkk gxonsgdrhr ne mn deedbs ne sgd uZqhZms
nm sgd sqZhs(: hr

y1i
c
+ α1i |Fi|11 ) 1αi|Fi|1ti ) t1i 0 —1(

Mnsd sgZs ti hr cdsdqlhmdc ax sgd dmuhqnmldms qZmcnlmdrr hm �0 üudqZfhmf nudq sgd qZmcnlmdrr
hm �: vghbg vd cdmnsd ax �� vd nasZhm sgZs sgd dwodbsdc y1i rsZshrshb hr

��y1i + α1i |Fi|11 ) fl0 —2(

Mnsd sgZs sgd qhfgs/gZmc rhcd ne dptZshnm 2 cdodmcr nm sgd fdmnsxodr ne sgd hmchuhctZkr hm/
bktcdc hm sgd FVüR0 Sn qdkZsd sghr sn onotkZshnm ptZmshshdr: vd Zrrtld sgZs sgd hmchuhctZkr hm/
bktcdc vdqd rZlokdc qZmcnlkx eqnl sgd onotkZshnm —Zmc gdmbd hmcdodmcdmskx eqnl sgd ogdmn/
sxod(: Zmc sgZs sgd onotkZshnm hr Zs GZqcx/Vdhmadqf dpthkhaqhtl0 Hm rtbg Z bZrd: sgd uZqhZmbd
ne Z qZmcnlkx rZlokdc fdmnsxod vhsg onotkZshnm eqdptdmbx e i hr 1 e i�fl� e i(: vghbg bZm ad rddm
ax bnmrhcdqhmf sgd fdmnsxod Zr sgd rtl ne svn qZmcnlkx bgnrdm gZoknhcr: vghbg Zqd dZbg hmcd/
odmcdms Adqmntkkh� e i( qZmcnl uZqhZakdr0 Sgdm: vd rdd sgZs ZudqZfhmf nudq sghr rZlokhmf oqnbdrr:
vghbg vd cdmnsd ax �F: qdrtksr hm

�Fα
1
i |Fi|11 + α1i�F|Fi|11

+ α1i

m

∑
h+fl
�FF1hi

+ 1mα1i e i�fl� e i(: —3(

vgdqd sgd zqrs khmd enkknvr eqnl ntq Zrrtloshnm sgZs hmchuhctZkr vdqd bgnrdm hmcdodmcdmskx ne
sgd ogdmnsxod: Zmc sgd zmZk enkknvr eqnl sgd eZbs sgZs vd Zqd bnmrhcdqhmf bdmsdqdc fdmnsxodr: rn
�FF1hi + UZq�Fhi(0

Oktffhmf dptZshnm 3 hmsn dptZshnm 2 vd nasZhm sgZs ZudqZfhmf nudq dmuhqnmldmsZk qZmcnlmdrr
Zmc sgd hmchuhctZkr hmbktcdc hm sgd FVüR: vd nasZhm

�F:�y1i + 1mα1i e i�fl� e i( ) fl0 —4(

ür Z qdrtks: tmcdq ntq Zrrtloshnmr sgd ZudqZfd rsqdmfsg ne ZrrnbhZshnm enq sgd isg uZqhZms hm FVüR
hr cdsdqlhmdc ax 1mα1i e i�fl� e i(0

Ax Z rhlhkZq Zqftldms: Zr m→ ∞:

okhl
m→∞

y1i
m

+ 1α1i e i�fl� e i(: —5(

Zmc rn Zm hmzmhsdkx onvdqdc FVüR vntkc oqhnqhshyd uZqhZmsr dwZbskx ax 1α1i e i�fl� e i(0 Sn lZjd
sghr Zqftldms qhfnqntr: mnsd sgZs hm dptZshnm 1: Fhi hr antmcdc rn |Fi|1 hrN�

√
m( Zmc ti hrNo�fl(:

rn nmkx sgd α1i |Fi|11 hrN�m(0 Sgdm: ZfZhm adbZtrdF1hi hr antmcdc: |Fi|11?m bnmudqfdr hm oqnaZahkhsx
sn hsr ldZm: 1 e i�fl� e i( ax sgd vdZj kZv ne kZqfd mtladqr0

Eqnl sgd odqrodbshud ne onotkZshnm fdmdshbr: sgd eqdptdmbhdr ZoodZqhmf dptZshnmr 4 Zmc 5 Zqd
sgd qdrtks ne dunktshnm: vghbg hr hsrdke Z qZmcnl oqnbdrr0 ür rtbg: vd lhfgs bnmrhcdq gnv rtbg
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rhsdr sxohbZkkx adgZud tmcdq Zm dunktshnmZqx lncdk0 Hm sghr rdbshnm: vd Zrrtld sgZs rdkdbshnm hr
rtezbhdmskx rsqnmf ZfZhmrs mdv ltsZshnmr sgZs vd Zqd hm sgd ltsZshnm/rdkdbshnm aZkZmbd qdfhld0
Rdd üoodmchw B enq sgd fdmdqZk bZrd0 Enq sgd rtardptdms chrbtrrhnm: vd vhkk Zrrtld vhsgnts knrr
ne fdmdqZkhsx sgZs sgd ”fl; Zkkdkd Zs dZbg knbtr hr sgd lhmnq Zkkdkd0

Hm sghr qdfhld: rdkdbshnm hr rsqnmf dmntfg sgZs sgd lhmnq Zkkdkd vhkk ad Zs Z knv dmntfg eqd/
ptdmbx rtbg sgZs e 1i hr drrdmshZkkx mdfkhfhakd: rn e i�fl� e i( ≈ e i0 Sgdm: � e i + µ?rgds: vgdqd µ hr
sgd ltsZshnm qZsd: Zmc rgds hr sgd rsqdmfsg ne rdkdbshnm ZfZhmrs gdsdqnyxfnsdr )21: dptZshnm —208([0
Hmsthshudkx: Zkkdkdr dmsdq sgd onotkZshnm Zs Z qZsd ne 1Mµ: vgdqd M hr sgd onotkZshnm rhyd: Zmc Zqd
qdlnudc eqnl sgd onotkZshnm Zs Z qZsd ne rgds hm sgd qntfgkx 1M ei gdsdqnyxfntr hmchuhctZkr0 üs
dpthkhaqhtl: sgdrd enqbdr ltrs bZmbdk: qdrtkshmf hm e i ≈ µ?rgds0 Oktffhmf sghr qdrtks hmsn dptZshnm 4:
vd nasZhm

�y1i +
1mα1i µ

rgds
) fl: —6(

vgdqd mnv sgd dwodbsZshnm hr sZjdm nudq sgd dmuhqnmldmsZk qZmcnlmdrr: sgd qZmcnlmdrr hm sgd
bnlonrhshnm ne sgd FVüR bngnqs: Zmc sgd dunktshnmZqx oqnbdrr0

EhmZkkx: rdkdbshnm ltrs ad Zbshmf tonm Z uZqhZms ctd sn hsr deedbsr nm rnld ogdmnsxodr0 Hm
üoodmchw C vd rgnv sgZs tmcdq Z lncdk ne rsZahkhyhmf rdkdbshnm nm S sqZhsr ldZrtqdc hm Zooqn/
oqhZsd tmhsr: rgds ≈ ∑S

s+fl α
1
s:i: vgdqd αs:i hr sgd deedbs ne sgd i

sg uZqhZms nm sgd ssg zsmdrr/qdkduZms sqZhs0
Rtarshstshmf sghr qdrtks hm dptZshnm 6: vd nasZhm ntq lZhm qdrtks

�y1i + 1mµ
α1i

∑S
s+fl α

1
s:i

) fl

+ 1mµΨU ) fl: —7(

vgdqd ΨU hr sgd sqZhs rodbhzbhsx ne sgd uZqhZms Zr cdzmdc hm sgd lZhm sdws0

InE atqcdm sdrsr

Sn dwsdmc sgdrd qdrtksr sn KnE atqcdm sdrsr: sgd nmkx oZqs sgZs mddcr lnchzbZshnm hr ntq ZmZkxrhr
ne |Fi|11: vghbg hm atqcdm sdrsr hr Z ”atqcdm fdmnsxod; hmrsdZc ne Z rsZmcZqc fdmnsxod0 Rtoonrd
sgdqd Zqd K onsdmshZk KnE onrhshnmr hm Z fdmd0 üm hmchuhctZk+r atqcdm fdmnsxod enq sgZs fdmd hr
sgdm fl he sgdx gZud Zm KnE Zkkdkd Zs Zmx ne sgnrd K onrhshnmr0 Kds e> ad sgd onotkZshnm eqdptdmbx ne
sgd KnE Zkkdkd Zs onrhshnm > vhsghm sgd fdmd0 Bnmrhcdqhmf Z gZoknsxod bgnrdm qZmcnlkx eqnl sgd
onotkZshnm: sgd oqnaZahkhsx sgZs hs cndr mns bnmsZhm Zm KnE Zkkdkd hr

E Nmn KnE Zs onr0 fl: mn KnE Zs onr0 1: 0 0 0 : mn KnE Zs onr0 K{ ≈
K

∏
>+fl

�fl� e>(:

vgdqd sgd ZooqnwhlZshnm hr qdZrnmZakd adbZtrd KnEr sdmc sn ad dwsqdldkx qZqd )32[ Zmc qZqd uZqh/
Zmsr sdmc sn ad drrdmshZkkx hmcdodmcdms )71[0 Vd sgdm bnmshmtd sghr khmd ne ZooqnwhlZshnm: ax
mnshmf sgZs he KnEr Zqd qZqd sgdm Zmx ptZcqZshb nq ghfgdq nqcdq sdqlr hm sgd KnE eqdptdmbhdr Zs nmd
nq lnqd onrhshnmr Zqd mdfkhfhakd0 ür Z qdrtks:

K

∏
>+fl

�fl� e>( ≈ fl�
K

∑
>+fl

e>:
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Zmc ∑K
>+fl e> bZm ad hmsdqoqdsdc Zr sgd ZffqdfZsd eqdptdmbx ne KnE uZqhZmsr0 ürrtlhmf sgZs sghr

ZffqdfZsd eqdptdmbx hr Zkrn rlZkk: vd bZm sgdm Zrrtld sgZs hs hr tmkhjdkx sn nardqud Zm hmchuhctZk
vhsg Zm KnE Zkkdkd nm ansg ne sgdhq gZoknsxodr0 Vd bZm sgdqdenqd ZooqnwhlZsd hmchuhctZk h+r atqcdm
fdmnsxod enq fdmd i: Fhi: Zr sgd rtl ne svn Adqmntkkh�∑K

>+fl e>( qZmcnl uZqhZakdr0 Sgd uZqhZmbd ne
sghr rtl hr sgdm

�FF1hi ≈ 1
K

∑
>+fl

e>



fl�
K

∑
>+fl

e>



≈ 1
K

∑
>+fl

e>0

Trhmf sghr qdrtks hm okZbd ne dptZshnm 3: Zmc mnshmf sgZs vd vqhsd γi enq αi hm sgd bZrd ne KnE atqcdm
sdrsr: qdrtksr hm

�F:�y1i ≈ fl) 1mγ1i
K

∑
>+fl

e>

Zmc

okhl
m→∞

y1i
m

≈ 1γ1i
K

∑
>+fl

e i0

EhmZkkx: he vd Zrrtld dZbg ne sgdrd K onrhshnmr Zqd tmcdq ltsZshnm rdkdbshnm aZkZmbd vhsg lt/
sZshnm qZsdr µ: sgdm

�y1i ≈
1mγ1i µK

rgds
) fl

fhuhmf ntq lZhm qdrtks enq atqcdm sdrsr:

�y1i ≈ 1mµK
γi

∑S
s+fl γ

1
s:i

) fl

+ 1mµKΨF ) fl:

vgdqd ΨF hr sgd sqZhs rodbhzbhsx ne sgd fdmd Zr cdzmdc hm sgd lZhm sdws0

PdkWshnmrgho adsvddm y1. g1. Wmc � knf o?uWktd

Vd dmc sghr rdbshnm ax mnshmf sgZs y1i hr bknrdkx qdkZsdc sn ansg sgd gdqhsZahkhsx dwokZhmdc ax sgZs
uZqhZms: g1i : Zr vdkk Zr sgd sgd� knf o/uZktd qdstqmdc ax Zm ZrrnbhZshnm sdrs0 Vdvhkk enbtr nm FVüR
hm sghr rtardbshnm enq bkZqhsx: ats sgd qdrtksr Zkrn Zookx sn KnE atqcdm sdrsr0

Ehqrs: mnsd sgZs g1i hr cdzmdc —tmcdq ntq Zrrtloshnm ne hmcdodmcdms bZtrZk uZqhZmsr( Zr 1α
1 e i�fl�

e i( )21: dptZshnm —5019([0 Sghr hr dwZbskx sgd dwodbsdc uZktd —ZudqZfhmf nudq sgd dmuhqnmldmsZk mnhrd
Zmc FVüR bngnqs bnlonrhshnm( ne y1i � fl Zr rddm hm dptZshnm 40 SgZs hr:

�F:�y1i � fl + g1i :

Zmc rn qZmjhmf uZqhZmsr aZrdc nm y1i hr: hm dwodbsZshnm: dpthuZkdms sn qZmjhmf aZrdc nm bnmsqhatshnm
sn gdqhsZahkhsx0

Mdws: mnsd sgZs tmcdq Z mtkk gxonsgdrhr vgdqd y gZr Z rsZmcZqc MnqlZk chrsqhatshnm —h0d0: sgd
mtkk trdc hm FVüR(:

E Ny < s{ + fl���s( + ���s(:
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vgdqd ��s( hr sgd rsZmcZqc MnqlZk btltkZshud chrsqhatshnm etmbshnm0 Sghr hlokhdr sgZs enq s ≥ 9:

E

y1 < s1


+ ���s(0

Sghr ldZmr sgZs sgd qdonqsdc o/uZktd hr qdkZsdc sn y1 ax

o + �

�
√
y1

:

vghbg hlokhdr sgZs

y1 +

��fl �o(

1
0 —8(

Enq rlZkk o: ��fl hr ZrxlosnshbZkkx )72[

��fl�o( ≈ �



knf

fl
o1


0 —fl9(

Trhmf sgd ZooqnwhlZshnm hm dptZshnm fl9 hm dptZshnm 8 vd nasZhm sgZs enq rlZkk o/uZktdr: o hr
qdkZsdc sn y1 ax

y1 ≈ �1 knf o0

Sgdqdenqd enq kZqfd uZktdr ne y1: hs hr drrdmshZkkx sgd rZld Zr svhbd sgd mZstqZk knf o/uZktd0 Hm FVüR
hs hr rsZmcZqc sn uhrtZkhyd Zmc chrbtrr � knffl9 o/uZktdr: ats sgdrd Zqd itrs Z bnmrsZms rbZkhmf shldr
sgd mZstqZk knf o/uZktdr.

� knffl9 o + � knf o
knf �fl9(

≈ �1029 knf o ≈ fl0fl4y10

AdbZtrd ne sgdrd qdrtksr: vd eqddkx rvhsbg adsvddm chrbtrrhmf ZudqZfd y1 rsZshrshbr: bnmsqhat/
shnmr sn gdqhsZahkhsx: Zmc � knf o/uZktdr hm sgd lZhm sdws0
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A � lncdk ne bnmsdws rodbhzbhsx sn dwokWhm uWqhWms rodbhzbhsx

Sgd lZhm fnZk ne sghr Zoodmchw hr sn athkc Z lncdk ne gnv uZqhZmsr Zeedbs ogdmnsxodr sgZs hmbnq/
onqZsdr ansg sgd bnmsdws cdodmcdmbd ne uZqhZmsr Zmc fdmd/kdudk okdhnsqnox0 RodbhzbZkkx: vd vZms
sn oqnuhcd Zm ZmZkxshbZk dwoqdrrhnm enq uWqhWms rodbhzbhsx: ΨU : hm sdqlr ne fdmd rodbhzbhsx: ΨF: Zmc Z
sdql sgZs bZm ad hmsdqoqdsdc Zr ”bnmsdws rodbhzbhsx; tmcdq rtbg Z lncdk0

Sgqntfgnts: vd vhkk bnmrhcdq Z ahnknfhbZkkx/hmrohqdc lncdk ne gnv Z uZqhZms Zeedbsr Z sqZhs0 Vd
Zrrtld sgZs Z uZqhZms Zeedbsr sqZhsr ax bgZmfhmf sgd ”Zbshuhsx; ne Z fdmd hm nmd nq lnqd ”bnmsdwsr;:
Zmc sghr fdmd Zeedbsr sqZhsr ax hsr Zbshuhsx hm sgdrd ”bnmsdwsr;0 Vd bnmrhcdq sgd ”Zbshuhsx; ne Z fdmd
Zr sgd Zahkhsx ne sgd fdmd sn odqenql hsr ogxrhnknfhbZk sZrj hm Z fhudm bnmsdws0 RhlhkZqkx: sgd mnshnm
ne ”bnmsdws; hr bnlokdsdkx ZarsqZbs: ats nmd bntkc sghmj ne Z bnmsdws Zr adhmf Z rodbhzb bdkk sxod
nq shrrtd nq odqgZor Zm dudm lnqd rodbhzb bnmchshnm: rtbg Zr Z bdqsZhm bdkk sxod Zs bdqsZhm onhms
ne cdudknoldms vgdm dwonrdc sn Z bdqsZhm rshltktr0 ür rtbg: vd vntkc rZx sgZs Z lhrrdmrd
uZqhZms sgZs snsZkkx chrqtosr oqnsdhm enkchmf vntkc gZud Z kZqfd mdfZshud deedbs nm Zbshuhsx Zbqnrr
Zkk bnmsdwsr: vghkd Z qdftkZsnqx uZqhZms hm Z shrrtd/rodbhzb qdftkZsnqx qdfhnm lZx gZud Z onrhshud
nq mdfZshud deedbs nm Zbshuhsx ax qdrodbshudkx hmbqdZrhmf nq cdbqdZrhmf sgd dwoqdrrhnm ne sgd fdmd
hm sgZs bnmsdws0 EhmZkkx: vd bnmrhcdq sgZs sqZhsr gZud rnld hloZbs nm zsmdrr: Zmc sgtr Zeedbs sgd
eqdptdmbx ne sgd uZqhZms cdodmcdms nm sgZs uZqhZms+r deedbsr nm sgd fdmd hm cheedqdms bnmsdwsr Zmc
sgd deedbsr ne sgd fdmd nm cheedqdms sqZhsr hm dZbg bnmsdws0

Ntq etkk lncdk hr rtllZqhydc hm Ehftqd R190 Vd Zrrtld rnld mtladq ne bnmsdwsr: B: Zmc Z
mtladq ne sqZhsr S0 Vd cdmnsd sgd deedbs ne Z uZqhZms nm sgd Zbshuhsx ne sgd fdmd hm bnmsdws b Zr βb:
Zmc sgd deedbs ne sgd fdmd hm bnmsdws b nm sqZhs s Zr γbs0 SgZs hr: β hr Z oqnodqsx ne sgd uZqhZms Zmc γ

hr Z oqnodqsx ne sgd fdmd0 Vd sgdm cdzmd sgd deedbs ne sgd uZqhZms nm sqZhs s Zr αs + ∑B
b+fl βbγbs0 Hm

üoodmchw C: vd rgnv sgZs tmcdq lhkc Zrrtloshnmr sgd rsqdmfsg ne rdkdbshnm hm gdsdqnyxfnsdr hr
dptZk sn sgd rtl ne rptZqdc deedbsr Zbqnrr Zkk sqZhsr:

rgds +
S

∑
s+fl


B

∑
b+fl

βbγbs

1
:

Zmc gdmbd tmcdq ltsZshnm rdkdbshnm aZkZmbd: sgd qdkduZms ptZmshsx enq sgd ZudqZfd rsqdmfsg ne
ZrrnbhZshnm tmcdq sghr lncdk hr sgd sqZhs rodbhzbhsx ne sgd uZqhZms:

ψU +


∑B
b+fl βbγbfl

1

∑S
s+fl


∑B
b+fl βbγbs

1 : —flfl(

Zr vd Zqftdc hm üoodmchw ü0

ümZknfntrkx: vd bZm bnmrhcdq sgd sqZhs rodbhzbhsx ne sgd fdmd: ΨF: vghbg tmcdq ntq lncdk hr

ψF +


∑B
b+fl γbfl

1

∑S
s+fl


∑B
b+fl γbs

1 0 —fl1(

Sgd bqtw ne sghr cnbtldms hr cdzmhmf Z bnmsdws rodbhzbhsx eWbsnq: EB: sgZs bZostqdr gnv ltbg
lnqd rodbhzb Z uZqhZms hr sgZm sgd fdmd sgqntfg vghbg hs Zbsr0 Vd bZm hlokhbhskx cdzmd EB ax

ψU + ψFEB0
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UZqhZms

Bnmsdws fl

Bnmsdws 1

Bnmsdws 2

Bnmsdws 3

SqZhs fl

SqZhs 1

SqZhs 2

SqZhs 3

Ehsmdrr

βfl

β1

β2

β3

γflfl

γfl1

γfl2

γfl3

Ehftqd R19. Sgd lnrs fdmdqZk lncdk vd vhkk bnmrhcdq0 ü uZqhZms gZr deedbsr hm cheedqdms bnmsdwsr:
Zmc Z fdmd cdsdqlhmdr gnv dZbg bnmsdws Zeedbsr dZbg sqZhs0

SgZs hr:

EB +
ψU
ψF

+


∑B
b+fl βbγbfl

1
∑S
s+fl


∑B
b+fl γbs

1


∑B
b+fl γbfl

1
∑S
s+fl


∑B
b+fl βbγbs

1 0 —fl2(

Hm sghr etkkx fdmdqZk lncdk: sgd dwoqdrrhnm enq EB hr chezbtks sn hmsdqoqds0 ür rtbg: vd rddj
Z rhlokdq lncdk sn fZhm rnld hmsthshnm0 Hm bnmsqZrs sn sgd etkk lncdk: vd vhkk mnv Zrrtld Z
rhlokdq lncdk vgdqd bnmsdwsr Zmc sqZhsr gZud Z nmd/sn/nmd lZoohmf0 SgZs hr: dZbg sqZhs hr Zeedbsdc
dwbktrhudkx ax Z rhmfkd bnmsdws0 Vd etqsgdq Zrrtld sgZs sgd fdmd dhsgdq gZr mn deedbs nm Z fhudm
sqZhs: nq gZr Zm deedbs ne γ: hmcdodmcdms ne sgd sqZhs0 RhlhkZqkx: vd Zrrtld sgZs Z uZqhZms dhsgdq gZr
Zm deedbs nm sgd Zbshuhsx ne Z fdmd hm Z bnmsdws ne β hmcdodmcdms ne sgd bnmsdws: nq gZr mn deedbs nm
sgZs bnmsdws0 Sghr lncdk hr rtllZqhydc hm Ehftqd R1fl0

Tmcdq ntq snx lncdk sgd dptZshnmr enq ψU : ψF: Zmc EB rhlokhex bnmrhcdqZakx0 Kds CU ad sgd rds
ne bnmsdwsr enq vghbg sgd uZqhZms gZr mnm/ydqn deedbsr nm sgd fdmd: Zmc kds CF ad sgd rds ne bnmsdwsr
hm vghbg sgd fdmd gZr mnm/ydqn deedbsr nm sgd bnqqdronmchmf sqZhsr0 ürrtlhmf sgZs sgd uZqhZms
Zeedbsr sgd enbZk bnmsdws Zmc sgd fdmd gZr Zm deedbs hm sgd enbZk bnmsdws nm sgd enbZk sqZhs: vd gZud

ψU +
fl

|CU
 CF|

0

Hm vnqcr: ψU hr fl nudq sgd mtladq ne bnmsdwsr vgdqd ansg sgd uZqhZms Zmc fdmd gZud Zm deedbs0
RhlhkZqkx:

ψF +
fl

|CF|
0
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UZqhZms

Bnmsdws fl

Bnmsdws 1

Bnmsdws 2

Bnmsdws 3

SqZhs fl

SqZhs 1

SqZhs 2

SqZhs 3

Ehsmdrr

β nq 9

β nq 9

β nq 9

β nq 9

γ nq 9

γ nq 9

γ nq 9

γ nq 9

Ehftqd R1fl. Sgd rhlokdrs lncdk vd vhkk bnmrhcdq0 Sgdqd hr Z nmd/sn/nmd bnqqdronmcdmbd adsvddm
bnmsdwsr Zmc sqZhsr0 UZqhZmsr dhsgdq cn nq cn mns Zeedbs dZbg bnmsdws: Zmc enq Z fhudm fdmd dZbg
bnmsdws lZx nq lZx mns Zeedbs hsr bnqqdronmchmf sqZhs0

üfZhm: ψF hr fl nudq sgd mtladq ne bnmsdwsr vgdqd sgd fdmd gZr Zm deedbs0 DpthuZkdmskx: ψF hr fl nudq
sgd mtladq ne sqZhsr sgZs sgd fdmd Zeedbsr0

EhmZkkx: vd bZm bnlotsd sgd bnmsdws rodbhzbhsx eZbsnq hm sghr rhlokd lncdk.

EB +
|CF|

|CU
 CF|

:

vghbg gZr Z oZqshbtkZqkx mhbd hmsdqoqdsZshnm0 Sgd hmudqrd: fl?EB: hr sgd oqnonqshnm ne sqZhs/qdkduZms
bnmsdwsr sgZs Zqd Zeedbsdc ax sgd uZqhZms0 SgZs hr: vd cn mns bZqd gnv lZmx bnmsdwsr sgd uZqhZms
Zeedbsr: vd nmkx bZqd gnv lZmx bnmsdwsr Zqd Zeedbsdc vgdqd sgd fdmd hr qdkduWms sn sqWhsr0 Hm sghr
rdmrd EB bZostqdr Zm hmsthshud ldZrtqd ne bnmsdws/rodbhzbhsx vgdqd vd ldZrtqd bnmsdws/rodbhzbhsx
vdhfgsdc ax gnv hlonqsZms dZbg bnmsdws hr sn Zmx sqZhs0

Sghr rhlokd lncdk lZjdr Z mtladq ne rsqnmf Zrrtloshnmr0 Vd bZm qdkZw sgd Zrrtloshnm sgZs
Zkk ne sgd deedbsr ne sgd uZqhZms nm sgd bnmsdwsr Zqd dhsgdq β nq 9 Zmc sgd Zrrtloshnm sgZs sgd deedbsr
ne sgd fdmd hm dZbg bnmsdws nm sgd bnqqdronmchmf sqZhs hr dhsgdq γ nq 90 Hm oZqshbtkZq: vd vhkk mnv
bnmrhcdq Z lncdk vgdqd sgdqd hr rshkk Z nmd/sn/nmd bnmsdws/sn/sqZhs lZoohmf: ats sgd deedbs ne sgd
uZqhZms nm bnmsdws b hr βb Zmc sgd deedbs ne sgd fdmd hm bnmsdws b nm sqZhs b hr γb —mnsd sgZs vd nmkx
mddc Z rhmfkd hmcdw nm γ mnv adbZtrd cdsdqlhmhmf sgd bnmsdws cdsdqlhmdr sgd sqZhs Zmc uhbd udqrW(0
Vd rgnv sghr lncdk hm Ehftqd R110
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UZqhZms

Bnmsdws fl

Bnmsdws 1

Bnmsdws 2

Bnmsdws 3

SqZhs fl

SqZhs 1

SqZhs 2

SqZhs 3

Ehsmdrr

βfl

β1

β2

β3

γfl

γ1

γ2

γ3

Ehftqd R11. ü rkhfgs qdkZwZshnm ne sgd rhlokdrs lncdk0 Sgdqd hr rshkk Z nmd/sn/nmd bnqqdronmcdmbd
adsvddm bnmsdwsr Zmc sqZhsr: ats mnv uZqhZmsr bZm gZud ZqahsqZqx deedbsr nm bnmsdwsr: Zmc fdmdr
bZm gZud ZqahsqZqx deedbsr nm sgd bnqqdronmchmf sqZhs hm dZbg bnmsdws0

Tmcdq sghr lncdk: vd sgdm gZud

ψU +
β1flγ

1
fl

∑B
b+fl β

1
bγ
1
b
: —fl3(

Zmc

ψF +
γ1fl

∑B
b+fl γ

1
b
0 —fl4(

Rtarshstshmf sgdrd hmsn dptZshnm fl2: vd nasZhm

EB +
β1fl

∑B
b+fl


γ1b

∑Bb′+fl γ
1
b′


β1b

0

Sghr dptZshnm hr hmsdqoqdsZakd – hs hr sgd deedbs ne sgd uZqhZms nm sgd enbZk bnmsdws qdkZshud sn Z
vdhfgsdc ZudqZfd Zeedbs Zbqnrr Zkk bnmsdwsr vgdqd sgd vdhfgsr enq dZbg bnmsdws Zqd oqnonqshnmZk sn
gnv ltbg sgd fdmd Zeedbsr Z sqZhs hm dZbg bnmsdws0

Hm ansg rhlokhzdc lncdkr: sgd bnmsdws rodbhzbhsx eZbsnq sqZbjr gnv ltbg Z uZqhZms Zeedbsr sgd
bnmsdws qdkduZms enq sgd enbZk sqZhs qdkZshud sn gnv ltbg hs Zeedbsr Zkk bnmsdwsr —vdhfgsdc ax sgdhq
sqZhs qdkduZmbd(0 Hm dhsgdq bZrd: sgdrd lncdkr enqlZkhyd sgd hmsthshnm sgZs ax nmkx Zeedbshmf Z rtards
ne bnmsdwsr: Z uZqhZms bZm ad rtarsZmshZkkx lnqd sqZhs rodbhzb sgZm sgd fdmd sgqntfg vghbg hs Zbsr0
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A0fi UWqhWmsr bWm ad kdrr sqWhs rodbhzb sgWm sgd fdmdr sgqntfg vghbg sgdx Wbs

Ntq etkk lncdk —Ehftqd R19( bZm qdrtks hm bntmsdqhmsthshud bZrdr vgdqd Z uZqhZms hr kdrr sqZhs rodbhzb
sgZm sgd fdmd sgqntfg vghbg hs Zbsr0 Hmcddc: dudm sgd rhlokhzdc lncdk rgnvm hm Ehftqd R11 bZm
qdrtks hm bZrdr vgdqd ψU � ψF0 Rhmbd sghr rhlokhzdc lncdk hr Z rta/lncdk ne sgd etkk lncdk:
hs hlokhdr sgZs rtbg dwZlokdr Zqd edZrhakd hm sgd etkk lncdk Zr vdkk0 ür Z mtldqhbZk dwZlokd:
Zrrtld sgdqd Zqd svn bnmsdwsr Zmc sZjd β + �fl?1: 1( Zmc γ + �1: fl?1(0 Oktffhmf sgdrd uZktdr hmsn
DptZshnmr fl3 Zmc fl4 vd nasZhm

ψU +
fl
1

ψF +
3

3) fl
3

+
fl5
fl6
0

Gdqd vd rdd sgZs sgd uZqhZms dudmkx Zeedbsr ansg sqZhsr —Zmc gdmbd hr pthsd mnm/rodbhzb( vghkd sgd
fdmd udqx gdZuhkx eZunqr sgd enbZk sqZhs —Zmc gdmbd hr pthsd rodbhzb(0

üm hmsthshud dwokZmZshnm enq vgZs gZr gZoodmdc hr sgZs sgd uZqhZms gZr rsqnmf deedbsr nm qdk/
Zshudkx tmhlonqsZms bnmsdwsr Zmc vdZj deedbsr nm hlonqsZms bnmsdwsr0 Sgdrd aZkZmbd nts: Zmc rn
rtccdmkx bnmsdwsr sgZs vdqd Zs udqx cheedqdms rbZkdr ne hloZbs Zs sgd fdmd kdudk adbnld lnqd rhl/
hkZq hm hloZbs Zs sgd uZqhZms kdudk0 Enq dwZlokd: bnqd fdmdr enq nmd sqZhs lZx gZud vdZj deedbsr nm
nsgdq sqZhsr vgdm dwoqdrrdc hm sgd vqnmf bnmsdws )flfl[0 ü uZqhZms sgZs gZqckx deedbsr sgd hlonqsZms
bnmsdws: ats lZrrhudkx odqstqar Zm tmhlonqsZms bnmsdws lhfgs aqhmf sgdrd deedbsr lnqd hm khmd vhsg
dZbg nsgdq Zmc gdmbd ad kdrr rodbhzb sgZm sgd fdmd0

5fl
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B Sgd hloWbs ne rsWahkhyhmf rdkdbshnm nm Wkkdkd eqdptdmbx hm sgd bnmsdws
ne sqWhs rodbhzbhsx Wmc fdmdshb cqhes

Hm üoodmchw ü: vd cdqhudc ntq qdrtksr tmcdq Zm Zrrtloshnm ne ltsZshnm/rdkdbshnm aZkZmbd: Zr/
rtlhmf sgZs sgd rsqdmfsg ne rdkdbshnm Zbshmf nm Z uZqhZms vZr oqnonqshnmZk sn sgd rtl ne hsr rptZqdc
deedbsr Zbqnrr Zkk sqZhsr: ∑s α

1
s 0 Hm sghr üoodmchw: vd dwsdmc sgdrd qdrtksr sn sgd bZrd ne ltsZshnm/

rdkdbshnm/cqhes aZkZmbd: nasZhmhmf sgd qdrtksr ne üoodmchw ü Zr Z khlhshmf bZrd0

Adenqd adfhmmhmf: vd mnsd sgZs tmcdq ntq lncdk: sgd deedbshud rsqdmfsg ne rdkdbshnm ZfZhmrs
gdsdqnyxfnsdr hr rgds + ∑s α

1
s : vhsg sgd zsmdrr hm gnlnyxfnsdr adhmf fl0 LdZmvghkd: vd cdzmdc sgd

sqZhs rodbhzbhsx ne sgd uZqhZms sn ad ΨU .+ α1fl?∑s α
1
s + α1fl?rgds: vgdqd vd Zrrtld αfl hr sgd deedbs

nm sgd enbZk sqZhs0 ür rtbg: rodbhexhmf svn ne rgds:ΨU : nq α1fl cdsdqlhmdr sgd sghqc0 Hm oZqshbtkZq:
rgds + α1fl?ΨU 0

ür chrbtrrdc hm üoodmchw ü: sgd dwodbsdc rsqdmfsg ne ZrrnbhZshnm hm FVüR hr bknrdkx qdkZsdc
sn sgd gdqhsZahkhsx bnmsqhatsdc ax sgd uZqhZms:

g1 + 1α1fl e �fl� e (0

Sn tmcdqrsZmc sgd sxohbZk bnmsqhatshnm ne Z uZqhZms: vd mddc sn bnlotsd sgd dwodbsdc uZktd ne
1 e �fl� e (: vghbg cdodmcr nm rgds0

Hs gZr knmf addm vdkk/tmcdqrsnnc )27:5fl:52[ sgZs tmcdq ntq rsZahkhyhmf rdkdbshnm rdsto: sgd dun/
ktshnmZqx cxmZlhbr ne Zm Zkkdkd Zqd ZooqnwhlZsdkx dpthuZkdms sn sgnrd ne Zm tmcdqcnlhmZmslncdk:
vgdqd hmchuhctZkr gnlnyxfntr enq dhsgdq Zkkdkd gZud zsmdrr fl: ats gdsdqnyxfntr hmchuhctZkr gZud
zsmdrr fl� rgds0 Vd mnsd sgZs tmcdq Z lncdk ne rsZahkhyhmf rdkdbshnm: gdsdqnyxfntr hmchuhctZkr Zqd
mns ZbstZkkx kdrr zs sgZm gnlnyxfnsdr nm ZudqZfd– hs hr rnldsghmf ne Z lZsgdlZshbZk bnhmbhcdmbd
sgZs sgd dunktshnmZqx cxmZlhbr tmcdq rsZahkhyhmf rdkdbshnm Zqd dpthuZkdms sn rtbg Z lncdk0

Hm Zm tmcdqcnlhmZms lncdk: sgd Zkkdkhb cxmZlhbr Zqd cdrbqhadc ax sgd rsnbgZrshb cheedqdmshZk
dptZshnm —RCD(

c es + =1Mrgds es�fl� es(�1 es � fl( ) 1Mµ�fl� 1 es([ cs)

es�fl� es(cVs

vgdqd M hr sgd deedbshud onotkZshnm rhyd: es hr sgd eqdptdmbx Zs shld s:Vs hr ZVhdmdq oqnbdrr —Aqnv/
mhZm lnshnm(: Zmc shld hr ldZrtqdc hm tmhsr ne 1M fdmdqZshnmr0 Sgd oqnodqshdr ne sgd rsZshnmZqx
chrsqhatshnm ne sghr RCD Zqd vdkk/tmcdqrsnnc )27:5fl:52[0 Hm oZqshbtkZq: hs gZr addm rgnvm sgZs tmcdq
sgd rsZshnmZqx chrsqhatshnm ne sghr lncdk:

�=1 e �fl� e ([ +
3MµL

� fl
1 : 3Mµ) 2

1 :Mrgds


1
�
3Mµ) fl

1


L

� fl
1 : 3Mµ) fl

1 :Mrgds
 : —fl5(

vgdqd L�·: ·: ·( hr sgd bnmfitdms gxodqfdnldsqhb etmbshnm0 Hm oqZbshbd: sghr bZm ad ZbbtqZsdkx bnl/
otsdc mtldqhbZkkx enq rlZkk sn lncdqZsd uZktdr ne Mrgds trhmf rb-1x(r1db-Wk(gx1o=o )73[ hm
Oxsgnm nq A�Mccgx1d.4dnld/.-boDo )74[ hm Q0 Enq kZqfd uZktdr ne Mrgds vd entmc sgdrd etmbshnmr
sn ad mtldqhbZkkx tmrsZakd0 Enq kZqfd uZktdr ne Mrgds: vd qdkx nm sgd Zrxlosnshb ZooqnwhlZshnm ne
sgd bnmfitdms gxodqfdnldsqhb etmbshnm )75: —fl2060fl([:

L�W: a: y( ∼ Γ�a(
Γ�W(


dyyW�a


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vgdqd Γ hr FZllZ etmbshnm0 üesdq rnld ZkfdaqZ Zmc mnshmf sgZs Γ�w ) fl(?Γ�w( + w: sghr qdrtksr
hm

3MµL
� fl
1 : 3Mµ) 2

1 :Mrgds


1
�
3Mµ) fl

1


L

� fl
1 : 3Mµ) fl

1 :Mrgds
 ∼ 3Mµ

1
�
3Mµ) fl

1


Γ�3Mµ) 2

1 (

Γ�3Mµ) fl
1 (

�Mrgds(�fl +
1µ
rgds

:

dwZbskx qdbnudqhmf sgd dwodbsZshnm ne 1 e �fl� e ( tmcdq ltsZshnm/rdkdbshnm aZkZmbd0

Vd bZm Zkrn bnmrhcdq sgd adgZuhnq enq rlZkk uZktdr ne rgds: vgdqd )75: —fl20101([

L�W: a: y( + fl)N�y(0

Hm sghr bZrd vd nasZhm
�=1 e �fl� e ([ +

3Mµ

1
�
3Mµ) fl

1

 �fl)N�Mrgds(( :

vghbg hmchbZsdr sgZs sgd dwodbsdc uZktd ne 1 e �fl� e ( hr ZooqnwhlZsdkx hmcdodmcdms ne Mrgds enq
uZktdr ne Mrgds ≪ fl0 Sghr hr bnmrhrsdms vhsg onotkZshnm fdmdshbr hmsthshnm ne sgdrd rhsdr adhmf
deedbshudkx mdtsqZk: Zmc gdmbd adgZuhmf ZooqnwhlZsdkx sgd rZld Zr mdtsqZk uZqhZmsr qdfZqckdrr ne
sgd oqdbhrd uZktdr ne sgdhq rdkdbshnm bndezbhdmsr0

Vd dmc vhsg Z chrbtrrhnm ne sgd adgZuhnq ne sgd dwodbsdc uZktd ne g1 Zr Z etmbshnm ne α1fl Zmc
ΨU 0 Sn dlogZrhyd sghr qdkhZmbd ne �g1 nm sgdrd ptZmshshdr: vd vhkk vqhsd �g1�α1fl:ΨU(0 Vqhshmf
�µ�rgds( enq �=1 e �fl� e ([ sn dlogZrhyd sgZs sgd dwodbsdc uZktd ne sgd gdsdqnyxfnrhsx —µ( cdodmcr
nm rgds: Zmc qdbZkkhmf sgZs rgds + α1fl?ΨU : vd gZud

�g1�α1fl:ΨU( + α1fl�µ


α1fl
ΨU


0 —fl6(

Ntq Zanud qdrtksr rgnv sgZs enq rlZkk α1fl?ΨU : qdfZqckdrr ne ΨU :

�g1�α1fl:ΨU( ≈
3mµα1fl

1�3Mµ) fl
1 (

—enq α1fl?ΨU ≪ fl(:

Zmc rn dwodbsdc gdqhsZahkhsx hm sghr qdfhld hr cqhudm drrdmshZkkx rnkdkx ax sgd deedbs rhyd0 Hm bnmsqZrs:
vgdm α1fl?ΨU hr kZqfd: ntq qdrtksr hlokx

�g1�α1fl:ΨU( ≈ 1µΨU : —enq α1fl?ΨU ≫ fl(:

hlokxhmf sgZs dwodbsdc rsqdmfsg ne ZrrnbhZshnm hr cdsdqlhmdc nmkx ax ΨU 0 Mnsd sgZs vd bZm ad
hm sghr qdfhld dhsgdq ax adhmf dwsqdldkx mnm/rodbhzb —ΨU ≪ α1fl( nq ax gZuhmf Zm dwsqdldkx kZqfd
deedbs nm sgd enbZk sqZhs �α1fl ≫ fl(0

EhmZkkx: trhmf Z sdbgmhbZk kdllZ: KdllZ B0fl: sgZs vd oqnud adknv: vd bZm rgnv sgZs enq Zmx
µ < 9: µ�rgds( hr Z rsqhbskx cdbqdZrhmf etmbshnm ne rgds0 Sghr qdrtks hr dwsqdldkx hmsthshud Zr hs rZxr
sgZs Zr sgd deedbshud rsqdmfsg ne rdkdbshnm ZfZhmrs gdsdqnyxfnsdr hmbqdZrdr: sgd dwodbsdc gdsdqnyx/
fnrhsx cdbqdZrdr0 Sghr hm stqm hlokhdr sgZs enq zwdc α1fl: µ�α1fl?Ψu( hr Z rsqhbskx hmbqdWrhmf etmbshnm
ne ΨU 0 EhmZkkx: he vd gnkc α1fl zwdc: vd rdd sgZs sgd nmkx cdodmcdmbd nm ΨU hm dptZshnm fl6 hr uhZ
µ�α1fl?ΨU(0 Sghr hlokhdr sgZs enq zwdc α1fl: �g

1�α1fl:ΨU( hr Z rsqhbskx hmbqdZrhmf etmbshnm ne ΨU 0

Vghkd sghr qdrtks lZx rddl sdbgmhbZk: hs gZr Z rhlokd hmsdqoqdsZshnm. Zlnmf Zkk uZqhZmsr vhsg
sgd rZld sqZhs hlonqsZmbd: FVüR vhkk: nm ZudqZfd: qZmj sgd lnrs sqZhs/rodbhzb uZqhZmsr sgd lnrs
ghfgkx0 Sgtr: vghkd vd enbtrdc nm sgd qnkd ne sqZhs/rodbhzbhsx hm sgd ltsZshnm/rdkdbshnm aZkZmbd
qdfhld hm sgd lZhm sdws: sqZhs/rodbhzbhsx okZxr Z jdx qnkd hm ZrrnbhZshnm rstcx onvdq Zbqnrr sgd
dmshqd qZmfd ne deedbs rhydr0
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B0fi SdbgmhbWk kdllW

IdllW B0fi0 Rtoonrd a ≥ W < 90 Sgdm:

L�W: a) fl: y(
L�W: a: y(

hr W rsqhbskx cdbqdWrhmf etmbshnm ne y nm y < 90

Oqnne0 Ntq oqnne qdkhdr nm Z sdbgmhbZk kdllZ )76: KdllZ 10fl[: sgZs rsZsdr sgZs he Zkk ne sgd enkknvhmf
gnkc.

® e �w( Zmc f�w( bZm ad qdoqdrdmsdc Zr rdqhdr ∑∞
j+9 ejw

j Zmc ∑∞
j+9 fjw

j qdrodbshudkx

® Ansg rdqhdr bnmudqfd nm �Q � w � Q

® fj < 9 enq Zkk j

®

ej
fj

∞

j+9
hr Z cdbqdZrhmf rdptdmbd

sgdm e �w(?f�w( hr Z rsqhbskx cdbqdZrhmf etmbshnm ne w nm sgd hmsdquZk �9: Q(0

Sn trd sghr kdllZ: vd trd sgd rdqhdr qdoqdrdmsZshnm )75: —fl20101([:

L�W: a: y( +
∞

∑
j+9

�W(j
�a(jj“

yj:

vgdqd �b(j .+ b�b) fl( · · · �b) j� fl( hr sgd OnbgZlldq rxlank: vhsg sgd bnmudmshnm sgZs �b(9 .+ fl0
Hs bZm ad dZrhkx rgnvm sgZs sghr rdqhdr hr bnmudqfdms enq Zkk y ax mnshmf sgZs �W(j?�a(j ≤ fl ax
Zrrtloshnm sgZs W ≤ a Zmc bnloZqhmf sdqlr sn sgd dudqxvgdqd bnmudqfdms rdqhdr enq dwo y0 RhlhkZq
bnmrhcdqZshnmr rgnv sgZs L�W: a) fl: y( hr dudqxvgdqd bnmudqfdms0

Vd mnv vqhsd

ej +
�W(j

�a) fl(jj“
:

Zmc

fj +
�W(j
�a(jj“

enq sgd bndezbhdmsr ne yj hm sgd rdqhdr qdoqdrdmsZshnmr ne L�W: a) fl: y( Zmc L�W: a: y( qdrodbshudkx0
Sn trd sgd kdllZ: vd mddc sn oqnud sgZs Zkk fj < 9 Zmc sgZs sgd qZshnr ej?fj Zqd cdbqdZrhmf hm j0
SgZs fj < 9 enq Zkk j hr sqhuhZk: Zr dZbg fj hr Z qZshn ne onrhshud hmsdfdqr0 Mnv: mnsd sgZs

ej
fj

+
�a(j

�a) fl(j
+

a
a) j

:

vghbg hr rsqhbskx cdbqdZrhmf hm j0 üookxhmf )76: KdllZ 10fl[ bnlokdsdr sgd oqnne0
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C Bnmmdbshnm adsvddm deedbs rhydr Wmc zsmdrr tmcdq rsWahkhyhmf rdkdb?
shnm

Hm sghr üoodmchw: vd chrbtrr sgd Zrrtloshnmr tmcdq vghbg vd lZx Zrrtld sgZs sgd deedbshud
rsqdmfsg ne rdkdbshnm Zbshmf ZfZhmrs Z uZqhZms: rgds: hr sgd rtl ne sgZs uZqhZms+r sqZhs hlonqsZmbdr:
∑s α

1
s 0

Ntq rsZqshmf onhms hr Zm ZqahsqZqx zsmdrr etmbshnm: v: vghbg lZor Z udbsnq ne sqZhs uZktdr: s: sn
Z zsmdrr0 SgZs hr: v�s( rodbhzdr sgd ZudqZfd zsmdrr ne Zm hmchuhctZk vhsg sqZhs uZktdr s0 Vd mddc
rnld lhkc: sdbgmhbZk Zrrtloshnmr nm v– enq ntq otqonrdr hs hr rtezbhdms sgZs v gZud Zm hrnkZsdc
knbZk lZwhltl: Zmc sgZs v ad svhbd cheedqdmshZakd Zs sgZs lZwhltl0 Vhsgnts knrr ne fdmdqZkhsx:
vd lZx Zrrtld sgZs v�s( gZr Z knbZk lZwhltl Zs s + 9 ax qdcdzmhmf s Zr s� s∗ vgdqd s∗ hr Z knbZk
noshltl ne v0 Vd sgdm Zrrtld sgZs mZstqZk rdkdbshnm hr rsqnmf dmntfg rn sgZs lnrs hmchuhctZkr
gZud sqZhsr sgZs Zqd bknrd sn sgd noshltl0 Lnqd oqdbhrdkx: vd vhkk Zrrtld sgZs sgd sqZhs uZktdr vd
Zqd hmsdqdrsdc hm Zqd bknrd dmntfg sn ydqn rn sgZs sdqlr rlZkkdq sgZm |s|11 Zqd mdfkhfhakd0 ür rtbg:
vd lZx odqenql Z ltkshuZqhZsd SZxknq dwoZmrhnm ne ntq zsmdrr etmbshnm Zqntmc 9.

v�s( + v�9( ) }∇v�r(|r+9: s⟩) s⊤
�
∇1v�r(|r+9


s) n

�
|s|11



+ v�9( ) s⊤
�
∇1v�r(|r+9


s) n

�
|s|11



≈ v�9( ) s⊤
�
∇1v�r(|r+9


s:

vgdqd sgd rdbnmc khmd enkknvr eqnl sgd eZbs sgZs 9 hr Zm noshltl rn sgd fqZchdms ne v duZktZsdc Zs
9 hr 90

Cdzmhmf G .+ ∇1v�r(|r+9 Zr sgd GdrrhZm —h0d0: lZsqhw ne rdbnmc cdqhuZshudr( ne v Zs 9: vd
nasZhm sgZs sgd zsmdrr bnmrdptdmbd ne gZuhmf Z rds ne sqZhsr s hr�s⊤Gs0 Mnsd sgZs rhmbd vd Zqd Zs Zm
hrnkZsdc knbZk lZwhltl: G ltrs ad mdfZshud cdzmhsd: vghbg itrs ldZmr sgZs u⊤Gu � 9 enq Zmx u0

Sghr hr dwZbskx sgd rdsshmf ne )27[ —tmcdq bdqsZhm Zrrtloshnmr chrbtrrdc adknv(: rn vd nasZhm
sgZs he Z uZqhZms bZtrdr Z bgZmfd hm ogdmnsxodr ne α + �αfl: 0 0 0 : αS( sgdm sgZs qdrtksr hm dunktshnmZqx
cxmZlhbr dpthuZkdms sn tmcdqcnlhmZmbd vhsg Z rdkdbshnm bndezbhdms oqnonqshnmZk sn

rgds�α( ∝ �α⊤Gα0 —fl7(

Qdbdmskx )53[: hs gZr addm rgnvm sgZs sgd Zrrtloshnm ne hmcdodmcdms rhsdr trdc hm )27[ sn cdqhud
dptZshnm fl7 hr hmbnloZshakd vhsg sgd Atkldq Deedbs )51: 77[ vgdqd uZqhZmsr sdmc sn ad hm rkhfgskx
mdfZshud KC vhsg nsgdq uZqhZmsr sgZs Zeedbs sgd sqZhs hm sgd rZld chqdbshnm dudm he sgd uZqhZmsr Zqd
ogxrhbZkkx tmkhmjdc0 übbntmshmf enq sgdrd rtaskdshdr bZm ad vdkk/ZooqnwhlZsdc ax bgZmfhmf sgd
bnmrsZms ne oqnonqshnmZkhsx hm dptZshnm fl7: Zmc cndr mns Zeedbs ntq qdrtksr gdqd )53: dptZshnm —32([0

Gdqd vd lZjd ntq zqrs sqZmrenqlZshnm – vd Zarnqa sgd bnmrsZms ne oqnonqshnmZkhsx hmsn α0
SgZs hr: vd lZx rbZkd Zkk ne sgd sqZhsr ax rnld bnmrsZms sn lZjd sgd Zanud oqnonqshnmZkhsx Zm
dptZkhsx.

rgds�α( + �α⊤Gα0

Rn eZq vd gZud rtasqZbsdc Z bnmrsZms eqnl Zkk ne ntq sqZhsr Zmc sgdm rbZkdc sgdl ax Z bnmrsZms0 Sghr
cndr mns etmcZldmsZkkx bgZmfd Zmx ne sgd sqZhsr vd gZud ldZrtqdc0
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Mnv: dwoZmchmf sgd qhfgs/gZmc rhcd ne dptZshnm fl7 vd nasZhm

α⊤Gα +
S

∑
h+fl

S

∑
i+fl

αhαiGhi0

Sgd bqnrr sdqlr lZjd cnvmrsqdZl ZmZkxrhr chezbtks0 Etqsgdqlnqd: sgd bnmrsqZhms sgZs G ad mdfZ/
shud cdzmhsd hlokhdr mnmsqhuhZk bnmrsqZhmsr nm sgd uZktdr sgZs sgd dmsqhdr neGlZx sZjd0 Sn rhlokhex
etqsgdq ZmZkxrhr: vd vntkc khjd sn fds qhc ne sgdrd bqnrr sdqlr vhsgnts bgZmfhmf ntq hmsdqoqdsZshnm
ne sgd enbZk sqZhs —rZx sgd zqrs chldmrhnm ne s(0 Sgd qdrs ne sghr üoodmchw vhkk ad cdunsdc sn Zbbnl/
okhrghmf sgZs sZrj0

Rhmbd G hr mdfZshud cdzmhsd: vd lZx cdzmd Zm hmmdq oqnctbs ax

}t: u⟩G .+ �t⊤Gu0

Mnsd sgZs sghr hr cheedqdms eqnl sgd trtZk DtbkhcdZm hmmdq oqnctbs: ats vd lZx oqnud sgZs hs hr
hmmdq oqnctbs ax mnshmf sgZs

}t: u⟩G + �t⊤Gu + �

t⊤Gu

⊤
+ �u⊤G⊤t + �u⊤Gt + }u:t⟩G

ax sgd rxlldsqx ne sgd GdrrhZm0 Sghr rgnvr sgZs ntq otsZshud hmmdq oqnctbs hr rxlldsqhb0 Mdws:
mnsd sgZs enq rbZkZqr W Zmc a:

}Wt) av: u⟩G + � �Wt) av(S Gu + W

�t⊤Gu


) a


�v⊤Gu


+ W}t: u⟩G ) a}v: u⟩G

vghbg rgnvr sgZs ntq otsZshud hmmdq oqnctbs hr khmdZq0 EhmZkkx enq u ̸+ 9

}u: u⟩G + �u⊤Gu < 9

ax sgd mdfZshud cdzmhsdmdrr ne G rgnvhmf sgZs ntq hmmdq oqnctbs hr onrhshud cdzmhsd0 Sgdrd sgqdd
oqnodqshdr cdzmd Zm hmmdq oqnctbs: rn }·: ·⟩G hr Z anmZzcd hmmdq oqnctbs0

Mnv: rhmbd sghr hr hmmdq oqnctbs: vd lZx odqenql sgd FqZl/Rbglhcs oqnbdrr vhsg qdrodbs
sn sghr hmmdq oqnctbs rsZqshmf vhsg sgd udbsnq �fl: 9: 9: 0 0 0( vghbg bnqqdronmcr dwZbskx sn sgd enbZk
sqZhs hm sgd nqhfhmZk bnnqchmZsd rxrsdl0 Sgd ntsots ne sgd FqZl/Rbglhcs oqnbdrr hr Z mdv aZrhr:
vfl: 0 0 0 :vS rtbg sgZs

}vh:vi⟩G +


fl he h + i

9 he h ̸+ i

Zmc vfl ∝ �fl: 9: 9: 0 0 0(0 Sgdrd mdv udbsnqr cdrbqhad gnv sn bgZmfd sgd bnnqchmZsdr ne Z udbsnq
eqnl sgd nqhfhmZk bnnqchmZsd rxrsdl sn Z mdv bnnqchmZsd rxrsdl sgZs hr nqsgnmnqlZk vhsg qdrodbs
sn ntq hmmdq oqnctbs0 Hm ntq bZrd: vd bZm sghmj ne bnnqchmZsdr Zr sqZhsr0 Sgd zqrs bnnqchmZsd qd/
lZhmr tmbgZmfdc —to sn Z qdrbZkhmf sgZs hr hmcdodmcdms ne sgd nsgdq bnnqchmZsdr( eqnl sgd nqhfhmZk
bnnqchmZsd rxrsdl sn sgd mdv bnnqchmZsd rxrsdl: ats sgd qdlZhmhmf bnnqchmZsdr vhkk ad khmdZq
bnlahmZshnmr ne lnqd sgZm nmd bnnqchmZsd0 Sghr ldZmr sgZs hm ntq mdv bnnqchmZsd rxrsdl: vd rshkk
gZud sgd enbZk sqZhs: ats sgdm cdzmd mdv sqZhsr hm sdqlr ne khmdZq bnlahmZshnmr ne sgd nqhfhmZk sqZhsr0
Ax nqsgnmnqlZkhsx: vd rdd sgZs he vd vqhsd α hm sghr mdv bnnqchmZsd rxrsdl:

α⊤Gα + �
S

∑
s+fl

α1s :
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Zmc sgtr:

rgds�α( +
S

∑
s+fl

α1s 0

TkshlZsdkx: sghr ldZmr sgZs vd lZx cdzmd ntq sqZhsr rtbg sgZs sgd zqrs chldmrhnm hr Z bdmsdqdc
Zmc rbZkdc udqrhnm ne sgd nqhfhmZk zqrs sqZhs chldmrhnm —bdmsdqdc rn hsr noshltl hr ydqn: rbZkdc rn
sgZs Z tmhs bgZmfd ne sgd sqZhs gnkchmf Wkk nsgdq sqWmrenqldc sqWhsr bnmrsWms gZr Z tmhs rdkdbshnm bndez/
bhdms(0 Sgd qdlZhmhmf chldmrhnmr fds rbqZlakdc —hmbktchmf vhsg sgd zqrs nqhfhmZk sqZhs chldmrhnm(:
ldZmhmf sgZs sgdx Zqd dZbg rnld khmdZq bnlahmZshnm ne sgd nqhfhmZk sqZhsr0

ü rtaskd onhms gdqd hr sgZs hm sghr bnnqchmZsd rxrsdl: sgd mnm/enbZk sqZhsr lZx ad hm oZqs cdsdq/
lhmdc ax sgd enbZk sqZhs: rn vd mddc sn ad bZqdetk hm hmsdqoqdshmf okdhnsqnox0 Enq dwZlokd he vd gZc
sqZhsr sgZs vdqd vdhfgs Zmc fl?gdhfgs1: vd bntkc bgZmfd sgd bnnqchmZsd rxrsdl sn hmrsdZc ad vdhfgs
Zmc ALH0 Vgdm vd sZkj Zants Z uZqhZms sgZs hr rodbhzb sn vdhfgs hm sghr mdv bnnqchmZsd rxrsdl:
sgZs uZqhZms ltrs mns Zeedbs ALH0 Ats hm sgd nqhfhmZk bnnqchmZsd rxrsdl: sgd uZqhZms hr mdbdrrZqhkx
mns rodbhzb sn vdhfgs adbZtrd sn jddo ALH zwdc: hs ltrs Zeedbs ansg gdhfgs Zmc vdhfgs0

Sn cdqhud ntq qdrtksr: vd qdkhdc nm sgd Zqftldms oqdrdmsdc hm )27[0 SgZs Zqftldms qdpthqdr
sgd sqZhs sn ad rtezbhdmskx onkxfdmhb sgZs sgd fdmdshb bnlonmdms ne Zm hmchuhctZk+r ogdmnsxod hr
ZooqnwhlZsdkx FZtrrhZm chrsqhatsdc0 Hs Zkrn qdpthqdr sgZs Z mdvltsZshnm gZr Z qZmcnl deedbs: Zmc
sgZs sgZs deedbs hr hrnsqnohb hm ntq zmZk rbZkdc Zmc qnsZsdc sqZhs roZbd0 SgZs hr: bnmchshnmdc nm hsr
snsZk rptZqdc deedbs: sgd deedbs ne Z mdv ltsZshnm hr dptZkkx khjdkx sn onhms hm Zmx chqdbshnm ne sqZhs
roZbd0 Sgdqd Zqd Zkrn Z mtladq ne ZcchshnmZk Zrrtloshnmr sgZs Zqd fdmdqZkkx lds hm oqZbshbd enq
lnrs sqZhsr0 Lnrs ne sgdrd Zrrtloshnmr Zqd dhsgdq lds hm oqZbshbd nq cn mns rtarsZmshZkkx Zeedbs sgd
hmsdqoqdsZshnm ne sgd qdrtksr0 Rdd )27: RtookdldmsZqx Mnsd Rdbshnmr 3 Zmc 4[0

Sn rtllZqhyd: he vd bgnnrd ntq bnnqchmZsd rxrsdl bZqdetkkx —h0d0: bgnnrd gd bnqqdbs rds ne sqZhsr
Zmc gnv sn ldZrtqd sgdl(: sgdm tmcdq eZhqkx ZqahsqZqx lncdkr ne rsZahkhyhmf rdkdbshnm vd lZx
nasZhm rgds + ∑s α

1
s 0 Hm oqZbshbd vd cn mns jmnv sgd zsmdrr etmbshnm: Zmc rn vd bZmmns cdsdqlhmd

sgd oqnodq qnsZshnm Zmc rbZkhmf ne sqZhs roZbd sn nasZhm sghr qdrtks0 ür Z qdrtks: hm sgd lZhm sdws:
vd Zrrtld sgZs sgd sqZhsr vd bnmrhcdq Zqd rtbg sgZs sghr qdrtks gnkcr0 Sghr hr nauhntrkx Z fqnrr
ZooqnwhlZshnm: ats rddlr sn vnqj rtqoqhrhmfkx vdkk hm oqZbshbd: enq dwZlokd hm Ehftqd 2B0 Hs vntkc
ad Zm hmsdqdrshmf khmd ne etstqd vnqj sn sqx sn drshlZsdG —nq dpthuZkdmskx kdZqm sgd oqnodq qnsZshnm
Zmc rbZkhmf ne sqZhs roZbd(0
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