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Mathematical Properties of the
Deep Coalescence Cost

Cuong V. Than and Noah A. Rosenberg

Abstract—In the minimizing-deep-coalescences (MDC) approach for species tree inference, a tree that has the minimal deep
coalescence cost for reconciling a collection of gene trees is taken as an estimate of the species tree topology. The MDC method
possesses the desirable Pareto property, and in practice it is quite accurate and computationally efficient. Here, in order to better
understand the MDC method, we investigate some properties of the deep coalescence cost. We prove that the unit neighborhood of
either a rooted species tree or a rooted gene tree under the deep coalescence cost is exactly the same as the tree’s unit neighborhood
under the rooted nearest-neighbor interchange (NNI) distance. Next, for a fixed species tree, we obtain the maximum deep
coalescence cost across all gene trees as well as the number of gene trees that achieve the maximum cost. We also study

corresponding problems for a fixed gene tree.

Index Terms—Deep coalescence, gene tree reconcilation, incomplete lineage sorting, maximal subtrees, nearest-neighbor

interchange

1 INTRODUCTION

THE minimizing-deep-coalescences (MDC) approach is a
promising method for inferring species trees from a
collection of gene trees whose discordance is caused by
incomplete lineage sorting [1], [2], [3], [4], [5], [6]. In this
approach, the amount of discordance for a gene tree and
species tree is measured by the deep coalescence cost,
which is computed as the total across all edges of the
species tree of the number of “extra” lineages required to
reconcile the gene tree within the species tree [1]. For a
given collection of gene tree topologies, the MDC method
identifies a tree that produces the minimal sum of deep
coalescence costs over all of the input gene trees. This tree is
then used as an estimate of the species tree topology.

The MDC approach has demonstrated favorable perfor-
mance in several analyses with both empirical and
simulated data sets [2], [3]. Lin et al. showed that the
MDC criterion has the desirable Pareto property, meaning
that a cluster (i.e., the leaf set of a subtree) that appears in
every input gene tree must also appear in the MDC-optimal
tree [5]. However, we have recently found that under the
multispecies coalescent model [8], the MDC criterion is not
statistically consistent for asymmetric four-leaf species tree
topologies or for species tree topologies with at least five
leaves [9]. That is, for some sets of species tree branch
lengths, the MDC criterion does not identify the correct
species tree topology when gene trees are sampled with
probabilities taken directly from the model. It has also been
observed informally that the MDC criterion tends to
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produce “balanced” species tree estimates, such as tree T' =
((a,b), (c,d)) in Fig. 1, rather than unbalanced trees, such as
tree S = (d, (b, (a,c))) in Fig. 1 (M. DeGiorgio, J. Syring, A.J.
Eckert, A.I. Liston, R. Cronn, D.B. Neale, and N.A.
Rosenberg, unpublished data).

In this paper, to further investigate the behavior of the
MDC criterion, we study several of its mathematical
properties. After introducing notation in Section 2, we
describe in Section 3 the relationship between deep
coalescence cost and the key concept of maximal subtrees.
In Section 4, we determine a relationship between the deep
coalescence cost and the rooted nearest-neighbor inter-
change (NNI) distance [10], [11], [12], which provides
another measure of the amount of topological discordance
between two trees. The problem of identifying gene trees
that maximize the deep coalescence cost given a fixed
species tree, and the dual problem of identifying species
trees that maximize the deep coalescence cost given a gene
tree, are investigated in Section 5.

2 NOTATION

We consider binary, rooted trees that are leaf-labeled and
have at least two leaves. The set of all binary, rooted trees
whose leaves are labeled by elements of a label set X is
denoted by R(X). For a tree T, let V(T") and V(T be the sets
of nodes and internal (i.e., nonleaf) nodes of T, respectively.
If an edge of T is incident to a leaf of T, it is called a pendant
edge; otherwise, it is an internal edge. The sets of edges and
internal edges of T" are denoted, respectively, by E(T') and
E(T). We denote by p(T) the root of 7.

For a node v of tree T, let T'(v) be the subtree of 7" induced
by v, that is, the subtree rooted at v consisting of v and all
proper descendants of v (node w is a proper descendant of v
if w # v and v lies on the path from p(T) to w). The cluster
Cr(v) induced by v is defined as the set of leaves of T'(v),
and we denote by n, the number of elements of Cp(v).

Published by the IEEE CS, Cl, and EMB Societies & the ACM



62 IEEE/ACM TRANSACTIONS ON COMPUTATIONAL BIOLOGY AND BIOINFORMATICS, VOL. 10, NO. 1,

Fig. 1. Reconciling gene tree T within species tree S. In the figure,
MRCA mappings between leaves of T and leaves of S are omitted, and
for clearer illustration of the reconciliation process, the MRCAs of the
internal nodes of T' are placed along the edges of S and along the
artificial edge above the root of S rather than at the internal nodes of S.

Edges of T are considered to be directed away from the
root of T'. Edge e of T' with endpoints v and v, where u is the
parent of v, is written as (u, v). We call u and v the tail and
head of e, respectively. Because a nonroot node v has only
one parent u, it uniquely determines edge e = (u,v).
Therefore, for convenience we also refer to T'(v), Cr(v),
and n, as T'(e), Cr(e), and n., respectively.

Several properties of binary, rooted trees will be used
throughout the paper. The number of trees in R(X)
is 1-3---(2|X] — 3), where |X| is the number of elements
of X. A tree T € R(X) has |X|—1 internal nodes and
|X| -2 internal edges. Thus, |V(T)|=2/X|—-1 and
|E(T)| = 2|X|—2.

3 DEeep COALESCENCE CoOST

We assume incomplete lineage sorting [1], [8], [13] is the
only process that can cause a gene tree to have a different
topology from a species tree. Consider a specific species tree
S and gene tree T, both binary and rooted, and with the
same set of leaves. The deep coalescence cost for the pair
consisting of 7" and S is computed as follows [1], [3]. Each
node v of T' is mapped to the most recent node of S (i.e., the
farthest node from the root of S) whose descendant leaf set
contains the cluster Cr(v) induced by v. We denote by
MRCAg(v) the node to which v is mapped, and call it the
most recent common ancestor (MRCA) of v in S. For an
edge e of S, denote by c, the number of internal nodes v of T'
that are mapped to nodes of the subtree S(e) induced by e.
The number of extra lineages in e is defined as

x1(T,e) =ne —c. — 1. (1)

The deep coalescence cost for the pair consisting of 7" and S is
defined as the sum of x1(7', ) across all the edges of S, thatis,

de(T,8) = > xI(T\e). (2)

e€E(S)

Our definition of extra lineages arises from the way in
which gene tree T is reconciled within the edges of S
according to an MRCA mapping between T and S. For each
leaf = of T, we place a gene lineage in the pendant edge of S
incident to the leaf (of S) labeled by x. We then recursively
create a lineage for each internal node v of T'by merging the
two lineages for the two children of v in the edge of S with
MRCAg(v) as its head (or the edge above the root node p(S5)
if MRCAg(v) = p(S5)). The reconciliation of T" within S can
also be viewed as the backward evolution of the lineages in
the pendant edges of S, with the MRCA mapping
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specifying where in S coalescences occur. For an edge e of
S, if ¢, internal nodes of T' are mapped to nodes of subtree
S(e), then ¢, coalescences occur along edge e and its proper
descendant edges. Thus, the n. lineages in the pendant
edges of S(e) are merged into n, — c, lineages in edge e, and
we say that edge e has n. — ¢, — 1 extra lineages.

It can be verified from the reconciliation process above
that the edge above the root of S has exactly one lineage.
Thus, this edge has no extra lineages, and it need not be
included in dc(T,S). Notice also that ¢, =0 for every
pendant edge of S, because no internal nodes of 7" can be
mapped to a leaf of S. The number of extra lineages in every
pendantedgeis1 — 0 — 1 = 0, and we can rewrite dc(7', S) as

de(T,8) = > x(T,e). (3)

eck(S)

Fig. 1 illustrates the reconciliation of a gene tree T within a
species tree S. Each of the two internal edges of S has one
extra lineage, whereas there are no extra lineages in any of
the pendant edges or in the edge above the root of S. Hence,
de(T, S) = 2.

Clearly, dc(T, S) =dce(S,T) =0 if and only if T and S
have the same (labeled) topology. In general, however,
de(T, S) # de(S,T). For example, if T = (((a,b),c),d) and
S =(((a,c),d),b), then de(T,S) =3 while dec(S,T) =2. It
is, therefore, important that in computing dc(7,S), the
gene tree T is reconciled within the species tree S and not
vice versa.

We note that while the definition of the number of extra
lineages by (1) arises naturally from the reconciliation of a
gene tree T within a species tree S as described in [1], Zhang
provided a different definition for this quantity [6], [7].
According to this definition, the nodes of 1" are mapped to
the nodes of S by the MRCA mapping that we have
described. An edge e of S has k. — 1 extra lineages if for
exactly k. edges (u,v) of T, edge e lies on the path from
MRCAg(u) to MRCAg(v). We will see in the next section that
Zhang's definition and the definition in (1) are equivalent.

3.1 Maximal Subtrees and the Number of Extra
Lineages

Let T be a binary, rooted tree on X and let A be a nonempty
subset of X. We say that a subtree T'(v) induced by a node v

of T is A-maximal if

1. the leaf set Cr(v) of T(v) is a subset of A, and
2. for any subtree t of T of which T'(v) is a proper
subtree, the leaf set of ¢ is not a subset of A.

The concept of A-maximality is important throughout
the article, and we describe it in detail. As an example, we
compute subtrees of tree T in Fig. 1 that are A-maximal,
where A = {a,b, c}. Cherry (a,b) is an A-maximal subtree of
T because {a,b} C A and the leaf set of T—the only subtree
of T of which (a, b) is a proper subtree—is not a subset of A.
Similarly, leaf c is also an A-maximal subtree of T'. None of
the other subtrees of T is A-maximal.

We provide a simpler criterion for determining whether
a subtree of T is A-maximal. Clearly, T is the only X-
maximal subtree of 7. Suppose that A is a proper,
nonempty subset of X, and let T(v) be an A-maximal
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subtree of T. Because Cr(v) C A, Cr(v) is also a proper
subset of X and hence, v is a nonroot node of T'. Let u be the
parent of v. As T'(v) is a proper subtree of T'(u), the leaf set
of T(u) (ie., Cr(u)) is not a subset of A by condition 2.
Conversely, suppose that Cp(v) C A and Cr(u) € A. Let ¢
be a subtree of T that contains 7T'(v) as a proper subtree.
Then ¢ is induced either by u or by a proper ancestor of u. It
follows that the leaf set of ¢ contains Cr(u), implying that
the leaf set of ¢ is not a subset of A. By the two conditions
above, T'(v) is A-maximal. Therefore, we can say that T'(v),
where v is a nonroot node of T, is A-maximal if and only if

1. the cluster Cp(v) induced by v is a subset of A, and
2. the cluster Cr(u) induced by the parent v of v is not a
subset of A.

Consider a given species tree S and gene tree T'. For an
edge e of S, let k, be the number of Cs(e)-maximal subtrees
of T. Than and Nakhleh proved that [3]

x1(T,e) = k. — 1. (4)

Equation (4) agrees with Zhang’s definition of extra
lineages [6], [7]. If edge e of S lies on the path from
MRCAs(u) to MRCAg(v), where (u,v) is an edge of T, then
MRCAg(v) is a descendant of the head of e and MRCA g(u)
is an ancestor of the tail of e. This means that T'(v) is a
maximal subtree of T" with respect to Cs(e). Conversely, if
T(v) is a Cg(e)-maximal subtree of T, then by definition,
Cr(v) C Cs(e) and Cp(u) € Cg(e). Hence, MRCAg(v) is a
descendant of the head of e, while MRCAg(u) is an
ancestor of the tail of e. Thus, each Cg(e)-maximal subtree
of T corresponds to exactly one edge (u,v) of T' for which
edge e lies on the path from MRCAg(u) to MRCAg(v). That
is, the number of extra lineages in edge e by Zhang’s
definition is also k. — 1.

As an illustration of (4), consider the shaded edge e of the
species tree S in Fig. 1. Edge e induces cluster Cs(e) =
{a, b, ¢}, and as noted earlier, only leaf ¢ and cherry (a,b) of
T are Cg(e)-maximal. Equation (4) gives xI(T,e) =2 —
1 =1, which agrees with the illustration in Fig. 1 that edge
e has one extra lineage.

Equation (4) eliminates the need for the MRCA mapping
between the nodes of 7' and the nodes of S in computing
de(T, S). It also shows that the number of extra lineages in
species tree edge e depends only on the cluster Cg(e) (and
the gene tree), and not on the labeled topology of the
subtree S(e). In other words, we can associate with each
A C X the cost xI(T,A). This result is the basis for a
dynamic programming algorithm for identifying a species
tree with the minimum deep coalescence cost for a
collection of gene trees [3].

4 Deep COALESCENCE CosT AND RooTED-NNI
DISTANCE

In this section, we look at some relationships between the
deep coalescence cost and the rooted-NNI distance. A single
rooted-NNI move, when applied to a subtree ¢ =
((A,B),C) of a tree T, transforms T into a new tree with
the subtree ¢ substituted by either t' = (4, (B,C)) or t" =
(B, (A,Q)) (Fig. 2); here, letters A, B, and C denote subtrees
of T. For two trees T and S in R(X), the rooted-NNI

v 1 rooted-NNI move
il

A B C A B C

Fig. 2. A rooted nearest-neighbor interchange move. The tree ¢ =
(A, (B, C)) (right) can be obtained from the tree t = ((4, B), C) (left) by
one rooted-NNI move. The subtree B is pruned from ¢ then reattached to
t as a sibling of C. An alternative rooted-NNI move, in which A is cut
instead of B and rejoined to ¢ as a sibling of C, creates another tree
t" = (B,(A,QC)).

distance between T and S, denoted henceforth d,,; (T, 5), is
the minimum number of rooted-NNI moves required to
convert T into S. The rooted-NNI distance is a distance
metric on the set R(X) [12] (see also [10]).

Theorem 1. Let T and S be two binary, rooted trees on X. Then,
de(T, S) =1 if and only if dpy(T, S) = 1.

Proof. Suppose that dpn,i(7,S) =1. Then T and S must
have at least three leaves. We can assume that 7" has a
subtree ¢t = ((A,B),C), where A, B, and C represent
subtrees, and that S is obtained from 7" by substituting ¢
with ¢ = (4, (B, C)). Let X be the edge of S that induces
subtree (B, C) (Fig. 2). It is easy to see that B and C are
the only subtrees of gene tree T' that are C'g(\)-maximal.
By (4), xI(T,X) = 1. Further, it can be checked that for
any edge e of S other than ), there is a unique edge in
T that induces the same cluster as Cg(e). It follows that
there is only one Cg(e)-maximal subtree of T. By (4)
again, x1(7',e) = 0. Thus, we have dc(T,S) =xI(T, \) +
YoennXi(Tie) =1

For the converse, suppose that dc(7',S) = 1. Trees T
and S are not identical, for otherwise dc(7, S) = 0. Let A
be an (internal) edge of S such that Cg(\) is not an
induced cluster of 7. Then there must be at least two
subtrees of T that are Cg(\)-maximal, and hence
x1(T,A) > 1 by (4). Because dc(T,S) =1, Cg()) is the
only cluster of S that is not a cluster of 7' (and
xI(T,A) = 1). This in turn implies that T" also has only
one cluster, say, Cr(p) induced by edge p, that is not a
cluster of S (note that S and T induce the same number
of clusters, as they have the same number of edges).
Contracting either edge A in S or edge p in 7' results in
the same tree, which we denote by R. Let w be the only
ternary node of R, and let A, B, and C be the three
subtrees of R attached to w. To obtain S and T, these
subtrees must be regrouped in two different ways.
Without loss of generality, we can assume that A and
B are grouped as siblings in 7', whereas B and C' are
grouped as siblings in S (Fig. 2). Clearly, one rooted-NNI
move is required to transform T to S and vice versa, and
dni (T, 5) = 1. O

For each internal edge of a tree T' € R(X), we can obtain
from T' two different trees by one rooted-NNI move. The
number of internal edges of T is |X| — 2, and hence, there
are 2(|X| — 2) trees S with dy,,i (7', S) = 1 [10], [11]. Note also
that the rooted-NNI distance is symmetric, as it is a metric
on the set R(X). We have the following corollaries.
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Corollary. Let T and S be two binary, rooted tree on X. Then
de(T, S) =1 if and only if de(S,T) = 1.

Corollary. Let T' be a binary, rooted tree on X. Then the number
of trees Se R(X) with dc(T,S)=dc(S,T)=1 is
2(1X| - 2).

By Theorem 1, if d,,i(T, S) = 2, then d¢(T', S) > 2, and if
de(T, S) = 2, then dn,i (T, S) > 2. It is, therefore, tempting to
conjecture that de(T, S) < dui(T', S) or dnni (T, S) < de(T,5),
but neither inequality holds in general. Consider two trees,
T = ((a,b),(¢c,d)) and S = ((a, ¢), (b,d)). We have de(T', S) =
2, while at least three rooted-NNI moves are needed to
convert 7" into S. On the other hand, for the pair of trees
T = (¢, (a,(b,d))) and S = (d,(b,(c,a))), we have dc(T’,
Sy =3, while dy,(T',5") =2. However, the next result
demonstrates that a weaker relationship between the deep
coalescence cost and the rooted-NNI distance does exist.

Theorem 2. Let S and ' be two binary, rooted species on X.
Assume that dy.(S,S") =1. Then for any gene tree
T € R(X),

|de(T, S) — de(T, 8')| < | X]| — 2. (5)

Proof. Because dn,i(S,S5) =1, we can assume that S’ is
obtained from S by substituting a subtree ((A4, B),C) of S
with (4, (B, C)), where A, B, and C represent subtrees of
S (see Fig. 2, considering ¢ and t’ as subtrees of S and &,
respectively). Hence, every cluster induced by S appears
in &', except for the cluster induced by edge p in S.
Conversely, every cluster induced by S’ also appears in
S, except for the cluster induced by edge A\ in 5.
Applying (1) and (2), we have

|de(T, S) — de(T, S| = |xU(T, u) — x1(T, \)|
< max{xl(T, u), x1(T, \)},

where the last inequality follows from the fact that both
xU(T, ) and xI(T,\) are nonnegative. The number of
lineages in edge p is at most the total number of leaves in
A and B, which is at most | X| — 1 because subtree C has
at least one leaf. Similarly, the number of lineages in edge
A is at most |X| — 1. Therefore, |dc(T,S) — de(T, 5")| <
|X] —2. |

Theorem 3. Let T and T" be two binary, rooted gene trees on X.
Assume that dn,i(T,T") = 1. For any species tree S € R(X),

|de(T, S) — de(T", S)| < |X] — 2. (6)

Proof. We have

|de(T, S) — de(T", S)|

| > ®(Te) = > =T e

ech(S) eeB(S)

< 3 KT, 0) (T e)]
eck(S)

= Z ‘Cefc,e% (by (1))
ecB(S)
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where ¢, and ¢, respectively, denote the numbers of
internal nodes of T'and 7" whose MRCAs in S are nodes
of the subtree S(e) induced by e. Because IE(S)| =
| X| — 2, it is sufficient to show that for each internal edge
eof S,

lce — ] < 1.

Because duwi(T,7') =1, we can assume that 7" is
obtained from T by substituting a subtree ((4, B),C) of
T with (4, (B, C)), where A, B, and C represent subtrees
(Fig. 2). Let v be the node of T' that induces the subtree
(A, B), and let v/ be the node of T” that induces (B, C).
Except for clusters Cr(v) of T and Cp (V') of 1", every
cluster of T is a cluster of 7" and vice versa. Thus, for
every node u of T' other than v, there exists a unique
node u' # v in T" such that both v and v induce the
same cluster. This implies that MRCAg(u) = MRCAg(u)
if u #vand u' # v/, and only MRCAg(v) and MRCAg(v')
can differ. As a consequence, the value of ¢, —c,
depends only on whether MRCAg(v) and MRCAg(v')
are nodes of S(e). Therefore,

1. If both MRCAg(v) and MRCAg(v') are nodes of
S(e), or if neither is a node of S(e), then c. = ¢..
2. If MRCAj(v) is a node of S(e), but MRCAg (V') is
not, then ¢, = ¢, + 1.
3. If MRCAg(v') is a node of S(e), but MRCAg(v) is
not, then ¢, = ¢, + 1.
The desired claim holds in all three cases. O

It can be seen that the upper bound in Theorem 2 is tight.
Consider an n-leaf caterpillar species tree S =
(... ((1,2),3),... ,n), and let S’ be a species tree obtained
from S by applying one rooted-NNI move that makes leaves
n—1 and n siblings (ie., S =((... ((1,2),3),... ,n—2),
(n—1,n)). Let T =(... ((n—1,n),1),2),... ,n—2). By
direct calculation, we have dc(71,S5) =(n—2)(n—1)/2
and dc(Th,9)=(n-3)(n—2)/2. Hence, dc(T1,S)—
de(T1,8) =n—2.

As for Theorem 3, consider caterpillar gene trees
Ty = ( .- ((1377/)32)3 Y 1) and TQ, = ( - (((L 2),71),3),

.,n—1) that are one rooted-NNI move apart. Again
by direct computation, we have dc(T3,S) = (n—2)(n—
1)/2 and dc(T3,S) = (n—3)(n —2)/2. Hence, dc(T3,S) —
de(73,5) =n —2, and the bound in Theorem 3 is also
tight.

5 TREES wWITH Maximum DEep COALESCENCE
CosT

In this section, we solve the following problem: given a
fixed species tree S (or a fixed gene tree T'), which gene trees
(or species trees) have the maximum deep coalescence cost?

5.1 Fixed Species Trees

We first consider the case in which we are given a fixed
species tree S € R(X), |X|=n>2. We derive an upper
bound for dc(T', S) over all gene trees T' € R(X). We also
derive a formula for the number of gene trees 1T with
de(T, S) equal to that upper bound.
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T* S

T Yy a b c x a b c Y

Fig. 3. An example of the maximum deep coalescence cost for a fixed
species tree. Given the species tree S (right), the deep coalescence cost
for reconciling the gene tree T* (left) achieves the maximum deep
coalescence cost dc(7™, S) = 4 over all gene trees.

5.1.1 Upper Bound of dc(T', S)

From (1) and (2), de(T,S) is bounded above by m(S) =
Doeens) (e —1) = —=(2n—2) + > .y ne. We now con-
struct a tree T* with dc(T*,S) = m,(S). Let x be a leaf in
one subtree of the root of S, and let y be a leaf in the other
subtree of the root. Let 7™ be a caterpillar tree on X whose
only cherry is (z,y), and let v be the node of T* that
induces this cherry (Fig. 3). Because leaves = and y of the
species tree S appear in different subtrees of the root of S,
MRCAg(v) is the root of S. It follows that the MRCA of any
internal node of T* in S is also the root of S. Consequently,
for each edge e of S, c. =0. By (1), x1(T%,e) = n. — 1, and
by (2), de(T™, S) = m4(S). We have proven

Lemma 4. For a given species tree S € R(X), the deep

coalescence cost for reconciling a gene tree T € R(X) is
bounded above by

ms(S) = —(2n —

+ 3 (7)

ecE(S

The depth of a node v in a tree S, denoted henceforth by
{(v), is defined as the number of edges in the (unique) path
from the root of S to v. The external path length of S, epl(S5),
is defined as the sum ) _ ¢(z).

Lemma 5. Let S be a tree in R(X), where | X| = n. Then

Z ne = epl(S) <

ecE(S)

(n—l—l) 1 (8)

with equality if and only if S is a caterpillar tree.

Proof. The first part of the lemma follows by noting that
each leaf = appears in exactly ¢(x) proper subtrees of S,
and hence it contributes exactly ¢(z) to the sum
ZceE(s) n. (e.g., [14], [15]). The second part was proven
by Klein and Wood [16] (see also [17, Section 2.3.4.5]).0

The following theorem is a direct consequence of
Lemmas 4 and 5.

Theorem 6. For any pair consisting of a species tree S and a gene
tree T in R(X), | X|=n,

(n—2)(n—-1)

dC(T’ S) < mS(S) < 9 . (9)

5.1.2 Number of Gene Trees with Maximum Deep
Coalescence Cost

When S is not a caterpillar tree, gene trees T' need not be
caterpillar trees to have dc(T,S)=ms(S) in (7). For

example, the gene tree obtained from 7™ in Fig. 3 by pruning
leaf @ and reattaching it to 7 as a sibling of leaf c also has
deep coalescence cost m(S) = dc(T%,S) = 4. We establish
conditions for gene trees T to have dc¢(T, S) = m,(S) and
derive a formula for the number of these gene trees.

Denote by S; and S, the two subtrees of the root of S. A
cherry of T is called a left-right cherry with respect to S if it
has one leaf each from S, and S,.

Lemma 7. Let S € R(X) be a given species tree. Then a gene tree
T € R(X) has dc(T, S) = m(S) if and only if every cherry of
T is a left-right cherry with respect to S.

Proof. For the necessary condition, suppose otherwise that
T has a cherry whose leaves are both from S, (the case
in which they are from S, is similar). Let v be the node
that induces this cherry. Then MRCAg(v) is some node
of Sy, and hence is a proper descendant of the root of S.
Let A be the edge of S whose head is MRCAg(v). By the
definition of c,, we have ¢y > 1. From (1), xl(T,\) =
ny—cy—1<ny—1, and it follows that dc(T,S) =
> cens) XUT, €) <my(S).

For the converse, if every cherry of T is left-right with
respect to S, then MRCAg(v) is the root of S for every
internal node v of T'. Thus, ¢, = 0 for each edge of S, and
by (2), de(T', S) = m,(S). O

Lemma 8. Let k and n — k be the numbers of leaves in Sy and S,.,
respectively. Then a gene tree T' € R(X) that has dc(T, S) =
ms(S) cannot have more than min{k,n — k} cherries.

Proof. By Lemma 7, each cherry of T is a left-right cherry
with respect to S. Because S; has k leaves and S, has
n — k leaves, at most min{k, n — k} left-right cherries can
be formed. O

Lemmas 7 and 8 reduce the problem of counting
the number of gene trees T" with dc(T,S) = m,(S) to the
problem of counting for each ¢ =1,... ,min{k,n — k} the
number of gene trees that have i cherries, each of which is
left-right with respect to S. We count these gene trees by
using a bijection of [18] between binary, rooted trees and
perfect matchings.

A perfect matching on 2n — 2 points is simply a setof n — 1
unordered pairs of these points. For ease of description of
the bijection, assume that the leaves of a tree T are labeled
by integers 1,2,...,n. The internal nodes of T, excluding
the root, are assigned integers n + 1, ...,2n — 2 by repeating
the following procedure.

1. Consider the set U of unlabeled internal nodes both
of whose children have already been labeled.

2. Find among the children of the elements of U node w
that has the smallest label. Let v be the parent of w.

3. Label v with the next available integer.

For each internal node of T, including the root, we form
an unordered pair of the labels of its two children. The set of
all these pairs is the perfect matching for T' (Fig. 4).

Diaconis and Holmes proved that each binary, rooted
tree with leaves labeled by integers 1,2,...,n corresponds
to exactly one perfect matching on points 1,2,...,2n —2
according to the procedure above [18]. In fact, the number
of perfect matchings on 2n — 2 points is
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Fig. 4. A correspondence between a binary, rooted tree, and a perfect matching. The tree has leaves labeled by 1,2,...,7 (left), and the perfect
matching (right) is on points 1,2, ...,12. The internal nodes of the tree are labeled according to the procedure described in the text. The matching is

formed by pairing the two children of each internal node of the tree.
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which is also the number of binary, rooted trees with n leaves.

Lemma 9. Let the numbers of leaves in S; and S, be k and n — k,
respectively. The number of trees T' that have i cherries, each of
which is left-right with respect to S, is

(T

Proof. We use the tree-matching bijection to construct trees
T with ¢ left-right cherries with respect to S. Noting that
in the bijection, points 1,2,...,n are assigned to the
leaves of T', we divide the set of points 1,2, ..
three subsets.

(10)

.,2n — 2into

1. P, is the set of k points corresponding to the
leaves in S,.

2. P, is the set of n — k points corresponding to the
leaves in S,.

3. @ is the set of the n—2 remaining points:
n+1,...,2n—2.

A tree T is built in three steps. First, we create i left-
right cherries by pairing ¢ points from P, with ¢ points
from P,. There are (’f) i-subsets of P; and (";k) i-subsets
of P.. For a fixed i-subset of P, and a fixed i-subset of P,,
there are i! possible pairings: the first element from the
subset of P, pairs with one of ¢ choices from the subset of
P,, the second element pairs with one of i — 1 choices,
and so on. Thus, the number of possible sets of i left-

right cherries is
()
il . ..
1 (3

After this pairing, k — i and n — k — i points remain in
P, and P,, respectively. These (k—1i)+ (n—k—1i)=
n — 2¢ points must be paired with n — 2{ points in Q,
because we require that 7" has exactly ¢ cherries. Using
the same argument as in the preceding paragraph, the
number of pairings in this step is

N (n—2i\[(n—-2 (n—2)!
— 929! — )
(n = 2i)! (n - 22‘) (n - 21‘) (2i—2)"
In the third and final step, (n —2) — (n —2i) = 2i — 2
points in @ are paired. Any pairing of these points is

allowed, as these points correspond to internal nodes of
tree T. The number of different pairings is (2: — 3)!!, the

number of binary, rooted trees with i leaves (by the tree-
matching bijection).

The total number of trees that have i left-right cherries
with respect to S is

AR\ (n—EkE\ (n—2) _

! RSV —_ 3\

Z(z)( ; ) 2= 2) (2¢ —3)!
_a(k\(n—ky (n=2)! (2i—2)
UG\ ) @i 2 - 1)
_(n—=2)% (k\ (n—k
o2t i i)

Theorem 10. Let the numbers of leaves in Sy and S, be k and

n — k, respectively. For a fixed species tree S € R(X), the
number of gene trees T € R(X) with dc(T, S) = m4(S) is

P S B

i=1

Proof. The theorem follows immediately from Lemmas 7, 8,
and 9. O

To illustrate the theorem, we count the number of trees T'
with dc(T, S) = m,(S) = 4 for the species tree S in Fig. 3.
Because 7' has five leaves, we need to consider only two
cases: T has one cherry (i.e., it is a caterpillar tree) and 7" has
two cherries. In the first case, one leaf of the cherry is from
{a,z}, and the other is from {b,c,y}. Hence, six different
cherries can be formed. For a fixed one of these cherries,
say, (z,y), the remaining leaves of a caterpillar tree T can be
assigned labels a, b, and c in 3! = 6 ways. The number of
trees in the first case is therefore 6 - 6 = 36.

For the second case, T" has two cherries, one containing a
and the other containing = (by Lemma 7). Six possible sets
of two such cherries exist. For a fixed set of two cherries,
say, {(a,b), (z,y)}, we can arrange the two cherries and leaf
c in three different ways to construct T'. Thus, the number of
trees in this case is 6 - 3 = 18. The total number of trees with
de(T, S) = 4 is 36 + 18 = 54. Simple calculation verifies that
(11) also gives this number.

Let S be a fixed species tree on X, and let S’ be another
species tree that has the same shape (i.e., unlabeled
topology) as S. There exists a permutation 7 on X such
that S’ is obtained from S by relabeling each leaf x of S with
m(x). Suppose that T is a gene tree that has dc(T', S) = m,(.5).
Let T" be a tree obtained from T by relabeling the leaves of T
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TABLE 1
The Maximum Deep Coalescence Cost, m(.5), and the Number of Gene Trees with Maximum Cost, ¢;(5),
for an Arbitrarily Chosen Labeling of Fixed Species Tree Shapes with 1 <n < 9 Leaves
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For each species tree shape S, quantities appear as an ordered pair (m4(S), ¢s(S)). Species tree shapes are ordered according to their Furnas

ranks.

according to permutation 7. It can be seen that dc(7",5") =
de(T, S) [9]. Thus, the maximum cost m,(S) and function
s(S) depend only on the shape of S, not on the leaf labels of
S. This observation can be verified from (7) and (11).

5.1.3 Properties of m,(S) and ¢s(S) for Small Trees

In this section, we examine the properties of m,(S) and
¢s(S) in relation to the Furnas rank of S [20], denoted
henceforth as ranky(S). Tree shapes with the same number
of leaves are assigned consecutive positive integers, starting
from 1. The procedure for assigning ranks to tree shapes is

recursive. There is only one tree shape with one leaf, and it
has rank 1. For a tree shape S with at least two leaves, we
designate S; and S, as the left and right subtrees of the root
of S such that Sy has fewer leaves than S,, or rankp(S;) <
rankp(5,) in the case that S, and S, have the same number
of leaves. For two tree shapes S and &', if Sy has fewer
leaves than S, then rankp(S) < rankp(S’). If S¢ and S have
the same number of leaves and rankz(S;) < rankp(S}), then
rankp(S) < rankp(S'). Otherwise, S; and S; have the same
shape, and rankp(S) < rankp(S’) if rankp(S,) < rankp(S)).

ms(S)

(a)

10 20 30 40
Furnas rank
600000
400000 ] .

(b) % 300000

100000

0 I

0 10

20 30 40
Furnas rank

Fig. 5. Plots of m,(S), the maximum deep coalescence cost for fixed S, and ¢,(S), the number of gene trees T with dc(T, S) = m,(S), for all
46 species tree shapes with nine leaves. The species tree shapes are ordered according to their Furnas ranks.
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Caterpillar trees always have rank 1, and “most-
balanced” trees—those in which for every internal node,
the numbers of leaves in its left and right subtrees differ by
at most one—have the largest ranks. In general, trees with
higher ranky are more balanced than trees with smaller
rankr (e.g., [20]).

The maximum cost m,(S) and the number ¢,(.S) of gene
trees that achieve this maximum appear in Table 1 for every
species tree shape with nine or fewer leaves. Examining the
relationship between m,(S) and ranky for trees in the table,
we see that trees with higher rank, generally have lower
m,(S) (Fig. 5a). However, the relationship between m(S)
and rankp(S) is not completely monotonic, as shown in
Fig. 5 and Table 1. Consider tree shapes with nine leaves, for
example. Tree shape 23 has m,(S) = 17, and tree shape 24
has m(S) = 22. Note that the right and left subtrees of
shape 23 are a perfect balanced eight-leaf tree and a single-
leaf tree, whereas the corresponding subtrees of shape 24 are
a seven-leaf caterpillar and a cherry. From (7), we can see
that the caterpillar subtree of shape 24 accounts for the
increase in the maximum deep coalescence cost over that of
shape 23.

As for ¢,(S), Fig. 5b suggests that for nine taxa, it is
monotonically nondecreasing with rankp(S). It can be
proven that this monotonicity holds in general.

Proposition 11. For two species tree shapes S and S' with the same
number of leaves, p,(S) < ¢4(S") if rankp(S) < rankp(S").

Proof. By our designation, the left subtree S; of each tree
shape S has at most |n/2] leaves. Further, rankp(S) <
rankp(S') implies that the number of leaves in S, is at
most the number of leaves in Sj. From (11), ¢,(S) =
s(S") if S and S, have the same number of leaves.
Hence, it only remains to show that if Sy has fewer leaves
than S}, then ¢ (S) < ¢s(S’"). We have

(")

k n—k—i+1

(k;l) (n—iﬁ—l) - k—i n—k+1
B k(n—Fk+1)—Fki
S k(n—k+1)—(n—k+1)i’

which is greater than 1 if k < |n/2]. Consequently, if
2 <k < |n/2], then

s () S ()0
e (")),

Our claim that p,(S) < p(9") if Sy has fewer leaves than
S} now follows from (11). O

5.2 Fixed Gene Trees

Suppose now that we are given a fixed gene tree T' € R(X),
|X| = n > 2. In this section, we obtain several properties of
species trees S with maximum dc(7, S) over all species trees
in R(X). Although the problem of identifying all species
trees S with maximum dc(7,S) for a given gene tree T'
remains open for the general case, we solve it for certain
classes of cases. Further, we prove some lemmas that apply
in the general case.

JANUARY/FEBRUARY 2013

As in the previous section, we denote by S, and S, the
left and right subtrees of the root of S, and we refer to the
sets of leaves of S, and S, as X, and X,.

Lemma 12. Let i be the number of cherries of T. Let S € R(X) be

a species tree with k leaves in Sy and n — k leaves in S,, where

k>iand n—k > 1. Then

o(T) = n(n2— 1)

with equality if and only if

de(T, S) < —i(n —1), (12)

1. Each cherry of T is left-right with respect to S.
2. Both Sy and S, are caterpillar trees, and either k = i or
k =1 (or both).

Proof. By Lemma 4, dc(7T, S) < m(S). Hence, in order to
prove (12), it suffices to prove that m,(S) < n(n—1)/2 —
i(n — i). From (7), we have

g

ecE(S

—2n—-2)+ | k+ Z Ne
ecE(Sr)

+<nk+ Z ne>
ecE(S,)
=—(n-2)+ Zm—i— an

e€E(S)) ecE(S

<—(n-2)+ (k’(k; D_ 1)

(n—k(n—-k+1)
w (=2

n —

ms(S) = —(2n — 2)

— 1) (by Lemma 5)

~n(n—1)

n(n —1)

<
DESLL

—i(n —1),
where the last inequality follows from the fact that the
function —z(n — z) is a parabola that faces upward and
has line of symmetry z = n/2.

In order to have equality in (12), we must have

1. de(T,S) = my(S).
2. my(S)=n(n-1)/2—i(n—1).

From the derivation, m(S) = n(n —1)/2 —i(n — i) if
and only if both Sy and S, are caterpillars, and either
k=14 or n—k=1i (so that —k(n — k) is maximum). By
Lemma 7, de(T, S) = m,(9S) if and only if each cherry of
T is left-right with respect to S. 0

Denote by m(T) the maximum of dc(T,S) across all
species trees with the same set of leaves as 7', and denote by
@¢(T) the number of species trees S that have dc(T,5) =
Corollary. Let T be a given caterpillar gene tree in R(X), where

| X|=n>2 Then m(T)=0(T)=(n—1)(n—2)/2, and

oi(T) = (n—1)L
Proof. By Theorem 6, (n — 1)(n — 2)/2 is an upper bound of

de(T, S) for any species tree S € R(X). Thus, we need

only show that there are (n — 1)! species trees S that have
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TABLE 2
The Maximum Deep Coalescence Cost, m;(T), and the Number of Species Trees with Maximum Cost,
¢:(T), for an Arbitrarily Chosen Labeling of Fixed Gene Tree Shapes with 1 <n <9 Leaves

69

n<5s
0,1 0,1 1,2
- RN N A LN AN
10, 120 9,9 9,48 9, 48 7,96 8, 96
n=7 m /2& m m &\
15, 720 14, 480 14, 240 14, 240 12, 384 13, 480 14, 240 12, 384 12, 192 13, 240 11, 384
neg WX D DS 2w Koo A 0
21, 5040 20, 2880 20, 1440 20, 1440 18, 1920 19, 2880 20, 1440 18, 1920 18, 960 19, 1440 17, 1920 20, 1440
18, 1920 18, 960 18, 960 15, 2304 17, 960 19, 1440 17, 960 17, 480 18, 2880 17, 960 14, 3072
n=9 %x % %)\ % %A % % m % %%\ %}x %

28, 40320 27, 20160 27, 10080 27, 10080

A2

22, 11520

e

22, 11520

A

22, 11520

25, 11520

»
»
>
>
>
>
>
>
>
>

25, 11520 25, 5760 25, 5760 24, 5760

>
»
>
>
5
>
>
>
>
>

25, 11520 25, 5760 25, 5760 24, 5760

>
>
>
>
>
>
>
>
>

24, 2880 24, 2880 21, 3840 25, 10080

26, 20160

26, 10080

25, 5760

23, 11520

27, 10080 25, 11520 25, 5760 26, 10080 24, 11520 27, 10080

)7

27, 10080

A

24, 5760

24, 5760 24, 2880 25, 20160 24, 5760 21, 15360

22, 11520 22, 5760 24, 2880 21, 7680 26, 10080

23, 5760 24, 5760 21, 7680 21, 3840

For each gene tree shape T, quantities appear as an ordered pair (m:(T),¢:(T')). Gene tree shapes are ordered according to their Furnas ranks.

de(T,S) = (n—1)(n — 2)/2. Let (z,y) be the only cherry
of T'. The equality conditions in Lemma 12 imply that a
species tree S has this maximum deep coalescence cost if
and only if

1. Sis a caterpillar tree.
2. The left subtree S, is either leaf x or leaf y.

If | X| = n = 2, then R(X) hasjust one tree. Hence, there
is only one species tree S, and dc(T, S) = 0. Suppose that
|X| =n > 3. Then we reserve either z or y to label the only
leaf of S, and assign the remaining n — 1 labels to the
leaves of S,. Because S, is also a caterpillar tree, there are
(n — 1)!/2 possible labelings of S, ([22, Corollary 2.4.3]).
Thus, the total number of species trees with dc(7,5) =
(n—1)(n—-2)/2is2x (n—1)!/2=(n— 1)L O

Given a caterpillar gene tree T, the corollary gives a
complete set of species trees S with maximum dc(T),S).
For a general gene tree T, obtaining such a complete set is
an open problem. However, Lemma 12 implies that m;(T)
is at least o(7T'). Table 2 lists the values of m;(T) and ¢(T)
for all gene tree shapes with up to nine leaves. For gene
tree shapes with nine leaves, m;(T") and ¢;(T") are also
plotted in Fig. 6. Unlike the situation with m(S), in which
ms(S) generally decreases as rankp(S) increases, many
oscillations occur in my(T) (Fig. 6a). Further, m;(T) has
relatively little variation across gene tree shapes. For
example, the minimum and maximum of m,(T") among all
46 gene tree shapes with nine leaves are 21 and 28,
whereas in the case of m(.S), the corresponding minimum
and maximum are 13 and 28. To compare m,;(T") with the
lower bound o(T'), Fig. 6a contains a plot of ¢(T). From
the figure, we observe that for trees with nine leaves,
o(T) < o(T") implies my(T) < my(T’). In fact, it can be
verified from Table 2 that the relationship holds for any

gene tree shape with up to nine leaves. We conjecture that
it is true for arbitrary gene tree shapes: assume that 7" has
i cherries and T” has ¢’ cherries. Then o(T) < o(1") implies
that ¢ > ¢, that is, T has more cherries than 7’. The
lineages in a species tree S have fewer chances to coalesce
in internal branches of S to form the cherries of 7" than to
form the cherries of T'. Consequently, we expect that more
extra lineages are required for reconciling 7" than for
reconciling 7.

The plot of ¢,(T") in Fig. 6b contrasts sharply with the
plot of ¢,(S) in Fig. 5b. We proved in Section 5.1.3 that
s(S) increases as rankp(S) increases. In particular, ¢,(S5)
has the smallest value (40,320) when S is a caterpillar tree,
and the largest value (567,000) when S is the most-balanced
tree. By contrast, ¢,(T") attains its largest value (40,320)
when T is a caterpillar. Further, this largest value of ¢;(T') is
equal to the smallest value of ¢s(S). Most trees have
¢ (T) < 15,000; only trees 1, 2, 6, 21, and 23 have
¢(T) > 15,000. The smallest value of ¢ (T) is 2,880,
considerably smaller than the smallest value of ¢,(S), and
it is achieved by four trees: 20, 33, 37, and 38.

We now prove two results that hold for any fixed gene
tree T' and provide insight into the features of species trees
with maximum dc(7,S). We assume in the rest of this
section that the gene tree T has at least two cherries, for
otherwise T is a caterpillar and is covered by the previous
corollary. We say that a species tree S is T-improvable if
there exist two sibling nodes ¢; and ¢ in S such that
{al,bl} - Cs(ql) and {ag,bg} C Cs(QQ), where (al,bl) and
(a2, by) are two cherries of T (Fig. 7).

Lemma 13. If S is T-improvable, then dc(T,S) cannot be
maximum over all species trees with the same set of leaves as S
and T.
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Fig. 6. Plots of m;(T'), the maximum deep coalescence cost for fixed T, and ¢;(T'), the number of species trees S with dc(T, S) = m(T), for all
46 gene tree shapes with nine leaves. The values of ¢(T') as lower bounds of m,(T') are also plotted. The gene tree shapes are ordered according to

their Furnas ranks.
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Fig. 7. lllustration for the proof of Lemma 13. In the figure, the gene tree T" has two cherries (a1, b;) and (az, b2). In the T-improvable species tree S, a;
and b, are descendant leaves of ¢;, whereas ay and b, are descendant leaves of ¢,. The species tree .S’ is created from S by swapping leaf a; with

leaf a,. We have dc(T,5") =7 > de(T, S) = 5.

To prove the lemma, we explicitly construct a species tree
S" # S with de(T', S") > de(T, S). By assumption, S has two
sibling nodes ¢; and ¢ such that Cs(q;) contains both leaves
of cherry (ai,b;) of T, and Cs(g2) contains both leaves of
another cherry (as, bs) of T. Let S’ be the tree obtained from
S by swapping leaves a; and ay (Fig. 7). Two claims are
needed for showing that dc(7T', 5") > de(T, S).
Claim 1. For each node r of S, there exists a unique node r’'
of S’ such that exactly one of the following two cases occurs:
1) Cs(r) = Co(r'); 2) |Cs(r)| = |Cs ()| and (Cs(r) \
Cs (') U (Cs (') \ Cs(r)) = {ax1, az}.
Proof. The claim is a direct consequence of the construction
of S’ from S. o
Claim 2. Let r be a node of S, and let t be a maximal subtree of T
with respect to cluster Cs(r) of S. If t contains neither leaf a,
nor ap, then t is also maximal with respect to cluster Cs/(1') of
S', where 1" is the unique node of S’ corresponding to r as
determined in Claim 1.

Proof. Consider the following cases.

1. Cluster Cg(r) contains either both a; and ay, or
neither of them. By Claim 1, Cys(r') = Cs(r). In
this case, any subtree of 7' maximal with respect
to Cs(r) is clearly maximal with respect to C/(1').

Cluster Cg(r) contains a; but not a;. Assume that ¢
isinduced by anode vof T (i.e., t = T'(v)), and let u
be the parent of v. We will show that Cp(v) C
Cg(r') and Cp(u) € Cg(r'), implying that ¢ is
maximal with respect to Cs (). Because t is Cs(r)-
maximal, Cr(v) C Cg(r). Along with Cg(r)
(Cs(r)\ {a1}) U{az} (Claim 1) and the assump-
tion that ¢ does not contain a;, this implies
CT(U) g Cgr (r’).

Assume for a contradiction that Cp(u) C
Cg(r"). The maximality of ¢ with respect to
Cs(r) implies that Cp(u) € Cs(r). Let  be an
element of Cr(w) that is not contained in Cg(r). If
x # ay, then z is also not contained in Cg (')
(Cs(r)\{a1}) U {a2}, implying that Cp(u)
Cg(r"). Thus, z =ay is the only element of
Cr(u) that is not in Cg(r). Because (ag,bs) is a
cherry of T, leaf b, must be in Cp(u), and
therefore, b, is in Cg(r). However, Cg(r) now
contains both leaves a; (by assumption) and b,
which, respectively, are descendants of sibling
nodes ¢; and ¢o. It follows that r is an ancestor of
the parent of ¢; and ¢». This in turn implies that
as € Cs(r), as {ag,ba} C Cs(g2), contradicting the
assumption that C's(r) does not contain as.

Cluster Cg(r) contains ag but not a;. This case is
similar to the preceding case. 0
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Proof of Lemma 13. For each node r of S, let 7’ be the unique
node of S’ determined in Claim 1. Further, let eand €’ be the
edges of S and S’ that have r and +/ as their heads,
respectively. We now show case by case that xI(T,e) <
xI(T,¢'), depending on the position of r relative to the
position of node p, the parent of ¢; and g».

1. Node r is an ancestor of p. Then Cg(r) contains
Cs(p), which contains both a; and as. By Claim 1,
Cg(r') = Cs(r), and therefore, any Cs(r)-maximal
subtree of T is also maximal with respect to C (1)
and vice versa. By (4), xI(T', e) = xI(T, €).

2. Node r is neither an ancestor nor a descendant of
p. Then Cy(r) contains neither a; nor ay, and by
Claim 1, Cg (1) = Cs(r). As in the preceding case,
we have xI(T, e) = xI(T, €).

3. Node ris a proper descendant of p. Without loss of
generality, we can assume that r is ¢; or a proper
descendant of ¢;. Consider the following subcases.

a. a & Cs(r) (e.g., ris leaf b; in Fig. 7). Clearly,
as & Cg(r), as r is a descendant of ¢;. By
Claim 1, Cg (') = Cg(r), and hence x1(T', ) =
x1(T,¢€).

b. a; € Cs(r) but b ¢ Cy(r) (e.g., r is the node
of S in Fig. 7 that induces cherry (g,a1)).
Then {a1,b1} € Cs(r), and by definition, leaf
a; is maximal with respect to Cg(r). We
have as € Co(r') = (Cs(r) \ {a1}) U{az}, and
{ag, b2} € Cs(r') (because by & Cs(r)). Thus,
leaf ay is a maximal subtree with respect to
Cg(r'). Let t be a Cs(r)-maximal subtree of
T other than leaf a;. Because ay & Cs(r), t
does not contain a;. By Claim 2, ¢ is also
maximal with respect to Cg(r/). It follows
that x1(T,e) < xI(T,¢).

c. Botha; and b; are contained in Cs(r) (e.g., r is
node ¢ in Fig. 7). Then T has a Cg(r)-
maximal subtree s that contains cherry
(a1,b1) of T. Because Cg(r') = (Cs(r)\
{a1}) U{az}, we have {a1,b:} € Cg(r'). Con-
sequently, s cannot be a Cg/(r')-maximal
subtree, and leaves ay and b; are now
Cg(r')-maximal subtrees. Let ¢ be a Cg(r)-
maximal subtree of T" other than s. Clearly ¢
does not contain as (as ay € Cs(r)), and by
Claim 2, ¢ is maximal with respect to Cg (r').
Thus, the set of Cg(r')-maximal subtrees
contains every Cs(r)-maximal subtree, except
s. Further, this set has at least two new
subtrees: leaves ay and by. By (4), xI(T,¢') >
xI(T,e) + 1.

We have proven that xI(T,e) <xI(T,€') for every
pair of corresponding edges e of S and €' of S'. We
now show that a pair of edges A and X that falls under
case 3¢ indeed exists. Clearly a; and b; are in Cg(q).
Hence, for edges A= (p,q1) and X = (p',q;), we have
(T, N) > x1(T, \). O

The following proposition shows that a species tree that
maximizes the cost dc(7T', S) for a fixed gene tree T has a
certain structure.

Proposition 14. Let S* be a species tree such that dc(T',S*) is
maximum over all species trees in R(X). Then

1. 5 is not T-improvable.
2. For any two sibling nodes ¢, and qs, at least one of
S*(q1) and S*(qo) is a caterpillar tree.

Proof. Lemma 13 implies the first claim. Then by the
definition of a T-improvable tree, at least one of the pair of
subtrees S*(¢;) and S*(¢2) does not contain both leaves of
any cherry of 7. Assume 5*(g;) to be that subtree. By (2),

de(T,S%) = > xU(T,e)
ecE(S5%)

= Z x1(T,e)
e€E(S"(q1))

+ Z x1(T,e).
e€E(S"(q1))

If e & E(S*(q1)), then either Cs-(e) 2 Cs+(g1) or Cs-(e) N
Cs-(q1) = 0. For such an edge e, xI(T,e), which can be
computed by (4), does not depend on how the leaves of
S*(q1) are arranged. It follows that because dc(7', S*) is
maximum, the first sum of the right-hand side of (13)
must be maximum.

For any internal node v of T, MRCAg(v) cannot be a
node of S*(¢q1) because S*(q1) does not contain both
leaves of any cherry of T. Hence, for e € E(S*(q1)),
xl(T,e) =n.—1 by (1). Let k be the number of
descendant leaves of ¢;. Then S*(¢;) has 2k — 2 edges,
and so by Lemma 5, we have

Y KATe)= > (ne—1)=—(2k—2)
ecE(S* (@) c€E(S"(q1))
+ > ne<—(2k-2)
e€B(S*(q1))

N (k(k;1)71>’

with equality in the last equation if and only if S*(¢;) is a
caterpillar tree. The second claim of the proposition now
follows. 0

(13)

6 DiscussioN

In this paper, we have studied several properties of the
deep coalescence cost. We proved in Section 4 that
de(T',S) =1 if and only if dnn(7T,S) =1. We also proved
that a single rooted-NNI move, applied to either a species
tree or a gene tree with n leaves, can change the deep
coalescence cost by at most n — 2. This result can be useful
for branch-and-bound heuristics that search for optimal
species trees according to deep coalescence cost by walking
through the tree space using rooted-NNI moves. In general,
the results in Section 4 can also provide a series of
mathematical checks that can assist in verifying the
accuracy of deep coalescence algorithms.

The majority of the paper dealt with the problem of
determining the maximum deep coalescence cost for either
a fixed species tree or a fixed gene tree. As shown in
Section 5.1, the maximum deep coalescence cost for a fixed
species tree, m(S), is largest for caterpillar trees, and it
generally decreases as the balance of the tree increases. To
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a certain extent, this result implies that a balanced species
tree needs, on average, a smaller cost to reconcile a gene
tree than does a less balanced species tree. We have
obtained a formula for the average of dc(7,S) across all
gene trees for a fixed species tree S, and the plot of the
average cost exhibits the same trend observed in the plot of
m,(S) in Fig. 5a (C.V. Than and N.A. Rosenberg, unpub-
lished data). Thus, our results on m4(S) provide an
explanation for the tendency of the MDC criterion to infer
balanced species trees.

We have completely solved the problem of computing
ms(S) and ¢s(S), the number of gene trees with the
maximum deep coalescence cost m4(S) (Section 5.1).
However, the dual problem of computing the maximum
deep coalescence cost m;(T) for a fixed gene tree remains
open. We were able to determine m,(7T’) for caterpillar trees,
but we do not have a formula for m,;(7’) in the general case.
We have obtained a lower bound for m;(7) (Lemma 12),
and we have shown some features of species trees S with
de(T, S) equal to my(T) (Lemma 13 and Proposition 14).

The present MDC criterion weights the deep coalescence
cost dc(T', S) equally for every gene tree T. This means that
every gene tree T contributes equally to the total deep
coalescence cost, regardless of m,(T'). Suppose that for two
particular input gene trees 7} and 15, dc(71, .S) = my (1) and
de(T5, S) is equal to, say, half of m,(T5). Then the choice of S
for reconciling 77 seems worse than the choice of S for
reconciling 75, even if my(T5) is considerably greater than
m¢(T1). The standard MDC criterion does not consider the
relationship between a deep coalescence cost and the
maximum possible deep coalescence cost for a given input
gene tree. We can introduce a normalization by penalizing
de(T, S) according to my(T'). That is, instead of computing a
species tree S with the minimal total cost ) ;. dc(T, S) for
a given collection G of input gene trees, we could compute a
species tree S’ with the minimal sum of normalized costs,
> recde(T, 8" /my(T). Such a modified MDC approach
could potentially improve upon the inconsistency observed
for the standard MDC approach.
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