Supplementary Table 1: Probabilities of different history classes for gene tree 1, conditional on species tree 1.

Number  Description Definitions Number Description of coalescences Probability
for of class of of V, W, X, Y, Z of labeled and the branches on which they occur of coalescent
history  labeled topologies history
class topologies in class
1 ((WE)X)Y)Z) {W.,X,Y,Z2}={A,B,C,D} 24 (W,E)  ((WE),X)  ((WE)X),Y)  ((WE)X)Y),Z)
1 1 1 1 155922(T4)933(T3)gaa(T2)
2 (((XD)E)Y)Z) {X,Y,2}={A,B,C} 6 (X,D) ((XD),E) ((XD)E),Y) (((XD)E)Y),2)
1 1 1 1 T80 922(T1)933(T3)g44(T2)
2 1 1 1 105 922(T1)933(T3) 943 (T2)
3 ((XD)Y)E)Z) {X,Y,2}={A,B,C} 6 (X,D)  ((XD),Y)  (XD)Y),E)  (((XD)Y)E),Z)
1 1 1 1 155922(T4)933(T3)ga4(T2)
2 1 1 1 1o5922(T4)g33(T3)ga3(T2)
2 2 1 1 25922(T4)g33(T3)ga2(T2)
4 ((XD)Y)Z)E) {X,Y,2}={A,B,C} 6 (X,D)  ((XD),Y) ((XD)Y),2) (((XD)Y)Z),E)
1 1 1 1 15 922 (T4)933(T3) 944 (T2)
2 1 1 1 To5922(T4)g33(T3)g43(T2)
2 2 1 1 57922 (T4)933(T3)ga2(T2)
2 2 2 1 15922 (T4)933(T3)ga1(T2)
5 (((XO)E)Y)Z) {X,Y,2}={A,B,D}, X#D 4 (X,€)  ((XC),E) (XC)E),Y) (((XO)E)Y),Z)
1 1 1 1 156922(T4)933(T3)gaa(T2)
2 1 1 1 To5922(T4)g33(T3)ga3(T2)
3 1 1 1 25922(T4)g32(T3)g33(T2)
6 ((XC)D)E)Y) {X,Y}={A,B} 2 (X,C) ((XC),D) ((XC)D),E) ((XC)D)E),Y)
1 1 1 1 Teg 922 (T4)933(T3) 944 (T2)
2 1 1 1 To5 922 (T4)933(T3) 943 (T2)
2 2 1 1 57922 (T4)933(T3)ga2(T2)
3 1 1 1 55922(T1)932(T3)933(T2)
3 2 1 1 57922 (T4)932(T3)g32(T2)
7 (((XC)Y)E)D) {X,Y}={A,B} 2 (X,C)  ((XC),Y) (XC)Y),E)  ((XC)Y)E),D)
1 1 1 1 155922(T4)933(T3)gaa(T2)
2 1 1 1 To5922(T4)g33(T3)ga3(T2)
2 2 1 1 5 922(T4)g33(T3)ga2(T2)
3 1 1 1 31922 (Ta)932(T3) 933 (T2)
3 2 1 1 5922 (Ta)932(T3)g32(T2)
3 3 1 1 5922(T1)g31(T3)g22(T2)
8 ((XC)D)Y)E) {X,Y}={A,B} 2 (X,0) ((XC),D) ((XC)D),Y) (((XC)D)Y),E)
1 1 1 1 Teg 922 (T4)933(T3) 944 (T2)
2 1 1 1 To5 922(T4)933(T3) 943 (T2)
2 2 1 1 57922 (T4)933(T3)ga2(T2)
2 2 2 1 15 922(T4)933(T3) 941 (T2)
3 1 1 1 51922(T4)932(T3)933(T2)
3 2 1 1 37 922(T4)932(T3)g32(T2)
3 2 2 1 §922(T4)932(T3)g31(T2)




Supplementary Table 2: Probabilities of different history classes for gene tree 1, conditional on species tree 1 (continued).

Number Description Definitions Number Description of coalescences Probability

for of class of of V, W, X, Y, Z of labeled and the branches on which they occur of coalescent

history  labeled topologies history

class topologies in class

9 (((XC)Y)D)E) {X,Y}={A,B} 2 (X,0) (XC),Y) ((XO)Y),D) ((((XC)Y)D),E)
1 1 1 1 T50922(T4) 933 (T3)ga4 (T2)
2 1 1 1 155 922(T14) 933 (T3) 943 (T2)
2 2 1 1 $1922(T4)933(T3)ga2(T2)
2 2 2 1 15922(T4)933(T3)ga1 (T2)
3 1 1 1 $1922(T4)932(T3) 933 (T2)
3 2 1 1 3-922(T4)932(T3)g32(T2)
3 2 2 1 §922(T4)g32(T3)931(T2)
3 3 1 1 §922(T4)g31(T3)g22(T2)
3 3 2 1 3922(T4)g31(T3)g21 (T2)

10 ((AB)E)X)Y) {X,y}={C,D} 2 (AB)  ((AB)E) ((AB)E),X) (((AB)E)X),Y)
1 1 1 1 15 922 (T4)933(T3) 944 (T2)
2 1 1 1 105 922 (T14)933(T3) 943 (T2)
3 1 1 1 51922(T4)932(T3)g33(T2)
4 1 1 1 15921 (Ta)922(T3) 933 (T2)

11 ((((AB)D)E)C) 1 (A,B)  ((AB),D) (((AB)D),E)  ((((AB)D)E),C)
1 1 1 1 ﬁgm(n)gss(Ta)gu(Tz)
2 1 1 1 To5 922 (T4)933(T3) 943 (T2)
2 2 1 1 2r922(T4)933(T3) 942 (T2)
3 1 1 1 5922(T4)g32(T3)g33(T2)
3 2 1 1 5 922(T4) g932(T3) 932 (T2)
4 1 1 1 15921(T4)g922(T3)933(T2)
4 2 1 1 §921(Ta)g22(T3)g32(T2)

12 ((((AB)C)E)D) 1 (AB)  ((AB),C) ((AB)C).E)  ((((AB)O)E),D)
1 1 1 1 T55922(T4) 933 (T3) 944 (T2)
2 1 1 1 155 922(T4) 933 (T3) g3 (T2)
2 2 1 1 21922(T4)933(T3)ga2 (T2)
3 1 1 1 21922(T4)932(T3) 933 (T2)
3 2 1 1 3= 922(T4)932(T3) 932 (T2)
3 3 1 1 é 22(T4)g31(T3)g22(T2)
4 1 1 1 15921(T4)g22(T3)g33(T2)
4 2 1 1 £921(T4)922(T3)g32(T2)
4 3 1 1 2921 (T4)921(T3)922(T2)

13 ((((AB)D)C)E) 1 (AB)  ((AB),D) (((AB)D),C)  ((((AB)D)C),E)
1 1 1 1 To5 922 (T4)933(T3) 944 (T2)
2 1 1 1 165 922 (T14)933(T3) 943 (T2)
2 2 1 1 21922(T4)933(T3) 942 (T2)
2 2 2 1 T5922(T4)933(T3) 941 (T2)
3 1 1 1 51922(T4)932(T3)933(T2)
3 2 1 1 57 922(T4)932(T3) 932 (T2)
3 2 2 1 §922(T4)g32(T3)g31(T2)
4 1 1 1 15921 (Ta)922(T3) 933 (T2)
4 2 1 1 1921 (Tu)922(T3)g32(T2)
4 2 2 1 1921(T4)922(T3)931(T2)




Supplementary Table 3: Probabilities of different history classes for gene tree 1, conditional on species tree 1 (continued).

Number Description Definitions Number Description of coalescences Probability

for of class of of V, W, X, Y, Z of labeled and the branches on which they occur of coalescent

history labeled topologies history

class topologies in class

14 ((((AB)C)D)E) 1 (A,B)  ((AB),C) (((AB)C),D)  ((((AB)C)D),E)
1 1 1 1 T80 922(T4) 933 (T3) 944 (T2)
2 1 1 1 To5 922(T4)933(T3) 943 (T2)
2 2 1 1 21922(T4)933(T3)g42(T2)
2 2 2 1 15922(T4)933(T3)g41(T2)
3 1 1 1 21922 (T4)932(T3)g33(T2)
3 2 1 1 5= 922(T4)932(T3)g32(T2)
3 2 2 1 $922(T1)g32(T3)g31(T2)

3 3 1 1 $922(T4)g31(T3)g22(T2)
3 3 2 1 3922(T1)g31(T3)g921(T2)
4 1 1 1 15921 (T4)922(T3)933(T2)
4 2 1 1 $921(T4)g22(T3)g32(T2)
4 2 2 1 3921(T4)g22(T3)g31(T2)
4 3 1 1 3921(T4)g21(T3)g22(T2)
4 3 2 1 921(T4)921(T3)g21(T2)




Supplementary Table 4:

Probabilities of different history classes for gene tree 2, conditional on species tree 1.

Number  Description Definitions Number Description of coalescences Probability

for of class of of V, W, X, Y, Z of labeled and the branches on which they occur of coalescent

history  labeled topologies history

class topologies in class

1 (((XE)Y)(zD)) {X,Y,2}={A,B,C} 6 (X.E)  ((XE),Y) (zD) ((XE)Y),(ZD))
1 1 1 1 80922 (T4)933(T3)gaa(T2)
1 1 2 1 105 922(T1)933(T3) 943 (T2)

2 ((XE)Y)(zC))  {X,Y,2}={A,B,D}, Z#D 4 (X.BE)  ((XE),Y) (%C) (XE)Y),(z0))
1 1 1 1 50922(T4)933(T3)g44(T2)
1 1 2 1 155922(T4)g33(T3)ga3(T2)
1 1 3 1 51922(T4)932(T3)933(T2)

3 (((XE)Y)(AB)) {X,Y}={C,D} 2 XE)  ((XE)Y) (AB) ((XE)Y),(AB))
1 1 1 1 85922 (T4)933(T3)gaa(T2)
1 1 2 1 108 922(T1)933(T3) 943 (T2)
1 1 3 1 57922 (Ta)932(T3)933(T2)
1 1 4 1 15921 (Ta)922(T3)g33(T2)

4 (XD)E)(YC)) {X,¥}={A,B} 2 (X,D)  ((XD),E) (Y,©) ((XD)E),(YC))
1 1 1 1 50922(T4)933(T3)944(T2)
1 1 2 1 155922(T4)g33(T3)ga3(T2)
1 1 3 1 51922(T4)932(T3)g33(T2)
2 1 1 1 25 922(T4)g33(T3)ga3(T2)
2 1 2 1 37 922(T4)933(T3)g42(T2)
2 1 3 1 37 922(T4)932(T3)g32(T2)

5 (((CD)E)(AB)) 1 (C,D)  ((CD).E) (A,B) (((CD)E),(AB))
1 1 1 1 80922 (T4)933(T3)gaa(T2)
1 1 2 1 To5922(T4)g33(T3)g43(T2)
1 1 3 1 55922(T1)g32(T3)g33(T2)
1 1 4 1 15921 (Ta)922(T3)g33(T2)
2 1 1 1 57922 (T4)933(T3)g43(T2)
2 1 2 1 57922 (T4)933(T3)ga2(T2)
2 1 3 1 57922 (Ta)g32(T3)g32(T2)
2 1 4 1 §921(T4)g22(T3)g32 (12)

6 ((XC)E)(YD)) {X,;Y}={A,B} 2 (X,€)  ((XC),E) (YD) ((XC)E),(YD))
1 1 1 1 o5922(T4)g33(T3)gaa(T2)
1 1 2 1 108 922(T4) 933 (T3) 943 (T2)
2 1 1 1 51922(Ta)933(T3)943(T2)
2 1 2 1 37 922(Ta)933(T3)g42(T2)
3 1 1 1 57922 (T4)932(T3) 933 (T2)
3 1 2 1 57922 (T4)932(T3)g32(T2)

7 (((AB)E)(CD)) 1 (AB)  ((AB),E) (C)D)  (((AB)E),(CD))
1 1 1 1 85922(T4)933(T3)944(T2)
1 1 2 1 105 922(T4) 933 (T3)943(T2)
2 1 1 1 51922(T4)933(T3)943(T2)
2 1 2 1 37 922(T4)933(T3)942(T2)
3 1 1 1 37 922(T4)932(T3)933(T2)
3 1 2 1 37 922(T4)932(T3)g32(T2)
4 1 1 1 §921(T4)g22(T3)g33(T2)
4 1 2 1 §921(T4)g22(T3)g32(T2)




Supplementary Table 5: Probabilities of different history classes for gene tree 2, conditional on species tree 1 (continued).

Number Description Definitions Number Description of coalescences Probability

for of class of of V, W, X, Y, Z of labeled and the branches on which they occur of coalescent

history labeled topologies history

class topologies in class

8 (((XD)Y)(ZE))  {X,Y,Z}={A,B,C} 6 (X,D)  ((XD),Y)  (Z,E) ((XD)Y),(ZE))
1 1 1 1 50922(Ta)933(T3)g44(T2)
2 1 1 1 51922(Ta)933(T3)943(T2)
2 2 1 1 57922 (T4)933(T3)ga2(T2)

9 ((XC)D)(YE)) {X,Y}={A,B} 2 (X,€)  ((XC),D) (Y,E) ((XC)D),(YE))
1 1 1 1 80922(T4)933(T3)944(T2)
2 1 1 1 51922(T4)933(T3)943(T2)
2 2 1 1 51922(T4)933(T3)g42(T2)
3 1 1 1 37922(T4)932(T3)933(T2)
3 2 1 1 37 922(T4)932(T3)g32(T2)

10 (((AB)D)(CE)) 1 (A,B)  ((AB),D) (C,E) (((AB)D),(CE))
1 1 1 1 35922 (T4)933(T3)gaa(T2)
2 1 1 1 57922(T4)933(T3)ga3(T2)
2 2 1 1 57922 (T4)933(T3)ga2(T2)
3 1 1 1 37922 (Ta)932(T3) 933 (T2)
3 2 1 1 37922 (Ta)g32(T3)g32(T2)
4 1 1 1 §921(T4)g22(T3)g33(T2)
4 2 1 1 §921(T4)g22(T3)g32(T2)

11 ((XC)Y)(DE)) {X,Y}={A,B} 2 (X,C)  ((XC),Y) (D,E) ((XC)Y),(DE))
1 1 1 1 §0922(T4)933(T3)g44(T2)
2 1 1 1 51922(T4)933(T3)943(T2)
2 2 1 1 25922(T4)g33(T3)g42(T2)
3 1 1 1 37922(T4)932(T3)g33(T2)
3 2 1 1 5 922(T4)g32(T3)g32(T2)
3 3 1 1 §922(T4)g31(T3)g22(T2)

12 (((AB)C)(DE)) 1 (AB)  ((AB),C) (D,E) (((AB)C),(DE))
1 1 1 1 50922 (T4)933(T3)gaa(T2)
2 1 1 1 57922 (T4)933(T3)ga3(T2)
2 2 1 1 57922 (T4)933(T3)ga2(T2)
3 1 1 1 37922(T4)932(T3)933(T2)
3 2 1 1 37922(T4)g32(T3)g32(T2)
3 3 1 1 3922(Tu)g31(T3)922(T2)
4 1 1 1 3921 (Tu)922(T3)933(T2)
4 2 1 1 3921 (Tu)g22(T3)g32(T2)
4 3 1 1 1921 (Tu)921(T3)922(T2)




Supplementary Table 6: Probabilities of different history classes for gene tree 3, conditional on species tree 1.

Number Description Definitions Number Description of coalescences Probability

for of class of of V, W, X, Y, Z of labeled and the branches on which they occur of coalescent

history labeled topologies history

class topologies in class

1 ((XD)(YE))Z) {X,Y,z2}={A,B,C} 6 (X,D) (Y,E) ((XD),(YE)) (((XD)(YE)),Z)
1 1 1 1 o5922(T4)g33(T3)ga4(T2)
2 1 1 1 155922 (T4)933(T3)ga3(T2)

2 (XC)(YE)Z)  {X,Y,Z2}={A,B,C}, X#D 4 (X,C)  (Y,E) ((XC)(YE)) (((XC)(YE)),Z)
1 1 1 1 50922(T14)933(T3)ga4(T2)
2 1 1 1 108 922(T4) 933 (T3) 943 (T2)
3 1 1 1 57922 (T4)932(T3)933(T2)

3 (((AB)(XE))Y) {X,Y}={C,D} 2 (AB)  (XE)  ((AB),(XE)) (((AB)(XE)),Y)
1 1 1 1 o5922(T4)g33(T3)gaa(T2)
2 1 1 1 105 922(T4) 933 (T3) 943 (T2)
3 1 1 1 2 922(T4)g32(T3)g33(T2)
4 1 1 1 5921 (T4)g22(T3)g33(T2)

4 ((XC)(YD))E) {X,Y}={A,B} 2 (X,€)  (Y,D) ((XC),(YD)) (((XC)(YD)),E)
1 1 1 1 90922(T14)933(T3)ga4(T2)
1 2 1 1 108 922(T4) 933 (T3) 943 (T2)
2 1 1 1 165 922(T4)933(T3)ga3(T2)
2 2 1 1 - 922(T4)g33(T3)g42(T2)
2 2 2 1 §922(T4)933(T3)ga1 (T2)
3 1 1 1 57922 (Ta)932(T3)933(T2)
3 2 1 1 37922 (Ta)g32(T3)g32(T2)
3 2 2 1 §922(T4)g32(T3)g31 (T2)

5 (((AB)(CD))E) 1 (A,B)  (C,D) ((AB),(CD))  (((AB)(CD)),E)
1 1 1 1 o5922(T4)g33(T3)gaa(T2)
1 2 1 1 105 922(T4) 933 (T3) 943 (T2)
2 1 1 1 108 922(T4) 933 (T3) 943 (T2)
2 2 1 1 5 922(T4)933(T3)ga2(T2)
2 2 2 1 §922(T4)g33(T3)g41(T2)
3 1 1 1 51922(T4)932(T3)g33(T2)
3 2 1 1 37922(T4)932(T3)g32(T2)
3 2 2 1 §922(T4)g32(T3)g31(T2)
4 1 1 1 15921 (Ta)922(T3) 933 (T2)
4 2 1 1 §921(Ta)g22(T3)g32(T2)
4 2 2 1 5921 (Ta)g22(T3)g31(T2)




Supplementary Table 7: Probabilities of different history classes for gene tree 1, conditional on species tree 2.

Number  Description Definitions Number Description of coalescences Probability

for of class of of V, W, X, Y, Z of labeled and the branches on which they occur of coalescent

history  labeled topologies history

class topologies in class

1 (((VW)X)Y)Z) Ve {A,B,C}, We {D,E} 36 V,w)  (VW),X)  ((VW)X),Y)  ((VW)X)Y),Z)

{X,Y,2}={A,B,C,D,E} \ {V,W}

1 1 1 1 T80 922(T4)933(T3)922(T2)

2 (((DE)X)Y)Z) {X,Y,2}={A,B,C} 6 (D,E) ((DE),X) ((DE)X),Y) (((DE)X)Y),Z)
1 1 1 1 Te5 922 (T4)933(T3) 922 (T2)
2 1 1 1 15 922(T4)g933(T3)g21(T2)

3 (((WC)X)Y)Z) We {A,B}, Xe {D,E} 8 (W,€)  (WC),X)  ((WO)X),Y)  (WCO)X)Y),Z)

{Y,2}={A,B,D,E} \ {W,X}

1 1 1 1 T80 922(T4)933(T3)922(T2)
3 1 1 1 51922(T4)932(T3)922(T2)

4 (((WC)X)Y)Z) {W,X}={A,B}, {Y,Z2}={D,E} 4 (W,€)  ((WC),X)  ((WC)X),Y)  ((WC)X)Y),2)
1 1 1 1 T80 922(T1)933(T3)g22(T2)
3 1 1 1 37922 (Ta)g932(T3)g22(T2)
3 3 1 1 $922(T4)g31(T3)g22(T2)

5 (((AB)X)Y)Z) {X,Y,2}={C,D,E}, X#£C 4 (A;B) ((AB),X) (((AB)X),Y) (((AB)X)Y),Z)
1 1 1 1 T80 922(T4)933(T3)922(T2)
3 1 1 1 57922(T4)932(T3)g22(T2)
4 1 1 1 15921 (T4)922(T3) g22(T2)

6 (((AB)O)X)Y) {X,Y}={D,E} 2 (A,B) ((AB),C) (((AB)C),X)  (((AB)C)X),Y)
1 1 1 1 T80922(T4)933(T3)922(T2)
3 1 1 1 37922 (Ta)g32(T3)g22(T2)
3 3 1 1 §922(T1)g31(T3)g22(T2)
4 1 1 1 15921(T4)g922(T3)922(T2)
4 3 1 1 £921(T4)g21(T3)g22(T2)




Supplementary Table 8: Probabilities of different history classes for gene tree 2, conditional on species tree 2.

Number  Description Definitions Number Description of coalescences Probability
for of class of of V, W, X, Y, Z of labeled and the branches on which they occur of coalescent
history  labeled topologies history
class topologies in class
1 ((VW)X)(YZ))  {V.X,Y}={A,B,C}, {W,Z2}={D,E} 12 (VW) (VW),X)  (Y,Z2)  ((VW)X),(YZ))
1 1 1 1 50 922(T4)g33(T3)g22(T2)
2 (WX)Y)(z2C)) {W.z2}={A,B}, {X,Y}={D,E} 4 (W.X)  (WX),Y) (2,0) ((WX)Y),(ZC))
1 1 1 1 35922 (T4)933(T3)g22(T2)
1 1 3 1 21922 (T4)932(T3)g922(T2)
3 (((CX)Y)(AB)) {X,Y}={D,E} 2 (C.X) ((CX),Y) (AB) ((CX)Y),(AB))
1 1 1 1 95922 (T4)933(T3)922(T2)
1 1 3 1 21922(Ta)932(T3)g22(T2)
1 1 4 1 15921 (T4)g22(T3)922(T2)
4 (DE)X)(YO)) {X,Y}={A,B} 2 (D,E)  ((DE),X) (Y,0) ((DE)X),(YO))
1 1 1 1 56922(T4)933(T3)g22(T2)
1 1 3 1 21922 (Ta)g32(T3)g922(T2)
2 1 1 1 $922(T1)g33(T3)g21(T2)
2 1 3 1 5922(T1)g32(T3)g21(T2)
5 ((DE)C)(AB)) 1 (D,E)  ((DE),C)  (A.B) (((DE)C),(AB))
1 1 1 1 35922 (T4)933(T3)g922(T2)
1 1 3 1 21922(Ta)932(T3)g22(T2)
1 1 4 1 15921 (Ta)922(T3)g22(T2)
2 1 1 1 $922(T4)933(T3)g21(T2)
2 1 3 1 $922(T4)g32(T3)g21(T2)
2 1 4 1 5921(T1)g22(T3)921(T2)
6 (WO)X)(YZ)) {W.Y}={A,B}, {X,2}={D,E} 4 (W,0)  ((WC).X) (Y,2) ((WO)X),(YZ))
1 1 1 1 35922 (T4)933(T3)g22(T2)
3 1 1 1 57922 (T4)932(T3)922(T2)
7 (((AB)X)(CY)) {X,Y}={D,E} 2 (AB)  ((AB),X) (C)Y) ((AB)X),(CY))
1 1 1 1 35922 (T4)933(T3)g922(T2)
3 1 1 1 27 922(T4)g32(T3)g22 (T2)
4 1 1 1 5921(T1)g22(T3)922(T2)
8 ((XC)Y)(DE)) {X,Y}={A,B} 2 (X,0)  ((X0)Y) (DE) ((XO)Y),(DE))
1 1 1 1 35922 (T4)933(T3)g22(T2)
1 1 2 1 15922(T4)933(T3)g21(T2)
3 1 1 1 57922 (Ta)g32(T3)g22(T2)
3 1 2 1 5922(T1)g32(T3)g21(T2)
3 3 1 1 5922(T1)g31(T3)g22(T2)
3 3 2 1 3922(T1)g31(T3) 921 (T2)




Supplementary Table 9: Probabilities of different history classes for gene tree 2, conditional on species tree 2 (continued).

Number Description Definitions Number Description of coalescences Probability

for of class of of V, W, X, Y, Z of labeled and the branches on which they occur of coalescent

history labeled topologies history

class topologies in class

9 (((AB)C)(DE)) 1 (A,B)  ((AB),©) (D,E) (((AB)C),(DE))
1 1 1 1 36922(T14)933(T3)922(T2)
1 1 2 1 T5922(T1)g33(T3)921(T2)
3 1 1 1 5922 (T4)932(T3) g22(T2)
3 1 2 1 $922(Ta)g32(T3)g21(T2)
3 3 1 1 $922(Ta)g31(T3)g22(T2)
3 3 2 1 3922(Ta)g31(T3)g21(T2)
4 1 1 1 5921 (Ta)g22(T3)g22(T2)
4 1 2 1 3921 (Ta)g22(T3)g21(T2)
4 3 1 1 3921 (Ta)g21(T3)g922(T2)
4 3 2 1 921(T4)921(T3)g21(T2)




Supplementary Table 10: Probabilities of different history classes for gene tree 3, conditional on species tree 2.

Number — Description Definitions Number Description of coalescences Probability

for of class of of V, W, X, Y, Z of labeled and the branches on which they occur of coalescent

history  labeled topologies history

class topologies in class

1 ((XD)(YE))Z) {X,Y,2}={A,B,C} 6 (X,D)  (Y,BE) ((XD),(YE))  ((XD)(YE)),Z)
1 1 1 1 95 922(T4)933(T3)g22(T2)

2 (VW)(XY))Z)  {V,W,X}={A,B,C}, {V,W} # {A,B} 4 V,w)  (X)Y) (VW) (XY))  ((VW)(XY)),Z)

{Y,Z}={D,E}

1 1 1 1 96922(T1)933(T3)922(T2)
3 1 1 1 57922 (Ta)g32(T3)g22(T2)

3 (((AB)(CX))Y) {X,Y}={D,E} 2 (AB)  (CX)  ((AB),(CX))  (((AB)(CX)).Y)
1 1 1 1 55922 (T4)933(T3) g22(T2)
3 1 1 1 21922 (T4)932(T3)g22(T2)
4 1 1 1 15921(T4)g22(T3)g22(T2)

4 ((XC)(DE))Y) {X,Y}={A,B} 2 (X,€¢)  (D,E) ((X0),(DE)) ((XC)(DE)),Y)
1 1 1 1 96922(T4)933(T3)922(T2)
1 2 1 1 T5922(T4)933(T3)921(T2)
3 1 1 1 21922(T1)g32(T3)922(T2)
3 2 1 1 §922(T4)g32(T3)g21(T2)

5 (((AB)(DE))C) 1 (AB)  (D,E)  ((AB),(DE))  (((AB)(DE)),C)
1 1 1 1 55922 (T4)933(T3) g22(T2)
1 2 1 1 15922 (T4)933(T3) 921 (T2)
3 1 1 1 21922(T4)g32(T3)g22(T2)
3 2 1 1 5922(T4)g32(T3)g21(T2)
4 1 1 1 15921 (Ta)922(T3)g22(T2)
4 2 1 1 5921 (T4)g22(T3)g21(T2)




Supplementary Table 11: Probabilities

of different history classes for gene tree 1, conditional on

species tree 3.

Number  Description Definitions Number Description of coalescences Probability
for of class of of V, W, X, Y, Z of labeled and the branches on which they occur of coalescent
history  labeled topologies history
class topologies in class
1 ((WE)X)Y)Z) {W.X,Y,Z2}={A,B,C,D} 24 (WE)  (WE),X) ((WE)X),Y) ((WE)X)Y),Z)
1 1 1 1 T80 922(T1)922(T3)ga4(T2)
2 ((WX)E)Y)Z) W € {A,B}, X € {C,D}, 8 (W.X)  (WX),E) ((WX)E),Y) (((WX)E)Y),Z)
{Y,Z2}={A,B,C,D} \ {W,X}
1 1 1 1 T80 922(T4)922(T3) 944 (T2)
2 1 1 1 1o 922(T4) 922 (T3)943(T2)
3 ((WX)Y)E)Z) W e {A,B}, X € {C,D}, 8 (W.X)  (WX),Y)  (WX)Y),E) (((WX)Y)E),Z)
{Y,2}={A,B,C,D} \ {W,X}
1 1 1 1 T80 922(T1)922(T3)ga4(T2)
2 1 1 1 105 922(T1)922(T3) g3 (T2)
2 2 1 1 57922 (Ta)922(T3)ga2(T2)
4 (WX)Y)Z)E) W e {A,B}, X € {C,D}, 8 (W.X)  (WX),Y)  (WX)Y),Z2) ((WX)Y)Z),E)
{Y,Z2}={A,B,C,D} \ {W,X}
1 1 1 1 T80 922(T4)922(T3) 944 (T2)
2 1 1 1 105 922(T4) 922 (T3)943(T2)
2 2 1 1 57922(T4)922(T3)g42(T2)
2 2 2 1 15 922(T4)922(T3) 941 (T2)
5 (((CDYE)X)Y) {X,Y}={A,B} 2 (C.D)  ((CD)E)  (((CD)E),X)  ((((CD)E)X),Y)
1 1 1 1 T80 922(T1)922(T3)ga4(T2)
2 1 1 1 105 922(T1)g22(T3)ga3(T2)
3 1 1 1 15922(T4)921(T3)933(T2)
6 (((CDYX)E)Y) {X,¥}={A,B} 2 (G,D)  ((CD),X)  (((CD)X),E)  (((CD)X)E),Y)
1 1 1 1 T80 922(T4)922(T3) 944 (T2)
2 1 1 1 105 922(T4) 922 (T3)943(T2)
2 2 1 1 57922(T4)922(T3)g42(T2)
3 1 1 1 15922(T4)921(T3)g33(T2)
3 2 1 1 §922(T4)g21(T3)g32(T2)
7 (((CDYX)Y)E) {X,Y}={A,B} 2 (C,D)  ((CD),X)  (((CD)X),Y)  (((CD)X)Y),E)
1 1 1 1 T80 922(T1)922(T3)ga4(T2)
2 1 1 1 105 922(T1)g22(T3)ga3(T2)
2 2 1 1 21922(T4)922(T3)9a2(T2)
2 2 2 1 15922 (Ta)922(T3)ga1(T2)
3 1 1 1 T5922(Ta)921(T3)933(T2)
3 2 1 1 §922(Ta)g21(T3)g32(T2)
3 2 2 1 5922(Ta)g21(T3)g31(T2)
8 (((AB)E)X)Y) {X,¥}={C,D} 2 (AB)  ((AB)E)  ((AB)E),X)  ((AB)E)X),Y)
1 1 1 1 T80 922(T4)922(T3) 944 (T2)
2 1 1 1 105 922 (T4) 922 (T3)943(T2)
4 1 1 1 15921 (T4)g22(T3)g33(T2)




Supplementary Table 12: Probabilities of different history classes for gene tree 1, conditional on species tree 3 (continued).

Number Description Definitions Number Description of coalescences Probability

for of class of of V, W, X, Y, Z of labeled and the branches on which they occur of coalescent

history labeled topologies history

class topologies in class

9 (((AB)X)E)Y) {X,Y}={C,D} 2 (A,B)  ((AB),X)  (((AB)X),E)  ((((AB)X)E),Y)
1 1 1 1 T80 922(T1)g22(T3)ga4(T2)
2 1 1 1 To5 922 (T4)922(T3) 943 (T2)
2 2 1 1 21922(T14)g922(T3)9a2(T2)
4 1 1 1 T5921(T4)922(T3)933(T2)
4 2 1 1 §921(T4)g22(T3)g32(T2)

10 (((AB)X)Y)E) {X,Y}={C,D} 2 (AB)  ((AB),X)  (((AB)X),Y)  ((((AB)X)Y),E)
1 1 1 1 1o 922(Ta)g22(T3)ga4(T2)
2 1 1 1 To5 922(T1)922(T3) 943 (T2)
2 2 1 1 21922 (Ta)922(T3)gaz2(T2)
2 2 2 1 15922 (Ta)922(T3)ga1(T2)
4 1 1 1 15921 (Ta)922(T3)g33(T2)
4 2 1 1 5921 (Ta)g922(T3)g32(T2)
4 2 2 1 3921(Ta)922(T3)g31 (T2)




Supplementary Table 13: Probabilities of different history classes for gene tree 2, conditional on species tree 3.

Number  Description Definitions Number Description of coalescences Probability
for of class of of V, W, X, Y, Z of labeled and the branches on which they occur of coalescent
history  labeled topologies history
class topologies in class
1 ((WE)X)(YZ)) Y € {AB}, Z € {C,D} 8 (WE)  (WE),X) (Y.2) ((WE)X),(YZ))
{W,X}={A,B,C,D} \ {Y,Z}
1 1 1 1 35922(T4)922(T3)944(T2)
1 1 2 1 Tog922(Ta)g22(T3)g43(T2)
2 (XE)Y)(CD)) {X,Y}={A,B} 2 (X,BE)  (XE)Y) (GD) (((XE)Y),(CD))
1 1 1 1 85 922(Ta)g22(T3)g44(T2)
1 1 2 1 105 922(T4) 922 (T3)943(T2)
1 1 3 1 15 922(T4)921(T3)933(T2)
3 ((XE)Y)(AB)) {X,Y}={C,D} 2 (X.E)  (XE)Y) (AB) ((XE)Y),(AB))
1 1 1 1 50 922(T4)922(T3)g44(T2)
1 1 2 1 108 922(T4)922(T3)943(T2)
1 1 4 1 15921 (T4)922(T3)g33(T2)
4 (WX)E)(YZ)) W € {A,B}, X € {C,D}, 4 (WX)  (WX),E) (Y,2) ((WX)E),(YZ))
{Y,Z}={A,B,C,D} \ {W,X}
1 1 1 1 85 922(T4)g22(T3)g44(T2)
1 1 2 1 105 922(T4) 922 (T3)943(T2)
2 1 1 1 51922(T4)922(T3)943(T2)
2 1 2 1 37 922(T4)922(T3)g42(T2)
5 ((CD)E)AD)) 1 (D)  ((CD)LE) (AB)  ((CD)E)(AB))
1 1 1 1 50 922(T4)922(T3)g44(T2)
1 1 2 1 108 922(T4)922(T3)943(T2)
1 1 4 1 15921 (Ta)922(T3)g33(T2)
2 1 1 1 37922 (Ta)922(T3)ga3(T2)
2 1 2 1 57922 (Ta)922(T3)ga2(T2)
2 1 4 1 §921(Ta)g22(T3)g32(T2)
3 1 1 1 §922(Ta)g921(T3)g33(T2)
3 1 2 1 §922(T1)g921(T3)g32(T2)
3 1 4 1 5921 (Ta)g21(T3)g22(T2)
6 (((AB)E)(CD)) 1 (A,B)  ((AB),E) (C,)D)  (((AB)E),(CD))
1 1 1 1 80 922(Ta)g22(T3)944(T2)
1 1 2 1 105 922(T4) 922 (T3)943(T2)
1 1 3 1 15 922(Ta)921(T3)g33(T2)
2 1 1 1 25 922(T4)g22(T3)ga3(T2)
2 1 2 1 5922 (Ta)922(T3)ga2(T2)
2 1 3 1 §922(T1)g21(T3)g32(T2)
4 1 1 1 §921(Ta)g22(T3)g33(T2)
4 1 2 1 §921(T1)g22(T3)g32(T2)
4 1 3 1 5921(T1)g21(T3)g22(T2)
7 ((WX)Y)(ZE)) W € {A,B}, X € {C,D} 8 (WX)  (WX),Y) (ZE) (WX)Y),(ZE))
{Y,Z2}={A,B,C,D} \ {W,X}
1 1 1 1 50922 (T4)922(T3)gaa(T2)
2 1 1 1 51922(T4)922(T3)943(T2)
2 2 1 1 57922(T4)922(T3)942(T2)




Supplementary Table 14: Probabilities of different history classes for gene tree 2, conditional on species tree 3 (continued).

Number Description Definitions Number Description of coalescences Probability

for of class of of V, W, X, Y, Z of labeled and the branches on which they occur of coalescent

history labeled topologies history

class topologies in class

8 (((AB)X)(YE)) {X,Y}={C,D} 2 (AB)  ((AB),X) (Y,E) (((AB)X),(YE))
1 1 1 1 35922 (T4)922(T3)g4a(T2)
2 1 1 1 37922 (Ta)922(T3)g43(T2)
2 2 1 1 24922(T4)g922(T3)9a2(T2)
4 1 1 1 §921(Ta)922(T3)933(T2)
4 2 1 1 §921(Ta)922(T3)g32(T2)

9 ((CDYX)(YE)) {X,Y}={A,B} 2 (C,D)  ((CD),X) (Y,E) (((CD)X),(YE))
1 1 1 1 35922(T1)g22(T3)944(T2)
2 1 1 1 21922 (Ta)922(T3)943(T2)
2 2 1 1 21922 (Ta)922(T3)g42(T2)
3 1 1 1 $922(T4)g21(T3)g33(T2)
3 2 1 1 5922(Ta)g21(T3)g32(T2)




Supplementary Table 15: Probabilities of different history classes for gene tree 3, conditional on species tree 3.

Number Description Definitions Number Description of coalescences Probability

for of class of of V, W, X, Y, Z of labeled and the branches on which they occur of coalescent

history labeled topologies history

class topologies in class

1 ((WX)(YE))Z) W € {A,B}, X € {C,D} 8 (W,X)  (Y,E) ((WX),(YE)) ((WX)(YE)),Z)

{Y,Z2}={A,B,C,D} \ {W,X}

1 1 1 1 55922 (T4)g22(T3)g44(T2)
2 1 1 1 T8 922(T4)922(T3)943(T2)

2 (((CD)(XE))Y) {X,Y}={A,B} 2 (C,D) (X,E)  ((CD),(XE)) (((CD)(XE)),Y)
1 1 1 1 90 922(T4)g22(T3)g44(T2)
2 1 1 1 To5922(Ta)922(T3)ga3(T2)
3 1 1 1 T5922(Ta)921(T3)933(T2)

3 (((AB)(XE))Y) {X,Y}={C,D} 2 (AB)  (X,E)  ((AB),(XE)) (((AB)(XE)),Y)
1 1 1 1 55922 (T1)g22(T3)g44(T2)
2 1 1 1 T8 922(Ta)922(T3)943(T2)
4 1 1 1 5921 (T4)g22(T3)g33(T2)

4 ((XC)(YD))E) {X,Y}={A,B} 2 (X,€¢)  (Y,D) ((XC),(YD))  ((XC)(YD)),E)
1 1 1 1 Y5922 (T4)g22(T3)gaa(T2)
1 2 1 1 105 922 (T1)922(T3)ga3 (T2)
2 1 1 1 To5922(Ta)922(T3)ga3(T2)
5 2 1 1 3 922(T4)g22(T3)g42(T2)
5 2 2 1 $922(T4)g22(T3)g41(T2)

5 (((AB)(CD))E) 1 (A,B)  (C,D)  ((AB),(CD))  (((AB)(CD)),E)
1 1 1 1 55922 (T1)g22(T3)g44(T2)
1 2 1 1 T8 922(Ta)922(T3)943(T2)
1 3 1 1 T5922(T1)g21(T3)g33(T2)
2 1 1 1 T8 922(Ta)922(T3)943(T2)
2 2 1 1 57922 (T4)922(T3)942(T2)
2 2 2 1 5922(T4)g22(T3)g41(T2)
2 3 1 1 5922(Ta)g21(T3)g32(T2)
2 3 2 1 $922(T1)g21(T3)g31(T2)
4 1 1 1 T5921(T4)g22(T3)g33(T2)
4 2 1 1 5921 (Ta)g22(T3)g32(T2)
4 2 2 1 $921(T4)g22(T3)g31(T2)
4 3 1 1 $921(T1)g21(T3)g22(T2)
4 3 2 1 921(T4)g921(T3)g921(T2)




Supplementary Table 16: Equations that characterize the anomaly zone for gene tree 1 and species tree 1.

Species Gene History ~ Anomaly  Inequality describing anomaly zone
tree tree class zone
topology topology nonempty?
T o4l 1 No —Wlﬁy%(—él — 523 — 62° + 302% — 1523y% — 902°y> + 18025y

+2402%y3 — 3602513 + 302322 + 18025y%z — 360x5y%2
—36025y%2 + 5402%9%2) > 0
—fg0a5y53 (2 — 52° — 22° +102° — 52°y* — 3025y + 6025y + 802°y°
—12025y3 + 1023y%2 + 60x°y?z — 1202%y%2 — 1202°y32
+1802%y%2) > 0
3 No —q80a5y73 (—2 + 527 — 82 +102° — 52%y* — 3025y + 602°y°
+802°y> — 12025y + 1023y%2 + 602°y%2 — 12025922 — 12025932
+1802%y%2) > 0

4 No _736x%y3z (-1+ 222 — Yy — 63;2y2 + 12$3y2 + 16$2y3 _ 24$3y3
+2y%2 + 1222y 2 — 24x3y% 2 — 242232 + 3623y32) > 0
5 No —gozsyss (1 — @° + 52° — 5a%y® — 152%y° + 302%° + 402y

—6025y> + 523y?2 + 302°y% 2 — 602522 — 60x°y32
+9025y32) > 0

6 No —f80a5y53 (—2 — 52° + T2® +102° + 52°y* — 4525y + 602°y°
+802°y> — 1202542 + 1023y%2 + 602°y%2 — 12025922 — 12025932
+180z5y32) > 0

7 No —m(—Z — 523 — 32% + 1025 + 523y% — 1525926025y
—|—60x5y3 — 1202593 + 1023922 + 602522 + 6025y%z — 1202522
—1202°y32 + 18025y32) > 0

8 No *W(*QCEQ + 323 — % + 3239y + 8x2y® — 1223y 4+ 22
+622y% 2 — 122%y%2 — 122232 + 1823y%2) > 0

9 No —qgarys (1 + 62 — 122 — 1227y +182%y)(~1 + 2) > 0

10 No —gozsyss (1 — 2° + 52% — 1527y + 302%° + 402°y° — 602y

+302°y%2 — 602522 — 602°y32 + 9025y32) > 0
—fg0a5y53 (—2 — 52° + T2® +102° — 152%y* — 152%y” + 602%y°
+802°y> — 120252 + 3023y%2 + 302°y%2 — 12025922 — 12025932
+1802%y%2) > 0
12 No —W(—l+x)(2—|—2x+2x2+7x3+7x4+ 1025 + 1523y>
+152%y2 + 602°y? — 1202°y® — 3023922 — 30x%y?2 — 12025922
+180x°y%2) > 0

11 No

13 No 8005z (—2 +32)(~1+y) (=1 —y — 4y° + 6y°2) > 0
14 - This history class matches the species tree topology

The anomaly zone is the set of all points (75, T5,T}) that satisfy eq. 1. For convenience, in these inequalities, we substitute
x=el2 y=eT and z = eT*. The inequalities are polynomials in 1/x, 1/y, and 1/z.



Supplementary Table 17: Equations that characterize the anomaly zone for gene tree 2 and species tree 1.

Species Gene History =~ Anomaly  Inequality describing anomaly zone
tree tree class zone
topology  topology nonempty?
i ¥ 1 Yes — 802555 (5 — 2% +102° — 5y° — 3027y + 602°y* + 8027y

—12023y3 4+ 10y?z + 6022y2z — 1202322 — 12022132
+18023y%2) > 0

2 Yes —W(—ﬁ + 523 — 5y? — 1522y + 3023y? + 40223

—6023y + 5y?2 + 3022y 2 — 602°y%2 — 6022y32 + 9023y>2) > 0
3 Yes —m(—l + 52 — 15y2 + 402 + 302y? — 602y + 3022y

—60zy%z — 60y32 + 90xy32) > 0
4 Yes —m(—ll — 523 + 32° + 302% + 1523y? — 1352°y? + 180252

+24025y3 — 36025y + 3023922 + 1802°y? 2 — 36025y22
—36025y32 + 54025y2) > 0

5 Yes —W(—él — 523 + 32° + 3028 — 4523y? — 4525y + 1802512
+24025y® — 36025y + 902322 + 902°y? 2 — 36025122
—36025y32 + 54025y32) > 0

6 Yes —m(—ﬁl + 1023 + 32° + 3028 — 1352%y? + 18025y2 + 240253
—3602%93 + 302322 + 1802°y?z — 36020y 2z — 360x°y>~
+5402%y%2) > 0

7 Yes —m(—él + 1023 4 32° 4+ 302% — 3023y — 452592 4 1802542
+2402°y3 — 360253 + 6023y%2 + 902°y%2 — 36025922
—36025y32 + 54025y2) > 0

8 Yes fm(ﬂ + 523 — 242° + 3028 — 152392 — 9025y + 1802542
+2402%y% — 36025y3 4 3023y%2 + 1802°y%z — 3602%y%2
—36025y32 + 54025y32) > 0

9 Yes —gg0a5y57 (—2 — 102° + 212° + 302° — 1352%y° + 1802%y* + 24025y
—360x%93 + 302322 + 180x°y? 2z — 36020y 2z — 360x°y> 2
+5402%9%2) > 0

10 Yes —W(—Q — 1023 + 2125 + 3025 — 3023y? — 452592 + 18025y
+240x2y§ — 360253 + 6023y%2 + 90x°y?z — 3602°y2z — 360x°y32
+5402°y°2) > 0

11 Yes —gg0a5y57 (—2 — 102% — 92° + 302° — 452%y” + 1802%y> + 180°y>
—36025y> + 3023y%2 + 1802°y% 2 — 36025y 2 — 3602°y> 2
+54025y32) > 0

12 Yes —gg0a5y57 (—2 — 102% — 92° + 302° — 302%y — 1352°y> + 18025y
+360x2y§ —360x%y3 + 6023y + 2702°y%2 — 36025422 — 5402°y>2
+5402°y°2) > 0

The anomaly zone is the set of all points (T, T5,T) that satisfy eq. 1. For convenience, in these inequalities, we substitute
r=eT2 y=eT and 2z = eT*. The inequalities are polynomials in 1/x, 1/y, and 1/z.



Supplementary Table 18: Equations that characterize the anomaly zone for gene tree 3 and species tree 1.

Species Gene History ~ Anomaly  Inequality describing anomaly zone
tree tree class zone
topology topology nonempty?
Uy 3 1 Yes —m(l — 523 — 22° + 1025 — 523y? — 302°y? + 6025y

+80x5y% — 1202%y3 + 102322 + 6025y%2 — 12025y%2 — 12025932
+1802%9%2) > 0

2 Yes —fg0a5y53 (1 — 22° +102% — 102%y° — 302°y> + 602°y> + 802°y>
—12025y3 + 1023y%2 + 60x°y?z — 1202%y%2 — 1202°y32
+1802%y%2) > 0

3 Yes —W(l — 225 4+ 1025 — 3025y + 602%y? + 8025y — 1202513
+602°y?2 — 12025922 — 12025y32 + 18025y32) > 0
4 Yes —5a0a5y75 (1 — 102% — 2427 4 602° — 302%y + 902%° + 2402y

—360x%y3 + 3023y + 1802°y2z — 36025y 2 — 3602°y>~
+5402%9%2) > 0

5 Yes fW(l — 1023 — 2425 + 602% — 18025y? + 2702%y? + 2402°y3
—3602%y% + 360x°y2 — 5402%y%2 — 3602°y>2 + 54025y32) > 0

The anomaly zone is the set of all points (T, T5,T}) that satisfy eq. 1. For convenience, in these inequalities, we substitute
x=el2 y=eT* and z = eT*. The inequalities are polynomials in 1/x, 1/y, and 1/z.



Supplementary Table 19: Equations that characterize the anomaly zone for gene tree 1 and species tree 2.

Species Gene History = Anomaly  Inequality describing anomaly zone
tree tree class zone
topology  topology nonempty?
s T 1 No —lesz(—4 + 52 — 20y% + 4023 4 30zy? — 60zy> + 40y%2
—60zy?z — 60y%2 + 90xy%2) > 0
2 No —lesz(l — 20y? + 40y> + 30zy? — 60xy> + 40y?z — 60xy% 2
—60yz + 902132) > 0
3 No —Ta00y55 (—3 + 10z — 45y 4 80y° + 60xy> — 1202y* + 80y>2
—1202y%2 — 120y32 + 180zy32) > 0
4 No — 800y (—13 + 10z — 15y + 60y° + 602y> — 1202y> + 80y>2
—120xy?z — 120932 + 1802y%2) > 0
5 No fm(—s + 10z — 35y% + 80y> + 60xy? — 120xy> + 70y%2
—120xy?z — 120932 + 1802y%2) > 0
6 No — 80053 (—13 + 102 — 65y + 120y° + 60xy® — 120xy> + 130y°>
—120xy?z — 180y%2 + 1802y%2) > 0

The anomaly zone is the set of all points (T, T3,Ty) that satisfy eq. 1. For convenience, in these inequalities, we substitute
r=e"2 y=¢eT and z = ™. The inequalities are polynomials in 1/x, 1/y, and 1/z.



Supplementary Table 20: Equations that characterize the anomaly zone for gene tree 2 and species tree 2.

Species Gene History = Anomaly  Inequality describing anomaly zone
tree tree class zone
topology  topology nonempty?
o Yo 1 No W( 142 —4y? + 8y3 + 6zy? — 12zy° + Sy?z — 122y°2
—12y32 + 183 z) >0
2 No W( 1+ 2z — 9y% + 16y> + 122y? — 24xy> + 16y°z — 24xy?2
—24132 + 36xy32) > 0
3 No —W(—l + 22 — Ty? + 1693 + 122y? — 24xy3 + 14y%2 — 24xy%2
—2413 2 + 36xy3 z) >0
4 Yes W( 3+ 4x — 3y? + 16y3 + 62y? — 24xy> + 1622 — 24xy?2
724y 2+ 36xy%2) >0
5 Yes 36xy 3623 (3 + 4 — 13y? + 1693 + 18zy? — 24zy3 + 26y%2 — 36xy%2
— 24932 + 36$y z) >0
6 No 18T1y o (z — 5y? + 8y> + 6ay? — 122y + 8y?z — 12zy%z — 12y%2
+18zy3z) > 0
7 No 1812 Z(:v—?)y + 8y3 + 6y — 122> + 6y%2 — 120y°%2 — 129%2
+18zy3z) > 0
8 No 9myz( 243x)(-2+3y)(-14+2) >0
9 - This history class matches the species tree topology

The anomaly zone is the set of all points (15, T5,Ty) that satisfy eq. 1. For convenience, in these inequalities, we substitute
r=e"2 y=eT and z = e™. The inequalities are polynomials in 1/x, 1/y, and 1/z.



Supplementary Table 21: Equations that characterize the anomaly zone for gene tree 3 and species tree 2.

Species Gene History =~ Anomaly  Inequality describing anomaly zone
tree tree class zone
topology  topology nonempty?
e v 1 No fﬁy%(—g + 10z — 402 + 80y> + 60xy? — 120zy> + 80y%2
—120zy%z — 120332 + 1802y32) > 0
2 No — 80053 (—4 + 10z — 45y + 80y° + 60xy> — 1202y> + 80y>2
—120zy%z — 120332 + 1802y32) > 0
3 No —le%(—él + 10z — 35y + 80y> + 60xy? — 120zy3 + 70y%2
—120zy%z — 120132 + 180xy32) > 0
4 No —legz(—24 + 302 — 1532 + 80y + 30xy? — 120zy> + 80y>2
—120xy%2 — 120y32 + 1802y32) > 0
5 No —m(—m + 30z — 65y% + 80y> + 90xy? — 120xy> + 130y22
—180xy%z — 120y32 + 1802y32) > 0

The anomaly zone is the set of all points (T, T5,Ty) that satisfy eq. 1. For convenience, in these inequalities, we substitute
r=eT2 y=¢eT and z = eT*. The inequalities are polynomials in 1/x, 1/y, and 1/z.



Supplementary Table 22: Equations that characterize the anomaly zone for gene tree 1 and species tree 3.

Species Gene History  Anomaly  Inequality describing anomaly zone
tree tree class zone
topology  topology nonempty?
s T 1 No —m(—f) — 4022 — 722° + 24025 + 3023y + 1802°y — 36025y

+30232 + 1802°2 — 360252 — 3602° yz + 54025 yz) >0

2 No 54Omﬁyz(S 5023 — 7225 + 2402% + 3023y + 1802°y — 36020y
+30232 + 1802°2 — 3602°2 — 360x°yz + 5402%yz) > 0

3 No —Wlﬁyz(—7 — 2023 — 902° + 24025 — 3023y + 18025y — 36025y
+30232 + 1802°2 — 3602°2 — 3602y 2z + 5402%yz) > 0

4 No —m(—l — 5023 — 362° + 21025 4 3023y + 18025y — 36025y
+30232 4 1802°z — 3602%2 — 360z° yz + 54026 yz) >0

5 No 54090%2(5 2023 — 7225 4+ 24028 + 18025y — 36025y + 30232
+180z°%2 — 360252 — 36025y 2z + 54026 yz) >0

6 No m( 7 — 8023 + 24025 + 9023y + 9025y — 36025y + 30232
+1802°2 — 3602°2 — 360x°yz + 54025yz) > 0

7 No —m(—l — 202 — 2162° + 39025 + 36025y — 54025y + 30232
+1802°2 — 3602%2 — 3602%yz + 54025yz) > 0

8 No 540I6yz(5 2023 — 7225 4 24025 + 3023y + 1802°y — 36025y
+1802°2 — 3602%2 — 3602%yz + 54025yz) > 0

9 No —m(ﬂ — 8023 + 2402° + 3023y + 1802°y — 36025y + 90232
+902°2 — 3602%2 — 3602°yz + 54025yz) > 0

10 No —m(q — 2023 — 2162° + 39025 + 3023y + 18025y — 3602y
+3602°2 — 540252 — 360x°yz + 54025yz) > 0

The anomaly zone is the set of all points (15, T5,T,) that satisfy eq. 1. For convenience, in these inequalities, we substitute
r=eT2 y=¢eT and 2z = e™. The inequalities are polynomials in 1/x, 1/y, and 1/z.



Supplementary Table 23: Equations that characterize the anomaly zone for gene tree 2 and species tree 3.

Species Gene History ~ Anomaly  Inequality describing anomaly zone
tree tree class zone
topology  topology nonempty?
3 Y2 1 Yes —M(—l — 5023 — 7225 + 2402° + 3023y + 1802°y — 3602%y
+30232 + 1802°2 — 3602°2 — 360x°yz + 5402%yz) > 0
2 Yes —Wl,syz(—l — 2023 — 7225 4 2402° + 1802%y — 3602°%y + 30232
+1802°z — 3602°2 — 360x°yz + 5402%yz) > 0
3 Yes —m(—l — 2023 — 7225 4 24025 + 3023y + 1802°y — 36025y

+1802° 2 — 3602%y + 1802°2 — 3602°2 — 3602°yz + 540x%yz) > 0

4 Yes —M(—L’) —102% — 1082° + 24025 + 3023y + 1802°y — 3602%y
+30232 + 1802°2 — 3602°2 — 3602°y2 + 5402%y2) > 0

5 Yes —Wlsyz(—s) — 10023 — 10825 + 24025 + 6023y + 27025y — 3602%y
+90232 + 2702°2 — 3602°2 — 5402°y2 + 5402%y2) > 0

6 Yes —m(—ﬁs — 10023 — 1082° + 2402 + 9023y + 2702°y — 36025y
+60232 + 2702°2 — 3602°2 — 5402°y2 + 5402%y2) > 0

7 Yes —m(—l — 1023 — 3025 + 802° + 1023y + 602°y — 1202y
+10232 + 60252 — 120252 — 1202°y2z + 1802%yz) > 0

8 Yes —M(—l — 2023 4 802° + 1023y + 602°y — 12028y 4 20232
+30252 — 120252 — 1202°y2 + 1802%y2) > 0

9 Yes —Tgoa5yz (—1 — 202° + 802° + 202%y + 302%y — 12025y + 102°~

+602°2 — 120252 — 1202°y2 + 1802%y2) > 0

The anomaly zone is the set of all points (75, T3, Ty) that satisfy eq. 1. For convenience, in these inequalities, we substitute
x=el2 y=eT and 2z = eT*. The inequalities are polynomials in 1/x, 1/y, and 1/z.



Supplementary Table 24: Equations that characterize the anomaly zone for gene tree 3 and species tree 3.

Species Gene History = Anomaly  Inequality describing anomaly zone
tree tree class zone
topology  topology nonempty?
Y3 Y3 1 No —M(l — 2523 — 362° + 1202° + 1523y + 90z°y — 18025y
+15232 + 90252 — 180252 — 1802°yz + 2702%y2) > 0
2 No — ez (1 — 102% — 362° + 12025 + 902°y — 1802% + 1527~
+902°z — 180252 — 1802°z — 18025yz + 27025yz) > 0
3 No —m(l — 1023 — 3625 + 12025 + 1523y + 9025y — 18025y
+902°2 — 1802%2 — 1802°yz + 2702%yz) > 0
4 No fm(—2 + 623 + 622y — 1223y + 2 + 6222 — 12232 — 122%y2
+1823y2) > 0
) - This history class matches the species tree topology

The anomaly zone is the set of all points (T, T3, Ty) that satisfy eq. 1. For convenience, in these inequalities, we substitute
r=e"2, y=¢e" and z = e™. The inequalities are polynomials in 1/x, 1/y, and 1/z.



