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ABSTRACT 
 

Many of the sophisticated control systems of 
modern automobiles require measurements of the 
vehicle’s attitude.  Commercial GPS attitude systems are 
the method of choice for measuring attitude in many 
aircraft and farm vehicle applications, but are not 
commonly used on automobiles.  The prohibitive aspects 
of commercial GPS attitude systems on a car include their 
relatively high cost and significant loss of integrity and 
signal availability in urban road environments.  
 

This paper gives an overview of current research 
involving the development of an inexpensive and robust 
GPS-INS attitude system for automobiles.  The prototype 
system is built from relatively low-cost GPS receivers and 
automotive-grade INS components.  The robustness of the 
GPS-attitude solution has been greatly enhanced by a 
combination of methods, including INS-aided integer 
searches and verification, noisy measurement 
identification, and exploiting multiple-baseline 
redundancy.  This system also has the unique ability to 
determine attitude (yaw, pitch, and roll) with only one 
satellite, which significantly increases GPS attitude 
availability in urban environments.  In numerous road 
tests, the system has demonstrated degree-level accuracy 
and GPS yaw measurement availability about 95% of the 
time, even in urban areas.  The system also shows a high 
level of robustness in adverse conditions for GPS signals 
(foliage, buildings), and compares favorably to other GPS 
attitude systems in such environments. 
 
I.  INTRODUCTION 
 

Modern automobiles are equipped with a variety 
of control systems that improve passenger safety and 
comfort.  Such systems include anti-lock brakes, 
differential steering and cruise control.  Recently, GPS 

receivers have also been added to many cars for use in 
positioning purposes, allowing the driver to view his/her 
position on a map, and receive directions in real time.  
The advent of GPS receivers in cars has initiated efforts to 
enhance existing control systems, and to create new ones 
such as car-following and lane-keeping control.  Many of 
these control systems require measurements of the 
vehicle’s attitude [15].   
 

Attitude determination by differential carrier- 
phase GPS has been studied extensively by researchers, 
and has resulted in numerous publications.  However, few 
practical products have emerged from this research to 
date.   The commercial attitude systems that do exist 
perform very well in environments where many GPS 
satellites are viewable with few obstructions, but not 
where buildings and trees cause frequent interruptions and 
outages of GPS signals.  The traditional GPS attitude 
solution requires three or four satellites (depending on 
whether line bias is known) and depends on a continuous, 
integrated value of the carrier phase from multiple 
antennas; any momentary interruption in the signal 
tracking causes the integration to reinitialize (this is called 
a cycle slip).  A cycle slip requires that the attitude-
computation algorithm perform a new integer-ambiguity 
search, which is always susceptible to error, especially if 
some of the signals are noisy.  A GPS attitude system 
mounted on a car often sees enough cycle slips and noisy 
signals to prevent convergence of integer searches, or 
worse, to allow convergence to wrong integer solutions.  
In addition to this performance shortcoming, commercial 
GPS attitude systems are prohibitively expensive (over 
$10K) for general automotive use.   
 

This paper describes the results of ongoing 
research on the development of a low-cost and robust 
GPS-INS attitude system for automobiles.  The desired 
accuracy of this system is such that it can be used in 
ground vehicle control systems (about 1o, based on tractor 
control systems) [2].  The prototype system was made 
with three relatively low-cost GPS receivers with 
integrated carrier-phase output, and automotive-grade INS 
components.   The following sections will cover the 
concepts used to construct this attitude system, including 
GPS attitude determination with multiple satellites and 
with a single satellite, and several robustness 
enhancements to improve system integrity: identification 
of noisy measurements by residual inspection, exploiting 
baseline redundancy, and INS-aided integer searches.  



Some discussion is also included regarding the hardware 
and software used to realize the prototype system.  
Finally, the system performance is validated with results 
from static rooftop tests and from actual road tests.  
 
II.  GPS ATTITUDE DETERMINATION WITH 
MULTIPLE SATELLITES 
 
A. Linear GPS Attitude Equation 
 

The basic linear attitude equation is devised to 
solve for the three components of a baseline vector, 
oriented arbitrarily in space.  In Fig. 1, points A and B 
define the baseline vector B

v
, and correspond to the phase 

centers of the GPS antennas.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

The differential carrier phase for satellite k is 
simply the difference of the two integrated carrier phases.  
This quantity is a measure of length, usually expressed in 
cycles (1 cycle=19cm for GPS L1).  Neglecting integer 
ambiguities and line bias at this level, the differential 
carrier phase measurement ( kϕ∆ ) would be equivalent to 
the projection of B

v
onto the line-of-sight unit-vector to 

the satellite ( k1
v

). Noting that the magnitude of the line-
of-sight (LOS) vector is unity, this relationship is 
expressed as follows: 
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If K satellites are in view, a matrix equation can be 
written, where each row looks like Eq. 1: 
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The integrated carrier-phase measurement read 

from a GPS receiver is usually reported in two values: an 
integrated number of cycles (an integer), and the carrier 
phase, which represents the fractional part of the distance 
(in cycles) from the transmitter to the receiver.  The initial 
value of the integrated number of cycles is, for practical 

purposes, a random value; the integration follows the 
movement of the receiver relative to the transmitter, while 
the signal is being tracked.  If a cycle slip occurs, the 
integrated number of cycles is reset to some new random 
integer value, but the fractional carrier phase value 
remains continuous.  In the linear equation, the unknown 
initial value of the integrated number of cycles is included 
as the integer ambiguity matrix, N: 
  BHN
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  where: 
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 The final form of the linear equation must also 
account for the line bias.  The line bias quantity is 
indistinguishable from the integer ambiguity in the raw 
measurement, but the combined quantity can be split into 
an integer part and a fractional part.  The integer part can 
then become part of the N matrix, and the fractional part 
can be called the line bias term.  This notation is 
advantageous, for it allows for simpler integer ambiguity 
searches, in which true integers, not real numbers are 
sought.  Since the line bias (l) is common to all the 
channels, it adds only one more unknown to the linear 
equation for attitude: 
  BHLN
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  where: 
L= [ ]Tlll L  

If the line bias is not known, it can be added to the vector 
of unknowns ( B

v
), and the H matrix can be modified to 

have a fourth column of ones.  However, since it is a 
value that remains almost constant, it can be determined 
once and used as a known quantity for some time 
thereafter.  It is also advantageous in terms of accuracy, 
(due to having better DOP) to use the known line-bias 
equation with three unknowns (Eq. 4), rather than the 
unknown-bias solution with four unknowns [8]. 

 
 B.  Integer Ambiguity Determination 
  

There have been many studies and publications 
about integer-ambiguity determination [3,6-8], and it will 
only be discussed briefly here.  The instantaneous method 
employed is that used in [8], and is most suitable for 
applications with short baselines, and where the possible 
attitude space is restricted, as is the case with an 
automobile (small pitch and roll).  

 
The length of the baseline is a design parameter 

that must be chosen to suit the application.  Increasing 
baseline lengths improves attitude accuracy, but expands 
the integer search space and makes it more difficult to 
discriminate correct integers from incorrect ones.  The 
studies presented in [8] and [12] show that a baseline 
length between 40cm and 60cm yields attitude accuracy 
of about 0.5o, and with sufficient error-checking 
constraints with multiple baselines, can have very reliable 
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Figure 1.  Vector Diagram for Attitude Determination 



integer searches in aircraft applications.  To meet the 
specifications for automobile control applications, a 
favorable choice for baseline length would be the 
minimum required for sufficient accuracy, since the 
expected frequency of integer searches demands the most 
robust configuration possible.  Based on these criteria, 
50cm baselines are used in the current implementation.   

 
With 50cm baselines and small pitch and roll, 

the integer search can be performed over the space of 
possible yaw angles.  This relatively small search space is 
covered in only 35 iterations, with 10o increments in yaw.  
A guess for the baseline is computed at each iteration 
(based on the iterated yaw angle), and since the other 
terms in Eq. 4 are measurements and known quantities, a 
guess for N can be computed:  

)( LBHroundN guessguess −Φ∆−=
vv

  (5) 
A test baseline can then be computed from Nguess, which 
will not necessarily be close to guessB

v
(due to the rounding 

in Eq.5): 
 )()( 1 LNHHHB guess

TT
test ++Φ∆= − vv

 (6) 
The test baseline is then subject to a number of error 
checks to verify if the set of integers is correct.  These 
tests include the baseline length (norm of testB

v
), the 

angles between multiple computed baselines, and the 
residual.  The residual is the most discriminating of the 
tests [5], and is defined as: 
  testguess BHLNres
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The value of the residual is small when Nguess matches the 
correct integers, and significantly larger when the integers 
are wrong.  This result allows for a constant threshold 
value to be set for deciding whether the residual value 
corresponds to the set of correct integers.   
 
 After the iterations are completed, the results of 
all the error tests can be examined to select the set of 
integers that passes the error tests better than the all other 
sets of integers.  That is, to find a minimum of a cost 
function in the integer search-space.   
 

When the correct integers are found, the baseline 
vector can then be computed as shown in Eq. 6.  The 
Euler angles that define the baseline’s orientation are then 
determined from these vector components using simple 
geometry. 

  
III.  GPS ATTITUDE DETERMINATION WITH 
ONE SATELLITE 
  
 In an urban street, the number of channels usable 
for GPS attitude is often below four, or even three, as 
shown in Fig. 2.  With few satellites visible under normal 
driving conditions, and with the likelihood that at least 
one of the measurements is noisy, the multiple satellite 

attitude solution is not sufficient as a reliable source of 
GPS attitude measurements on a car.   This section 
introduces the concept of determining attitude with a 
single satellite, which is a valuable advantage when 
viewed satellites are scarce.  Henceforth, the attitude 
components determined from a single satellite are referred 
to as the one-satellite yaw, one-satellite roll, or one-
satellite pitch.  

 
Figure 2.  Number of Channels Tracked and Usable 
for GPS Attitude During Drive Through Urban Roads 

A.  One-Satellite Yaw 
 
 If the baseline is assumed to have small roll and 
pitch (a reasonable assumption in most cases in a car), 
only yaw defines the orientation of the baseline.  With 
only one unknown, then only one equation is sufficient to 
obtain a solution.   
 

Figure 3 shows a single baseline parallel to the X 
body-axis (Bx) of a vehicle, and its Y body-axis (By) is in 
the general direction of the heading.  The satellite’s 
azimuth (Azk) and the vehicle’s absolute yaw (Ψ ) are 
defined relative to the earth-fixed ENU frame.  Note that 
both of these angles are depicted as negative in Fig. 3, and 
are defined to be positive CCW.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
The one-satellite yaw is most conveniently 

derived relative to the LOS of the satellite being used.  
For this purpose, an intermediate coordinate frame is 
defined in which the y-axis is aligned with the horizontal 
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Figure 3.  Diagram for One-Satellite Yaw 



projection of the LOS.  The axes of this coordinate frame 
(S-frame) are labeled k

xS  and k
yS  in Fig. 3.  Thus, if the 

LOS vector is defined in the ENU frame as 
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then it is defined in the S-frame as 
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Defining the one-satellite yaw as the angle ψk in 
Fig. 3, the baseline vector in the S-frame can be expressed 
in terms its length (R), and ψk:   
 Tkk
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Substituting Eqs. 9 and 10 into Eq. 1, and 

including the integer ambiguity and line bias, the 
following expression is obtained: 

 kk
y

k
x

kk CCRln ψϕ sin
22

+=++∆  (11) 

Equation 11 can then be solved for the one-satellite yaw: 

 
















+

++∆
=

22
arcsin

k
y

k
x

kk
k

CCR

lnϕ
ψ   (12) 

Since the possible values for ψk span 360o, Eq. 12 has a 
dual solution for the yaw angle.  Specifically, ψk and π-ψk 
have the same sine, so it must be determined whether the 
satellite is in front of, or behind the baseline to obtain a 
unique solution for ψk.   
 

Equation 12 is derived under the assumption of 
zero roll.  A deviation from this assumption introduces 
error into the solution for ψk, and the error increases with 
increasing satellite elevation.   Figure 4 shows the error 
sensitivity of Eq. 12 to nonzero roll angles. 

 
Figure 4. .  Error Sensitivity of One-Satellite Yaw w/o 
Roll Correction 

 
Roll is emphasized here rather than pitch, since the 
vehicle pitch in Fig. 3 (rotation about Bx) is not 
observable with the one baseline shown.  If the roll angle 

can be estimated for this baseline, it can be used to obtain 
more accurate one-satellite yaw measurements.  The 
expression for SB (Eq. 10) can be modified by including 

the roll angle estimate ( φ̂ ): 
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Substituting Eq. 13 for Eq. 10 in the subsequent 
derivation of the one-satellite yaw results in the following 
expression to replace Eq. 12: 
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The absolute yaw measurement of the vehicle 

(based on a single satellite) is obtained readily from the 
one-satellite yaw obtained from Eqs. 12 or 14, and from 
the satellite azimuth angle:  

 kkk AzΨ ψ+=    (15) 
 

 The position of the satellite relative to the 
baseline is critical for the accuracy of the one-satellite 
yaw.  Equations 12 and 14 have a singularity if the 
satellite is directly overhead (Cx=0, Cy=0), and are highly 
sensitive to noise near that region.  The equations are also 
ill conditioned for satellites for which ψk is near ±90o, 
where small changes in yaw have little effect on the 
differential carrier phase and the solution is dominated by 
noise.  Thus, when computing an average of yaw angles 
based on single measurements (Eq. 15), the measurements 
should be weighed based on their expected accuracy.  The 
following trigonometric weighting function can be used: 

)cos()cos( kkk
yaw elevW ψ=        (16) 

Any weighting function used should be truncated to zero 
when its value is considered low, since it could degrade 
the accuracy of the GPS measurements and possibly be 
detrimental to the calibration of an accompanying INS 
system. 
    
B. One-Satellite Roll and Pitch 
 

Although yaw is the most useful attitude 
component for automobile applications, roll and pitch are 
also becoming important for applications such as wheel-
slip measurements, vehicle suspension system ID, and 
experiments that require road-grade estimates [15].  In 
addition, it was shown in the previous section that roll and 
pitch estimates can be used to improve one-satellite yaw 
estimates.  
 
 The one-satellite roll will be derived for a 
baseline with the configuration in Fig. 3, for which pitch 
is not observable.  The idea can be extended to obtain 



one-satellite pitch if there was a baseline with a nonzero 
vector component along the By axis. 
 
 A one-satellite roll measurement can be 
extracted from the differential carrier phase if the yaw is 
known.  The derivation is similar to that of the one-
satellite yaw, except that now the sine of the roll angle is 
isolated, the current yaw estimate (Ψ̂ ) is used.  Since 
there is no advantage to using the S-frame in this 
derivation, the baseline vector can be written in the ENU 
frame:  
 

T
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Note that this equation resembles Eq. 13, but uses the 
absolute yaw angle rather than the one-satellite yaw.  
Substituting Eqs. 8 and 17 into Eq. 1, and including the 
integer ambiguity and line bias, yields  
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To solve this equation linearly, a small value for φ is 
assumed, and the equation is rearranged to solve for the 
one-satellite roll: 
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The assumption of small roll used to obtain Eq. 19 is a 
reasonable approximation for a car, where the roll angle 
rarely exceeds 5o.  
 

Equation 19 has a singularity if the satellite is at 
zero elevation (Cz = 0).  Thus, a weighting function is also 
needed for the one-satellite roll computation, also based 
on the satellite’s elevation angle:  
  )sin( kk

roll elevW =        (20) 
 

The attitude estimates used in Eqs. 13-14 and 17-
19 are obtained from the filter output (see section VB).  
Without an INS system, an iteration method could be used 
in which a one-satellite yaw estimate is determined with 
Eq. 12, then this value is used to estimate one-satellite 
pitch and roll with Eq. 19, and these estimates can be used 
in Eq. 14 to obtain a better estimate of yaw; the process 
would repeat until convergence is reached.   
 
C. Integer Searches With One Satellite 
 

The nature of the solution for one-satellite 
attitude requires some modifications to the integer 
searches.  The essential difference is that, for one-satellite 
attitude, integer searches must be conducted without 
dependence on other channel measurements, to allow for 
a single satellite in view to be useful.  This difficulty 

precludes the use of baseline-length and a compound 
residual measurement as error checks on integers.  
However, a residual can still be computed for the single 
equation, and the baseline-angle error-check can also be 
used, based on the one-satellite yaw values of multiple 
baselines. 
 
  The lack of multiple measurements when 
searching for integers makes the process more susceptible 
to error.  For this reason, it is advantageous to limit the 
integer search-space to include yaw angles near a current 
estimate.  Integration with an INS system makes this 
simplification possible by providing real-time attitude 
estimates from integrated gyro rates and biases.  
Assuming that such an estimate (Ψ̂ ) is available, the 
integer ambiguity can be computed easily from Eqs. 11 
and 15: 
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For short baselines, this integer does not change for 
values of Ψ̂  near the original estimate.  For a 50cm 
baseline, a margin of 10o-20o is typical.  Thus, the search 
consists of checking only one integer, even with an error 
of a few degrees in the yaw estimate.   
 

The residual test for the integer computed via Eq. 
21 can be similarly devised from Eq. 11: 
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Nonzero roll angles will have a component in this 
residual, but if a roll-angle estimate is available, it can be 
used to refine Eq. 22 in a similar way in which Eq. 14 was 
obtained.   
   
 Besides the residual and angle error checks, an 
obvious and very effective test for the one-satellite integer 
is to compare the resulting yaw angle with the known 
estimate from the attitude filter.  That is, if the result of 
Eqs. 11 or 14 is more than a few degrees different from 
the trusted estimate, then the integer is likely wrong.     
     
IV.  ROBUSTNESS ENHANCEMENTS 
 
 Noisy measurements pose a continuous problem 
in a dynamic urban road environment.  Multipath noise 
and signal attenuation through trees not only produce 
large errors in the GPS attitude solution, but can also 
prevent convergence of integer searches, or even allow 
convergence to an incorrect set of integers 
  
 This section covers some of the methods that 
have been implemented to handle noisy measurements, 
including identification of noisy channels by residual 
inspection, taking advantage of baseline redundancy to 



verify integer ambiguities, and INS-aided integer 
searches.  
 
A. Identification of Noisy Measurements 
 
 The residual quantity, as defined in Eq. 7, is the 
norm of a vector composed of the residuals from each 
individual row in the matrix equation.  In the context of 
integer searches, it was used as a check that all integers 
matched their respective measurements, such that the 
compound matrix equation had a small noise component.  
If the integers are already known, a similar idea can be 
used to identify the presence of a noisy measurement. 
   
 When four or more satellites are available, it is 
useful to solve for a correction to the line-bias estimate 
(∆l) by adding it as an unknown to B

v
in the attitude 

equation: 
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Assuming a good initial estimate for the line bias, ∆l will 
typically be small, on the order of 1cm.  This term is used 
to track slow changes in line bias [8], but its value also 
depends on the residuals of the row equations.  Since the 
line-bias correction term is small and changes slowly, any 
large, short-term deviations in ∆l can be used to flag noisy 
conditions for the multiple-satellite solution. 
 

Figure 5 shows a section of data from a road test, 
which illustrates this point.  The line-bias correction term, 
as computed by Eq. 23, clearly exhibits erratic behavior 
between 100sec and 120sec.   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

The second plot shows a flag that toggles to FALSE when 
∆l falls outside a corridor around a running average.  The 
size of the corridor used in this figure was 5cm on either 
side of the running average. 
 
 The state of the ∆l_stable flag shown in Fig. 5 is 
used as an indicator that noisy measurements may exist.  
It is then a simple matter to find the noisy channel by 
inspecting the residual of each individual row of the 
matrix equation: 

Blnres
Tkkkk vv
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This equation can also be used to detect noisy channels 
with the one-satellite attitude methods, where the line-bias 
correction is not applicable. 
 
 The effect of removing noisy measurements is 
shown in Fig. 6.  The data points for ∆l now fall within 
the 10cm corridor around the running average, since any 
measurements that cause it to fall outside the corridor are 
removed.   
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Figure 6. Line-Bias Correction Term w/ Noisy 
Measurements Removed 

The scatter of points within the corridor also suggests a 
larger noise component in other channels that remain in 
the solution.  Thus, the choice of the corridor width is a 
matter of establishing a threshold on what is considered a 
noisy measurement based on residual inspection.  The 
choice used here (10cm) was based on empirical data, and 
establishing an acceptable noise level that did not affect 
the attitude solution significantly.         
 
B. Baseline Redundancy 
 

Thus far, the topic of multiple baselines has been 
addressed only in respect to baseline-angle error checks 
for integer ambiguities and pitch measurements.  In 
addition, a triangular three-baseline configuration 
provides the benefit of redundancy, which can be 
exploited for enhanced robustness.   
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Figure 7 shows such a triangular baseline 
configuration on the body axis of a vehicle, where 0B

v
is 

the same as the baseline used in the preceding sections. 
   

 
 

 
 
 
 
 
 
 
 

The current prototype system consists of a 
similar setup.  Since the baselines are treated as vectors in 
the attitude computations, any one baseline can be 
determined from the sum (or difference) of the other two.  
Specifically for the baselines depicted in Fig. 7, the 
relationship is 

201 BBB
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The projections of these baselines onto a LOS unit vector 
have a similar relationship: 
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Recalling the connection of these vector projections to 
differential carrier phase (Eq. 1), and including the integer 
ambiguities added in Eq. 3, an equation can be written 
relating the raw measurements and the integers for the 
three baselines, for a given satellite: 
 )()( 220011

kkkkkk nnn +∆++∆=+∆ ϕϕϕ  (27) 
Note, the subscripts on the terms in this equation denote 
the baseline index.  
 
   Equation 27 imposes an additional constraint on 
the integer ambiguities, which is useful to further verify 
that the integers are correct for all the baselines.  The 
relationship is also used occasionally to determine the 
integers for a baseline, when the noise conditions prevent 
convergence for one baseline, but not for the other two.   
 
C. INS-Aided Integer Searches 
 

The discussion involving Eq. 21 described how 
an estimate of the current attitude simplified the integer 
searches for one-satellite yaw.  This strategy is very 
powerful if the attitude estimate is provided by a coupled 
INS system.  Among other benefits, the GPS/INS system 
provides continuous attitude estimates with sufficient 
accuracy so as to make convergence to wrong integers 
very unlikely.  

 
The attitude estimate aids the integer searches by 

first providing a starting point for the search, and by 
providing a check of the GPS attitude solution obtained 
with the new integers.  In some cases, the heading angle 

based on the velocity vector can also be used as an aid for 
the search [13].  The process for determining the integers 
with the attitude estimate is the same as in Eq. 5, but the 
guess for the baseline ( B̂

v
) would actually be an estimate 

obtained from the attitude filter outputs: 
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  (28) 
For a short baseline, these integers would not change in 
the neighborhood of the baseline estimate, so it is not 
necessary to check any other set of integers.  The test 
baseline obtained with these integers would also be 
subject to the error tests discussed in section IIB, and 
further tested by comparing it with B̂

v
. 

 
V. GPS - INS INTEGRATION 
 
A. Filtering Algorithm 
 

The GPS and INS measurements are combined 
using a constant-gain filter.  The filter design in [8-10] 
was used as a model.  The state of the filter includes the 
three Euler angles and the gyro biases, as follows: 

T
rpqΨx ]ˆˆˆˆˆˆ[ˆ δδδφθ=   (29) 

The first three states are pitch, roll and yaw estimates and 
the last three are the pitch, roll and yaw rate-gyro biases.   
 
  To provide the state estimate, the filter integrates 
the gyro rates and biases while constantly updating the 
estimates of the gyro biases whenever GPS measurements 
are available.  In general, the integration of Euler angles 
from body rates is a nonlinear process with nonzero pitch 
and roll.  The relationship between body rates and Euler-
angle rates is as follows [10]: 
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With small pitch and roll, the matrix in this equation can 
be approximated with the identity matrix, and the Euler-
angle integration equations become uncoupled.  In typical 
driving conditions, the roll and pitch of the vehicle rarely 
exceed 5o, allowing this approximation to be used without 
appreciable loss of accuracy. 
  
  Including the gyro biases, the approximate 
relationship between Euler rates and body rates, with 
small pitch and roll, can be written as 
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The input vector to the filter consists of the biased body 
rate measurements, obtained from the gyros: 

[ ]Trpqu =    (32) 
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Figure 7.  Three Baseline Configuration 



The measurement vector contains the attitude 
measurements from the GPS system, either multiple-
satellite or averaged one-satellite solutions: 

[ ]Tgpsgpsgps Ψy φθ=   (33) 
With these definitions, and utilizing the approximations of 
Eq. 31, a standard linear filter can be used.  The use of a 
linear filter is a slight deviation from the extended filter 
described in [8-10], where the full nonlinear integration of 
Euler angles is employed.  The linear filter is 
implemented in discrete form as follows: 
 
State Propagation: kkk GuxFx ++=−+ )(ˆ)(ˆ 1       (34) 
Meas. Update: ( ))(ˆ)(ˆ)(ˆ −−+−=+ kkkk xHyLxx   (35) 
  where, 
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  [ ]3333 0 xxIH =   (38) 
The gain matrix L was chosen empirically to achieve 
acceptable settling times and error variance on the state 
estimates.  For the notation in these filter equations, the 
subscript k indicates time-steps for both equations 34 and 
35, and implies the same sampling rate for GPS and INS.  
   
 In many systems, however, the INS is added to 
improve the system bandwidth [5,8], and is sampled faster 
than the rate of GPS measurements.  In this system, the 
GPS attitude is processed at 10Hz, while the gyros are 
sampled at 100Hz, giving the system sufficient bandwidth 
for most automobile applications.  Equation 34 can be 
modified to accommodate different sampling rates by 
propagating the state at each sample of the gyros:  

    jjkjk GuxFx +−=− +++ )(ˆ)(ˆ ,11,1       (39) 
The subscript j denotes time steps of the INS samples in 
between GPS updates, and the subscript k corresponds to 
GPS time steps.  With each GPS update, Eq. 35 is 
updated, the j index would be reset to zero, and the next 
propagation step would begin with  

)(ˆ)(ˆ 0,1 +=−+ kk xx   (40) 
 
B. Integration 

 
Both the GPS multiple-satellite and one-satellite 

attitude solutions have characteristics that make them 
useful.  When more than four satellites are in view, the 
multiple-satellite solution usually has better accuracy and 
has the capability to monitor slow changes in line bias.  
The one-satellite attitude solution is more robust in noisy 
environments due to the separation of the channels in the 
solution, and with fewer than three or four satellites, it is 
the often the only solution available.  The union of these 
two separate modules into a single GPS subsystem 

requires a monitoring system to switch between the two, 
and to decide whether any GPS measurements are valid at 
all.  This integrity monitor takes various inputs from the 
multiple-satellite and one-satellite GPS modules, as well 
as feedback from the filter output. 

 
 Figure 8 depicts the integration of the various 

subsystems.  The feedback path from the filter is shown to 
continue on to the multiple-satellite and one-satellite 
modules, since the current attitude estimates are used for 
various aspects of the GPS attitude computation, as 
discussed in preceding sections.     

 
 
 
 
 
 

 
 
 
 
 
 
 
VI.   REALIZATION 

 
A. Inertial Sensors 
 

The inertial sensors used are Bosch DRS-MM1 
yaw-rate sensors.  Each unit contains one yaw-rate sensor 
and one accelerometer.  These sensors are used widely in 
automobile applications, and are characterized by high 
sensitivity, small temperature drift, and long-term stability 
[14].  Three of these yaw-rate sensors were used to 
assemble an INS system capable of measuring three body 
rates.  The assembly is shown in Fig. 9. 
 

 
Figure 9.  Bosch DRS-MM1 Yaw-Rate Sensors in INS 
Assembly 

B.  GPS Receivers 
 

The GPS units used in the prototype system are 
three Canadian Marconi Allstar receivers on a common 
reference oscillator.  The output messages from the 
receivers are TTL-level signals designed for serial-port 

Figure 8.  Schematic of System Integration 
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communication with a computer.  The use of these Allstar 
receivers for attitude determination is introduced in [4], 
and further developed in [12]. The antennas used are 
inexpensive, 26dB active, vehicle-tracking Micropulse 
antennas (32000 series).  

 
Figure 10 shows a picture of GPS sensor box, 

containing the three receivers and boards to provide 
power and process the receivers’ TTL signals to RS232 
voltage levels.  

 

 
Figure 10.  GPS Receivers Box 

 
C. Computer Hardware and Software 

 
All computations and data storage are done on a 

500Mhz laptop running Windows 2000.  A Quatech QSP-
100 PCMCIA card is used to provide the additional serial 
ports needed to communicate with the GPS receivers.  
The INS sensors are sampled with Quatech DAQP-16 
PCMCIA card, in differential channel mode.      

 
Figure 11 shows a photograph of all the 

hardware used to test the system on a vehicle, and 
illustrates its portability. 

 

 
Figure 11.  Test Equipment 

 
To handle inputs from multiple serial ports as 

fast as possible without missing data packets, the software 
was implemented with multiple threads, where each 
thread handles I/O from one serial port.  A shared-data 
module contains a linked-list data structure, whose nodes 

store concurrent packets of data from the receivers.  When 
data is collected from all receivers at the same epoch, then 
the GPS attitude can be computed.  This data-flow 
process is illustrated in Fig. 12.  The 10Hz carrier-phase 
data is collected fast enough so that the most recent node 
of the linked list is placed practically in real time.   

 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
  

 
 

The user interface that is used for design and 
testing of the attitude system is a custom Windows 
application, which displays attitude information and 
program status in graphical form. 

 
The hardware and software components 

described thus far are used primarily for development, 
and are not designed to interface with practical 
applications that would use the system for control or 
navigation.  An alternate hardware and user-interface 
setup was implemented for this purpose, with a two-
antenna duplicate of the system.  The hardware consists of 
a target computer running QNX to execute all software 
and connect with other system hardware, and a host 
computer for programming development and user 
interface.  The host and the target are linked by an 
Ethernet connection, and the communication is managed 
by OPAL RT software.  With this setup, the system 
development and user interface are done with Simulink, 
and the attitude outputs are easily available to other 
applications within the Simulink project.  This setup has 
been used by graduate students at Stanford to measure 
vehicle side-slip [15]. 
 
VII.   System Performance 
 
A. GPS Attitude Accuracy 

 
The accuracy of GPS attitude depends on several 

factors, including baseline length, channel noise, number 
of satellites in view, and antenna phase-delay calibration.  
The calibration process discussed in [11] was used to map 
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Figure 12.  GPS Data Synchronization 



the phase-delay of the antennas, and it was verified that 
this error can be on the order of a several centimeters in 
each channel.  Figure 13 shows plots of static GPS 
attitude, with and without the phase delay calibrated.  The 
plots were generated with the same platform attitude 
(θ=0o,φ=0 o,ψ=35o) and exactly two orbit periods apart, to 
ensure similar satellite geometry relative to the baselines.      

 
Figure 13. GPS Attitude Accuracy With and Without 
Phase-Delay Calibration 

 
The benefit of calibration on the pitch and roll 
measurements is clear, but the effect on the yaw 
measurement is negligible.  This result is primarily due to 
the method used for measuring the reference attitude 
during the calibration.  The reference yaw angle used to 
determine the phase errors was the filter output based on 
uncalibrated multiple-satellite GPS yaw, whereas the 
pitch and roll reference angles were determined with a 
pair of calibrated accelerometers measuring the gravity 
vector.  This method is consistent with something that can 
be implemented on a car to calibrate antennas after 
installation (without additional sensors), but has the 
disadvantage of not fully calibrating the phase delay of 
low-elevation satellites, as suggested by the remaining 
correlation of the yaw noise in Fig. 13. 
 

The antenna configuration used (see Figs. 7, 11) 
is more suitable for measuring roll than pitch, and it is 
expected that the pitch accuracy be worse than that of roll.  
The multiple-satellite GPS attitude noise statistics 
(variance) for the system with calibrated phase delay are: 

.13.0,15.0,50.0 222222 cmcmcm yawrollpitch === σσσ  
With several satellites in view, the average one-

satellite attitude accuracy is comparable to the multiple-
satellite.  In fact, the two solutions can be nearly identical.  
Figure 14 shows a comparative plot of both GPS 
solutions.  These graphs were generated without the 
phase-delay calibration, to illustrate how phase delay 
errors tend to affect both solutions equally in all three 
angle measurements. 

 
Figure 14. Mutiple-Sat and One-Sat GPS Attitude 

 
  With few satellites in view, the noise level of 

the one-satellite attitude may increase, depending on the 
number of satellites and their positions.  Figure 15 shows 
the one-satellite attitude measurements for SV#10 over a 
period of 3 hours, and the multiple-satellite attitude for 
comparison.  The solutions are clearly worse when the 
satellite is in poor position, as indicated by its weights 
(third plot), and determined per Eqs. 16 and 20.    

 
Figure 15.  One-Satellite GPS Attitude 

 
B. Filter Performance 
 

The filter performance should be assessed with 
and without GPS measurements.  When GPS 
measurements are available, the criteria for evaluation 
include reduced noise on the attitude measurements, and 
small noise in the gyro bias estimates.  An accurate value 
of the gyro-bias estimates is particularly important during 
GPS outages, where the attitude measurements are based 
only on integrated gyro rates and biases.   

 
Figure 16 shows plots of the yaw filter outputs 

with and without GPS measurements.   



 
Figure 16.  Filter Yaw Output 

The GPS updates were deliberately turned off for one 
minute at t=135 and t=255; the baselines were left still 
during the first outage, and rotated during the second 
outage.  As shown in the detail, the filter output drifts 
very little without GPS.  This low drift value depends on 
having a very good estimate of the gyro biases.  For this 
purpose, it is useful to maintain a running average of the 
gyro biases to further reduce the noise in the estimates, 
and use this average during GPS outages.  The third plot 
in Fig. 16 shows the running average for the yaw-rate bias 
estimate.  An alternative is to use lower gains on the gyro-
bias measurement updates (Eq.35), as is done in [10].  
 
C. Robustness Performance 
    

Figure 17 shows yaw-angle data taken during a 
test drive.  The second plot indicates whether the 
multiple-satellite or one-satellite attitude solution is being 
used for yaw, or if no solution is available.  As shown, the 
one-satellite yaw is used a significant amount of time 
when there are few satellites in view or the multiple-
satellite solution has difficulty converging.   

 
Figure 17.  .  Yaw Angle Measurements with 
Robustness Enhancements 

 

Table 1 shows some approximate statistical data 
relevant to GPS attitude availability on the road, 
compounded from several test-drives, totaling about 1 
hour. 

Table 1.  GPS Availability and Outage Statisitcs 

 Mult-Sat 
GPS 

(% time) 

One-Sat 
GPS 

(% time) 

No GPS 
(% time) 

Avg 
Outage 
Time 
(sec) 

Longest 
Outage 
Time 
(sec) 

Pitch 50% 36% 14% 0.5 11 
Roll 50% 38% 12% 0.4 11 
Yaw 50% 45% 5% 0.1 8 

 
 In contrast, Fig. 18 shows the yaw measurements 
obtained with a commercial two-antenna GPS attitude 
system, without an INS system.  The system performs 
very well in an open parking lot (first 200 seconds), but 
loses lock when noisy conditions occur, and has difficulty 
reacquiring the attitude thereafter.  Other road tests are 
performed in [7] under relatively good satellite visibility 
conditions, and show GPS attitude outages about 10% of 
the time with up to 6 satellites in view.  
 

 
 
 
 
D. Road Test Results 
 

The accuracy results shown thus far are for static 
conditions, and with a relatively open view of the sky.  As 
may be expected, the system accuracy degrades when 
faced with the difficult conditions of an urban road.    
Although there is no “truth value” with which to compare 
the filter output during these tests, the error measurements 
from the filter  ( )(ˆ −− kk xHy in Eq. 35) are indicative of 
the shot-term GPS errors.   

   
Figure 19 shows plots of the attitude estimates 

during a drive test.  The detail included for the yaw angle 
shows a short GPS outage, during which the filter output 
is based only on gyro-rate integration.  

Figure 18.  Yaw Angle Measurements w/ Commercial 
System Without Robustness Enhancements

GPS yaw 

Filter yaw 



 
Figure 19.  Pitch, Roll, and Yaw Measurements from 
Road Test 

   
The corresponding filter-error measurements from this 
test are shown in Fig. 20.  As shown, noisy conditions on 
the road can increase the noise on the GPS measurements 
by several degrees.  Fortunately, this noise is relatively 
uncorrelated in time, and the filter is able to diminish 
most of its effect. 

 

 

Figure 20.  Filter Error Measurements ( )(ˆ −− kk xHy ) 
from Road Test 

The increase in GPS noise also has an adverse effect on 
the gyro bias estimates, as shown in Fig. 21.  The noisy 
fluctuations in the bias estimates reinforce the need to 
maintain an average of the bias estimates to use during 
GPS outages, or at least use very low gains for the bias 
measurement updates.  

 
Figure 21.  Gyro Bias Estimates from Road Test 

 
VIII. CONCLUSIONS 
 

A three-antenna GPS/INS attitude system is a 
high-bandwidth, accurate means of determining three-axis 
attitude for guidance and control applications.   To date, 
commercial GPS attitude systems are generally not used 
on automobiles because of their high cost and poor 
performance in urban road environments.  The results of 
this ongoing research have shown that it is possible to 
increase the robustness of a low-cost GPS system by 
coupling it with an INS system, and by using one-satellite 
attitude determination in conjunction with the traditional 
multiple-satellite method.  The prototype system has thus 
far demonstrated accuracy and robustness approaching 
needed standards for automobile control systems. The 
applications of this system are abundant, including real-
time vehicle system ID, slip angle estimation, position 
estimation by GPS and dead reckoning, as well as 
sophisticated control systems. 
 
 Current efforts in this research are focusing on 
implementing an autonomous real-time phase-delay 
calibration of antennas, which would take place after the 
installation of the system on a vehicle.  Such a feature 
would preclude the need of tedious data collection to 
determine the phase-delay maps of a set of antennas.  
With cooperation with Bosch, investigation is also under 
way into the development of a custom GPS receiver that 
uses the attitude filter outputs and INS acceleration 
measurements to aid the GPS tracking loops.   
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