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Answer: 4

Solution: Note that - - . Then 1 -
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xt + 2z _(z-3)(x+5) x4+ . rz+5 3+ :'

2. Compute all real values of b such that, for f(z) = 2% + bx — 17, f(4) = f'(4).
Answer: 3

Solution: We have that f(4) =4b—1 and f’(4) = 2(4) + b = b+ 8. Setting these equal to each
other, we see that b = .

3. Suppose a and b are real numbers such that

sin? 1

i20 e —br—1 2
Determine all possible ordered pairs (a, b).
Answer: (2,2) and (—2,—2)
Solution: Since this is in an indeterminate form, we can use L’Ho6pital’s Rule to obtain

. sin 2x 1
lim ——— = —.
z—0 ae?® —b 2
However, the numerator goes to zero, so the denominator must also go to zero to give us another

indeterminate form. This implies that a = b. Using L’Hoépital’s Rule again, we have that

2cos2zx 1
a:l—rﬂ) aze‘” N 2
The numerator goes to 2, so the denominator must go to 4. Therefore, a = b = £2, giving us
(a,6) =|(2,2) and (-2, -2)|

4. Evaluate /04 eV® da.
Answer: 2e2 + 2
Let w = v/ so that w? = x and dz = 2w dw. Then the integral becomes 2/2 we” dw.
To find this integral, use integration by parts: i

u=w — du = dw; dv=e"dw —v=2¢e"

/wewdw = uv—/vdu
= wew—/ewdw

= (w—1)e".

Evaluating 2(w — 1)e” at our limits of integration yields .
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5. Evaluate lim sin”(5z) tan” (4z)
a—0 (log(2z +1))°

Answer: 50

Solution 1: For any function f with f(0) = 0, we know that
L FE) L fa) - )

z—0 X z—0 T

sin(5x), tan(4x), and log(2z + 1) are all 0 at = 0, and their derivatives at 0 are 5, 4, and 2,
respectively. So, divide numerator and denominator by #° and re-arrange to get

in(5z) 2 tan(4x) 3
lim sin?(5z) tan®(4z) i (S x ) ’ ( x ) 5243
=0 (log(2x +1))> 230 <log(2x+1)>5 25 =

xT

Solution 2: Recall from Taylor series that if f(0) = 0, then f(z) ~ f’(0)z when z is small.
This allows us to write
102 3 2 3
sin®(5z) tan®(4x) . (5x)*(4x) 50]
= 50 |.

li = lim ————— =
50 (log(2z +1))5 290 (22)5

oo us
3

6. Computeg / sin?* z dz.
k=0"0

Answer: V3

Bring the sum into the integral, so we have
% o0
Z sin?* z dx.
0 k=0

The integrand is a geometric series, so the answer is

% 1 % T
—  dx= 20 de = tan (=) — tan(0) = | V3|
/0 7 de /0 sec” xdx an(3> an(0) = (V3

1 —sin

7. The function f(z) has the property that, for some real positive constant C, the expression
f0 (@)
n+xz+C
is independent of n for all nonnegative integers n, provided that n + = + C # 0. Given that
1

7/(0) =1 and / f(z)dx = C + (e — 2), determine the value of C.

0
Note: f(™(z) is the n-th derivative of f(z), and f(©)(z) is defined to be f(z).

Answer: /3 — e

Solution: Since f((z)/(n + x + C) is independent of n, we can say that it is equal to g(z).
Multiplying by (n + x 4+ C), we have that

f(") () =(n+z+ C)g(x).
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Taking a derivative with respect to x, we obtain
FU(@) = (n+ 2+ C)g' () + g().

However, this is equal to (n + 1 + = + C)g(x) by the problem statement. Canceling terms, we
obtain that g(z) = ¢’(z). The only class of functions that is its own derivative is ae”, so we have
that g(z) = ae® (for some constant a). Now, f'(x) = (z + C + 1)ae”, so f'(0) = 1 gives us that
a=1/(C+1). We also have that

1 1
/ f(z)dx = gi?-e$dx20+(e—2).
0 0

Integration by parts gives us

(e—1)C+1
C+1 Tle=2),
which simplifies to
C?=3—e¢,

from which it follows that the answer is |v/3 — e|.

8. The function f(x) is defined for all x > 0 and is always nonnegative. It has the additional
property that if any line is drawn from the origin with any positive slope m, it intersects the
graph y = f(z) at precisely one point, which is ﬁ units from the origin. Let a be the unique

real number for which f takes on its maximum value at = a (you may assume that such an a

exists). Find/ f(z)dz.
0
Answer: %g(Z)

Solution 1: First, express  and y as functions parametrized by m. We have the system

Y =mx
1
2?4yt =
m

Solving for y, we get y = | /177-5. Hence, maximizing y is equivalent to maximizing 177-5. By
differentiating with respect to m, we see that the maximum occurs when m = 1, at the point
(75 75)

Now, we just need to compute the integral. However, this parametric form is not convenient.
Instead, by drawing the line y = x, we notice that the integral splits up into a right isosceles
triangle, and a region between the line y = x and the y-axis. This suggests that we should

convert to polar coordinates. In fact, f(z) is equivalent to the graph r(f) = —= ok since a line
an

at angle 0 to the z-axis has slope tan(f). The area we wish to compute is

w/2 w/2
/ 17“(9)2d9 = 1/ cot(0) do
/s 2 2

llog (sin(0))]7/;

(0 —log(1/v2))

—
o
09
—
\)
~—
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2
We add this area to the area of the triangle, which is % (%) = %, so our final answer is
1+log(2)
1 )

Solution 2: We begin as before to find a, but present a different method of computing the
integral.

Solving for x in terms of y, we get that

14 +/1— 4yt

$2+y2:x/y:>ym2—x+y3:0:>m: 5
Y

We only care about the region where 1 4+ /1 — 4y* = 22y < 1, since =,y <
1—/1—4y4

2y
Notice that we can compute the desired quantity as

(1)2 /\}51—«/1—4y4d
—] - ————dy,
V2 2

since within the square bounded by the coordinate axes and x,y < f the area between the

curve and the z-axis plus the area between the curve and the y-axis sum to the area of the whole
square.

Now, using the substitution u = /1 — 4y*, we get

/«%1—\/1—4y / l—u
0 2y

du2 — 4
1—

:/ (—u)udu
4 /o (1—=u)(14u)
1/ ow

= - d
4/0 1+u “

1 [t 1

:/ 1-— du
4 0 1—|—u

= % [u —log(1+ u)]é

. Hence, we take

S\

xr =

~ 1—1og(2)
-—
1+ log(2
The answer is % minus this quantity, so report —l—;)g() .
/2 d
9. Evaluate / z i
0 (\/ sinz + 4/cos :L')

Answer: 1/3

Solution 1: Observe that by pulling a factor of cos?  out of the denominator, we can write the
given integral as

/”/2 dx _/“/2 sec” x dx
o (I++vianz)icos?z Jo  (1+tanz)t
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We now substitute v = v/tanx + 1:

SeC2 T sec2 T

du = de = dz.
! 2v/tan z v 2(u—1) v

Thus, our integral is equal to

which simplifies to

Solution 2: Let I be the value of the given integral. Note that

1 1/;/2 <<\/Sin(a:) + \/cos(:c)>_2>2 de,

2 2

-2
which is the polar area bounded by the curve r(6) = <\/Sin(0) + \/COS(O)) and the z and y

axes for 6 € [0,7/2]. Converting to Cartesian coordinates, we get

1=r <\/sin(0) + \/c08(9))2

= (\/7" sin(0) + /7 cos(@))2

— Vr+,y=1
= y=(1-Vao)l=1+z-2V7

Therefore,

1 1
2[2/ 1+2—2Vzdx
0

1
_ {H 4373/2}
3 0
141
:1 _ — - = =
3737 %

) 2%k > (cos x)%"
10. Evaluate nlgrolo [(;[l o — 1) /1 2xda:] .

) 2
Answer: wor—

Solution 1: Observe that (cosx)?" looks like a bunch of spikes, centered at 0,7, 27, ..., each

with area I, = ffﬁz(cos x)?" dz.
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We can integrate by parts to see that
w/2

w/2 w/2
I = / (cos )%k dx = [(cos z)?*Lsin x] + (2k — 1)/ (cos )22 sin® z dx
—7/2 —m/2 —7/2

w/2
= (2k — 1)/_ /2(cosx)2k_2(1 —cos?z)dx = (2k — 1)(I_1 — Ip.).

Therefore,

2k — 1 ok —1 ok —1
Iy ==l = I _<;£11 o )IO_WkUl T

As n — oo, the spikes get sharper and sharper; this means that the denominator 2% of the
integrand gets concentrated at x = 0,7, 2w, .... Therefore, we expect that as n — oo,

2%k > (cosz)?" o2k = I, 1 27
(g%—l)/_l 2 xé(g%—1 kz_ow o |Tar 1

Solution 2: We present a more rigorous approach here. First, rewrite the problem into the
following form:

For each positive integer n, let a, = r. Additionally, let ¢ =

/_ > \/ﬁ(c;j o™

1
lim /n H , which is a positive finite constant. Evaluate — hm Q-
cn

n—oo

Let B = {0, 7,2m,...}. The idea is that the numerator of the integrand approaches a function
with cm area concentrated infinitely closely to each point in B. Therefore, the limit should be

/°° Vn(cos )" i em 27
23?

lim = =
n—oo [_q

90~ Tor _ 17
x€B

where the last equality follows by the formula for summing geometric series.

We will soon get to a more precise way of thinking about the area being concentrated infinitely
closely to points in B, but first let’s see why the numerator should have ¢m area around each
point in B. Since the area around each point in B is the same (cos?" is periodic), we need only
consider the area around 0. We can apply integration by parts to find a formula for the area
around 0 in each term of the sequence. The recurrence is

w/2 1 w/2
Vn(cosz)de = (1 — —) Vn(cos z)2 Y dx.

—7/2 2n —7/2
Repeatedly applying this formula, we get
\f(cosac)% dzx = ﬂ\fH (1 - ) :

—7/2

Taking the limit as n — oo, the area around 0 goes to cm. So the answer makes sense. Now we
will prove it more rigorously.
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For x ¢ B, the integrand f(cosz) goes to 0 as n — oo because cosz < 1. So for any open set
S sufficiently disjoint from B we might guess that

Vileoss)™ p =,

lim
n—oo S
If we require that every point in S is at least € > 0 away from any point in B, then this is indeed

true. There are two ways to see this.

The fanciest way to see it is to use the “dominated convergence theorem”, which says that if
a sequence of functions f, converges pointwise to a funciton f and if there is some function ¢
with |f(x)] < ¢(z) for all z € S and [4¢ < oo, then lim, o0 [ fn = [¢f. To apply this
theorem, we let f,, be the integrand of the n-th term of the sequence. To construct ¢, notice
that since every point in S is at least € away from every point in B, there is some § < 1 so that
|cosx| < § for all z € S. So y/n(cosx)*" is bounded by /nd*" for all x € S. Since /né*" has
a finite limit as n — oo, v/n(cosx)?" is bounded by some finite number B for all z € S. So we
can let ¢(z) = B/2". Then |f,(z)] < ¢(z) for all z € S and [ ¢ < oo, just as we need in order
to apply the theorem. So we apply the theorem to get

2n 2n
lim /de:/ lim \/ﬁ(c;sx)dx:/Odw:Q
S S

n—oo S n—oo

But we of course don’t expect you to know the dominated convergence theorem, so we can also
prove this using a “bare hands” method that is actually easier. (Bare hands is usually much
harder than the dominated convergence theorem proof. That is why people use the dominated
convergence theorem. But we have arranged for this problem to work with bare hands.) As we
argued above, there is some § < 1 so that cosx < § for all z € S. Then /n(cosx)?*" < /né*"
for all x € S. So we have a bound

2n
/\/ﬁ(cosx)dxg\/ﬁ(;?n/ldx
s 27 527

Since the integral [ 2% converges, this goes to 0 as n — 0o so we again have the desired result.
The upshot of all this is that we can now define B, to be the points in [—1,00) that are within
€ of B and have - on

lim \/ﬁ(cos 2" e = = lim f nfcosz) dx.

n—oo J_q 2 n—o00
To calculate the integral on the right, notice that it is Just the sum over all integers k£ > 0 of

krte | /n(cos )" d — RN V/n(cos )" .
o 9km o

km—e —e

By the formula for summing geometric series, the sum of this over all integers & > 0 is

o0 2n om € 2n
/ \/ﬁ(CO: x) dp = - \/ﬁ(CQO: x) . )

lim
n—oo [_q

So we have reduced the problem to calculating the following limit:

lim ‘ M dx.
n—00 2T
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To do this, bound the limit above and below by taking the highest and lowest possible values of
2% out of the integral:

€ € 2n €
27¢ lim Vn(cosz)?" dr < lim / Vn(cosz)™ dr < 2° lim Vn(cos )" da.
n—oo J_ n—oo J_ . 2% n—00

€ —€

By a very similar argument as above, nothing outside (—¢, €) contributes to the integrals in our
bounds and therefore

€ w/2
lim Vn(cosz)* dz = lim vn(cosz)* dx.

n—oo J_. n—00 —7/2

We have already calculated the right hand side: it is ¢wr. So we can plug this back into our

bounds to get
oem < Tim [ YPlcosz)

n—oo J_. 27

dr < 2%m.

Plugging this bound into gives

< lim
—1 n—o00

/ f n(cos x) 27

27¢ dr < 2° .
c7r2 T < c7r27r_1

Since € was arbitrary, taking e — 0 forces

00 2n ™
lim M dr = er 2 7
n—oo J_4 2% 2m —1

as desired.

Finally, you might be interested in knowing why c is a positive finite constant. (This is not
necessary to solve the problem, but it is necessary to be sure that the problem makes sense.
And it is interesting.) To see this, let b, = \/n[[}_;(1 — 5). Then

1 n
log b, = 2logn+;log (1 — %> flogn—l—z <—+O <k2>>

Here O( 7 ) denotes some function of &k Whose absolute value is always less than C7 L for some C
big enough The fact that log(1 — o ) = —5+ O( k2) follows from the Taylor expansmn of log
around 1. It is well known that Zk 1 k: =logn+~y+ O( ) where v is some constant. Plugging
this in gives

1
logbn—logn—logn—27+0< )+ZO<k2> :—27+O< >+ZO<k2>

Since > 77, kg converges to some constant, > ,_; O( k2) converges to some finite constant a as
n — oo. Therefore logb, — — Q’y—i—a as n — oo. This is some finite number, so ¢ = exp(— ’y—i—a)
is a positive finite number, as desired.



