
MATH 256B: B- AND CUSP-ANALYSIS

We now consider the geometric settings of b- and cusp analysis. Recall that
Vb(M) is the set of smooth vector fields on a manifold with boundary of corners;
this does not depend on any choices. Fixing a boundary defining function x modulo
x2C∞(M), we also let Vcu(M) be the set of vector fields V tangent to ∂M such
that V x ∈ x2C∞(M). This means that V = b0(x∂x) +

∑
bj∂yj and V x = b0x ∈

x2C∞(M), so b0 ∈ xC∞(M), so

V = a0(x2∂x) +
∑

aj∂yj , aj ∈ C∞(M).

These two structures are closely connected to each other. Indeed, given a mani-
fold with boundary with a C∞ defining function x, choose a local product decompo-
sition near ∂M , so a neighborhood U of ∂M is identified with [0, ε)x×∂M ; one gets
local coordinates on this space via local coordinates yj on ∂M . If we now introduce

ρ(x) = e−1/x, x > 0, ρ(0) = 0, the map ρ × id : [0, ε) × ∂M → [0, e−1/ε) × ∂M is
C∞, and the push forward of a cusp vector field V is

a0ρ∂ρ +
∑

aj∂yj .

Note that the aj here need not be smooth after the push-forward: they are smooth
functions of (x, y), y ∈ ∂M , i.e. of (− 1

log ρ , y), which is a much weaker statement

than smoothness in ρ.
Conversely, starting with Vb(M), with a boundary defining function ρ and a

local product decomposition of a neighborhood U of ∂M as [0, ε)ρ × ∂M , we can
let x = −1/(log ρ), which then gives rise to a cusp structure. The push-forward of
a C∞ b-vector field is then a C∞ cusp vector field, since smoothness in ρ implies
smoothness in x.

Letting t = x−1, we have t = − log ρ, and the identification of (0, ε)ρ × ∂M
is with (− log ε,+∞)t × ∂M (the boundary is pushed out to infinity). Then the
push-forward of a0ρ∂ρ +

∑
aj∂yj is −a0∂t +

∑
aj∂yj , and a coordinate chart O

in ∂M with coordinates y gives an identification of (0, ε) × O with a cylinder
(− log ε,+∞)t × O ⊂ R × Rn−1 = Rn. Now, the smoothness of the coefficients
aj in [0, ε) × O is equivalent to the statement that ∂kρ∂

α
y aj is bounded for all k, α

on (0, ε)× O (with aj(0, y) = limρ→0 aj(ρ, y), and the limit automatically existing
under these conditions), and thus (as the push-forward of ∂ρ = ρ−1(ρ∂ρ) is et∂t)
to the statement that (−et∂t)k∂αy aj is bounded on (− log ε,+∞)t × O. This is a
rather stringent requirement on the t derivatives.

A weaker, and more convenient, requirement on the aj is conormality. In general,
on a manifold with boundary with a boundary defining function ρ, one says that
a function a is conormal to ∂M of order s, and writes a ∈ As, if ρ−sV1 . . . V`a is
bounded for all ` and all Vj ∈ Vb(M). Note that such a statement is independent of
the choice of ρ (since it is unchanged by inserting a positive smooth factor into ρ),
and locally, in coordinates (ρ, y), it is equivalent to ρ−s(ρ∂ρ)

k∂αy a being bounded for
all k, α, as can be seen (in the less trivial direction) by expanding the Vj in terms
of ρ∂ρ and ∂yj with smooth coefficients, and using the product rule iteratively.
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Notice that this translates to est(−∂t)k∂αy a being bounded for all k, α, i.e. for s = 0
simply to the boundedness of all (standard, constant coefficient) derivatives in the
cylindrical region.

This means that conormal b-vector fields, i.e. elements of A0 ⊗C∞ Vb(M), i.e.
vector fields of the form

a0(ρ∂ρ) +
∑

aj∂yj , aj ∈ A0,

are exactly vector fields in the cylindrical region of Rn with coefficients that are
bounded with all derivatives; if they have support inside [t0,+∞) × K, K ⊂ O
compact, t0 > − log ε, as one would arrange when using a partition of unity on
M , then they can also be regarded as vector fields on all of Rn with coefficients
bounded with all derivatives. But this means that they are elements of the Ψ1

∞ =
Ψ1,0
∞ space, and differential operators based on them are elements of Ψm

∞ = Ψm,0
∞ .

Correspondingly, the analysis of conormal b-differential operators, i.e. elements of
A0Diffb(M), is locally equivalent to the analysis of Ψm

∞.
Notice that Diffb(M) ⊂ A0Diffb(M), so this in particular includes at least as-

pects of the Diffb(M)-analysis (which however has stronger aspects as well). In fact,
what matters for us most right now is that if P ∈ Diffb(M) then one can write in

the local coordinate decomposition P =
∑N−1
j=0 ρjPj + ρN P̃ , where Pj ∈ Diffb(M)

have coefficients independent of ρ, and P̃ ∈ Diffb(M). Correspondingly, translated
to Rn, we have

P =

N−1∑
j=0

e−jtPj + e−NtP̃ ,

with P̃ ∈ Ψ∞, and Pj having t-independent coefficients.
Turning to the cusp vectorfields, as t = 1/x, the bordification of (ε′,∞)t as

[0, 1/ε′) via t 7→ 1/t simply undoes the change of variables x 7→ t, so elements of

C∞(M̃) are locally equivalently in C∞(Rt ×Oy).
In order to do the analysis on Rn, it is more convenient to bordify all of Rn, not

just a cylindrical subset, as Rt×Rn−1
y , with the bordification of the first factor given

by t 7→ t−1. Then for P ∈ Diffmb (M), one has a principal symbol in Sm∞(Rn;Rn) in
fact lying in C∞(R × Rn−1;Sm(Rn)). Correspondingly, it is convenient to regard
R× Rn−1 × Rn as the locus of b-microlocal analysis, with σb,m(P ) defined on this
space. Thus, one defines the elliptic set Ell(P ), the characteristic set Char(P ) and
the operator wave front set WF′(P ), as subsets of this space.

Concretely then define the local cusp algebra Ψm
lcu, resp. the extended local b-

algebra Ψm
elb as quantizations of symbols a ∈ Smlcu(R×Rn−1;Rn), resp. a ∈ Smelb(R×

Rn−1;Rn), where a ∈ Smlcu(R× Rn−1;Rn) if

|(t2∂t)k∂βy ∂αζ a| ≤ Cαβ,k〈ζ〉m,

and a ∈ Smlcu(R× Rn−1;Rn) if

|(eφ(t)∂t)
k∂βy ∂

α
ζ a| ≤ Cαβ,k〈ζ〉m,

where φ ∈ C∞(R) with φ(t) = |t| for t ≥ 1. We also define the extended local
symbolic b-algebra as Ψm

∞. This means that

Smlcu(R× Rn−1;Rn) = C∞∞(R× Rn−1;Sm(Rn))
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and

Smelb(R× Rn−1;Rn) = C∞∞(Rexp × Rn−1;Sm(Rn)),

where the subscript ∞ refers to uniform bounds in the non-compact variable y.
The membership of Ψm

elb is equivalent to the statement that P ∈ Ψm
∞ and for all

N there exist R-translation invariant operators Pj,± ∈ Ψm
∞, j = 0, 1, . . . , N−1, and

P̃N,± ∈ Ψm
∞ such that

P =

N−1∑
j=0

e−jφ±(t)Pj,± + e−Nφ±(t)P̃N,±,

where φ±(t) = ±t for ±t > 1, φ±(t) = 0 for ±t < −1, and φ± ∈ C∞(R); note
that the + sign is making a non-trivial statement over membership in Ψm

∞ only as
t → +∞, while the − sign is making a non-trivial statement as t → −∞. Thus,
the Pj,± are Taylor series of P at t = ±∞ in Rexp.

In view of the algebra property of Ψm
∞, it is easy to check that the other spaces

mentioned also form algebras. Further, as Ψm
∞ is bounded between weighted Sobolev

spaces Hs,r → Hs−m,r, so are its subalgebras. For the cusp algebra this is the
best boundedness statement one would like, but in the b-setting one would like to
improve this to boundedness between exponentially weighted Sobolev spaces:

Hs,r
b = e−rφHs(Rn).

The obstacle for this is that the Schwartz kernels of elements of Ψ∞ only decay as
CN 〈z−z′〉−N ; to have action on the exponentially weighted spaces, with exponential
weight in t, one needs superexponential decay. Note that if A ∈ Ψm

∞, and KA is its
Schwartz kernel, then with ψ ∈ C∞c (R), identically 1 near 0,

KR = (1− ψ(t− t′))KA

defines an element R of Ψ−∞∞ , i.e. if we let KB = ψ(t− t′)KA, then R = A− B ∈
Ψ−∞∞ , and the Schwartz kernel of B is supported in a region where |t − t′| < C.
Correspondingly, for any r,

e−rφBerφ ∈ Ψm
∞,

since it has Schwartz kernel

e−r(φ(t)−φ(t′))KB ,

and in view of the boundedness of t − t′, φ(t) − φ(t′) is also bounded, with all
derivatives. Now, we do not actually need compact supports in t − t′, only super-
exponential decay, so it is natural to consider operators R′ with Schwartz kernel
KR′

(1) |∂kt ∂lt′∂αy ∂
β
y′KR′(t, y, t

′, y′)| ≤ CklαβNM 〈y − y′〉−Ne−Mφ(t−t′)

for all α, β, k, l,M,N . These are of course elements of Ψ−∞∞ , whose elements have
similar estimates, except the decay is polynomial in t− t′.

Definition 1. The local symbolic b-algebra ∪mΨm
lbc consists of operators of the

form B + R′, with KB = ψ(t − t′)KA, A ∈ Ψm
∞, ψ ∈ C∞c (R) identically 1 near 0,

while R′ is as in (1).

Notice that for R′ as in (1), for any r,

e−rφR′erφ ∈ Ψ−∞∞ ,
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since for±r ≥ 0, e−r(φ(t)−φ(t′))∓rφ(t−t′) is bounded: it is essentially e−r(|t|−|t
′|∓|t−t′|),

and |t| − |t′| − |t − t′| ≤ 0 (the case r ≥ 0), while |t| − |t′| + |t − t′| ≥ 0 (the case

r ≤ 0). In particular, such R′ is bounded on Hs,r
b → Hs′,r

b for all s, s′, r since this

boundedness is equivalent to the boundedness of erφR′e−rφ : Hs → Hs′ . Similarly,
B : Hs,r

b → Hs−m,r
b , so we conclude that elements of Ψm

lb map Hs,r
b → Hs−m,r

b

continuously for all s, r.
Now, if p ∈ Smlcu is homogeneous of degree m (outside a neighborhood of the zero

section) then writing ζ = (τ, η),

Hp =
∂p

∂τ

∂

∂t
− ∂p

∂t

∂

∂τ
+
∑
j

( ∂p
∂ηj

∂

∂yj
− ∂p

∂yj

∂

∂ηj

)
is homogeneous of degree m− 1 away from o, and it is smooth on R×Rn−1 ×Rn,
tangent to the boundary. ∂R× Rn−1 × Rn. Note that ∂t = −x2∂x shows that the
first two terms even vanish as b-vector fields at this boundary, i.e. the lack of extra
decay there arises from the y and η derivatives.

Similarly, if p ∈ Smelb is homogeneous of degree m (outside a neighborhood of
the zero section) then Hp is homogeneous of degree m − 1 away from o, and it

is smooth on Rexp × Rn−1 × Rn, tangent to the boundary. ∂Rexp × Rn−1 × Rn.
Correspondingly, we define the b-Hamilton vector field

Hp,b,m = 〈ζ〉−m+1Hp ∈ Vb(Rexp × Rn−1 × Rn),

well defined modulo ρfiberVb(Rexp×Rn−1×Rn). Then the analogues of our results
from the scattering setting all go through, keeping in mind that we only have gains
in differentiability.

Note that the additional content in the next propositions is only what happens
at ∂Rexp × Rn−1 × Rn in the homogeneous setting.

Proposition 0.1. Suppose P ∈ Ψm
elbc = Ψm

∞ is elliptic at α ∈ Rexp ×Rn−1 × ∂Rn.

If u ∈ H−N for some N , α /∈WFs−mb (Pu), then α /∈WFsb(u).

On the other hand, suppose P ∈ Ψm
lbc is elliptic at α ∈ Rexp × Rn−1 × ∂Rn. If

u ∈ H−N,rb for some N, r, α /∈WFs−m,rb (Pu), then α /∈WFs,rb (u).

For the non-elliptic setting, we assume that P has an expansion at infinity, i.e.
P ∈ Ψm

elb; this assures a well-behaved Hamilton flow.

Proposition 0.2. Suppose P ∈ Ψm
elb. If u ∈ H−N for some N , then WFsb(u) \

WFs−m+1
b (Pu) is a union of maximally extended bicharacteristics, i.e. integral

curves of Hp,b,m in Char(P ).

Suppose P ∈ Ψm
lb. If u ∈ H−N,rb for some N, r, then WFs,rb (u)\WFs−m+1,r

b (Pu)
is a union of maximally extended bicharacteristics, i.e. integral curves of Hp,b,m in
Char(P ).

Proposition 0.3. Suppose P ∈ Ψm
elb, L ⊂ ∂Rexp×Rn−1×∂Rn is a compact smooth

embedded submanifold, and

∓Hp,b,mρfiber = β0ρfiber, β0|L > 0,

p̃ = σb,m−1(
1

2i
(P − P ∗))

satisfies

p̃ = ±β0β̃ρ
1−m
fiber ,
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and there is a quadratic defining function ρ1 of L in Rexp ×Rn−1 × ∂Rn such that

∓Hp,b,mρ1 = β1ρ1 + F2 + F3, β1 > 0,

where F2 ≥ 0 and F3 vanishes cubically at L.

(i) Suppose that s − (m − 1)/2 + β̃ > 0 on L, and s′ − (m − 1)/2 + β̃ > 0 on
L, s′ ∈ [s − 1/2, s). Then u ∈ H−N for some N , L ∩WFs−m+1

b (Pu) = ∅,
WFs

′

b (u) ∩ L = ∅ imply WFsb(u) ∩ L = ∅.
(ii) Suppose that s − (m − 1)/2 + β̃ < 0 on L. If u ∈ H−N and L has a

neighborhood U such that (U \L)∩WFsb(u) = ∅ and U∩WFs−m+1
b (Pu) = ∅.

Then L ∩WFsb(u) = ∅.

The exponentially weighted version is:

Proposition 0.4. Suppose P ∈ Ψm
lb, L ⊂ ∂Rexp×Rn−1×∂Rn is a compact smooth

embedded submanifold, with

∓Hp,b,mρfiber = β0ρfiber, β0|L > 0,

and
∓Hp,b,mρbase = β2β0ρbase, β2|L > 0.

Suppose further that

p̃ = σb,m−1(
1

2i
(P − P ∗))

satisfies
p̃ = ±β0β̃ρ

1−m
fiber ,

and there is a quadratic defining function ρ1 of L in Rexp ×Rn−1 × ∂Rn such that

∓Hp,b,mρ1 = β1ρ1 + F2 + F3, β1 > 0,

where F2 ≥ 0 and F3 vanishes cubically at L.

(i) Suppose that s + β2r − (m − 1)/2 + β̃ > 0 on L, and s′ + β2r − (m −
1)/2 + β̃ > 0 on L, s′ ∈ [s − 1/2, s). Then u ∈ H−N,rb for some N, r,

L ∩WFs−m+1,r
b (Pu) = ∅, WFs

′,r
b (u) ∩ L = ∅ imply WFs,rb (u) ∩ L = ∅.

(ii) Suppose that s+ β2r− (m− 1)/2 + β̃ < 0 on L. If u ∈ H−N,r and L has a

neighborhood U such that (U\L)∩WFs,rb (u) = ∅ and U∩WFs−m+1,r
b (Pu) =

∅. Then L ∩WFs,rb (u) = ∅.

We eventually consider the case when L is a saddle point of the flow, but what
is stated so far suffices for elliptic problems, as well as for the Minkowski analysis.

While is not strictly necessary, it is convenient to globalize the b-ps.d.o. algebra
to simplify various statements. The reason this is not necessary is that the symbolic
considerations above are all local. The normal operator considerations are global,
but for this we use the global Mellin transform on a collar neighborhood of the
boundary of our manifold M , and thus one need not explicitly globalize the ps.d.o.
algebra to deal with Diffb(M).

For the next definition recall that Ċ∞(M) is the subset of C∞(M) consisting of
functions vanishing with all derivatives at ∂M .

Definition 2. Suppose M is a compact manifold with boundary. We define the
symbolic (or conormal) b-algebra ∪mΨm

bc(M), or rather Ψm
bc(M), in analogy with

standard pseudodifferential operators on manifolds without boundary by requiring
for A ∈ Ψm

bc(M) that



6

(i) A : Ċ∞(M)→ Ċ∞(M) continuously (so in particular A has a distributional
Schwartz kernel),

(ii) if U is any coordinate chart with Φ : U → Ũ ⊂ Rn a diffeomorphism, then
for χ ∈ C∞c (U), (Φ−1)∗χAχΦ∗ ∈ Ψm

lbc,
(iii) and if χ, φ ∈ C∞(M) have disjoint support in local coordinate charts U ,

resp. V , then χAφ has a Schwartz kernel which is conormal on M ×M
(i.e. has iterated regularity relative to b-vector fields) relative to bounded
functions which decay rapidly as ρ/ρ′ tends to 0 or +∞, i.e. have bounds
CN (ρ/ρ′)N in ρ/ρ′ < 1, CN (ρ′/ρ)N in ρ/ρ′ > 1, where ρ stands for the pull-
back of ρ from the first factor, while ρ′ for the pullback from the second
factor.

Specifically, (iii) means

(i) if U, V are both disjoint from ∂M then χAφ has a C∞ Schwartz kernel,
(ii) if U is disjoint from ∂M and V is not, or vice versa, then χAφ has a
C∞ Schwartz kernel on M ×M vanishing to infinite order M × ∂M , resp.
∂M ×M ,

(iii) if both U and V intersect ∂M , with a product decomposition [0, ε)ρ × U0,
resp. [0, ε)ρ × V0, and with coordinate maps Φ and Ψ then the Schwartz
kernel Kχ,ψ of (Φ−1)∗χAφΨ∗ satisfies, with e−t being the pull-back of ρ

from the first factor, e−t
′

from the second factor, y, resp. y′, coordinates
on U0, resp. V0, estimates

|∂kt ∂`t′∂αy ∂
β
y′Kχψ| ≤ CklαβMe−M |t−t

′|.

Notice that these are exactly the estimates (1), apart from the y−y′ factor,
which would not make sense here as U0, V0 are unrelated coordinate charts,
and is irrelevant even for related coordinate charts as we have compact
support in both y and y′.

Although we did not discuss geometric blow-ups, these are exactly the statement
that the Schwartz kernel of χAφ is conormal on [[0, ε)ρ×[0, ε)ρ′ ; {0}×{0}]×U0×V0,
relative to bounded functions with infinite order of vanishing at the lift of ρ = 0
and ρ′ = 0: the various regions above describe various regions of this blow-up.

Note that the terms in part (iii) of the definition, corresponding to R′ in the local
algebra, are in Ψ−∞bc (M), and thus do not affect the symbolic statements/estimates.

Here we emphasize that elements of the global algebra Ψ−∞bc (M) preserve the
Sobolev spaces Hs,r

b (M), by the same arguments as above for R′. Correspondingly,
the above propositions are all valid in the global algebra ∪mΨm

bc(M), proveded
one also assumes smoothness in the coefficients in the non-elliptic settings in the
following sense.

Definition 3. The smooth subalgebra Ψb(M) of Ψm
bc(M) consists of elements P of

Ψm
bc(M) for which there exist Pj ∈ Ψm

bc([0,∞) × ∂M) which are dilation invariant
and such that for all k, using a collar neighborhood identification of a neighborhood
of ∂M with [0, ε)× ∂M , P −

∑
j<k Pj ∈ ρkΨm

bc(M).

The one-step nature is not very important here; more general expansions would
also work. However, if one wants to ensure diffeomorphism invariance, one must
include all powers ρα+j , j a positive integer, if one includes ρα in the expansion.

First consider elliptic problems. Suppose that L ∈ Ψm
bc(M) whereM is a compact

manifold with boundary, and suppose that L is elliptic. Then, by the elliptic
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regularity (plus the closed graph theorem, or doing the estimate directly), for all
s, r ∈ R, for any s′ there exists C such that

(2) ‖u‖Hs,rb
≤ C(‖Lu‖Hs−m,rb

+ ‖u‖
Hs
′,r

b

),

and one also has a similar estimate for L∗ as it is also elliptic. Since the inclusion

Hs,r
b → Hs′,r

b is non-compact, this is insufficient for Fredholm analysis. This is
where the normal operators enter.

So let us assume that L ∈ Ψm
b (M), i.e. L is smooth in the above sense.

Let N(L) = L0 denote the normal operator of L; L̂(σ) be its conjugate by the

Mellin transform. Then L̂(σ) is elliptic, even in the large parameter sense, when σ

lies in strips | Imσ| < C. Correspondingly, L̂(σ)−1 exists in such strips when |Reσ|
is large, and thus L̂(σ)−1 is a meromorphic family in any such strip with finite rank
poles. Choose r such that −r is not the imaginary part of any of the poles. Then
one has estimate

‖v‖Hs ≤ C‖L̂(σ)v‖Hs−m
for compact regions of σ, and the semiclassical/large parameter estimates (recall

|σ|−mL̂(σ) = L̂h,z)

‖v‖Hs
|σ|−1

≤ C|σ|−m‖L̂(σ)v‖Hs−m
|σ|−1

, |σ| � 1.

For v = v(σ) = (Mũ)(σ), this is exactly an estimate in Hs,r
b , if one performs the

inverse Mellin transform integral on the contour line Imσ = −r (which, recall,
is disjoint from poles), that is, the Mellin transform is an isomorphism between
Hs,r

b ([0,∞)× ∂M) and the large parameter Sobolev space, which for s ≥ 0 integer
corresponds to the squared norm∑

|α|+k≤s

∫
Imσ=−r

‖σkV αv(σ)‖2L2(∂M) dσ,

where V = (V1, . . . , Vl) are vector fields on ∂M spanning V(∂M), with the general
case following by interpolation and duality. Thus, one has the estimate

‖ũ‖Hs,rb
≤ C‖N(L)ũ‖Hs−m,rb

.

Let χ ∈ C∞(M) be supported in a collar neighborhood of ∂M as above in which
we have the stated expansion and the identification with [0, ε)ρ × ∂M , also assume
χ ≡ 1 near ∂M . We apply our normal operator with s replaced by s′, and with
ũ = χu, so:

‖u‖
Hs
′,r

b

≤ ‖χu‖
Hs
′,r

b

+ ‖(1− χ)u‖
Hs
′,r

b

≤ C‖N(L)(χu)‖
Hs
′−m,r

b

+ ‖(1− χ)u‖
Hs
′,r

b

.

Since 1−χ is compactly supported in M◦, for any r′, ‖(1−χ)u‖
Hs
′,r

b

≤ C‖u‖
Hs
′,r′

b

.

On the other hand,

N(L)(χu) = [N(L), χ]u+ χLu+ χ(N(L)− L)u

so, using χ(N(L) − L) ∈ ρΨm
b (M), [N(L), χ] ∈ Ψm−1

bc supported away from ∂M ,
for all r′,

‖N(L)(χu)‖
Hs
′−m,r

b

≤ C(‖u‖
Hs
′−1,r′

b

+ ‖Lu‖
Hs
′−m,r

b

+ ‖u‖
Hs
′,r−1

b

).

Thus,

‖u‖
Hs
′,r

b

≤ C‖N(L)(χu)‖
Hs
′−m,r

b

+ ‖(1−χ)u‖
Hs
′,r

b

≤ C(‖Lu‖
Hs
′−m,r

b

+ ‖u‖
Hs
′,r−1

b

).
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Combining with (2),

‖u‖Hs,rb
≤ C(‖Lu‖Hs−m,rb

+ ‖u‖
Hs
′,r

b

)

≤ C(‖Lu‖Hs−m,rb
+ ‖u‖

Hs
′,r−1

b

).

We now have the compact inclusion Hs,r
b → Hs′,r−1

b that we desired.
A completely analogous argument for L∗ gives for any s̃, s̃′, r̃ with −r̃ not being

the imaginary part of any pole of L̂∗(σ),

‖u‖H s̃,r̃b
≤ C(‖Lu‖H s̃−m,r̃b

+ ‖u‖
H s̃
′,r̃

b

)

≤ C(‖Lu‖H s̃−m,r̃b
+ ‖u‖

H s̃
′,r̃−1

b

).

Note that for a product-type b-metric used to define the inner product L̂∗(σ) =

(L̂(σ))∗ as shown by a simple computation, so the requirement on r̃ is that r̃ is not

the imaginary part of any pole of L̂(σ).
Now take r̃ = −r, s̃ = m − s, so s̃ −m = −s, and notice the expected duality

between the spaces in the estimates for L and L∗, as before. This yields that

L : Hs,r
b → Hs−m,r

b

is Fredholm. Notice that this is not quite an invertibility statement, though it gives
an inverse on a finite codimensional subspace.

For the Laplacian ∆g of a b-metric g, if g is product type at ∂M , i.e. g =
dρ2

ρ2 + h+ g1, g1 ∈ ρC∞(M ; bT ∗M ⊗s bT ∗M), h a metric on ∂M , extended via the

local collar neighborhood identification, and L = ∆g−λ, N(L) = (ρDρ)
2 +∆h−λ,

so N̂(L) = ∆h + σ2 − λ. In particular, this is invertible as long as λ− σ2 is not an
eigenvalue of ∆h, in particular if λ− σ2 /∈ [0,∞). So for λ ∈ C \ [0,∞), σ ∈ R, one
has the desired invertibility, which then gives the Fredholm statement for L as a
map Hs,0

b → Hs−2,0
b , as well as for Hs,r

b → Hs−2,r
b for |r| small. Since any element

of KerL and KerL∗ would then lie in H∞,rb for even r > 0, it follows from the
symmetry of L that these kernels are trivial, thus the operator is invertible.

For an asymptotically Euclidean metric g, one computes quite easily that

L = ρ−(n−2)/2ρ−2∆gρ
(n−2)/2 ∈ Diff2

b

has normal operator

N(L) = (ρDρ)
2 + ∆h +

(n− 2)2

4
,

so

L̂(σ) = ∆h + σ2 +
(n− 2)2

4
.

In particular, for n ≥ 3, there are no poles of L̂(σ)−1 in the strip | Imσ| < (n−2)/2,
so for any |r| < (n− 2)/2,

L : Hs,r
b → Hs−2,r

b

is Fredholm. Moreover, any element of KerL or KerL∗ would necessarily be in

Hs′,r′

b for all s′ and for all r′ < (n−2)/2. This means for u ∈ KerL that ρ(n−2)/2u ∈
Ker ∆g, and ρ(n−2)/2u ∈ Hs′,r′′

b for all r′′ < n − 2. Now, in view of ρ2g being a
b-metric, the L2 space of the metric, L2

g, which is the scattering L2 space, L2
sc,

is ρn/2L2
b. Thus, for n − 2 > n/2, i.e. n > 4, such a u is in L2

g, with indeed all
b-derivatives being in this space (so the scattering derivatives are in better spaces).
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This suffices to use that ∆g = d∗gd to conclude that du = 0, and thus u = 0. As a
similar argument also applies to L∗ (which, recall, was the adjoint with respect to
a b-metric, such as ρ2g). This yields that ∆g is invertible as a map

∆g : H
s,r+(n−2)/2
b → H

s−2,r+(n+2)/2
b

if r = 0, and thus if |r| < (n − 2)/2 by the Fredholm property. One also gets an

expansion of solutions of ∆gu = f , with, say, f ∈ Ċ∞, in terms of the resonances

of N̂(L).
The cases n = 3, 4 are more delicate: although one has a Fredholm statement, on

the b-Sobolev spaces the operator is not invertible. In order to arrange invertibility,
one needs to augment the function spaces by appropriate finite dimensional spaces
corresponding to the resonances near 0 (concretely, for n = 3, if the cross-section
is the sphere, ±i/2 is the issue, while for n = 4, a borderline case, ±i).

The Fredholm argument goes through with minor changes if L is non-elliptic.
This yields that as long as the bicharacteristic flow is non-trapping in the sense
that all the (null) bicharacteristics, apart from the ones contained in the radial sets,
tend to radial points of the kind described above in both the forward and in the
backward direction along the Hamilton flow, and s is a variable order (but r is fixed
satisfying the invertibility criterion above), with s larger than the threshold value at
some of the radial set components, smaller at the others, with each bicharacteristic
approaching each of the two types of components in the two different directions,
and s monotone along the bicharacteristics, we have that

L : X s,r → Ys−m+1,r

is Fredholm with

Ys
′,r′ = Hs′,r′

b , X s
′,r′ = {u ∈ Hs′,r′

b : Lu ∈ Hs′−m+1,r′

b }.
In particular, with variable order s satisfying s+ r > 1/2 at the future radial sets
and s+ r < 1/2 at the past radial sets applies for

L = ρ−(n−2)/2ρ−2�gρ
(n−2)/2 ∈ Diff2

b

on asymptotically Minkowski spaces, and proves the Fredholm property of L, giving
the forward solution if L is actually invertible (and otherwise the forward solution
on a finite codimensional subspace). If instead one reverses these inequalities, one
obtains the backward solution operator, which is the adjoint of the forward operator.
There are also Feynman propagators, when one always propagates forward, resp.
always proagates backwards, along the Hamilton flow.

While we did not discuss actual invertibility, i.e. the triviality of KerL and
KerL∗. This in fact can be done quite easily for the backward and forward op-
erators, using energy estimates on spaces with |r| small, assuming that the poles

of L̂(σ)−1 have an appropriate structure, and if one makes a time-like assumption
for a boundary defining function near the closed interior of the future and past
light cones at infinity. For the Feynman propagators on Rn, one can see this di-
rectly, and then the perturbation stability of the b-analysis means it also holds for
perturbations of Minkowski space.


