PROPAGATION OF SINGULARITIES IN THREE-BODY SCATTERING

ANDRÁS VASY

Abstract. In this paper we consider a compact manifold with boundary X equipped with a scattering metric g and with a collection C_i of disjoint closed embedded submanifolds of ∂X. Thus, g is a Riemannian metric in int(X) of the form g = x^{−4} dx^2 +x^{−2} h near ∂X for some choice of a boundary defining function x, h being a smooth symmetric 2-cotensor on X which is non-degenerate when restricted to ∂X. We also let Δ be the (positive) Laplacian of g, suppose that V ∈ C^∞([X; ∪_iC_i]) where [X; ∪_iC_i] is X blown up along the C_i, assume that V vanishes at the lift of ∂X, and consider the operator H = Δ + V . Three-body scattering with smooth potentials which have an asymptotic expansion at infinity (possibly Coulomb-type) provide the standard example of this setup. We analyze the propagation of singularities of generalized eigenfunctions of H, showing that this is essentially a hyperbolic problem which has much in common with the Dirichlet and transmission problems for the wave operator, though additional features arise due to the presence of bound states of the ‘two-body operators’. We also show that the wave front relation of the free-to-free part of the scattering matrix is given by the broken geodesic flow at distance π.

Contents

1. Introduction 2 2. Differential operators 11 3. Definition of the three-body scattering calculus 17 4. Restriction to the boundary 22 5. Composition of operators 26 6. The normal operator 29 7. Commutators 34 8. Mapping properties 37 9. Wavefront set 38 10. Functional calculus 41 11. The Hamiltonian 44 12. The Mourre estimate 51 13. The basic commutator estimate 55 14. Propagation of singularities in normal directions 61 15. Propagation of singularities in tangential directions 68 16. Bound states with strictly negative energy 76 17. Radial sets 76 18. The resolvent 83 19. The scattering matrix 86 Appendix A. Construction of plane waves near the initial point 94

Date: December 4, 1997. 1

Appendix B. Absence of positive eigenvalues 99 References 105

1. Introduction

Let X be a compact manifold with boundary. In [22] Melrose has defined the algebra Diff_{sc}(X) of scattering differential operators on X. In fact, let x ∈ C^∞(X) be a boundary defining function of X, so x ≥ 0, dx ≠ 0 on ∂X, and ∂X = {x = 0}. The Lie algebra of b-vector fields on X, V_b(X), is the set of all smooth vector fields on X which are tangent to ∂X. The Lie algebra of scattering vector fields on X, V_{sc}(X), is simply V_{sc}(X) = xV_b(X); this notion is independent of the choice of the boundary defining function x. Much as in the case of V_b(X), V_{sc}(X) is the set of all smooth sections of a vector bundle over X; this bundle is denoted by^{sc}T X. Finally, Diff_{sc}(X) is just the enveloping algebra of V_{sc}(X), i.e. the ring of operators on C^∞(X) generated by C^∞(X) (considered as multiplication operators) and V_{sc}(X). An example of such an operator is the Laplacian Δ associated to a scattering metric g. Thus, g is a Riemannian metric in int(X) of the form g = x^{−4} dx^2 + x^{−2}h near ∂X for some choice of a boundary defining function x, h being a smooth symmetric 2-cotensor on X which is non-degenerate when restricted to ∂X. In particular, g is a metric on^{sc}T X.

Let C_i, i = 1, ..., k, be disjoint closed embedded submanifolds of ∂X. Here the C_i might have different dimensions. Nevertheless, to simplify the notation, we introduce C = ∪_iC_i, and say that C is also a closed embedded submanifold of ∂X, although this is strictly speaking only true if the dimensions of the connected components of C are the same. Let mf (‘main face’) be the lift of ∂X to [X; C], the blow-up of X along C (see the Appendix of [22] for a treatment of blow-ups, and see Figure 1 for a picture). We write ρ_{mf} for a defining function of mf. The ‘three-body type’ operators we are interested in are perturbations H of Δ of the form H = Δ + V , where V ∈ C^∞([X; C]) is real-valued and vanishes at mf. As discussed in the following paragraphs, three-body Hamiltonians, with the center of mass removed, give an example of such operators, and explain our interest in the problem. In the degenerate case when k = 0, i.e. C = ∅, we arrive at the generalized ‘two-body type’ scattering considered in Melrose’s original paper [22]; in this case V ∈ xC^∞(X). Consider the Euclidian space, R^N, with the standard metric, and its radial compactification to the upper hemisphere S^N_+. Embedding S^N_+ in R^{N+1} as the unit upper hemisphere this is given by the map SP : R^N → S^N_+

SP(z) = ( 1 (1 + |z|^2)^{1/2} , z (1 + |z|^2)^{1/2} ) . (1.1)

Let x be a boundary defining function of S^N_+ such that x = (SP^{−1})^∗|z|^{−1} near ∂S^N_+ . Then the Euclidian metric pulls back to a scattering metric on S^N_+ , with h being the standard metric on S^{N−1} = ∂S^N_+ , and the Euclidian Laplacian becomes an element of Diff^2_{sc}(S^N_+).

Let X_i, i = 1, ..., k, be linear subspaces of R^N, let X^i be the orthocomplement of X_i, n_i = dim X^i, and let π^i be the orthogonal projection to X^i. By a Euclidian many-body Hamiltonian we mean an operator of the form H = Δ + ∑ i(π^i)^∗V_i where V_i ∈ C^∞(X^i; R) satisfy (SP^{−1}_i )^∗V_i ∈ ρ_iC^∞(S^{ni}_+ ) with ρ_i denoting a boundary defining function of S^{ni}_+ , and SP_i being the radial compactification map SP_i : X^i → S^{ni}_+ . The condition on V_i means that it is a one-step polyhomogeneous symbol on X^i of order −1. A Euclidian three-body Hamiltonian (with center of mass removed) is a many-body Hamiltonian with the additional assumption that X_i ∩X_j = {0} for i ≠ j. In the compactified picture, writing X_i = cl(SP(X_i)) ⊂ S^N_+ , C_i = X_i ∩ S^{N−1}, the condition X_i ∩ X_j = {0} for i ≠ j becomes C_i ∩ C_j = ∅ for i ≠ j. With the notation C = ∪_iC_i as in the general case, it is straightforward to check that

V = (SP^{−1})^∗ ∑ i (π^i)^∗V_i ∈ C^∞([S^N_+; C]), V |_{mf} = 0

(1.2)

(this will be done here in Lemma 2.1), so H is indeed a ‘three-body type’ operator as described above in the geometric setting. Note also that the C_i are ‘subspheres’ of S^{N−1}, in particular, they are totally geodesic with respect to the standard metric. A two-body Hamiltonian corresponds to taking k = 1, X_1 = {0} above, so we have V ∈ xC^∞(S^N_+ ), giving rise to the ‘two-body type’ terminology in the geometric setting. In Figure 1 below we take N = 2 and the X_i are lines. Hence, X = S^2_+ is a disk, ∂X = S^1, each C_i consists of two points. The lift of C_i to [X; C] is denoted by ff_i in the figure.

Figure 1. The original space X and its resolution [X; C].

Now we return to the general setting. First note that H = Δ+V is self-adjoint on L^2_{sc}(X), the L^2 space defined by integration with respect to the Riemannian density dg, since Δ and V are such and V is bounded. Hence, its resolvent R(λ) = (H−λ)^{−1} is a bounded linear operator on L^2_{sc}(X) for λ ∈ C \ R. In this paper we analyze the boundary value of the resolvent at the real axis, i.e. R(λ ± i0). We show that spec_p(H) ∩ (0, ∞) = ∅ and

R(λ ± i0) ∈ B(x^{1/2+ϵ}L^2_{sc}(X), x^{−1/2−ϵ}L^2_{sc}(X))

(1.3)

for all ϵ > 0. This is completely analogous to the classical result of Mourre in Euclidian three-body scattering ([27, 28], see also the paper [29] of Perry, Sigal and Simon in which they extend Mourre’s results to many-body systems), together with the absence of positive eigenvalues which was shown by Froese and Herbst [7] in the Euclidian case.

We also show that for f ∈ Ċ^∞(X), R(λ ± i0)f has a complete asymptotic expansion away from C which is similar to the corresponding expansion for Euclidian two-body Hamiltonians. Here Ċ^∞(X) is the subspace of C^∞(X) consisting of functions which vanish at ∂X together with all of their derivatives. For simplicity here we only state the asymptotic expansion if V ∈ ρ^2_{mf} C^∞([X; C]) (i.e. short-range); the general case is described in Theorem 18.6. It is convenient to replace the spectral parameter λ by λ^2. Then, for λ > 0, f ∈ Ċ^∞(X), the expansion can be described by v_± = e^{±iλ/x}x^{−(N−1)/2}R(λ^2 ∓ i0)f ∈ C^∞(X \ C). (1.4)

The top term of such an expansion for Euclidian three-body scattering was described by Isozaki in [18], assuming that the potentials were short range, by Herbst and Skibsted in [14] in the long-range many-body Euclidian case, and the full expansion was proved by the author in [35]. Moreover, we show that given any ‘initial data’ a_0 ∈ C^∞_c (∂X \ C) we can find f ∈ Ċ^∞(X) such that with v_− as above we have v_− ∈ C^∞(X) and a_0 = v_−|_{∂X}. Then

u = R(λ^2 + i0)f − R(λ^2 − i0)f ∈ C^{−∞}(X)

(1.5)

satisfies (H − λ)u = 0, and has the form u = e^{iλ/x}x^{(N−1)/2}v_− − e^{−iλ/x}x^{(N−1)/2}v_+. (1.6)

For λ > 0 the Poisson operator corresponding to ‘free initial data’ is the map P (λ) : C^∞_c (∂X \ C) → C^{−∞}(X) given by P (λ)a_0 = u. This definition is justified by the uniqueness statement of Theorem 19.1 which is again an analog of Isozaki’s result [19]. The free-to-free part of the scattering matrix, S(λ), relates the leading part of the expansions in (1.6) at ∂X \ C. Thus, S(λ) is the map S(λ) : C^∞_c (∂X \ C) → C^∞(∂X \ C) (1.7)

given by S(λ)a_0 = −v_+|_{∂X\C} , a_0 ∈ C^∞_c (∂X \ C). (1.8)

The equivalence of this definition of the scattering matrix with the customary one involving the wave operators was proved by Hassell [11] for short-range interactions. Here, in Remark 19.12, we sketch a somewhat different proof based on Isozaki’s argument in [17].

Our main theorem describes the structure of S(λ). We first introduce the broken geodesic flow of h|_{∂X} on ∂X, broken at C. For simplicity we only define this here if C is totally geodesic; for the general definition see Definition 11.6 and the remarks preceeding it. Let I ⊂ R be an interval, and let B be a discrete subset. We denote by S∂X the sphere bundle of ∂X identified as the unit-length subbundle of T ∂X with respect to h|_{∂X} (we drop the restriction in the notation from now on). We say that a curve γ : I → ∂X is a broken geodesic of h if two conditions are satisfied. First, for all intervals J ⊂ I \ B, γ|_J is a geodesic of h, such that for all t ∈ J, γ^′(t) ∈ S∂X. Second, if t ∈ B then γ(t) ∈ C and the limits γ^′(t − 0) and γ^′(t + 0) both exist and differ by a vector in T_{γ(t)}∂X which is orthogonal to T_{γ(t)}C (i.e. the usual law of reflection is satisfied; see Figure 2). We say that p, q ∈ S∂X are related by the broken geodesic flow at time −π if there is a broken geodesic γ defined on [−π, 0], such that γ^′(0) = p, γ^′(−π) = q. Using the metric h to identify S∂X and S^∗∂X, this defines the broken geodesic flow at time −π on S^∗∂X. We then have the following result:

Theorem. For λ > 0 the wave front relation of the free-to-free part of the scattering matrix, S(λ), is given by the broken geodesic flow of h|_{∂X} on ∂X, broken at C, at time −π.

Figure 2. Broken geodesics on ∂X = S^2 starting at p.

This theorem was conjectured by Melrose based on his work with Zworski in the generalized ‘two-body type’ setting [22, 26]. As mentioned above, this just means that we take C = ∅. The result of Melrose and Zworski was that S(λ) is a Fourier integral operator associated to the geodesic flow on ∂X at time −π, from which our Theorem follows when C = ∅.

In the case of Euclidian three-body scattering with rapidly decreasing two-body potentials a somewhat stronger result than the Theorem has been proved by the author in [36] by an explicit construction resembling Faddeev’s original one [6]; namely the scattering matrix was shown to be a sum of Fourier integral operators associated to the broken geodesic flow. Using different methods, which are closer to those of Melrose and Zworski in [26], Hassell has shown in [12] that the same conclusion holds. In addition, Hassell’s construction states explicitly that the kernel of the Poisson operator is a sum of Legendrian distributions associated to conic Legendrian pairs.

We also remark that there are other interesting operators associated to this geometry; one example is Christiansen’s analysis of scattering in perturbed stratified media [2].

A major difference between two-body and three-body type scattering is that in the latter case the range of P (λ), considered as an operator on C^∞_c (∂X \ C), may not be dense in the nullspace of H −λ on C^{−∞}(X). Apart from those corresponding to ‘free initial data’, essentially characterized by restriction of their expansion to mf, there are generalized eigenfunctions of H −λ corresponding to ‘two-body bound states’; in the case of Euclidian three-body scattering these arise from eigenfunctions of Δ_Xi + V_i in L^2(X^i). In the Euclidian setting these are easier to describe than those coming from free initial data; this was done by Isozaki [17, 18] and Skibsted [34] for short-range potentials, and by Bommier [1] for long-range potentials in a more general Euclidian many-body setting. Due to the lack of product structure, this task is much harder in the geometric setting, and we only prove the propagation of singularities of generalized eigenfunctions along bicharacteristics under additional assumptions. These assumptions guarantee that the spectrum of the two-body operators is constant along C, and are satisfied in the Euclidian setting. Even in these cases we do not treat the Poisson operator with initial data in a two-body bound state and the corresponding pieces of the scattering matrix. Hence, we do not consider whether every generalized eigenfunction arises from a combination of ‘free’ and ‘two-body bound’ initial data. An L^2 version of this statement is called asymptotic completeness in the Euclidian case; it was proved by Enss [4, 5] for both short-range and long-range three-body scattering. In the many-body setting these were proved by Sigal and Soffer [31, 32], Graf [10], Dereziński [3] and Yafaev [38].

To see why a result such as the above Theorem should hold, consider first the operator Δ−λ, and its analysis in Melrose’s paper [22]. There is a principal symbol map σ_{sc,m} : Diff^m_{sc}(X) → S^m_h (^{sc}T^∗X),

(1.9)

S^m_h (^{sc}T^∗X) denoting the space of homogeneous functions of degree m on^{sc}T^∗X \ 0; this is completely analogous to the principal symbol map on compact manifolds without boundary. We have σ_{sc,2}(Δ − λ) = |ζ|^2, |.| denoting the metric function on scT^∗X, the dual bundle of^{sc}T X. This is independent of λ, and it is elliptic in the usual sense, i.e. it has an inverse in S^{−2}_h (^{sc}T^∗X). However, σ_{sc,m} does not capture the behavior of Diff^m_{sc} (X) completely, such as its compactness properties between certain Sobolev spaces. In fact, there is a symbol map, N̂_{sc}, at ∂X as well, mapping

N̂_{sc} : Diff_{sc}(X) → C^∞(^{sc}T^∗_{∂X} X). (1.10)

Now, N̂_{sc}(Δ − λ) = |ζ|^2 − λ, i.e. λ is not lower order than Δ in this sense, meaning that it appears in N̂_{sc}(Δ − λ). Hence, for λ ≥ 0, N̂_{sc}(Δ − λ) is not invertible in C^∞(^{sc}T^∗_{∂X} X), so Δ − λ is not fully elliptic. This gives rise to scattering theory.

It is perhaps useful to remark that if X = S^N_+ is the radial compactification of R^N, F is the Fourier transform on R^N (regarded as an operator acting on C^{−∞}(S^N_+ )) and P ∈ Diff^m_{sc} (S^N_+) then P̃ = FP F^{−1} ∈ Ψ^0(R^N); here Ψ^0(R^N) is the standard pseudo-differential calculus on R^N. (In fact, P̃ ∈ Ψ^{0,−m}_{sc} (S^N_+ ); Ψ^{∞,−∞}_{sc} (S^N_+) is the microlocalization of Diff_{sc}(S^N_+), see [22].) Moreover, N̂_{sc}(P ) is closely related to σ_0(P̃ ). Namely, with L :^{sc}T^∗_{SN−1} S^N_+ → S^∗R^N being the Legendre diffeomorphism given in [26, Lemma 5], we have σ_0(P̃ ) = (L^{−1})^∗N̂_{sc}(P ). If P = Δ − λ, Δ being the standard Euclidian Laplacian, we have P̃ = |ζ|^2 − λ ∈ Diff^0(R^N) (i.e. a multiplication operator). We see directly here that P̃ is not elliptic (in the usual sense) if λ ≥ 0 since its principal symbol vanishes on the sphere |ζ|^2 = λ. This in turn implies that N̂_{sc}(Δ − λ) is not invertible, as discussed above. Incidentally, the argument we just described works even if g is an arbitrary scattering metric on S^N_+ (but then, with P = Δ − λ, P̃ ∈ Ψ^0(R^N) is not necessarily just a multiplication operator), or indeed if X is an arbitrary compact manifold with boundary; in the latter case we need to identify X with S^N_+ locally near some point p on ∂X, and correspondingly only the restriction of N̂_{sc}(P ) to a neighborhood of^{sc}T^∗_p X is realized as a principal symbol of an element of Ψ^0(R^N).

Returning to the geometric setting, the lack of invertibility of N̂_{sc}(Δ − λ) implies that generalized eigenfunctions of Δ − λ need not be ‘trivial’, i.e. they are not necessarily in Ċ^∞(X). They are certainly smooth in the interior of X since σ_{sc,2}(Δ− λ) is elliptic, but their behavior at ∂X is much more complicated. Just as for interior singularities, the failure of a distribution u ∈ C^{−∞}(X) to be in Ċ^∞(X), i.e. its ‘singularities’, can be measured by a wave front set, WF_{sc}(u). Corresponding to the symbol maps of Diff_{sc}(X), this consists of two parts: one part is an extension of the usual wave front set from the interior to give a subset of the cosphere bundle S^∗X, the other part at the boundary is a subset of^{sc}T^∗_{∂X} X. The first part describes the smoothness properties of u, the second part its decay properties at ∂X. Due to the ellipticity of σ_{sc,2}(Δ − λ), (Δ − λ)u = 0 implies that WF_{sc}(u) ⊂^{sc}T^∗_{∂X} X.

The singularities of generalized eigenfunctions of Δ−λ were analyzed by Melrose in [22]. To facilitate this analysis, let x be the boundary defining function used in the definition of g, and let y_j be local coordinates on ∂X, extended to X. Then a covector v ∈^{sc}T^∗_p X, p near ∂X, can be written as v = τ x^{−2} dx + μ · x^{−1} dy. Hence, we have local coordinates (x, y, τ, μ) on^{sc}T^∗X near ∂X. In these coordinates

N̂_{sc}(Δ − λ) = τ^2 + |μ|^2 − λ; (1.11)

here |.| is the metric function of h|_{∂X}. The characteristic set, Σ_{Δ−λ} ⊂^{sc}T^∗_{∂X} X, of Δ − λ is the set where N̂_{sc}(Δ − λ) vanishes. Just as in the case of operators on compact manifolds without boundary, there is a (rescaled) Hamilton vector field associated to operators P ∈ Diff_{sc}(X). Its restriction to^{sc}T^∗_{∂X} X is denoted by scH_p, and it only depends on p = N̂_{sc}(P ). It is related to the commutator [P, Q] for P, Q ∈ Diff_{sc}(X). Indeed, [P, Q] ∈ x Diff_{sc}(X), and N̂_{sc}(x^{−1}[P, Q]) =^1_i^{sc}H_pq. Correspondingly, as expected,^{sc}H_λ = 0, and with g denoting the metric function on^{sc}T^∗_{∂X} X, the Hamilton vector field of Δ − λ is just^{sc}H_g. There are two disjoint submanifolds of Σ_{Δ−λ} where^{sc}H_g vanishes, namely

R^±_λ = {(y, τ, μ) ∈ Σ_{Δ−λ} : μ = 0, τ = ±λ^{1/2}};

(1.12)

these are called ‘radial surfaces’. The integral curves γ(t) of^{sc}H_g approach R^±_λ as t → ∓∞. The closure of the projection of each integral curve γ(t) to ∂X gives a geodesic segment of h|_{∂X} of length π after reparametrization. Now, away from R^±_λ , where^{sc}H_g does not vanish, we have principal type propagation of singularities just as for hyperbolic operators on manifolds without boundary – in fact, we should think of Δ − λ as a hyperbolic operator at ∂X. Such a correspondence is made explicit by the Fourier transform if X = S^N_+ is the radial compactification of R^N, and by a localized version of the Fourier transform in the general case as described in the previous paragraphs. Just as in the standard case of manifolds without boundary, the propagation results can be obtained by positive commutator estimates; this is the significance of^{sc}H_g. The singularities of the scattering matrix then correspond to singularities propagating from R^−_λ to R^+_λ along the bicharacteristics.

If we add a potential V ∈ xC^∞(X) and consider H − λ = Δ + V − λ, then N̂_{sc}(H − λ) = N̂_{sc}(Δ − λ), so in the region of principal type propagation the previous analysis applies; again, this is described in [22]. If, however, we consider V ∈ ρ_{mf} C^∞([X; C]), then the behavior of commutators with H is radically changed. Thus, propagation of singularities for generalized eigenfunctions of H is very similar to the propagation phenomena in hyperbolic boundary and transmission problems, and the broken geodesics in the statement of the Theorem arise for similar reasons as the broken bicharacteristics in those cases. In fact, many of the proofs of those phenomena, such as those given by Hörmander in [16, Chapter XXIV], can be adapted to our setting.

Again, it may be of some use to relate certain parts of Melrose’s analysis of the propagation of singularities to the standard form of Hörmander’s theorem via the Fourier transform. Thus, in the Euclidian setting, X = S^N_+ , Δ the standard Laplacian, P = Δ − λ, λ > 0, we have P̃ = FP F^{−1} = |ζ|^2 − λ ∈ Ψ^0(R^N_ζ ) with characteristic variety {(ζ, ζ^∗) : |ζ|^2 = λ} (ζ^∗ is the cotangent variable). It is easy to see that the (non-rescaled) Hamilton vector field of P̃ is radial on the conormal bundle of the sphere given by |ζ|^2 = λ, and its integral curves are straight lines in T^∗R^N whose projection to the base variables (i.e., ζ) is constant. Indeed, projecting them to the cosphere bundle S^∗R^N (realized, say, as the unit sphere subbundle of T^∗R^N), they become either open half great circles connecting the ‘incoming’ and ‘outgoing’ parts, N^±_λ = {(ζ, ±ζ/|ζ|) : |ζ|^2 = λ}, (1.13)

of the cosphere bundle, or points in N^±_λ (corresponding to the vector field being radial there); note that N^±_λ = L(R^±_λ ), L being the Legendre diffeomorphism as above. Hence, Hörmander’s theorem for real principal type propagation applies in this situation: if (Δ − λ)u = 0, then WF(Fu) either contains such a semicircle, or it is disjoint from it. Now,

L(WF_{sc}(u) ∩^{sc}T^∗_SN−1S^N_+) = WF(Fu),

(1.14)

corresponding to the analogous relationship between the indicial operator in the scattering calculus and the principal symbol map for standard pseudo-differential operators under conjugation by the Fourier transform. Hence, the propagation of singularities for Fu in Hörmander’s sense (here u is a generalized eigenfunction of Δ−λ) implies the results on the propagation of WF_{sc}(u) which were described in the previous paragraphs. Again, this analysis can be modified easily to accommodate two-body type scattering (by using a local Fourier transform if necessary), but the transposition of this argument to three-body scattering seems to be more complicated (see, however, [36] for a less comprehensive analysis of three-body scattering employing the Fourier transform).

We now describe the commutator constructions in somewhat more detail. First, we define a new algebra of differential operators on X which includes both Diff_{sc}(X) and C^∞([X; C]). It is convenient to introduce some notation. The front face of the blown up space, [X; C], is denoted by ff. Defining functions for ff and mf will be denoted by ρ_ff and ρ_{mf} respectively. The blow down map is written as β : [X; C] → X; (1.15)

ρ_{mf} and ρ_ff can be chosen so that ρ_{mf} ρ_ff = β^∗x. The inclusion of Diff_{sc}(X) into the new algebra is supposed to preserve interesting analytical properties. We are thus led to define

Diff_{3sc}(X) = C^∞([X; C]) ⊗_C∞_{(X)} Diff_{sc}(X).

(1.16)

For reasons of brevity the notation does not include C on which Diff_{3sc}(X) depends. Now, Diff_{3sc}(X) is actually an algebra with respect to operator composition, since for V ∈ V_{sc}(X), f ∈ C^∞([X; C]), we have [V, f] = V f ∈ ρ_{mf} C^∞([X; C]) as V_{sc}(X) lifts to be a subset of ρ_{mf} V_b([X; C]). In this paper we will microlocalize Diff_{3sc}(X) by constructing the corresponding algebra of pseudo-differential operators, Ψ^{∞,−∞}_{3sc} (X).

This algebra, Ψ^{∞,−∞}_{3sc} (X), will have several properties which are similar to the fibred cusp algebras defined by Mazzeo and Melrose in [20]. In fact, in the interior of ff, Diff_{3sc}(X) is a fibred cusp algebra (though on a non-compact manifold). Thus, many of the proofs are essentially adaptations of the proofs in [20], although in this paper we refrain from blowing up C on many occasions (thereby hiding the similarity), and only do the blow-ups necessary to obtain the b-fibrations required for push-forward results when the need arises.

One of the main differences between Diff_{3sc}(X) and Diff_{sc}(X) is that the former is not commutative to ‘top weight’. That is, while for P ∈ Diff^m_{sc}(X), Q ∈ Diff^{m′}_{sc} (X), we have [P, Q] ∈ x Diff^{m+m′ −1}_{sc} (X), this is replaced by [P, Q] ∈ ρ_{mf} Diff^{m+m′ −1}_{3sc} (X) for P ∈ Diff^m_{3sc}(X), Q ∈ Diff^{m′}_{3sc}(X). Thus, there is no gain of a weight factor at ff.

Now consider the operator H = Δ + V , V ∈ ρ_{mf} C^∞([X; C]), discussed above. As indicated in the previous paragraph, for P ∈ Diff^m_{sc}(X),

[Δ, P ] ∈ x Diff^{m+1}_{sc} (X) ⊂ ρ_{mf} ρ_ff Diff^{m+1}_{3sc} (X).

(1.17)

On the other hand,

[V, P ] ∈ ρ^2_{mf} Diff^{m−1}_{3sc} (X).

(1.18)

Hence, as expected, [V, P ] is lower order than [Δ, P ] at mf. However, at ff it can actually be higher order. That is, the term [V, P ] can dominate [Δ, P ] there! This would clearly cause very serious problems for positive commutator arguments used, for example, to prove results on the propagation of singularities. We can avoid this by choosing P carefully. Thus, we take P from the ‘symbolic center’, Z Diff_{3sc}(X) ⊂ Diff_{sc}(X) of Diff_{3sc}(X), i.e. we choose P ∈ Diff^m_{3sc}(X) so that [P, Q] ∈ ρ_{mf} ρ_ff Diff^{m+m′ −1}

3sc (X) for all Q ∈ Diff^{m′}_{3sc}(X). This makes [V, P ] the same order as [Δ, P ] with additional vanishing at mf which will be sufficient for the commutator arguments. While the leading part of [V, P ] can be quite complicated since it does depend on ‘sub-leading’ terms, the standard Poisson bracket formula lets us deal with [Δ, P ] easily. The additional vanishing of [V, P ] at mf will ensure (due to compactness arguments) that relatively simple estimates of this commutator suffice.

The commutator approach we just outlined can give global positive estimates, such as the Mourre estimate, for H = Δ + V . However, we need to introduce the corresponding pseudo-differential algebra, Ψ^{∞,−∞}_{3sc} (X), for a microlocal description of the propagation of singularities at ∂X. These will propagate along broken bicharacteristics of^{sc}H_g, broken only at C, with the usual law of reflection satisfied at the ‘break points’. The spreading of the singularities from a bicharacteristic to other ones when it hits C corresponds to the restriction in the choice of P in the commutator estimates mentioned above.

This paper consists of two major parts. In the first half we construct Ψ^{∞,−∞}_{3sc} (X) and investigate its general properties. In the second half of the paper, starting with Section 11, we focus our attention on three-body type Hamiltonians and prove such results as the propagation of singularities for generalized eigenfunctions of these operators.

More specifically, in Section 2 we discuss some properties of the differential operator algebra Diff_{3sc}(X). Most of this section consists of a description of the indicial and normal operators for this algebra, since their behavior is significantly different from those for the scattering calculus. We define the microlocalization, Ψ^{m,l}_{3sc} (X), of Diff_{3sc}(X) in Section 3, and in the subsequent sections we analyze its properties, mostly following [20]. A more detailed plan of these sections is given at the beginning of Section 3.

In Section 11 we describe the basic properties of the Hamiltonian, H = Δ + V . We then prove the Mourre estimate in our setting in Section 12; our method is very similar to Froese’s and Herbst’s in [8]. This could be used to analyze spectral properties of H, just as in Mourre’s work [27], but we adopt instead the approach of [16, Chapter XXX] and [22]. We proceed to show in Sections 13-16 that singularities propagate along broken bicharacteristics of the (rescaled) Hamilton vector field, scH_g, of g.

We continue in Section 17 by showing that H has no positive eigenvalues and in Section 18 we describe the boundary value of the resolvent at the real axis, R(λ ± i0), λ > 0, applied to f ∈ Ċ^∞(X). This is basically the many-body result of of Gérard, Isozaki and Skibsted [9, 19] in our setting, with the additional microlocal variables included, together with the full asymptotic expansion away from C given in [35]. It should be noted that the propagation estimates of [9] correspond to microlocalization with respect to the operator x^2D_x only. This is completely sufficient for spectral theory, uniqueness statements, and (with slightly more involved arguments) for asymptotic expansions of R(λ ± i0)f, f ∈ Ċ^∞(X), but it cannot capture the singularities of the scattering matrix, for example.

We end the discussion by analyzing the scattering matrix in Section 19 using our results concerning the propagation of singularities and the plane wave construction of Melrose and Zworski [26] near the ‘initial point’ (the easy part of their construction, which we recall in Appendix A).

I am very grateful to Richard Melrose for suggesting the problem, for sharing his knowledge with me, for our frequent, fruitful and inspiring discussions affecting every part of this paper and for his encouragement. His firm belief that scattering theory can be understood in microlocal terms similarly to the well-known theory of hyperbolic operators motivated me while working on my thesis.

I am pleased to thank Rafe Mazzeo for our conversations on the subject of this paper. The construction of the pseudodifferential algebra used in this work follows closely the construction of a related algebra in a manuscript of Rafe Mazzeo and Richard Melrose [20] which they generously made available to me.

I am indebted to Andrew Hassell for our very helpful conversations, and for kindly providing me with preliminary versions of his manuscripts [12] and [11]. The latter paper and related discussions lead to proof of the equivalence of the two different definitions of S-matrices outlined in Remark 19.12. I am also grateful to Jared Wunsch for his comments about this paper and for giving me access to his manuscript [37]. I am happy to acknowledge that discussions with Arne Jensen and Erik Skibsted afforded considerable help in improving the exposition in this paper. I have also benefited from conversations with Tanya Christiansen, David Jerison and Maciej Zworski which were related to this paper.

The financial support of the Alfred P. Sloan Foundation is gratefully acknowledged.

This paper is based on the author’s doctoral thesis, submitted to the Department of Mathematics of the Massachusetts Institute of Technology in partial fulfillment of the requirements for the PhD degree.

2. Differential operators

The aim of this section is to discuss basic properties of Diff_{3sc}(X), defined in (1.16), in preparation for the constuction and analysis of the corresponding pseudodifferential calculus. Since the ‘symbolic’ properties (i.e., normal and indicial operators) of Diff_{3sc}(X) differ most from the corresponding properties of Diff_{sc}(X), we spend most of this section by describing these. As the main goal here is to explain the most important points, on occasion we will defer detailed proofs to the following sections.

First, we analyze the structure of Diff_{3sc}(X) in local coordinates. Near a point p ∈ C we can choose coordinates x, y_j (j = 1, ..., codimC − 1), z_j (j = 1, ..., dimC) (2.1)

such that x = 0 defines ∂X and x = 0, y = 0 define C. Correspondingly, one can cover a neighborhood of ff [X; C] by two types of coordinates. In the interior of ff we have coordinates x, Ȳ = y/x, z. (2.2)

Near ff ∩ mf in the lift of the region defined for some k by |y_k| ≥ c|y_j| for some c > 0 and all j ≠ k x̂ = x/y_k, Ŷ_j = y_j /y_k (j ≠ k), y_k, z (2.3)

give coordinates. In (2.2) x is the boundary defining function of ff, in (2.3) x̂ defines mf, and y_k defines ff.

It might be useful to discuss here how these coordinates relate to the standard coordinates on R^N in case of Euclidian three-body scattering. For this purpose, with the notation of the Introduction, choose an integer l, and let w = (w^′, w^{′′}) be the standard coordinates on R^N = X_l ⊕ X^l (so w^′_j are the ‘free variables’ and w^{′′}_j the ‘interaction variables’), m = dim X_l, n = dim X^l. Near C_l = cl(SP(X_l)) ∩ S^{N−1} (corresponding to a conic neighborhood of X_l) we have |w^′| > c|w^{′′}| for some c > 0. Hence, near any point p ∈ C_l one of the coordinate functions w^′_j, which we may take to be w^′_m, satisfies |w^′_j| > c^′|w^′_k| for all k (c^′ > 0), |w^′_j| > c^′|w^{′′}|. We may also assume that w^′_m > 0 for the sake of simplifying the notation. Taking into account the coordinate form of the map SP (i.e. (1.1)) we see that we can take x = |w|^{−1}, z_j = w^′_j |w| (j = 1, . . . , m − 1), y_j = w^{′′}_j |w| (j = 1, . . . , n) (2.4)

as local coordinates on the compactified space S^N_+ , at least near p. Correspondingly, the coordinates (2.2)-(2.3) on the blown up space [S^N_+; C] become x = |w|^{−1}, z_j = w^′_j |w| (j = 1, . . . , m − 1), Ȳ_j = w^{′′}_j (j = 1, . . . , n) (2.5) and x̂ = (w^{′′}_k )^{−1}, z_j = w^′_j |w| (j = 1, . . . , m − 1), Ŷ_j = w^{′′}_j w^{′′}_k (j ≠ k), y_k = w^{′′}_k |w| (2.6)

respectively. Since (w^{′′}_k )^{−1} and^{w′′j}_{w′′k} (j ≠ k) are coordinates in the appropriate region of the radial compactification S^n_+ of X^l (and the w^{′′}_j , j = 1, . . . , n, are coordinates in the interior of S^n_+), we have proved the following lemma.

Lemma 2.1. Suppose that a ∈ S^r_{cl}(X^l ). Then

β^∗(SP^{−1})^∗(π^l)^∗a ∈ ρ^{−r}_{mf} C^∞([S^N_+ ; C_l]).

(2.7)

Here β : [S^N_+; C_l] → S^N_+ is the blow-down map, and the subscript cl refers to classical (one-step polyhomogeneous) symbols.

The scattering tangent bundle of X,^{sc}T X, pulls back to the 3-body scattering tangent bundle^{3sc}T [X; C]. Similarly, its dual bundle,^{sc}T^∗X, pulls back to give the 3-body scattering cotangent bundle^{3sc}T^∗[X; C]. From (1.16), 3-body scattering vector fields are just smooth sections of^{3sc}T [X; C]. The Lie algebra of these vector fields is denoted by V_{3sc}(X), i.e. just as in the case of general differential operators the underlying space X is emphasized at the expense of C. This is partially justified by the fact that^{3sc}T [X; C] is the pull back of a bundle over X.

In the local coordinates (2.1) near p ∈ C a basis of^{sc}T X is given by x^2∂_x, x∂_{yj} (j = 1, ..., codimC − 1), x∂_{zj} (j = 1, ..., dimC). (2.8)

Near the interior of β^{−1}(p) in coordinates (2.2) these lift to a basis of^{3sc}T [X; C]:

x^2∂_x − ∑ j xȲ_j∂¯_{Yj} , ∂¯_{Yj} (j = 1, ..., codimC − 1), x∂_{zj} (j = 1, ..., dimC). (2.9)

Near the corner mf ∩β^{−1}(p) in the coordinates (2.3) they give a basis y_kx̂^2∂_{x̂}, x̂∂_{Ŷj} (j ≠ k), y_kx̂∂_{yk} − x̂^2∂_{x̂} − ∑ j≠k x̂Ŷ_j∂_{Ŷj} , y_kx̂∂_{zj} (2.10)

of^{3sc}T [X; C]. Thus, over int(β^{−1}(p)) sections of^{3sc}T [X; C] are spanned by x^2∂_x, ∂¯_{Yj} , x∂_{zj} (2.11)

over C^∞([X; C]) corresponding to a natural fibred cusp structure (which notion we do not use or define in this paper, see [20] for the definition and a discussion of its properties), but at ∂β^{−1}(p) it does not have a simple product-type structure.

We briefly note the form taken by the lifts of the standard coordinate vector fields ∂_{wj} in the setting of Euclidian three-body scattering. While this is somewhat complicated in the explicit coordinate expression on S^N_+ , they become slightly simpler at C. Thus, with I(C) denoting the ideal of functions in C^∞(S^N_+) which vanish at C,

∂_w′_m = −(1 − ∑ z^2_k)((x^2∂_x) + ∑ j z_j (x∂_{zj} )) + I(C) Diff_{sc}(S^N_+),

(2.12)

∂_w′_j = −z_j (x^2∂_x) + ∑ k (δ_{jk} − z_j z_k)(x∂_{zk} ) + I(C) Diff_{sc}(S^N_+) (j ≠ m),

(2.13)

∂_w′′_j = x∂_{yj} + I(C) Diff_{sc}(S^N_+).

(2.14)

The significance of these expressions will be clearer soon when we discuss the normal operators in Diff_{3sc}(X), X = S^N_+; for this purpose we return to the general geometric framework.

First, the principal symbol map of Diff_{sc}(X) (see (1.9)) extends by continuity to define the principal symbol map of Diff_{3sc}(X) and to give a short exact sequence:

0 → Diff^{m−1}_{3sc} (X) → Diff^m_{3sc}(X)^{σ3sc,m}−−−−→ P^m_h (^{3sc}T [X; C]) → 0,

(2.15)

P^m_h denoting the space of mth order homogeneous polynomials.

Next, apart from the indicial operator of Diff_{sc}(X) discussed in (1.10), we also consider the corresponding normal operator defined for p ∈ ∂X as

N_{sc,p} : Diff_{sc}(X) → Diff_I^{sc}T_pX;

(2.16)

here Diff_I^{sc}T_pX is the algebra of translation invariant differential operators on the vector space^{sc}T_pX (see [22, Section 2]). In fact, for Q ∈ Diff_{sc}(X), p ∈ ∂X, N_{sc,p}(Q) is simply given by the canonical lifting of Q (obtained by ‘freezing the coefficients’ at p) to be a translation invariant (i.e., constant coefficient) differential operator on^{sc}T_pX. This definition makes sense since Diff_{sc}(X) is commutative to top order:

[Diff^m_{sc}(X), Diff^{m′}_{sc} (X)] ⊂ x Diff^{m+m′ −1}_{sc} (X).

(2.17)

Also note that N_{sc} is multiplicative due to (2.17). Moreover, N_{sc} and N̂_{sc} are related via conjugation by the invariant Fourier transform on the fibers of^{sc}T_{∂X} X (mapping functions on^{sc}T_pX to densities on its dual space^{sc}T^∗_p X, p ∈ ∂X). Namely, an invariant differential operator becomes a multiplication operator given by a (not necessarily homogeneous!) polynomial under conjugation.

There is also an ‘oscillatory testing’ definition of N̂_{sc} given in [26, Lemma 8]. The indicial operator in the three-body calculus will be constructed similarly, so we recall this definition here. First note that if f ∈ C^∞(X) then d(^f_x ) ∈ C^∞(X;^{sc}T^∗X). In addition, if P ∈ Diff_{sc}(X), u ∈ C^∞(X), then v = e^{−if/x}P e^{if/x}u ∈ C^∞(X). (2.18)

Moreover, if p ∈ ∂X, ζ ∈^{sc}T^∗_p X, d(f/x)(p) = ζ, then

v(p) = (N̂_{sc}(P )(ζ))u(p);

(2.19)

this can be taken as the definition of N̂_{sc}. Here note that d(f/x)(p) = −f(p)(dx/x^2) + (df)(p)/x, (2.20)

so for any ζ ∈^{sc}T^∗_p X we can easily find f with d(f/x)(p) = ζ. We also remark that the oscillatory testing definition is often very helpful in analyzing the ‘symbolic’ properties of a pseudo-differential calculus since it automatically reflects the composition properties of the operators, thus giving a multiplicative ‘symbol’ map.

Just like the principal symbol map, N_{sc} extends by continuity to define the normal operator map of Diff_{3sc}(X) at mf, and it gives a short exact sequence:

0 → ρ_{mf} Diff_{3sc}(X) → Diff_{3sc}(X)^{Nmf,0}−−−−→ Diff_I^{3sc}T_{mf} [X; C] → 0.

(2.21)

One of the main points about σ_{3sc,m} and N_{mf,0} (keeping in mind that ultimately we are interested in spectral theory, hence in resolvents) is that they are multiplicative in the sense that

σ_{3sc,m}(P )σ_{3sc,m}′ (Q) = σ_{3sc,m+m}′ (P Q), N_{mf,0}(P )N_{mf,0}(Q) = N_{mf,0}(P Q)

(2.22)

for P ∈ Diff^m_{3sc}(X), Q ∈ Diff^{m′}_{3sc}(X). We wish to define a normal operator at ff which is also multiplicative. This is somewhat complicated; we must also work out the space into which it maps. Here we just point out that the natural idea one might try, i.e. mapping into Diff_I^{3sc}T_ff [X; C] does not give a multiplicative homomorphism. In fact, it cannot, since this is a commutative algebra, while Diff_{3sc}(X) is not so even to top order as indicated in the Introduction.

Just as there is a well defined relative b-tangent bundle^bT (C; X) over C, we also have a relative scattering tangent bundle^{sc}T (C; X). In fact,^{sc}T (C; X) is the subbundle of^{sc}T_C X consisting of v ∈^{sc}T_pX, p ∈ C, for which there exists

V ∈ V_{sc}(X; C) ⊂ V_{sc}(X)

(2.23)

with V (p) = v. Here

V_{sc}(X; C) = xV_b(X; C) = x{V ∈ V_b(X) : V is tangent to C},

(2.24)

and tangency is defined using V_b(X) ⊂ V(X), i.e. the (non-injective) inclusion map bT X → T X. Thus, given a boundary defining function x,^bT (C; X) is isomorphic to^{sc}T (C; X) (via extension and multiplication by x), but the isomorphism depends on the choice of x. It should be noted that dim^{sc}T_p(C; X) = dim C + 1, and in the local coordinates (2.1) it is spanned by x^2∂_x and x∂_z. In particular, by (2.12)-(2.14), in the Euclidian setting^{sc}T (C; X) is spanned by the lift of the ‘free (coordinate) vector fields’, ∂_w′_j , j = 1, . . . , m.

One way of seeing the importance of V_{sc}(X; C) is to remark that for P ∈ V_{sc}(X; C), f ∈ C^∞([X; C]), we have P f ∈ xC^∞([X; C]), i.e., as operators, [P, f] ∈ x Diff_{3sc}(X). That is, P commutes with Diff_{3sc}(X) modulo x Diff_{3sc}(X); this is not true when P is an arbitrary element of Diff_{sc}(X).

For p ∈ C, there is a natural action of^{sc}T_pX/^{sc}T_p(C; X) on int(β^{−1}(p)) as shown in Section 4. In local coordinates (2.2) this is given by L_v(Ȳ , z) = (Ȳ + β, z), v = αx^2∂_x + βx∂_y + γx∂_z. (2.25)

(In the Euclidian case this is just translation in the ‘interaction variables’ induced by the ‘interaction vector fields’.) Correspondingly, the tangent space of the fibers of the blow down map, T_qβ^{−1}(p), q ∈ int(ff), β(q) = p, is naturally isomorphic to scT_pX/^{sc}T_p(C; X). This isomorphism can be realized as follows: v ∈^{sc}T_pX pulls back to β^∗v ∈^{3sc}T_q [X; C]. The range of the natural (non-injective) inclusion map 3scT_q [X; C] → T_q [X; C] induced by the inclusion V_{3sc}(X) → V([X; C]) is T_qβ^{−1}(p). The null space of the composition of the pull back with this inclusion is exactly scT (C; X), and it gives the isomorphism mentioned above. In particular, v ∈^{sc}T_pX is mapped to a vector field on T β^{−1}(p) which is invariant under the affine action.

More generally, if V ∈ V_{3sc}(X) is a vector field, it can be regarded as a section of T [X; C], and it can be restricted to int(ff) with the result being tangent to the fibers of β. This induces a natural map

C^∞(β^{−1}(p);^{3sc}T_β−1_{(p)}[X; C]) ∋ V → V_∂ ∈ C^∞(β^{−1}(p); T β^{−1}(p));

(2.26)

this is called the boundary restriction map. The null space of this map is exactly C^∞(β^{−1}(p); β^∗_{β−1 (p)}^{sc}T (C; X)). In the local coordinates (2.2) this map is given by αx^2∂_x + β · ∂¯_Y + γ · x∂_z → β · ∂¯_Y . (2.27)

On the other hand, the basis vector fields (2.10) near ∂β^{−1}(p) restrict to 0, x̂∂_{Ŷj} (j ≠ k), −x̂^2∂_{x̂} − ∑ j≠k x̂Ŷ_j∂_{Ŷj} , 0 (2.28)

respectively. Thus, the boundary restriction map actually maps into

V_{sc}(β^{−1}(p)) = C^∞(β^{−1}(p);^{sc}T β^{−1}(p)).

(2.29)

It also extends naturally to an algebra homomorphism Diff_{3sc}(X) → Diff_{sc}(β^{−1}(p)). Note that Diff_{sc}(β^{−1}(p)) is not a commutative algebra, so our normal operator map at ff (part of which is given by the boundary restriction map) will not be commutative, just as expected. We remark that in the Euclidian case this discussion means that α · ∂_w′ + β · ∂_w′′ maps to β · ∂¯_Y , i.e. the ‘free coordinate vector fields’ are eliminated, and the ‘interaction vector fields’ preserved.

The boundary restriction map can also be analyzed using the action of Diff_{3sc}(X) on C^∞([X; C]) similarly to (2.18)-(2.19). Namely, if P ∈ Diff_{3sc}(X) and u ∈ C^∞([X; C]), then P u ∈ C^∞([X; C]) and an explicit calculation shows that for p ∈ C we have

P u|_β−1_{(p)} = P_∂ (p)(u|_β−1_{(p)}).

(2.30)

In fact, the full oscillatory testing construction can be extended to Diff_{3sc}(X). A straightforward calculation (or a direct consequence of (1.16)) proves that if P ∈ Diff_{3sc}(X), f ∈ C^∞(X) (so f is smooth on the original space, X!) then P̃_f = e^{−if/x}P e^{if/x} ∈ Diff_{3sc}(X), so for any p ∈ C it has a boundary restriction map (P̃_f )_∂ ∈ Diff_{sc}(β^{−1}(p)). Moreover, if p ∈ C, d(f/x)(p) = ζ ∈^{sc}T^∗_p X then it can be checked easily (this will be done for the pseudo-differential calculus in Section 6) that (P̃_f )_∂ depends on f only via ζ. Therefore, we can define the indicial operator of P at ff as the map

scT^∗_C X ∋ ζ → P̂_{ff,0}(ζ) = (P̃_f )_∂ (p) ∈ Diff_{sc}(β^{−1}(p)), ζ ∈^{sc}T^∗_p X, d(f/x)(p) = ζ;

(2.31)

this definition is independent of the choice of f satisfying (2.31).

Now, allowing ζ to take any value in^{sc}T^∗_C X leads to much redundant information. To see this, simply note that if f(x, y, z) = y_j (in a neighborhood of a point p ∈ C) then d(f/x) =^{dyj}_x ≠ 0 but e^{if/x} = e^{iȲj} in a neighborhood of int(ff), i.e. it is smooth in such a neighborhood. Hence, (P̃_f )_∂ = e^{−iȲj} P_∂e^{iȲj} , so P̂_{ff,0}(^{dyj}_x ) can be reconstructed from P̂_{ff,0}(0). More generally, P̂_{ff,0}(ζ) can be reconstructed from P̂_{ff,0}(0) if ζ ∈^{sc}T_p(C; X)^⊥, the annihilator of^{sc}T_p(C; X) in^{sc}T^∗_p X. This is not surprising, since some of the information about the behavior of elements of Diff_{sc}(X) that has to be deduced from oscillatory functions can be obtained by merely considering the boundary restriction map in Diff_{3sc}(X) as we allow singular test sections (i.e., we allow u ∈ C^∞([X; C])).

To eliminate this redundancy, we choose a subbundle W → C of^{sc}T_C X which is complementary to^{sc}T (C; X). Such a splitting arises naturally if we have a scattering metric on X, for it gives an inner product on the fibers of^{sc}T X, and we can take W to be the orthocomplement of^{sc}T (C; X). This induces a corresponding splitting of^{sc}T^∗X over C, with W^⊥ ⊂^{sc}T^∗_C X being the annihilator of W . We can now choose local coordinates x, y, z near p ∈ C such that x = 0 defines ∂X, x = 0, y = 0 define C, and x∂_{yj} , j = 1, ..., codimC − 1, give a basis of W . This means exactly that^{dx}_{x2} and^{dzj}_x , j = 1, ..., dimC, are a basis of W^⊥. It follows from the discussion of the previous paragraph that we do not lose any information if we require d(f/x) ∈ W^⊥ when defining P̂_ff , i.e. if we regard the indicial operator as a map W^⊥ ∋ ζ → P̂_{ff,0}(ζ) ∈ Diff_{sc}(β^{−1}(p)), ζ ∈ W^⊥_p .

(2.32)

Note that in the Euclidian setting W_p, p ∈ C, is spanned by the ‘interaction vectors’ ∂_w′′_j , so W^⊥_p is spanned by the ‘free covectors’ dw^′_j. Hence, in this case, the indicial operator is constructed essentially by conjugation by the partial Fourier transform in the free variables.

It is not very easy to describe the range of the indicial operator as can be seen in the Euclidian case from the fact that partial Fourier transform maps to functions on a space where the configuration space and its dual variables are mixed up. Thus, it is useful to define a normal operator as well at ff. Taking into account the null space of the boundary restriction map, we want to define the normal operator, N_{ff,0,p}(V ), V ∈ V_{3sc}(X), for each point p ∈ C as a section of T β^∗_{β−1 (p)}^{sc}T (C; X). In fact, N_{ff,0,p}(V ) will be a vector field which is translation invariant on the fibers of β^∗_{β−1 (p)}^{sc}T (C; X) → β^{−1}(p); the space of such vector fields is denoted by V_I(β^∗_{β−1 (p)}^{sc}T (C; X)). We remark that using β we can define horizontal sections of T β^∗_{β−1 (p)}^{sc}T (C; X) as vector fields which are tangent to the submanifolds β^∗_{β−1 (p)}v, v ∈^{sc}T_p(C; X). Hence, we can canonically lift a section of T β^{−1}(p) to a horizontal section of T β^∗_{β−1 (p)}^{sc}T (C; X).

Now, N_{ff,0,p}(V ) can be defined using a splitting^{sc}T_pX =^{sc}T_p(C; X) ⊕ W_p discussed in the previous paragraphs. Correspondingly, with q ∈ int(ff), β(q) = p, we have a splitting^{3sc}T_q [X; C] = β^∗_q^{sc}T (C; X) ⊕ β^∗_q W . Let π_1 and π_2 be the projections onto the two summands. Then for V ∈ V_{3sc}(X), π_1(V ) ∈ β^∗_q^{sc}T (C; X) can be canonically regarded as a translation invariant vector field on the tangent space of this vector space, hence as a vector field on β^∗_{β−1 (p)}^{sc}T (C; X) which is tangent to the fibers of the projection β^∗_{β−1 (p)}^{sc}T (C; X) → β^{−1}(p) (i.e., a vertical vector field) and is translation invariant on these fibers. On the other hand, V_∂ = (π_2(V ))_∂ ∈ T β^{−1}(p) can be regarded as a horizontal vector field on β^∗_{β−1 (p)}^{sc}T (C; X). Hence, using the splitting we can define

N_{ff,0,p}(V ) = π_1(V ) + V_∂ ∈ V_I(β^∗_β−1_{(p)}^{sc}T (C; X))

(2.33)

employing these identifications. The null space of N_{ff,0,p}(V ) is I(β^{−1}(p))V_{3sc}(X) where I(β^{−1}(p)) is the ideal of smooth functions on [X; C] vanishing at β^{−1}(p).

The only reason for this not being surjective is the behavior of N_{ff,0,p}(V ) at ∂β^{−1}(p). Namely, from the tensor product definition and from (2.29) it follows that N_{ff,0,p} maps onto

V_{sc,I}(β^∗_β−1_{(p)}^{sc}T (C; X)).

(2.34)

It extends to an algebra homomorphism:

N_{ff,0,p} : Diff_{3sc}(X) → Diff_{sc,I}(β^∗_β−1_{(p)}^{sc}T (C; X)).

(2.35)

The space

Diff_{sus(}sc_{Tp(C;X)),sc}(β^{−1}(p)) = Diff_{sc,I}(β^∗_β−1_{(p)}^{sc}T (C; X))

(2.36)

is analogous to the space Diff_{sus(}sc_{Tp(C;X))}(β^{−1}(p)) of^{sc}T_p(C; X) suspended differential operators on β^{−1}(p) as defined by Mazzeo and Melrose [20]; the only difference is the appearance of the boundary ∂β^{−1}(p). Just as in their case we can put N_{ff,0,p}, p ∈ C, together in a single operator using the fibration β of ff over C; this will be discussed in detail in Section 6. We thus obtain the normal homomorphism N_{ff,0} into the algebra Diff_{sus(V )−C,sc}(ff) of V =^{sc}T (C; X)-suspended differential operators on the fibration int(ff) → C. It gives a short exact sequence

0 → ρ_ff Diff_{3sc}(X) → Diff_{3sc}(X)^{Nff ,0}−−−−→ Diff_{sus(V )−C,sc}(ff) → 0.

(2.37)

We proceed now to microlocalize Diff_{3sc}(X) by constructing the ‘small calculus’, Ψ_{3sc}(X), of pseudo-differential operators, and to examine its properties, such as the normal operators.

3. Definition of the three-body scattering calculus

Following Melrose’s construction of the scattering calculus in [22], there are two alternatives of defining the three-body scattering calculus, Ψ^{∞,−∞}_{3sc} (X). Namely, we can either define a class of symbols which will give rise to the operators in Ψ^{∞,−∞} 3sc (X) by (left, right, Weyl, etc.) quantization and localization, or we can define the kernels of these operators directly on a double space X^2_{3sc}, i.e. on an appropriate blow-up of X^2. We follow the second approach since it allows us to use the machinery of b-fibrations developed by Melrose to prove the basic properties of the calculus rather easily. However, at the end of this section we briefly describe how the calculus can be obtained by the first method.

The detailed plan of the sections describing the calculus is the following. In this section we define Ψ^{∞,−∞}_{3sc} (X), and we analyze its action on conormal functions on [X; C]. In the next section we investigate the boundary restriction map. In Section 5 we show that the calculus is closed under operator composition. In Section 6 we define the normal and indicial operator maps. In Section 7 we examine the commutator of operators in the calculus more thoroughly. This is followed by a discussion of L^2 boundedness properties in Section 8 and by a description of the wave front set arising from the pseudo-differential algebra in Section 9. We finish the first part of this paper by describing the functional calculus for certain elements of Ψ^{m,0}_{3sc} (X), m > 0, in Section 10.

In order to define the three-body scattering calculus, we first recall the definition of the scattering double space X^2_{sc} from [22]. Thus, consider the b-double space and its blow-down map

β_b : X^2_b → X^2, X^2_b = [X^2; (∂X)^2].

(3.1)

The diagonal Δ of X^2 lifts to a p-submanifold Δ_b ⊂ X^2_b which intersects ∂X^2_b in the interior of the front face bf of the blow up (3.1). The scattering double space is then the blow up

β_{sc} : X^2_{sc} → X^2_b , X^2_{sc} = [X^2_b ; ∂Δ_b].

(3.2)

The lift of Δ_b, Δ_{sc}, is a p-submanifold of X^2_{sc} meeting ∂X^2_{sc} only in the front face sf of the blow up (3.2). We can also lift C from either factor of X to X^2_b . The lifts of C_L, C_R under β_b intersect bf in embedded submanifolds, and

C_L ∩ ∂Δ_b = C_R ∩ ∂Δ_b

(3.3)

is a closed p-submanifold of Δ_b. Hence C_L ∩ ∂Δ_b lifts to a closed p-submanifold of sf, and we can define the three-body double space:

X^2_{3sc} = [X^2_{sc}; β^{−1}_{sc} (C_L ∩ ∂Δ_b)].

(3.4)

We write the blow-down map as β_{3sc} : X^2_{3sc} → X^2_{sc}. Since ∂Δ_b ∩ C_L ⊂ ∂Δ_b are closed p-submanifolds of X^2_b , they can be blown up in either order, so

X^2_{3sc} = [X^2_b; C_L ∩ ∂Δ_b; ∂Δ_b].

(3.5)

The lift of sf to X^2_{3sc} is denoted by sf’, while the front face of the blow up (3.4) is sf_C. Thus, we can choose boundary defining functions of sf’ and sf_C so that β^∗_{3sc}ρ_{sf} = ρ_{sf’} ρ_{sfC} .

It is actually useful to construct coordinates near sf’ and sf_C. Let x be a boundary defining function of X. We can choose coordinates x,y,z near some point on C ⊂ X such that C is defined by x = 0, y = 0. Denoting the coordinates on the right factor of X by x^′, y^′, z^′ we then obtain coordinates in the interior of bf near ∂Δ_b ∩ C_L: s = x^′/x, x, y, y^′, z, z^′. (3.6)

In the region of validity of these coordinates Δ_b is defined by s = 1, y = y^′, z = z^′, C_L is defined by x = 0, y = 0, C_R by x = 0, y^′ = 0. From here we can obtain coordinates in the interior of sf near β^{−1}_{sc} (C_L ∩ ∂Δ_b): x, S = (1 − s)/x, Y = (y − y^′)/x, Z = (z − z^′)/x, y, z. (3.7)

Now Δ_{sc} is defined by S = 0, Y = 0, Z = 0, and β^{−1}_{sc} (C_L ∩ ∂Δ_b) is defined by x = 0, y = 0. In particular, they are p-transversal. It follows now that Δ_{sc} lifts to a p-submanifold, Δ_{3sc}, of X^2_{3sc} intersecting the boundary in sf’ ∪ sf_C only. Finally, in the interior of sf_C we have coordinates x, S, Y, Z, Ȳ = y/x, z, (3.8)

while near sf_C ∩ sf’ in the lift of the region |y_k| ≥ c|y_j| for some c > 0 and all j ≠ k x̂ = x/y_k, S, Y, Z, Ŷ_j = y_j /y_k (j ≠ k), y_k, z. (3.9)

In the region where (3.8) are valid Δ_{3sc} is defined by S = 0, Y = 0, Z = 0, and similarly in the coordinates (3.9). In the coordinates (3.9) sf’ is defined by x̂ = 0 and sf_C by y_k = 0. Note that C_L can be replaced by C_R in the construction of X^2_{3sc} by (3.3), and similarly we can swap the primed and unprimed coordinates throughout this discussion.

The scattering kernel density bundle for operators on half-densities

KD^{12}_{sc} = ρ^{−1/2(dim X+1)} sf Ω^{12} (X^2_{sc})

(3.10)

can be pulled back by β_{3sc} to obtain the three-body-scattering kernel density bundle

KD^{12}_{3sc} = (β^∗_{3sc}ρ_{sf} )^{−1/2(dim X+1)}ρ^{codim C/2}_{sfC} Ω^{12} (X^2_{3sc}),

(3.11) so KD^{12}_{3sc} = ρ^{−1/2(dim C+1)}

sf_C ρ

−1/2(dim X+1)

sf’ Ω^{12} (X^2_{3sc}).

(3.12)

The space of kernels of elements of the three-body-scattering small calculus with weight l ∈ R and order m ∈ R is defined by

Ψ^{m,l}_{3scc}(X;^{sc}Ω^{12} ) = {κ ∈ A^{m,l}(X^2_{3sc}, Δ_{3sc}; KD^{12}_{3sc}) : κ ≡ 0 at ∂X^2_{3sc} \ (sf’ ∪ sf_C)}.

(3.13)

We also define the corresponding one-step polyhomogeneous space:

Ψ^{m,l}_{3sc} (X;^{sc}Ω^{12} ) = {κ ∈ ρ^l_{sf’} ρ^l_{sfC} I^m_{os} (X^2_{3sc}, Δ_{3sc}; KD^{12}_{3sc}); κ ≡ 0 at ∂X^2_{3sc} \ (sf’ ∪ sf_C)}.

(3.14)

We can generalize these definitions for arbitrary vector bundles E and F over X as usual, i.e. we define Ψ^{m,l}_{3sc} (X; E, F ) by replacing the bundle KD^{12}_{3sc} in (3.14) by

KD^{E,F}_{3sc} = KD^{12}_{3sc} ⊗β̄^∗_{3sc} Hom(π^∗_R(E ⊗^{sc}Ω^{− 12} (X)), π^∗_L(F ⊗^{sc}Ω^{− 12} (X)))

(3.15) where β̄_{3sc} = β_bβ_{sc}β_{3sc} : X^2_{3sc} → X^2 is the composite blow down map, and π_L, π_R : X^2 → X are the left and right projections. We write Ψ^{m,l}_{3sc} (X; E) for Ψ^{m,l}_{3sc} (X; E, E), and if E is the trivial vector bundle, i.e. for action on functions, we simply write Ψ^{m,l}_{3sc} (X).

Since elements of I^m_{os} (X^2_{sc}, Δ_{sc}; KD^{E,F}_{3sc} ) pull back to elements of

I^m_{os} (X^2_{3sc}, Δ_{3sc}; KD^{E,F}_{3sc} ),

it follows that β^∗_{3sc} Ψ^{m,l}_{sc} (X; E, F ) ⊂ Ψ^{m,l}_{3sc} (X; E, F ). Before checking that multiplication by functions in C^∞([X; C]) is an element of Ψ^{0,0}_{3sc}(X; E) we modify this definition of the double space.

The problem is that if we consider the space [X; C] instead of X as the base space, then with the single blow up (3.4) the projection to either factor of [X; C] is not a b-fibration (it is not even a smooth map). It would have been reasonable to define X^2_{3sc} so that this problem does not arise in the first place, but then the triple space (which we need for the composition of operators) would have been much more complicated. In fact, even now it is easier to define two new spaces X^2_{3sc,R} and X^2_{3sc,L} with b-maps (actually composite blow-down maps) β_{3sc,L} : X^2_{3sc,L} → X^2_{3sc} and β_{3sc,R} : X^2_{3sc,R} → X^2_{3sc} for which the corresponding projections

π^2_{3sc,L} : X^2_{3sc,L} → [X; C], π^2_{3sc,R} : X^2_{3sc,R} → [X; C]

(3.16)

are b-fibrations.

Let lf and rf be the left and right boundary hypersurfaces of X^2_{sc}, so lf is the lift of ∂X × X under β_b ∘ β_{sc}, and rf is defined similarly. Let bf’ be lift of bf under β_{sc}. Using the stretched projections π^2_{sc,L}, π^2_{sc,R} we define

X^2_{3sc,L} = [X^2_{sc}; β^{−1}_{sc} (C_L ∩ ∂Δ_b); (π^2_{sc,L})^{−1}(C) ∩ bf’; (π^2_{sc,L})^{−1}(C) ∩ lf],

(3.17)

X^2_{3sc,R} = [X^2_{sc}; β^{−1}_{sc} (C_R ∩ ∂Δ_b); (π^2_{sc,R})^{−1}(C) ∩ bf’; (π^2_{sc,R})^{−1}(C) ∩ lf].

(3.18)

Lemma 3.1. The stretched projections π^2_{3sc,L} : X^2_{3sc,L} → [X; C], π^2_{3sc,R} : X^2_{3sc,R} → [X; C] are b-fibrations.

Proof. We take π^2_{3sc,L} in this proof for definiteness; by (3.3) π^2_{3sc,R} can be dealt with the same way. First of all, by (3.5)

X^2_{3sc,L} = [X^2_b ; C_L ∩ ∂Δ_b; ∂Δ_b; C_L ∩ bf; C_L ∩ lf].

(3.19)

Upon blowing up C_L∩∂Δ_b in X^2_b , C_L∩bf and ∂Δ_b lift to be disjoint p-submanifolds, so they can be blown up in either order. Moreover, the lift of C_L ∩ lf to [X^2_b ; C_L ∩ ∂Δ_b] is disjoint from the lift of ∂Δ_b, so these two can be blown up in either order too. Thus,

X^2_{3sc,L} = [X^2_b ; C_L ∩ ∂Δ_b; C_L ∩ bf; C_L ∩ lf; ∂Δ_b].

(3.20)

Since C_L ∩ ∂Δ_b is a closed p-submanifold of C_L ∩ bf which is disjoint from C_L ∩ lf we see that

X^2_{3sc,L} = [X^2_b ; C_L ∩ bf; C_L ∩ lf; C_L ∩ ∂Δ_b; ∂Δ_b]

(3.21)

In addition, C × ∂X is a closed p-submanifold of (∂X)^2 in X^2, so

[X^2_b ; C_L ∩ bf; C_L ∩ lf] = [X^2; (∂X)^2; C × ∂X; C × X]

= [X^2; C × ∂X; (∂X)^2 ; C × X]

= [X^2; C × ∂X; C × X; (∂X)^2]

(3.22)

where in the last step we used that upon blowing up C × ∂X, C × X and (∂X)^2 become disjoint. Finally, C × ∂X is a closed p-submanifold of C × X in X^2, and [X^2; C × X] = [X; C] × X, so (ff denoting the front face of the blow up [X; C]) [X^2; C × ∂X; C × X] = [[X; C] × X; ff ×∂X]. (3.23)

Putting together equations (3.19)-(3.23) we see that X^2_{3sc,L} can be obtained from [X; C] × X by a series of blow ups. Since the left projection [X; C] × X → [X; C] is a fibration (hence a b-fibration), and the blow down maps are b-maps, it follows that the stretched projection π^2_{3sc,L}, defined as the composite of the blow down maps and the left projection, is also a b-map; in fact, an interior b-map.

We now check that π^2_{3sc,L} is actually a b-fibration. If Y is a manifold with corners, p ∈ Y , let Fa(p) denote the smallest boundary face of Y which contains p. A b-fibration, f, remains a b-submersion when composed with the blow up map of a closed p-submanifold M , if for each point p ∈ M the induced map f : M → Fa(f(p)) is a b-submersion [20, Proof of Proposition 6]. For any boundary face M this is automatically satisfied. The composite map will be a b-fibration if f(M ) is a boundary hypersurface of the range space.

In our case we start with a fibration π : [X; C] × X → [X; C]. Since π maps ff ×∂X to the boundary hypersurface ff of [X; C], π lifts to a b-fibration π_1. Next, π_1 maps the lift of mf ×∂X to mf in [X; C], so blowing up this lift gives another b-fibration, π_2. Note that the lift of mf ×∂X to [[X; C] × X; ff ×∂X] is just the lift of (∂X)^2 to [X^2; C × ∂X; C × X]; these two spaces are the same by (3.23). Thus, the composite of the left projection and the blow down maps of (3.22), π_2, is a b-fibration.

It remains to deal with the last two blow ups of (3.21). But these can be dealt with similarly. Namely, π_2 is a diffeomorphism from the lift of C_L ∩ ∂Δ_b (to (3.22)) to ff, so we obtain a new blown up b-fibration π_3. The lift of ∂Δ_b to this new space is mapped to mf by π_3, and π_3 is a diffeomorphism between the lift and mf, so the composite of the blow down maps of (3.21) and the left projection, i.e. π^2_{3sc,L}, is a b-fibration as claimed.

The following lemmas are very useful for taking care of the behavior of functions at irrelevant boundary faces. Recall that the blow down map β of a closed boundary p-submanifold S of Y gives an isomorphism β^∗ : C^{−∞}(Y ) → C^{−∞}([Y ; S]).

Lemma 3.2. Suppose that S is a closed boundary p-submanifold of Y , and let β : [Y ; S] → Y be the blow down map. If u ∈ C^{−∞}([Y ; S]) is (polyhomogeneous) conormal to ∂[Y ; S] in a neighborhood of ff, the front face of the blow up, which vanishes to infinite order at ff, then v = (β^∗)^{−1}u ∈ C^{−∞}(Y ) is (polyhomogeneous) conormal to ∂Y near S and vanishes to infinite order at S.

Lemma 3.3. Suppose that Z is a closed interior p-submanifold of Y , and S is a boundary hypersurface of Z. Let β : [Y, S] → Y be the blow down map. If u ∈ C^{−∞}([Y ; S]) is (polyhomogeneous) conormal to the lift of Z and to ∂[Y ; S] in a neighborhood of ff, the front face of the blow up, and it vanishes to infinite order at ff then v = (β^∗)^{−1}u ∈ C^{−∞}(Y ) is (polyhomogeneous) conormal to Z and to ∂Y in a neighborhood of S and it vanishes to infinite order at S.

Proof. These lemmas follow from the fact that the vector fields used in the definition of the conormal spaces on Y lift to [Y ; S] with finite order singularities at ff. Since u is assumed to vanish to infinite order there, it follows that the lifts of these vector fields preserve the Sobolev-regularity of u. In case u is polyhomogeneous, it even has a polyhomogeneous development in terms of these operators. This proves both lemmas.

Corollary 3.4. If A ∈ Ψ^{m,l}_{3scc}(X; E, F ) then

A : Ċ^∞([X; C]; E) → Ċ^∞([X; C]; F ).

(3.24)

If in addition A ∈ Ψ^{m,l}_{3sc} (X; E, F ) then

A : ρ^k_{mf} ρ^{k′}_ff C^∞([X; C]; E) → ρ^{k+l}_{mf} ρ^{k′+l}_ff C^∞([X; C]; F )

(3.25) for all k, k^′ ∈ R.

Proof. The first statement is the easiest to check since Ċ^∞([X; C]) = β^∗Ċ^∞(X). Using π^2_{sc,R} we can pull back u ∈ Ċ^∞(X; E) to X^2_{sc}, and then by β_{3sc} to X^2_{3sc} the product with the kernel of A then vanishes to infinite order at the boundary. The standard push-forward theorem now gives the result.

To check the second statement note that if u ∈ ρ^k_{mf} ρ^{k′}_ff C^∞(X; E) then

A(π^2_{3sc,R})^∗u ∈ β^∗(ρ^{k+l}_{sf’} ρ^{k′+l}_{sfC} )C^∞(X^2_{3sc,R}; KD^{12}_{3sc} ⊗ π^∗_R^{sc}Ω^{12} (X)

⊗ π^∗_L(F ⊗^{sc}Ω^{− 12} (X)))

(3.26)

(where a few pull backs by blow down maps are dropped in the notation), and it vanishes to infinite order on all faces but the lift of sf_C and sf’. Thus, Lemma 3.2 implies that the blow ups of X^2_{3sc} in (3.18) can be undone, and

A(π^2_{3sc,R})^∗u ∈ ρ^{k+l}_{sf’} ρ^{k′+l}_{sfC} C^∞(X^2_{3sc}; KD^{12}_{3sc} ⊗(π_L)^{∗sc}Ω^{12} (X) ⊗ (π_R)^∗(F ⊗^{sc}Ω^{− 12} (X)))

(3.27)

with infinite order vanishing off sf_C and sf’. Therefore, it can be pulled back to X^2_{3sc,L} and then pushed forward by π^2_{3sc,L} to [X; C] with the result being in ρ^{k+l}_{mf} ρ^{k′+l}_ff C^∞([X; C]; F ) (see [21]) as claimed.

Note that this proof also shows that C^∞([X; C]) ⊂ Ψ^{0,0}_{3sc}(X) as multiplication operators, since the kernel of u ∈ C^∞([X; C]) as an operator is just u Id, Id denoting the kernel of the identity operator too. Thus, it is exactly (3.26), and hence (3.27), with A = Id, E, F trivial; and the proof is similar for C^∞([X; C]) ⊂ Ψ^{0,0}_{3sc}(X; E).

(3.28)

Finally we discuss the alternative definition of this space of operators in terms of localization and quantization of symbols, as indicated at the beginning of this section. Thus, we can assume that X = S^N_+ is the radial compactification of R^N, (w, z) are coordinates on R^N = R^m × R^n, and C = cl(SP({(w, 0) : w ∈ R^m}))

(3.29)

with SP : R^N → S^N_+ being the map defined in (1.1). We also take E and F to be the trivial vector bundles for simplicity. Suppose that a ∈ x^lρ^{−m}_∞ C^∞([S^N_+ ; C] × S^N_+) where ρ_∞ is the boundary defining function on the second factor, and x on the first factor of X. Removing the compactification of the second factor this simply means that a is a symbol on [S^N_+ ; C] × R^N_ξ ; in particular |P D^α_ξ a(p, ξ)| ≤ C_αx^l⟨ξ⟩^{m−|α|} (3.30) if P ∈ Diff_b([S^N_+; C]). The Weyl quantization of this symbol is A(x, θ, x^′, θ^′) = ∫ e^{i( θx − θ′}x^{′ )·ξ}a( θ 2x + θ^′ 2x^′ , ξ) dξ. (3.31)

Integration by parts shows that for all Q ∈ Diff(S^N_+ × S^N_+) |QA(x, θ, x^′, θ^′)| ≤ C_{r,Q}| θ x − θ^′ x^′ |^{−r} (3.32)

for all r everywhere where the right hand side makes sense. But, just as in case of the scattering calculus, this factor gives us smoothness and infinite order vanishing near all faces but sf_C and sf’.

Writing θ = (θ_1, θ_2) near C we can take y = θ_1 and z to be some components of θ_2. With this choice the phase function lifts to be smooth in the interior of sf_C ∪ sf’ and it is non-degenerate in the sense of [15] with critical points at Δ_{3sc}. Hence, we deduce:

Lemma 3.5. The set of operators on X obtained by localization and quantization of symbols a ∈ x^lρ^{−m}_∞ C^∞([S^N_+ ; C]×S^N_+ ), where ρ_∞ is the boundary defining function of the second factor, is exactly Ψ^{m,l}_{3sc} (X).

We also note what the estimate (3.30) becomes in terms of coordinates (w, z) on R^N. Thus, C is the closure of the inverse image of z = 0 under the radial compactification. Then (3.30) is replaced by |D^α_wD^β_z D^γ_ξ a(w, z, ξ)| ≤ C_{α,β,γ} ⟨(w, z)⟩^{−l−|α|}⟨z⟩^{−|β|}⟨ξ⟩^{m−|γ|}. (3.33)

4. Restriction to the boundary In this section we examine the boundary restriction map for Ψ^{∞,−∞}_{3sc} (X) which extends the corresponding map for Diff_{3sc}(X) by generalizing (2.30). Namely, due to Corollary 3.4, A ∈ Ψ^{m,0}_{3sc} (X; E, F ) defines an operator A_∂ : C^∞(∂[X; C]; E) → C^∞(∂[X; C]; F ),

(4.1) A_∂ u = Aũ|_{∂[X;C]}, ũ|_{∂[X;C]} = u, ũ ∈ C^∞(X; E) (4.2) independently of the extension ũ of u. Here we denoted the pull back of the bundles E, F to the boundary by E and F as well. In the general case A ∈ Ψ^{m,l}_{3sc} (X; E, F ) the choice of a boundary defining function x of X gives an isomorphism Ψ^{m,l}_{3sc} (X; E, F ) ∋ A → x^{−l}A ∈ Ψ^{m,0}_{3sc} (X; E, F ).

(4.3) This depends on x, but if we then restrict to the boundary, (x^{−l}A)_∂ it only depends on dx restricted to the boundary. Correspondingly we can change the bundles on which x^{−l}A acts to obtain a natural boundary restriction map Ψ^{m,l}_{3sc} (X; E, F ) ∋ A → A_{∂,l} = (x^{−l}A)_∂ , (4.4) A_{∂,l} : C^∞(∂[X; C]; E) → C^∞(∂[X; C]; |N^∗∂X|^{−l} ⊗ F ). (4.5)

However, it is often convenient to trivialize |N^∗∂X| by the choice of a boundary defining function and drop the additional bundle in (4.4). For example, if we have a scattering metric g on X, then it fixes x up to O(x^2), i.e. it trivializes N^∗∂X.

It is useful to calculate the action of A ∈ Ψ^{m,0}_{3sc} (X; E, F ) in local coordinates. We first consider the mapping properties from the coordinate chart near ff ∩ mf to itself so we use coordinates x̂ = x/y_k, Ŷ_j = y_j /y_k (j ≠ k), y_k, z. (4.6) We also assume that E and F are trivial over this patch. Pulling back the coordinates on the right factor to the region where (3.9) are valid gives

x̂^′ = x̂ 1 − x̂y_kS 1 − x̂Y_k , Ŷ^′_j = Ŷ_j − x̂Y_j 1 − x̂Y_k (j ≠ k), y^′_k = y_k(1 − x̂Y_k), z^′ = z − y_kx̂Z. (4.7)

Thus, the action of A on u ∈ C^∞([X; C]; E) supported in the region of validity of these coordinates gives

Au(x̂, Ŷ_j, y_k, z) = ∫ A(x̂, y_k, Ŷ_j, z, S, Y, Z) u(x̂ 1 − x̂y_kS 1 − x̂Y_k , Ŷ_j − x̂Y_j 1 − x̂Y_k , y_k(1 − x̂Y_k), z − y_kx̂Z) dS dY dZ.

(4.8)

It is interesting to see what happens when we restrict this to ff or mf. In these coordinates ff is given by y_k = 0, mf by x̂ = 0. Thus, at mf Au(0, Ŷ_j, y_k, z) = ( ∫ A(0, y_k, Ŷ_j, z, S, Y, Z) dS dY dZ)u(0, Ŷ_j, y_k, z). (4.9)

That is, at mf, A_∂ is simply multiplication by

A_{mf} (y_k, Ŷ_j, z) = ∫ A(0, y_k, Ŷ_j, z, S, Y, Z) dS dY dZ; (4.10)

in particular it is local. At ff Au(x̂, Ŷ_j, 0, z) = ∫ A_ff (x̂, Ŷ_j, z, Y )u( x̂ 1 − x̂Y_k , Ŷ_j − x̂Y_j 1 − x̂Y_k , 0, z) dY (4.11)

with

A_ff (x̂, Ŷ_j, z, Y ) = ∫ A(x̂, 0, Ŷ_j, z, S, Y, Z) dS dZ. (4.12)

This is only local in the z variable, that is in the fibers of the blow up.

The same result would be obtained considering the coordinate chart in the interior of ff. In fact, pulling back the coordinates from the right factor to this region (where the coordinates are x, Ȳ , z, S, Y and Z) gives x^′ = x(1 − xS), Ȳ^′ = (1 − xS)^{−1}(Ȳ − Y ), z^′ = z − xZ. (4.13)

(So x, Ȳ , z, S, Ȳ^′, Z give another coordinate system in the interior of sf_C! This is the coordinate system used in the fibred cusp computations in [20].) Thus, for u ∈ C^∞([X; C]; E) A_ff u(Ȳ , z) = ∫ A_ff (Ȳ , z, Y )u(0, Ȳ − Y, z) dY, (4.14)

A_ff (Ȳ , z, Y ) = ∫ A(0, Ȳ , z, S, Y, Z) dS dZ. (4.15)

Of course, we must consider mapping properties between different coordinate charts, but they again give similar answers.

We put this information together to construct a space of boundary operators. First note that A_ff = A_∂ |_ff is a smooth family of pseudodifferential operators in

Ψ^{m,0}_{sc} (S^n_+; E, F ) = Ψ^{m,0}_{sc} (β^{−1}(p); E, F )

on C_p; of course, E and F are trivial over β^{−1}(p). The set of such families will be denoted by Ψ^{m,0}_{sc−C} (ff, E, F ). Also note that the boundary operator of A_ff at p ∈ ff ∩ mf is just A_{mf} (p) where A_{mf} ∈ C^∞(mf; Hom(E, F )) is the restriction of A_∂ to mf identified with the smooth section by which it is a multiplication. Let S(X; C) denote the subspace of

C^∞(mf, Hom(E, F )) ⊕ Ψ^{m,0}_{sc−C} (ff; E, F )

(4.16)

consisting of pairs (a, A_0) for which the restriction of A_0 to ∂ ff at p ∈ ∂ ff = ff ∩ mf is just a(p). We thus deduce:

Lemma 4.1. The boundary restriction map A → A_∂ gives a surjective map to S(X; C). There is significantly more information in A_ff than in A_{mf} . For example, if A ∈ V_{3sc}(X), then A_∂ is given by the evaluation map^{3sc}T [X; C] ∋ A → ι(A) ∈ T [X; C]. Thus, A_{mf} = 0 directly from the definition of A_∂ , since then A = ρ_{mf} V , V ∈ V_b([X; C]), and V_b([X; C]) : C^∞([X; C]) → C^∞([X; C]), but A_ff does not vanish necessarily. The precise relationship between the boundary operators at the two hypersurfaces will be discussed in Section 6.

Since Ψ^{m,0}_{sc} (X) ⊂ Ψ^{m,0}_{3sc} (X), it is important to see how the boundary restriction behaves on the smaller algebra. For p ∈ C we have defined the fiber of the relative scattering tangent bundle^{sc}T_p(C; X) ⊂^{sc}T_pX similarly to^bT_p(C; X), so v ∈^{sc}T_p(C; X) if and only if v = xV |_p for some V ∈ V_b(X) with V_p tangent to C. Given a boundary defining function, x, the map V_b(X) ∋ V → xV ∈ V_{sc}(X) restricts to an isomorphism of^bT (C; X) with^{sc}T (C; X), but the isomorphism depends on the choice of x. We also recall that the normal operator for V ∈ V_{sc}(X) at p ∈ ∂X is given by V_p ∈^{sc}T_pX lifted to a translation invariant vector field, N_{sc,p}(V ), on^{sc}T_pX (by the natural identification of^{sc}T_pX with the fibers of its tangent bundle).

Lemma 4.2. There is a natural transitive free affine action of the fibers of scT X/^{sc}T (C; X) → C on the fibers β^{−1}(p) ∩ int(ff), p ∈ C, such that if A ∈ Ψ^{m,0}_{sc} (X; E, F ) then A_ff is translation invariant (i.e. invariant under this action). If A ∈ V_{sc}(X) then A_ff is given by the push-forward of N_{sc}(A) by the differential of this action.

Proof. If (x, y, z) are coordinates near p, x is a defining function of ∂X, C is defined by x = 0, y = 0, then we have coordinates x, Ȳ = y x , z (4.17) near β^{−1}(p) ∩ int(ff). We can write v ∈^{sc}T_pX as v = αx^2∂_x + ∑ j β_j x∂_{yj} + ∑ j γ_j x∂_{zj} . (4.18)

Now define L_v(Ȳ , z) = (Ȳ + β, z). (4.19) If (x^′, y^′, z^′) is another coordinate system near p with properties as above, then x^′ = a(x, y, z)x, y^′ = b(x, y, z)x + B(x, y, z)y (4.20) where B is a codim C − 1 by codim C − 1 matrix, b is a vector in R^{codimC−1}, a(0, y, z) > 0, B(0, 0, z) is invertible. It follows that v = α^′(x^′)^2∂_x′ + ∑ j β^′_j x^′∂_y′_j + ∑ j γ^′_j x^′∂_z′_j , (4.21)

β^′_j = ∑ k a(0, 0, z(p))^{−1}B_{jk}(0, 0, z(p))β_k. (4.22)

In addition, Ȳ^′_j = y^{′j} x^′ = a(x, y, z)^{−1}b_j(x, y, z) + ∑ k a(x, y, z)^{−1}B_{jk}(x, y, z)Ȳ_k = a(x, xȲ , z)^{−1}b_j(x, xȲ , z) + ∑ k a(x, xȲ , z)^{−1}B_{jk}(x, xȲ , z)Ȳ_k. (4.23)

Thus, on ff Ȳ^′_j = a(0, 0, z)^{−1}b_j(0, 0, z) + ∑ k a(0, 0, z)^{−1}B_{jk}(0, 0, z)Ȳ_k. (4.24)

Hence, if we define L^′_v as in (4.19), i.e. by L^′_v(Ȳ^′, z^′) = (Ȳ^′ + β^′, z^′)

(4.25) then, e_j denoting the jth unit vector in R^{codim C−1}

L^′_v(Ȳ^′(Ȳ , z), z^′(Ȳ , z)) = ( ∑ j (a(0, 0, z)^{−1}b_j(0, 0, z) + ∑ k a(0, 0, z)^{−1}B_{jk}(0, 0, z)Ȳ_k + ∑ k a(0, 0, z(p))^{−1}B_{jk}(0, 0, z(p))β_k)e_j , z^′(0, z)) = (Ȳ^′(L_v(Ȳ , z)), z^′(L_v(Ȳ , z))).

(4.26)

Therefore, L_v is well-defined independently of the coordinates on X used in the definition. Moreover, by (4.19), L_v does not depend on α and γ, so L_v is in fact the lift of an affine action by the quotient^{sc}T X/^{sc}T (C; X) as claimed.

We can see directly from the definition (4.19) that the action is transitive and free. We can write V ∈ V_{sc}(X) in local coordinates as V = αx^2∂_x + ∑ j β_j x∂_{yj} + ∑ j γ_j x∂_{zj} . (4.27)

Its lift to V([X; C]) near int(ff) in the coordinates (4.17) is

V^′ = α(x^2∂_x − ∑ j xȲ_j ∂¯_{Yj} ) + ∑ j β_j ∂¯_{Yj} + ∑ j γ_j x∂_{zj} . (4.28)

Thus, for q ∈ int(ff), V^′(q) = ∑ j β_j ∂¯_{Yj} , which is exactly the push-forward of V (β^{−1}(q)) by the action. Finally, due to (4.15), A ∈ Ψ^{m,0}_{sc} (X; E, F ) means exactly that A_ff is independent of Ȳ , so A_ff has a convolution kernel, i.e. it is translation invariant.

5. Composition of operators In this section we prove that Ψ^{∞,−∞}_{3sc} (X) is an algebra with multiplication given by operator composition. We first recall Melrose’s definition of the scattering triple space X^3_{sc} from [22]. The b-triple space is defined by the iterated blow up X^3_b = [X^3; (∂X)^3; (∂X)^2 × X; ∂X × X × ∂X; X × (∂X)^2].

(5.1) The three partial diagonals lifted from X^2_b by the stretched projections are psubmanifolds and intersect in pairs only in the triple diagonal; in particular, these pairwise intersections intersect the boundary of X^3_b in the boundary, K, of the triple diagonal. The intersection of the lifted partial diagonals with the front face of the first blow up in (5.1) is denoted by G_O, O = F, S, C, and the other part (which is in the front face of one of the last three blow ups in (5.1)) by J_O. The intersection of any two of the G_O is K; the J_O do not meet each other, and meet only the corresponding G_O away from K.

If we blow up K the elements of G = {G_F , G_S, G_C} become disjoint. This allows us to define the scattering triple space X^3_{sc} = [X^3_b ; K; G; J ]

(5.2) where J = {J_F , J_S, J_C }. If we denote by B_O the last three boundary faces of (5.1), and I = (∂X)^3 then we also have X^3_{sc} = [X^2_{sc} × X; I; B_S ; B_C ; K; J_F ; G_S; G_C; J_S; J_C ].

(5.3)

Now, using the stretched projections π^3_{b,O}, C_L can be lifted from either double space to X^3_b ; these will be denoted by C^O_L . Similarly to the construction of the double space we need to blow up the intersection of the C^O_L with the boundary of the lifted partial diagonals.

X^3_{3sc} = [X^3_b ; K; K ∩ C^F_L ; G; G_C; J ; J_C].

(5.4) Here G_C = {G_F ∩ C^F_L , G_S ∩ C^S_L , G_C ∩ C^C_L }, (5.5) and similarly J_C = {J_F ∩ C^F_L , J_S ∩ C^S_L , J_C ∩ C^C_L }. (5.6) Note that K ∩ C^F_L = K ∩ C^S_L = K ∩ C^C_L . (5.7)

The problem with this definition is that we were too economical in the definition of X^2_{3sc} (meaning that we had only a few blow ups), so this space is too big for the streched projection to give b-fibrations. So we also construct some intermediate spaces X^3_{3sc,O} with composite blow down maps from β_O : X^3_{3sc} → X^3_{3sc,O} for which the corresponding stretched projection π^3_{sc,O} : X^3_{3sc,O} → X^2_{3sc} is a b-fibration. Thus, let

X^3_{3sc,O} = [X^3_b; K; K ∩ C^O_L ; G_O; G_O ∩ C^O_L ; J_O; J_O ∩ C^O_L ].

(5.8)

Since the G_O are disjoint after the blow up of K in X^3_b and the J_O are disjoint from each other and from all but the corresponding G_O, the blow ups in (5.4) can be rearranged so that the first blow ups are exactly those of (5.8); here we also use (5.7). Thus, there is a composite blow down map (hence an interior b-map)

β_O : X^3_{3sc} → X^3_{3sc,O}.

(5.9)

Now we turn our attention to the stretched projections.

Lemma 5.1. The stretched projections π^3_{sc,O} : X^3_{3sc,O} → X^2_{3sc}, O = F, S, C, are b-fibrations.

Proof. It suffices to prove the claim for π^3_{sc,F}, say, due to the symmetry. In (5.8) the blow ups of K and K ∩ C^F_L can be interchanged as K ∩ C^F_L is a closed psubmanifold of K. Upon blowing up K ∩ C^F_L , K and G_F ∩ C^F_L become disjoint, so they can be blown up in either order. Note that in (5.8) the blow ups of G_F and G_F ∩ C^F_L can also be interchanged. Thus,

X^3_{3sc,F} = [X^3_b ; K ∩ C^F_L ; G_F ∩ C^F_L ; G_F ; K; J_F ; J_F ∩ C^F_L ].

(5.10)

Here we also used that K lifts to be a closed p-submanifold of G_F , so the order of their blow up is immaterial. Commuting K ∩ C^F_L through G_F ∩ C^F_L and G_F , and commuting J_F and J_F ∩ C^F_L to the front (these are disjoint from K and K ∩ C^F_L ) gives

X^3_{3sc,F} = [X^3_b ; G_F ; G_F ∩ C^F_L ; J_F ; J_F ∩ C^F_L ; K ∩ C^F_L ; K].

(5.11)

Now, as X^3_b = [X^2_b ×X; I; B_S ; B_C], we can use that B_S and B_C are disjoint from the other faces of the blow up to reorder it. Furthermore, in X^2_b ×X, G_F ∩C^F_L ⊂ G_F ⊂ I, so these blow ups can be interchanged too. Upon blowing up G_F , I and J_F become disjoint. Using these results we see that

X^3_{3sc,F} = [X^2_b × X; G_F ∩ C^F_L ; G_F ; J_F ∩ C^F_L ; J_F ; I; K ∩ C^F_L ; K; B_S; B_C ].

(5.12)

Finally we use that G_F ⊂ J_F , so

[X^2_b × X; G_F ∩ C^F_L ; G_F ; J_F ∩ C^F_L ; J_F ] = [X^2_b × X; J_F ; J_F ∩ C^F_L ; G_F ∩ C^F_L ; G_F ].

(5.13)

But due to the product structure of J_F and C^F_L

[X^2_b × X; J_F ; J_F ∩ C^F_L ] = X^2_{3sc} × X.

(5.14)

It follows now that X^3_{3sc,F} can be obtained from X^2_{3sc} × X by a series of blow ups, hence the composite of the blow down maps and the projection to the first factor, π^3_{sc,F}, is an interior b-map.

We proceed as in Lemma 3.1 to show that π^3_{sc,F} is a b-fibration. The projection π : X^2_{3sc} × X → X^2_{3sc} is certainly a b-fibration. The next two blow ups on the right hand side of (5.13) involve sf_C ×∂X and sf’ ×∂X which are mapped to the boundary hypersurfaces sf_C and sf’ respectively by π, so (see the proof or Lemma 3.1) π lifts to a b-fibration π_1 of the space in (5.13). Next, I is the lift of bf ×∂X to (5.13), and π_1 maps it to bf, hence the lifted projection, π_2 is also a b-fibration. Similarly,

B_S and B_C are the lifts of rf ×∂X and lf ×∂X, so the lifted projection, π_3, is a b-fibration

π_3 : [X^3_b ; G_F ; G_F ∩ C^F_L ; J_F ; J_F ∩ C^F_L ] → X^2_{3sc}.

(5.15)

Here we used the remarks after (5.11) to rewrite the space obtained after the blow ups.

Now, K ∩ C^F_L is a submanifold of the front face of the blow up of G_F ∩ C^F_L in (5.15), and π_3 maps it to sf_C, while K is a submanifold of the front face of the blow up of G_F there; it is mapped to sf’ by π_3. Hence, π_3 lifts to a b-fibration even after they are blown up. But, by (5.11), the space we have constructed with these blow ups is exactly X^3_{3sc,F} , so this proves the lemma.

Proposition 5.2. If A ∈ Ψ^{m,l}_{3sc} (X; F, G), B ∈ Ψ^{m′ ,l′}_{3sc} (X; E, F ) then AB ∈ Ψ^{m+m′ ,l+l′} 3sc (X; E, G)

(5.16) and (AB)_∂ = A_∂ B_∂ .

(5.17)

If we only assume that A ∈ Ψ^{m,l}_{3scc}(X; F, G), B ∈ Ψ^{m′,l′}_{3scc} (X; E, F ) then we still have AB ∈ Ψ^{m+m′ ,l+l′} 3scc (X; E, G). (5.18)

Proof. Suppose that A ∈ Ψ^{m,l}_{3sc} (X; F, G), B ∈ Ψ^{m′ ,l′}_{3sc} (X; E, F ). The kernel of the composite operator is just

AB = (π^3_{sc,C})_∗(β^{−1}_C )^∗((β^∗_F (π^3_{sc,F})^∗A)(β^∗_S (π^3_{sc,S})^∗B)).

(5.19)

Since all of the π^3_{sc,O} are b-fibrations, and the β_O are interior b-maps, the product is polyhomogeneous conormal on X^3_{3sc}. Moreover, at each boundary hypersurface of X^3_{3sc}, except at the lift of K and K ∩ C^F_L , one of the two factors vanishes to infinite order, hence the same holds for the product. Thus, by Lemma 3.3 (β^{−1}_C )^∗ applied to the product gives a polyhomogeneous conormal distribution on X^3_{3sc,C} . As π^3_{sc,C} is a b-fibration it follows that the push-forward is polyhomogeneous conormal and vanishes to infinite order at all boundary hypersurfaces of X^2_{3sc} except sf’ and sf_C, proving that AB ∈ Ψ^{m+m′ ,l+l′}_{3sc} (X; E, G). A similar argument without the polyhomogeneity claims proves (5.18) for A ∈ Ψ^{m,l}_{3scc}(X; F, G), B ∈ Ψ^{m′ ,l′}_{3scc} (X; E, F ).

Now assume again that A ∈ Ψ^{m,l}_{3sc} (X; F, G), B ∈ Ψ^{m′ ,l′}_{3sc} (X; E, F ), and let u ∈ C^∞(∂[X; C]; E), and let ũ ∈ C^∞([X; C]; E) be such that ũ|_{∂[X;C]} = u. Then (AB)_∂ u = ABũ|_{∂[X;C]}, B_∂ u = Bũ|_{∂[X;C]}. (5.20)

But ṽ = Bũ is then a smooth extension of B_∂ u, so A_∂(B_∂ u) = Aṽ|_{∂[X;C]} = ABũ|_{∂[X;C]} = (AB)_∂ u (5.21)

indeed.

6. The normal operator In this section we define the principal symbol and the normal operator for A ∈ Ψ^{m,l}_{3sc} (X) so that the vanishing of these two together will be equivalent to A ∈ Ψ^{m−1,l+1} 3sc (X). First we restrict our attention to the case l = 0. The principal symbol map σ_{3sc,m} is Hörmander’s symbol map [15] for the kernel of A which is conormal to the diagonal Δ_{3sc}. The singularity coming from the density factor in (3.15) means that σ_{3sc,m} : Ψ^{m,0}_{3sc} (X) → S^m_h (^{3sc}T^∗X; π^∗ Hom(E, F ))

(6.1) where S^m_h is the space of mth order homogeneous sections of π^∗ Hom(E, F ) over 3scT^∗[X; C]. We radially compactify the fibers of^{3sc}T^∗[X; C] and let^{3sc}S^∗[X; C] be the new boundary face (i.e. the boundary of^{3sc}T^∗[X; C] at fiber-infinity). This allows us to write σ_{3sc,m} as a map

σ_{3sc,m} : Ψ^{m,0}_{3sc} (X) → C^∞(^{3sc}S^∗[X; C]; (N^{∗3sc}S^∗[X; C])^m ⊗ π^∗ Hom(E, F )).

(6.2) We then have a short exact sequence: 0 → Ψ^{m−1,0} 3sc (X) → Ψ^{m,0}_{3sc} (X) → C^∞(^{3sc}S^∗[X; C]; (N^{∗3sc}S^∗[X; C])^m ⊗ π^∗ Hom(E, F )) → 0

(6.3)

as usual.

To obtain a similar short exact sequence in the boundary weighting of Ψ^{∗,∗}_{3sc}(X) we need more information than what is given by the boundary restriction map. As in [20], this is done by conjugating by ‘oscillatory test functions’. Thus, suppose that f ∈ C^∞(∂X). Choose f̃ ∈ C^∞(X) with f̃|_{∂X} = f.

Lemma 6.1. For any A ∈ Ψ^{m,l}_{3sc} (X; E, F ) Ã = e^{−if̃/x}Ae^{if̃ /x} ∈ Ψ^{m,l}_{3sc} (X; E, F ). (6.4)

Proof. The kernel of Ã is Ã = e^{−if̃ (x,y,z)/x+if̃(x′,y′,z′)/x′} A. The exponential factor is exp(i((1 − xS)^{−1}f̃(x(1 − xS), y − xY, z − xZ) − f̃ (x, y, z))/x) (6.5)

near sf. Now, (1 − xS)^{−1}f̃ (x(1 − xS), y − xY, z − xZ) − f̃ (x, y, z) vanishes at x = 0, so it is of the form x(Sf(y, z) − Y · ∂_yf(y, z) − Z · ∂_zf(y, z)) + x^2g(x, y, z, S, Y, Z) (6.6) with g smooth. It follows that (6.5) is smooth up to sf and its restriction to sf is exp(i(Sf(y, z) − Y · ∂_yf(y, z) − Z · ∂_zf(y, z))). (6.7) Although this exponential is not smooth up to the other faces of X^2_{sc}, it only has a finite order singularity there. Since the kernel of A vanishes to infinite order at the lift of these faces to to X^2_{3sc}, it follows that Ã ∈ Ψ^{m,l}_{3sc} (X; E, F ).

If A ∈ Ψ^{m,l}_{3sc} (X; E, F ) then by (4.10) Ã_{mf,l}(y, z) only depends on f(y, z) and df(y, z), and similarly, by (4.12), Ã_{ff,l}(x̂, Ŷ_j, z, Y ) only depends on f(0, z) and df(0, z). Moreover, the dependence of Ã_{ff,l} on d_yf(0, z) is only via conjugation by a nonvanishing smooth function. At the operator level (as in (6.4)) this can be seen from the fact that if f(0, z) and d_zf(0, z) vanish, then e^{if̃/x} extends from int([X; C]) to be a smooth function on int(ff), since Ȳ_j = y_j/x is a smooth function on the interior of ff. Hence, denoting Ã obtained from f via (6.4) by A^f , if f_1(0, z) = f_2(0, z) and d_zf_1(0, z) = d_zf_2(0, z) then A^{f1}_{ff,l}(z) and A^{f2}_{ff,l}(z) are unitarily equivalent on L^2(S^n_+; E_z) = L^2(β^{−1}(p); E); L^2 is taken with respect to any translation invariant metric (in the sense of Lemma 4.2).

A convenient way of incorporating the information about both f(0, z) and df(0, z) is to consider d( f̃ x ) = −f̃ dx x^2 + df̃ x ∈ C^∞(X;^{sc}T^∗X).

(6.8)

Then d( f̃ x )(0, z) = −f(0, z) dx x^2 + d_{(y,z)}f(0, z) x . (6.9)

Hence, the statements of the previous paragraph show that Ã_{ff,l}(p) only depends on d(f/x)(0, z) ∈^{sc}T^∗_p X, p = (0, z) ∈ C, and its dependence on x^{−1} d_yf(0, z) is somewhat redundant.

To eliminate the ambiguity we choose a subbundle W → C of^{sc}T X which is complementary to^{sc}T (C; X). Such a splitting arises naturally if we have a scattering metric on X, for it gives an inner product on^{sc}T X, and we can take W to be the orthocomplement of^{sc}T (C; X). This induces a corresponding splitting of scT^∗X over C, with W^⊥ ⊂^{sc}T^∗_C X being the annihilator of W . We can now choose local coordinates x, y, z near p ∈ C such that x = 0 defines ∂X, x = 0, y = 0 define C, and x∂_{yj} , j = 1, ..., codimC − 1, give a basis of W . This means exactly that^{dx}_{x2} and^{dzj}_x , j = 1, ..., dimC, are a basis of W^⊥. It follows from the discussion of the previous paragraph that we do not lose any information if we require d(f/x) ∈ W^⊥ when defining Â_ff . Note that the choice of a boundary defining function x, modulo x^2C^∞(X), fixes^{dx}_{x2} as an element of^{sc}T^∗_{∂X} X, so in this case W induces a splitting of T_p∂X by defining a complementary bundle W̃ of T C. In particular, this is the case if we are given a scattering metric g on X.

Definition 6.2. For A ∈ Ψ^{m,l}_{3sc} (X; E, F ) the indicial operator Â_{ff,l}(p, τ, ν) ∈ Ψ^{m,0}_{sc} (β^{−1}(p); E, F ⊗ |N^∗∂X|^{−l} ), (6.10)

p ∈ C, (p, τ, ν) ∈ W^⊥ is the restriction A^f_{ff,l} with A^f given by (6.4) with f(p) = −τ , df(p) = ν (i.e. d(f/x) = τ (dx/x^2) + ν/x). Similarly, Â_{mf} (p, τ, ξ̄) ∈ Hom(E, F ) ⊗ |N^∗∂X|^{−l}, (6.11)

(p, ξ̄) ∈ T^∗_p mf, is A^f_{mf,l} with f(p) = −τ , df(p) = ξ̄. We often write Â_{mf,0} = Â_{mf} , Â_{ff,0} = Â_ff .

Lemma 6.3. For each p ∈ C, (τ, ν) ∈ W^⊥_p , the indicial operators at ff and mf give multiplicative homomorphisms Ψ^{m,l}_{3sc} (X; E, F ) → Ψ^{m,0}_{sc} (β^{−1}(p); E, F ⊗ |N^∗∂X|^{−l}),

(6.12)

Ψ^{m,l}_{3sc} (X; E, F ) → C^∞(mf; Hom(E, F ⊗ |N^∗∂X|^{−l}))

(6.13)

respectively. If A ∈ Ψ^{m,l}_{3sc} (X; E, F ) and Â_{ff,l}, Â_{mf,l} vanish identically then A ∈ Ψ^{m,l+1} 3sc (X; E, F ).

Proof. The multiplicative property follows from e^{−if̃ /x}ABe^{if̃ /x} = (e^{−if̃ /x}Ae^{if̃/x})(e^{−if̃ /x}Be^{if̃ /x}). (6.14)

Since for A ∈ Ψ^{m,0}_{3sc} (X; E, F ) Â_ff (Ȳ , z, Y, τ, ν) = ∫ e^{i(−Sτ−Z·ν)}A(0, Ȳ , z, S, Y, Z) dS dZ, (6.15)

the vanishing of Â_ff (z, τ, ν) for all z, τ and ν means that the partial Fourier transform (6.15) vanishes identically, so (by taking the inverse Fourier transform) we see that the kernel of A vanishes identically when restricted to sf_C. In the case of Â_{mf} vanishing means that Â_{mf} (y_k, Ŷ_j, z, τ, ξ̄) = ∫ e^{i(−Sτ−(Y,Z)·ξ̄)}A(0, y_k, Ŷ_j, z, S, Y, Z) dS dY dZ ≡ 0, (6.16)

so by taking the inverse Fourier transform we deduce that A vanishes when restricted to sf’. But the vanishing of A at these two boundary hypersurfaces means that A = xA^′, A^′ ∈ Ψ^{m,0}_{3sc} (X; E, F ), i.e. that A ∈ Ψ^{m,1}_{3sc} (X; E, F ). In the case A ∈ Ψ^{m,l}_{3sc} (X; E, F ) we only have to note that A → x^{−l}A is a bijection.

One of the main differences between the indicial operators at mf and at ff (and hence between Ψ^{m,l}_{sc} (X) and Ψ^{m,l}_{3sc} (X)) is that the former maps into a commutative algebra while the latter does not. Thus, for A, B ∈ Ψ^{m,0}_{3sc} (X), ^[A, B]_{mf} = 0, but ^ [A, B]_ff does not necessarily vanish. Since commutation properties are very important in spectral theory, we are interested in finding the pseudo-differential operators which commute with all others to ‘top order’. We thus make the following definition:

Definition 6.4. We say that A ∈ Z Ψ^{m,l}_{3sc} (X; E), if for all B ∈ Ψ^{m′ ,l′}_{3sc} (X; E) [A, B] ∈ Ψ^{m+m′ −1,l+l′ +1} 3sc (X; E).

(6.17)

Lemma 6.5. Let A ∈ Ψ^{m,l}_{3sc} (X; E). Then A ∈ Z Ψ^{m,l}_{3sc} (X; E) if and only if Â_{ff,l}(p, τ, ν) = a(p, τ, ν) Id, a ∈ C^∞(W^⊥). (6.18)

Proof. Since multiples of the identity operators commute with all operators and the indicial operator is multiplicative, if (6.18) holds then ^[A, B]_{ff,l+l}′ = 0. Thus, by Lemma 6.3 (and the commutativity of the indicial operator at mf and of the principal symbol map) (6.17) holds.

On the other hand, for each p ∈ C, (τ, ν) ∈ W^⊥_p , the indicial operator gives a surjective map

Ψ^{m′ ,0}_{3sc} (X; E) ∋ B → B̂_ff (p, τ, ν) ∈ Ψ^{m′ ,0}_{sc} (β^{−1}(p); E).

(6.19)

Since the center of Ψ^{∞,−∞}_{sc} (β^{−1}(p)) consists of multiples of the identity map (see e.g. [16, Lemma 7.1.4]), (6.18) follows.

Remark 6.6. The subalgebra of Ψ^{∞,−∞}_{sc} (X) generated by V_{sc}(X; C) (over C^∞(X)) certainly lies in Z Ψ^{∞,−∞}_{3sc} (X). In fact, for g ∈ C^∞(X), ĝ_{ff,0}(p, τ, ν) = g(p), (6.20) and for V ∈ V_{sc}(X; C), V̂_{ff,0}(p, τ, ν) = α(p)τ + ∑ j γ_j (p)ν_j (6.21)

if V (p) = α(p)x^2∂_x + ∑ j γ_j (p)x∂_{zj} . We now define the normal operators which contain the same information as the indicial operators but which are sometimes more convenient. First let M be a compact manifold with boundary and let V be a real vector space. Generalizing the results of [20] we define the V -suspended algebra of scattering pseudo-differential operators on M , denoted Ψ^{m,l}_{sus(V ),sc}(M ). We do so by defining their kernels as convolution operators in V , i.e. we demand that A ∈ C^{−∞}(M^2_{sc} × V ;^{sc}Ω_R)

(6.22)

is polyhomogeneous conormal to Δ_{sc} × {0} and sf ×V of order m and l respectively, decays rapidly at ∞ (in V ) with all derivatives, vanishes to infinite order on all other boundary faces, and acts on S(int(M ) × V ) as Au(m, v) = ∫ A(m, m^′, v − v^′)u(v^′) dm^′ dv^′. (6.23)

We could rephrase the definition by radially compactifying V to V̄ , and demanding that A ∈ C^{−∞}(M^2_{sc} × V̄ ;^{sc}Ω_R) should be conormal to Δ_{sc} × {0} and sf ×V̄ and vanish to infinite order on all other boundary faces. Here^{sc}Ω_R is the pull back of scΩ(M ) ⊗^{sc}Ω(V̄ ) by the right projection π_R : M^2_{sc} × V → M × V .

We also need to define a corresponding algebra associated to operators mapping sections of a vector bundle E^′ → M × V to another one F^′ → M × V . For the V -convolution structure (i.e. the related translation invariance) to make sense, we require that E^′ and F^′ are pull backs of vector bundles E → M and V → M . Then Ψ^{m,l}_{sus(V ),sc}(M ; E, F ) is defined as was Ψ^{m,l}_{sus(V ),sc}(M ), except that (6.22) must be replaced by A ∈ C^{−∞}(M^2_{sc} × V ;^{sc}Ω_R ⊗ π^∗ Hom(E, F )).

(6.24)

Here π : M^2_{sc} × V → M^2 is the projection.

Since Ψ^{m,l}_{sus(V ),sc}(M ; E, F ) is invariant under diffeomorphisms of M , linear transformations of V , and bundle transformations of E and F over M , we can define the analogous object for vector bundles over a manifold C.

Definition 6.7. Suppose that V → C is a real vector bundle over a compact manifold, Y a compact manifold with boundary and β : Y → C is a fibration. The V -suspended scattering double space is Y^2_{sus(V )−C,sc} = [Y ×_C Y ×_C V ; ∂Y ×_C ∂Y ×_C V ; Δ_{b,Y} ]

(6.25)

where Δ_{b,Y} is the lift of the Y -diagonal, {(y, y^′, v) : y = y^′, β(y) = β(v)} ⊂ Y ×_C Y ×_C V, (6.26) to the first blow up. The front face of the last blow up is denoted by sf_{sus(V )}. The V -suspended scattering diagonal, Δ_{sus−sc}, is the lift of {(y, y^′, o) : y = y^′, β(y) = β(o)}, (6.27) o denoting elements of the zero section of V .

We now define the generalization of Ψ^{m,l}_{sus(V ),sc}(M ; E, F ) when M is a fiber of a fibration β : Y → C over a compact manifold C. Here we also need to generalize V to a real vector bundle over C. Thus, we want elements of the new algebra to be a smooth family of operators on C_p with values in Ψ^{m,l}_{sus(Vp),sc}(β^{−1}(p); E, F ). More precisely, we make the following definition.

Definition 6.8. Suppose that V → C is a real vector bundle over a compact manifold, E → Y , F → Y are vector bundles, Y a compact manifold with boundary and Y → C is a fibration. The algebra of V -suspended scattering pseudo-differential operators, Ψ^{m,l}_{sus(V )−C,sc}(Y ; E, F ), is the space of operators with V -convolution kernel A ∈ C^{−∞}(Y^2_{sus(V )−C,sc};^{sc}Ω_R ⊗ π^∗ Hom(E, F )) which are conormal to Δ_{sus−sc} and to sf_{sus(V )}, vanish to infinite order on all other boundary faces, and decay rapidly with all derivatives at infinity in V . Here π : Y^2_{sus(V )−C,sc} → Y ×_C Y is the projection.

We can finally define the normal operator at the front face essentially as the restriction of the kernel to sf_C; or as the inverse Fourier transform of the indicial operators (cf. (6.15)). We actually have slightly more structure than this (after all, we want to realize the normal operator as an operator). First we note the lift of the basis vector fields on the left factor of X^2 (as in (2.8)) from X^2 to X^2_{3sc}. Namely, as calculated in [22], they lift to

∂_S + xV_b(X^2_{3sc}), ∂_Y + xV_b(X^2_{3sc}), ∂_Z + xV_b(X^2_{3sc})

(6.28)

in both coordinate systems (3.8) and (3.9). In particular, restricted to sf_C they become ∂_S , ∂_Y and ∂_Z respectively. This means that we can naturally identify scT_pX with the fibers z = z(p), Ȳ = const of int(sf_C) since the lift from the left factor gives translation invariant vector fields on the these fibers which can be identified with points of the fibers. Thus, we have a natural identification of 3scT_ff [X; C] with sf_C. Hence, the subspace β^∗_ff^{sc}T (C; X) is also identified with a submanifold of sf_C, namely with Y = 0. More generally, the lift of^{sc}T (C; X) gives a ‘distribution’ on sf_C whose integral submanifolds correspond to elements of^{3sc}T_ff [X; C] with the same image in the tangent space T β^{−1}(p). These are the submanifolds Y = const. Now the splitting^{sc}T X = W ⊕^{sc}T (C; X) over C means that we have a splitting^{3sc}T_q[X; C] = T_qβ^{−1}(p) ⊕ β^∗_q^{sc}T (C; X). We can identify T β^{−1}(p) with (β^{−1}(p))^2 by the exponential map, that is by (Ȳ , β) → (Ȳ , Ȳ − β), which gives us an identification of sf_C with ff ×_C ff ×_C^{sc}T (C; X). Thus, we are exactly in the setting of Definition 6.8 with β : ff → C a fibration, and V = scT (C; X) → C a vector bundle. We can then regard the restriction of the kernel of A ∈ Ψ^{m,0}_{3sc} (X) to sf_C as a distribution on this space, and directly from the definition of Ψ^{m,0}_{3sc} (X), we obtain an element, N_{ff,0}(A), of Ψ^{m,0}_{sus(V )−C,sc}(ff).

There is a better way of thinking about this which is more analogous to [20]. As noted in Section 4, Y can be replaced by Ȳ^′ as a coordinate on sf_C: Y = Ȳ − Ȳ^′. In these coordinates the identification of (β^{−1}(p))^2 ×^{sc}T_p(C; X) with the submanifolds of sf_C given by z = const is more natural, but it still depends on the choice of W since there is no natural origin S = 0, Z = 0 to correspond to the fibers of^{sc}T (C; X).

Since the convolution kernel of

N_{ff,0,p} : Ψ^{m,0}_{3sc} (X) → Ψ^{m,0}_{sus(V ),sc}(β^{−1}(p)),

(6.29)

as in (6.22), is just the inverse Fourier transform of the indicial operator over β^{−1}(p) (giving a distributional density as required) as follows from (6.15), multiplicativity of N_{ff,0} follows from the corresponding property of indicial operators. For general l ∈ R, A ∈ Ψ^{m,l}_{3sc} (X), we define N_{ff,l}(A) = N_{ff,0}(x^{−l}A). We thus conclude: Proposition 6.9. The normal operator at the front face, N_{ff,l}, gives a multiplicative short exact sequence

0 →ρ_{sfC} Ψ^{m,l}_{3sc} (X; E, F ) → → Ψ^{m,l}_{3sc} (X; E, F )^{Nff,l}−−−−→ Ψ^{m,0}_{sus(V )−C,sc}(ff; E, F ⊗ |N^∗∂X|^{−l}) → 0 (6.30)

with V =^{sc}T (C; X), the relative scattering tangent bundle of C in X.

7. Commutators The proof of the propagation of singularities used in this paper is based on a positive commutator estimate. We thus proceed to compute the commutator of A ∈ Ψ^{m,0}_{3sc} (X), B ∈ Ψ^{m′ ,0}_{3sc} (X). As we saw in Section 6, in general we only have [A, B] ∈ ρ_{mf} Ψ^{m+m′ −1,0}

3sc (X), but if [Â_ff(ξ), B̂_ff (ξ)] = 0 for all ξ ∈ W^⊥, then [A, B] ∈ Ψ^{m+m′ −1,1} 3sc (X). Since this happens in many interesting cases, we need to compute [A, B] modulo Ψ^{m+m′ −2,2}_{3sc} (X). In fact, we are interested in ^[A, B]_{ff,1} (under the assumption that [A, B] ∈ Ψ^{m+m′ −1,1}_{3sc} (X)), so it suffices to compute [A, B]u for u ∈ Ċ^∞_ff ([X; C]).

Lemma 7.1. If u ∈ Ċ^∞_ff ([X; C]), A ∈ Ψ^{m,0}_{3sc} (X), then Au ∈ Ċ^∞_ff ([X; C]) and

Au = A_ff u + x((∂_xA)u + A_ff (∂_xu) − (D_τ Â_ff (0))(Ȳ ∂¯_Y u) + (D_νÂ_ff (0))(∂_z u)) mod x^2Ċ^∞_ff ([X; C]).

(7.1)

Proof. Since in the local coordinates valid in the interior of ff (which suffice as u ∈ Ċ^∞_ff ([X; C])) Au(x, Ȳ , z) = ∫ A(x, Ȳ , z, S, Y, Z)u(x(1 − xS), Ȳ − Y 1 − xS , z − xZ) dS dY dZ, (7.2) differentiation with respect to x gives

∂_xAu(x, Ȳ , z) = ∫ (∂_xA)(x, Ȳ , z, S, Y, Z)u(x(1 − xS), Ȳ − Y 1 − xS , z − xZ) dS dY dZ + ∫ A(x, Ȳ , z, S, Y, Z)((1 − 2Sx)∂_x + S Ȳ − Y (1 − xS)^2

∂¯_Y − Z∂_z ) u(x(1 − xS), Ȳ − Y 1 − xS , z − xZ) dS dY dZ.

(7.3)

Restricting this to ff, i.e. letting x = 0, gives

∂_xAu(0, Ȳ , z) = ∫ (∂_xA)(0, Ȳ , z, S, Y, Z)u(0, Ȳ − Y, z) dS dY dZ + ∫ A(0, Ȳ , z, S, Y, Z)(∂_x + S(Ȳ − Y )∂¯_Y − Z∂_z)u(0, Ȳ − Y, z) dS dY dZ.

(7.4)

Now, the first term is just (∂_xA)_ff u, ∂_x denoting the derivative of the kernel of A; here ∂_xA ∈ Ψ^{m,0}_{3sc} (X) since the kernel is in the appropriate space. The second term is A_ff (∂_xu), while the last term is

− ∫ ( ∫ ZA(0, Ȳ , z, S, Y, Z) dS dZ)(∂_zu)(0, Ȳ − Y, z) dY = ∫ D_ν F_{S,Z}A(0, Ȳ , z, 0, Y, 0)(∂_zu)(0, Ȳ − Y, z) dY = (D_νÂ_ff (0))(∂_zu),

(7.5)

and the third is of similar form taking into account that (Ȳ − Y )∂¯_Y u(0, Ȳ − Y, z) = (Ȳ ∂¯_Y u)(0, Ȳ − Y, z). (7.6) Since Au − Au|_ff − x(∂_xAu)|_ff ∈ x^2C^∞(X), this proves the lemma.

We can now discuss commutators.

Lemma 7.2. If A ∈ Ψ^{m,0}_{3sc} , B ∈ Ψ^{m′ ,0}_{3sc} (X) and u ∈ Ċ^∞_ff ([X; C]), then

[B, A]u = [B_ff , A_ff ]u + x[B_ff , A_ff]∂_xu + x[(∂_xB)_ff , A_ff ]u + x[B_ff , (∂_xA)_ff ]u + x([D_νÂ_ff (0), B_ff ] + [A_ff , D_νB̂_ff (0)])∂_zu + xD_τ Â_ff (0)[Ȳ , B]∂¯_Y u − xD_τ B̂_ff (0)[Ȳ , A]∂¯_Y u − x([B_ff , D_τ Â_ff (0)] − [D_τ B̂_ff , A_ff ])Ȳ ∂¯_Y u − x(D_τ B̂_ff (0)(Ȳ ∂¯_Y A) − D_τ Â_ff (0)(Ȳ ∂¯_Y B))u + x(D_νB̂_ff (0)(∂_zA_ff ) − D_νÂ_ff (0)(∂_z B_ff ))u (mod x^2Ċ^∞_ff ([X; C])).

(7.7)

Proof. This is just an application of the previous lemma; first one calculates Au modulo x^2C^∞([X; C]), then B(Au) the same way, and one deals with A(Bu) similarly. In addition we write ∂_z(A_ff u) = (∂_zA_ff )u + A_ff ∂_z u,

(7.8) and ∂¯_Y (A_ff u) similarly.

It is easy to extend this result to the indicial operators since for f̃ ∈ C^∞(X) [A, B]^{f̃} = e^{−if̃/x}[A, B]e^{if̃/x} = [e^{−if̃/x}Ae^{if̃ /x}, e^{−if̃/x}Be^{if̃ /x}]. (7.9)

However, in general [A, B]^{f̃} u, regarded as an element of Ċ^∞_ff ([X; C])/x^2Ċ^∞_ff ([X; C]), depends on f̃ in a more complicated way than in the case of the indicial operators where we quotiented out by xĊ^∞_ff ([X; C]). The situation is much simpler if [B̂_ff , Â_ff ] = 0 on W^⊥. Then [B, A] ∈ Ψ^{m+m′ −1,1}_{3sc} (X), and [B, A]^{f̃} gives the indicial operator of [B, A], which hence depends only on f(0, z_0) and df(0, z_0) where f = f̃ |_{∂X}. In this case we can simply center our coordinate system at (0, z_0), i.e. we may assume that z_0 = 0, assume that u is supported near z = 0, and we can take f(y, z) = −τ + νz to calculate ^[A, B](0, τ, ν), since the result of the computation is independent of all such choices.

Proposition 7.3. If A ∈ Ψ^{m,0}_{3sc} (X), B ∈ Ψ^{m′,0}_{3sc} (X) and [B̂_ff , Â_ff ] = 0 on W^⊥, then [B, A] ∈ Ψ^{m+m′ −1,1} 3sc (X) and ^ [B, A]_{ff,1} = [(∂_xB̂)_ff , Â_ff ] + [B̂_ff , (∂_xÂ)_ff ] + (D_τ Â_ff )[Ȳ , B̂_ff ]∂¯_Y − (D_τ B̂_ff )[Ȳ , Â_ff]∂¯_Y + ((D_τ Â_ff )(Ȳ ∂¯_Y B̂_ff ) − (D_τ B̂_ff )(Ȳ ∂¯_Y Â_ff )) + ((D_νB̂_ff )(∂_zÂ_ff ) − (D_νÂ_ff )(∂_zB̂_ff )) + ((ν · D_νÂ_ff )(∂_τ B̂_ff ) − (ν · D_νB̂_ff )(∂_τ Â_ff )).

(7.10)

Proof. The additional ingredient to Lemma 7.2 is the understanding of operators such as (∂_xA^{f̃} )_ff and (∂_zA^{f̃} )_ff . Now, with our choice of f = −τ + νz, A^{f̃} |_ff (Ȳ , z, Y ) = ∫ e^{i(S(−τ+zν)−Zν)}A(0, Ȳ , z, S, Y, Z) dS dZ, (7.11) so ∂_{zj} A^{f̃} |_ff (Ȳ , z, Y ) = ν_j ∫ iSe^{i(S(−τ+zν)−Zν)}A(0, Ȳ , z, S, Y, Z) dS dZ + ∫ e^{i(S(−τ+zν)−Zν)}∂_{zj} A(0, Ȳ , z, S, Y, Z) dS dZ. (7.12)

Thus, restricting to z = 0 gives ∂_{zj} A^{f̃} |_ff (Ȳ , 0, Y ) = −ν_j∂_τ Â_ff (Ȳ , 0, Y ) + ∂_{zj} Â_ff (Ȳ , 0, Y ).

(7.13) Substituting this into Lemma 7.2 and noting that D_ν [Â_ff , B̂_ff ] = [D_νÂ_ff , B̂_ff ] + [Â_ff , D_νB̂_ff ],

(7.14) with a similar result for D_τ , proves the proposition.

It is interesting to see how this proposition gives the usual commutator formula if A ∈ Ψ^{m,0}_{sc} (X), B ∈ Ψ^{m′,0}_{sc} (X). In that case the kernel of A is the pull back of a distribution A^′ on X^2_{sc}, so A(x, Ȳ , z, S, Y, Z) = A^′(x, xȲ , z, S, Y, Z). (7.15) Let a^′ be the Fourier transform of A^′ in S, Y and Z, i.e. it gives j_{sc,m,0}(A^′) when restricted to C_{sc}X, and define b^′ similarly. Thus, Â_ff (z, τ, ν, Ȳ , Y ) = F^{−1}_μ a^′(0, 0, z, τ, Y, ν), (7.16)

(∂_xÂ)_ff (z, τ, ν, Ȳ , Y ) = ∂_xF^{−1}_μ a^′(0, 0, z, τ, Y, ν) + ∑ j Ȳ_j ∂_{yj} F^{−1}_μ a^′(0, 0, z, τ, Y, ν). (7.17)

Thus, the only dependence on Ȳ in (7.10) comes from the multiplication by Ȳ_j in expressions such as the last term of (7.17). Thus, we can explicitly compute the operator commutators in (7.10). Moreover,

[B̂_ff , (∂_xÂ)_ff ] = ∑ j [B̂_ff , Ȳ_j]∂_{yj} F^{−1}_μ a^′(0, 0, z, τ, Y, ν) = ∑ j F^{−1}_μ D_{μj} b^′(0, 0, z, τ, Y, ν)∂_{yj}F^{−1}_μ a^′(0, 0, z, τ, Y, ν). (7.18)

Similarly,

[Ȳ_j, B̂_ff ] = −F^{−1}_μ D_{μj} b^′.

(7.19)

The other terms can be computed similarly giving ^ [B, A]_{ff,1} = ∑ j F^{−1}_μ ((D_{μj} b^′)(∂_{yj} a^′) − (D_{μj} a^′)(∂_{yj} b^′)) + ∑ j F^{−1}_μ ((D_{νj} b^′)(∂_{zj} a^′) − (D_{νj} a^′)(∂_{zj} b^′))

+ F^{−1}_μ ((ν · D_ν a^′)(∂_τ b^′) − (ν · D_ν b^′)(∂_τ a^′)) + F^{−1}_μ ((μ · D_μa^′)(∂_τ b^′) − (μ · D_μb^′)(∂_τ a^′)).

(7.20)

Here the right hand side is just the inverse Fourier transform of the standard (rescaled) Poisson bracket formula [22, Equation 5.23] of the scattering calculus, as expected.

8. Mapping properties Proposition 8.1. If A ∈ Ψ^{0,0}_{3scc}(X) and L^2_{sc}(X) is defined with respect to a scattering density, ν ∈ C^∞(X;^{sc}Ω(X)), then A defines a bounded linear operator on L^2_{sc}(X).

Proof. This can be proved by the construction of an approximate square root as usual, at least in the case of A ∈ Ψ^{0,0}_{3sc}(X) where we have discussed the symbol and indicial maps in detail, or simply using the local description of kernels which implies that with X = S^N_+ , Ψ^{0,0}_{3scc}(X) ⊂ Ψ^0_∞(R^N) (this is the algebra corresponding to symbols in [16, Definition 18.1.1]), so we can apply Hörmander’s theorem [16, Theorem 18.1.11].

Corollary 8.2. If A ∈ Ψ^{m,l}_{3scc}(X) then for all m^′, l^′ ∈ R, A defines a continuous operator from H^{m′,l′}_{sc} (X) to H^{m′−m,l′ +l}_{sc} (X). In particular, if m < 0, l > 0, then A is a compact operator on L^2_{sc}(X).

Proof. Suppose m^′ > 0, l^′ > 0. Let P_0 ∈ Ψ^{|m′|/2,0}_{sc} (X) be fully elliptic (i.e. j_{sc,|m}′_{|/2,0}(P ) is invertible). Then Q_0 = Id +P^∗_0 P_0 ∈ Ψ^{|m′|,0}_{sc} (X) is invertible with Q^{−1}_0 ∈ Ψ^{−|m′|,0} sc (X). If m^′ ≥ 0 let Q = Q_0x^{−l′} , while if m^′ < 0 let Q = Q^{−1}_0 x^{−l′} .

Thus, Q ∈ Ψ^{m′ ,−l′}_{sc} (X) is invertible with inverse Q^{−1} ∈ Ψ^{−m′ ,l′}_{sc} (X). Similarly, we can construct Q^′ ∈ Ψ^{m′ −m,−l′ −l} sc (X) with inverse in Ψ^{−m′+m,l′ +l} sc (X). Now, Q^′AQ^{−1} ∈ Ψ^{0,0}_{3scc}(X), so by the proposition Q^′AQ^{−1} is bounded on L^2_{sc}(X). Since Q ∈ B(H^{m′ ,l′}_{sc} (X), L^2_{sc}(X)) and (Q^′)^{−1} ∈ B(L^2_{sc}(X), H^{m′ −m,l′ +l}_{sc} (X)), the composite operator is A = (Q^′)^{−1}(Q^′AQ^{−1})Q ∈ B(H^{m′ ,l′}_{sc} (X), H^{m′ −m,l′ +l}_{sc} (X)). (8.1)

Proposition 8.3. If A ∈ Ψ^{m,l}_{3sc} (X), and σ_m(A), N_{mf,l}(A) and N_{ff,l}(A) are invertible, then there exists P ∈ Ψ^{−m,−l}_{3sc} (X) such that P A − Id ∈ Ψ^{−∞,∞}_{3sc} (X), AP − Id ∈ Ψ^{−∞,∞}_{3sc} (X). (8.2)

Proof. This is just the standard proof using the symbol calculus. Thus, using the full ellipticity and the exactness of the symbol mappings we can find P_0 ∈ Ψ^{−m,−l} 3sc (X) such that

σ_{−m}(P_0) = σ_m(A)^{−1}, N_{mf ,−l}(P_0) = N_{mf,l}(A)^{−1}, N_{ff,−l}(P_0) = N_{ff,l}(A)^{−1}.

(8.3)

Thus,

R_L = P_0A − Id ∈ Ψ^{−1,1}_{3sc} (X), R_R = AP_0 − Id ∈ Ψ^{−1,1}_{3sc} (X).

(8.4)

Then we asymptotically sum the Neumann series

P_R ∼ P_0(Id + ∞∑ j=1 (−1)^j R^j_R),

(8.5)

and define P_L similarly. The standard argument shows then that P_L − P_R ∈ Ψ^{−∞,∞} 3sc (X), so we can take P to be either one of these two.

9. Wavefront set

Just as Melrose has defined the scattering wave front set, WF_{sc}, arising from Ψ^{∞,−∞} sc (X), on the boundary C_{sc}X of^{sc}T̄^∗X, we can define an analogous notion of wave front set for Ψ^{∞,−∞}_{3sc} (X). In fact, since the operators for which we want do develop a scattering theory are elliptic in the usual sense, i.e. σ_{3sc,m}(H) is invertible for these H, we will only consider the part of the wave front set which captures the behavior of distributions at ∂X. First, however, we define the simpler notion of operator wave front set.

The operator wave front set, WF^′_{3sc}, of elements of Ψ^{m,l}_{3sc} (X) is closely related to the indicial operators. Namely, for A ∈ Ψ^{m,l}_{3sc} (X) we could first consider the set of points α ∈^{3sc}T^∗_{mf} [X; C] which have a neighborhood in^{3sc}T^∗_{mf} [X; C] on which Â_{mf,l} vanishes and call it the complement of the ‘top order operator wave front set of A at mf’. Similarly we could define ‘the top order operator wave front set of A at ff’ by saying that ξ ∈ W^⊥ is not in it if ξ has a neighborhood on which Â_{ff,l} vanishes. Although the ‘full indicial operator’ of A is not well defined, the following statement has an invariant meaning: the amplitude of A, a(A) ∈ x^lρ^{−m}_∞ C^∞(^{3sc}T̄^∗[X; C]), defined as the Fourier transform of the kernel of A in S, Y and Z given by some local coordinates on X (as in Section 2), vanishes to infinite order on a neighborhood of α in^{3sc}T̄^∗_{mf} [X; C] or on a neighborhood of β^{−1}(π^⊥)^{−1}({ξ}) ⊂^{3sc}T̄^∗_{∂[X;C]}[X; C]. Here π^⊥ :^{sc}T^∗_C X → W^⊥ is the projection. As a general principle we should work on compact spaces. Hence we consider the radial compactification W̄^⊥ of W^⊥. If K ⊂ W̄^⊥ is closed and K = cl(int(K)), by β^{−1}(π^⊥)^{−1}(K) we mean the set cl(β^{−1}(π^⊥)^{−1}(K ∩ int(W̄^⊥))). It is also useful to have the notion of operator wave front set at^{3sc}S^∗X corresponding to the symbol map. Thus, the operator wave front set will be defined on the disjoint union of three compact manifolds with corners:

C_{3sc}[X; C] =^{3sc}S^∗[X; C] ∪^{3sc}T̄^∗_{mf} [X; C] ∪ W̄^⊥.

(9.1)

We thus make the following definition.

Definition 9.1. The operator wave front set,

WF^′_{3sc}(A) = WF^′_{3sc,σ}(A) ∪ WF^′_{3sc,mf} (A) ∪ WF^′_{3sc,ff}(A) ⊂ C_{3sc}[X; C],

(9.2) of A ∈ Ψ^{m,l}_{3sc} (X) is given by

scT^∗_{∂X} X \ WF^′_{3sc,mf} (A) = {α ∈^{3sc}T̄^∗_{mf} X : ∃U ⊂^{3sc}T̄^∗_{mf} [X; C] open such that α ∈ U, a(A) vanishes to infinite order on cl(U )}

(9.3)

at mf, and at ff by

W̄^⊥ \ WF^′_{3sc,ff} (A) = {ξ ∈ W̄^⊥ : ∃U ⊂ W̄^⊥ open such that ξ ∈ U, a(A) vanishes to infinite order on β^{−1}(π^⊥)^{−1}(cl(U ))}.

(9.4)

Finally, at^{3sc}S^∗[X; C] it is given by

3scS^∗[X; C] \ WF^′_{3sc,σ} (A) = {α ∈^{3sc}S^∗[X; C] : ∃U ⊂^{3sc}S^∗[X; C] open such that α ∈ U, a(A) vanishes to infinite order on cl(U )}.

(9.5)

It follows immediately from the definition that WF^′_{3sc}(A) = ∅ implies that a(A) vanishes to infinite order at ∂^{3sc}T̄^∗[X; C], so A ∈ Ψ^{−∞,∞}_{3sc} (X). We also have the corresponding ‘partial residual’ results, i.e. for A ∈ Ψ^{m,l}_{3sc} (X) WF^′_{3sc,σ}(A) = ∅ ⇒ A ∈ Ψ^{−∞,l}_{3sc} (X),

(9.6)

WF^′_{3sc,mf} (A) = ∅ and WF^′_{3sc,ff}(A) = ∅ ⇒ A ∈ Ψ^{m,∞}_{3sc} (X).

(9.7) The operator wave front set behaves under composition just as expected. Lemma 9.2. If A ∈ Ψ^{m,l}_{3sc} (X), B ∈ Ψ^{m′ ,l′}_{3sc} (X), then WF^′_{3sc}(AB) ⊂ WF^′_{3sc}(A) ∩ WF^′_{3sc}(B).

(9.8) Proof. This follows easily from the microlocality of the composition formula. In particular, at the top level at ff, ^AB_{ff,l+l}′ = Â_{ff,l}B̂_{ff,l}′ , which vanishes if either factor on the right hand side vanishes. This argument extends to the full amplitude and to the other faces.

We now show the existence of a microlocal parametrix of operators A ∈ Ψ^{m,l}_{3sc} (X) whose normal operator is microlocally invertible. Such a result holds in the scattering calculus, so we only need to concern ourselves with the behavior at C. Lemma 9.3. If A ∈ Ψ^{m,l}_{3sc} (X), ξ_0 ∈ W^⊥, Â_ff (ξ_0) is invertible, then there exists B ∈ Ψ^{−m,−l} 3sc (X) such that ξ_0 /∈ WF^′_{3sc,ff} (AB − Id), ξ_0 /∈ WF^′_{3sc,ff} (BA − Id).

(9.9) Proof. We only consider m = l = 0; the extension to other values of m and l is straightforward. Let a ∈ C^∞([X; C] × S^N_+) be the left symbol of A, and let b_0 ∈ C^∞(U × S^n_+ × S^n_+) be the symbol of Â_ff (ξ)^{−1} when ξ ∈ U , a sufficiently small neighborhood of ξ_0 in W^⊥. We wish to show that there exists a symbol b ∈ C^∞([X; C] × S^N_+) which restricts to b_0 in U^′ × S^n_+ × S^n_+ for some U^′ open containing ξ_0. But the invertibility of Â_ff (ξ_0) implies that Â_{mf} (α) ≠ 0 if β(α) = ξ_0, i.e. a(0, Ŷ_j, z_0, τ_0, μ, ν_0) is invertible for all μ and Ŷ_j. In fact, more is true. Compactifying the fibers of^{3sc}T^∗[X; C] to obtain^{3sc}T̄^∗[X; C], we see that a(p, (0, μ̂, 0)) ≠ 0 for any μ̂ ∈ S^{n−1}, p ∈ ff. This allows us to define b^′ on a neighborhood of U^′ by b = a^{−1} away from the interior of ff ×S^N_+ , and b_0 on U . Let ϕ ∈ C^∞(^{3sc}T̄^∗[X; C]) be identically 1 at (0, Ȳ , z_0, τ_0, μ, ν_0) and be supported in a small neighborhood V of this set in^{3sc}T̄^∗[X; C], and let b_1 = ϕb^′, B_1 = q_L(b). Then B_1A − Id = R_1 + R_2 where R_1 ∈ Ψ^{−1,1}_{3sc} (X) and the left symbol of R_2 vanishes in an open subset V^′ of V containing S = β^{−1}(π^⊥)^{−1}(ξ_0). We can now follow the usual argument (asymptotic summation of the Neumann series) to remove R_1 and obtain B such that BA − Id = R^′_2, R^′_2 vanishing in V^{′′} ⊂ V^′ open still containing S. Thus, ξ_0 /∈ WF^′_{3sc}(R^′_2), and B satisfies the second equation in (9.9). Now, we could have constructed similarly B^′ satisfying the first equation there, and the standard argument shows that ξ_0 /∈ WF^′_{3sc}(B − B^′), so B also satisfies the first equation.

Remark 9.4. If K ⊂ C_{3sc}[X; C] is compact and A is elliptic on K, then essentially the same proof shows that we can pick B ∈ Ψ^{−m,−l}_{3sc} (X) such that

K ∩ WF^′_{3sc}(AB − Id) = ∅, K ∩ WF^′_{3sc}(BA − Id) = ∅.

(9.10)

We define the wave front set WF_{3sc}, consisting of two pieces: one at mf and one at ff. For u ∈ C^{−∞}(X) we want

WF_{3sc,mf} (u) ⊂^{sc}T^∗_{∂X} X, WF_{3sc,ff} (u) ⊂ W^⊥.

(9.11)

Definition 9.5. The relative 3-body scattering wave front set, WF^{m,l}_{3sc} (u), of u ∈ C^{−∞}(X) (‘relative’ to H^{m,l}_{sc} (X)), is given by

scT^∗_{∂X} X \ WF^{m,l}_{3sc,mf} (u) = {p ∈^{sc}T^∗_{∂X} X : ∃A ∈ Ψ^{0,0}_{3sc}(X) such that Au ∈ H^{m,l}_{sc} (X)

and Â_{mf} (q) ≠ 0 ∀q ∈^{3sc}T^∗_{mf} [X; C] with β(q) = p}

(9.12)

at mf, while at ff by

W^⊥ \ WF^{m,l}_{3sc,ff} (u) = {p ∈ W^⊥ : ∃A ∈ Ψ^{0,0}_{3sc}(X) such that Â_ff (p) is invertible, Au ∈ H^{m,l}_{sc} (X)}.

(9.13)

The absolute 3-body scattering wave front set, WF_{3sc}(u), is defined by replacing H^{m,l}_{sc} (X) by Ċ^∞(X) in (9.12) and (9.13).

First note that for u ∈ C^{−∞}(X)

WF_{3sc,mf} (u) ∩^{sc}T^∗_{∂X\C} X = WF_{sc}(u) ∩^{sc}T^∗_{∂X\C} X.

(9.14)

In fact, it is clear from the definition that the left hand side is a subset of the right hand side. On the other hand, if p /∈ WF_{3sc,mf} (u), p ∈^{sc}T^∗_{∂X\C} X and A ∈ Ψ^{0,0}_{3sc}(X) is such that Â(p) ≠ 0, Au ∈ Ċ^∞(X), then let ρ ∈ C^∞(X) be supported in X \ C, identically 1 near π(p), π :^{sc}T^∗X → X being the projection. Then we have ρA ∈ Ψ^{0,0}_{sc} (X), j_{sc,0,0}(ρA)(p) ≠ 0, ρAu ∈ Ċ^∞(X), so p /∈ WF_{sc}(u).

There is a natural map from^{sc}T^∗_C X to W^⊥ given by π^⊥, the orthogonal projection to W^⊥. Now, if A ∈ Ψ^{0,0}_{3sc}(X) and Â_ff (ξ) ∈ Ψ^{0,0}_{sc} (S^n_+) is invertible for some ξ ∈ W^⊥, then certainly j_{sc,0,0}(Â_ff (ξ)) is invertible. But this means that for all q ∈^{3sc}T^∗_{mf} [X; C] with π^⊥β(q) = ξ, Â_{mf} (q) ≠ 0. Thus, if p ∈^{sc}T^∗_C X, π^⊥(p) = ξ, ξ /∈ WF^{m,l}_{3sc,ff} (u) then p /∈ WF^{m,l}_{3sc,mf} (u). This means that WF_{3sc,mf} restricted to scT^∗_C X is somewhat redundant.

Note that (9.12) and (9.13) can be replaced by uniform statements over compact sets disjoint from WF_{3sc}(u). Namely if ξ /∈ WF_{3sc}(u) then by definition A_ξu ∈ Ċ^∞(X) for some A_ξ ∈ Ψ^{0,0}_{3sc}(X) with ^(A_ξ)_ff (ξ) invertible. But then ^(A_ξ )_ff is invertible on a neighborhood U_ξ of ξ in W^⊥. Let U^′_ξ be a neighborhood of ξ such that cl(U^′_ξ )) ⊂ U_ξ . Now, if K_ff ⊂ W^⊥ \ WF_{3sc,ff}(u) is compact, then {U^′_ξ : ξ ∈ K_ff } is an open cover of K_ff , so it has a finite subcover {U^′_{ξj} : j = 1, . . . , k}. Now let A = ∑ j A^∗_{ξj} A_{ξj} ∈ Ψ^{0,0}_{3sc}(X). Then Au ∈ Ċ^∞(X) by construction. Moreover, if ξ ∈ K_ff , then ξ ∈ U^′_{ξj} for some j, and on U_{ξj} , ^(A_{ξj} )_ff is invertible, so on U^′_{ξj} , A^∗_{ξj} A_{ξj} ≥ δ > 0 for some δ. Hence, Â_ff (ξ) is invertible. Since mf can be dealt with similarly, we conclude:

Lemma 9.6. Suppose that K_{mf} ⊂ WF_{3sc,mf} (u)^c and K_ff ⊂ WF_{3sc,ff} (u)^c are compact. Then there exists A ∈ Ψ^{0,0}_{3sc}(X) with Au ∈ Ċ^∞(X) and Â_ff invertible on K_ff , Â_{mf} ≠ 0 on K_{mf} .

Remark 9.7. We can easily prove the analogous result for WF^{m,l}_{3sc} (u).

In the next sections we show that the wave front set of approximate generalized eigenfunctions u of the operators we are interested in stays in a compact subset of^{sc}T^∗_{∂X} X and W^⊥. Correspondingly, we are interested in applying operators A ∈ Ψ^{−∞,l}_{3sc} (X) to u where WF^′_{3sc}(A) ⊂^{3sc}T^∗_{mf} [X; C] ∪ W^⊥, i.e. it stays away from ∂W̄^⊥ and^{3sc}T̄^∗_{mf} [X; C] ∩^{3sc}S^∗[X; C]. Although it is not true in general that WF_{3sc}(Au) ⊂ WF_{3sc}(u), we can prove the following weaker result.

Lemma 9.8. If A ∈ Ψ^{−∞,l}_{3sc} (X), u ∈ C^{−∞}(X), and WF^′_{3sc}(A) ⊂^{3sc}T^∗_{mf} [X; C] ∪ W^⊥,

(9.15) then for m^′, l^′ ∈ R WF^′_{3sc}(A) ∩ WF^{m′,l′}_{3sc} (u) = ∅ ⇒ Au ∈ H^{∞,l+l′}_{sc} (X).

(9.16)

Proof. Suppose that WF^′_{3sc}(A) ∩ WF^{m′ ,l′}_{3sc} (u) = ∅. Thus, WF^′_{3sc}(A) is a compact subset of WF^{m′,l′}_{3sc} (u)^c, so by Lemma 9.6 and the remark following it there exists P ∈ Ψ^{0,0}_{3sc}(X) with P elliptic on WF^′_{3sc}(A) and P u ∈ H^{m′ ,l′}_{sc} (X). Moreover, by Lemma 9.3 and the remark following it, there exist Q, R ∈ Ψ^{0,0}_{3sc}(X) such that Id = QP + R, and WF^′_{3sc}(R) ∩ WF^′_{3sc}(A) = ∅. Now, Au = A(QP + R)u = AQ(P u) + (AR)u. (9.17)

Since P u ∈ H^{m′,l′}_{sc} (X) and AQ ∈ Ψ^{−∞,l}_{3sc} (X), the first term is in H^{∞,l+l′}_{sc} (X). Moreover, WF^′_{3sc}(A) ∩ WF^′_{3sc}(R) = ∅, so AR ∈ Ψ^{−∞,∞}_{3sc} (X). Thus, the second term is in Ċ^∞(X), proving that Au ∈ H^{∞,l+l′}_{sc} (X).

10. Functional calculus In [30] Seeley used integration along a contour avoiding the spectrum to define complex powers of pseudo-differential operators with real symbols and to show that they were also pseudo-differential operators. He also showed that holomorphic functions of a zeroth order pseudo-differential operator on a compact manifold are also pseudo-differential operators. This method does not work directly for nonholomorphic functions of an operator, but Stokes’ theorem can be used in certain cases. In [13] Helffer and Sjöstrand applied this to compactly supported smooth functions of self-adjoint operators by using almost analytic extension. We now show that compactly supported smooth functions of pseudodifferential operators in Ψ^{m,0}_{3sc} (X) with σ_{3sc,m} elliptic, are in Ψ^{−∞,0}_{3sc} (X). Here we need an L^2 inner product defined by a smooth positive scattering density, ν ∈ C^∞(X;^{sc}Ω(X)). First, however, we state a uniform version of the parametrix construction in the scattering calculus.

Lemma 10.1. If P ∈ Ψ^{m,0}_{sc} (X) is self-adjoint, σ_{3sc,m}(P ) is elliptic, m > 0, and k > 0 is an integer then there exists a family of order k parametrices B_z = B^k_z ∈ Ψ^{−m,0}_{sc} (X), z ∈ C \ R such that (P − z)B_z − Id, B_z(P − z) − Id ∈ Ψ^{−k,k}_{sc} (X), (10.1)

and the seminorm of order k of B_z, as well as that of the error terms in (10.1) are bounded by C_k| Im z|^{−c(k)}.

Proof. Let p ∈ ρ^{−m}_∞ C^∞(X;^{sc}T̄^∗X) be a smooth extension of σ_{sc,m}(P ); here ρ_∞ is the boundary defining function of^{sc}T̄^∗X at ‘fiber-infinity’. In the uncompactified notation this just means that p is a symbol of order m on^{sc}T^∗X. Since |p − z| ≥ | Im z|, it follows from the chain rule that for T ∈ Diff^r_b(X) |T D^β_ξ (p − z)^{−1}| ≤ C_{r,β}| Im z|^{−r−|β|}⟨ξ⟩^{m−|β|} (10.2)

with C_{α,β} independent of z (in fact, it depends only on the r + |β| seminorm of p). Let Q_z be a Weyl quantization of (p − z)^{−1} (constructed by some cutoffs). Then

E_{z,L} = Id −Q_z(P − z), E_{z,R} = Id −(P − z)Q_z ∈ Ψ^{−1,1}_{sc} (X),

(10.3)

and the seminorm of order j of Q_z, E_{z,L}, E_{z,R} are bounded by C^′_j | Imz|^{−c′(j)}. Using the standard Neumann series argument we define

B_{z,L} = (Id + k−1∑ j=1 E^j_{z,L})Q_z, B_{z,R} = Q_z(Id + k−1∑ j=1 E^j_{z,R}). (10.4)

It follows from the continuity of the composition that the kth seminorms of B_{z,L} and B_{z,R}, as well as those of the error terms F_{z,L} = B_{z,L}(P − z) − Id, F_{z,R} = (P − z)B_{z,R} − Id ∈ Ψ^{−k,k}_{sc} (X) (10.5)

are bounded by C^{′′}_k | Im z|^{−k}. In addition, B_{z,L} = B_{z,L}((P − z)B_{z,R} − F_{z,R}) = (Id +F_{z,L})B_{z,R} − B_{z,L}F_{z,R} ∈ Ψ^{−m−k,k}_{sc} (X) (10.6)

with kth seminorm bounded by C̃_k| Im z|^{−c(k)}, so we can take, say, B_z = B_{z,L} in (10.1) above. This completes the proof of the lemma.

Proposition 10.2. Suppose that ϕ ∈ C^∞_c (R), and P ∈ Ψ^{m,0}_{sc} (X) is self-adjoint, σ_{m,sc} is elliptic, m > 0. Then ϕ(P ) ∈ Ψ^{−∞,0}_{sc} (X) and j_{sc,0,0}(ϕ(P ))|sc_T ∗_{∂X X} = ϕ(j_{sc,m,0}(P )).

(10.7)

Proof. Let ϕ̃ be a compactly supported almost analytic extension of ϕ. Then, as shown in [13]

ϕ(P ) = 1 2πi ∫ ¯∂_zϕ̃(z)(z − P )^{−1} dz ∧ dz̄. (10.8)

Let B_z be a family of order k parametrices as in the previous lemma. Define P̃^k_{ϕ̃} by replacing (P − z)^{−1} by B^k_z in (10.8). Interpreting the integral as that of the kernels it follows that P̃^k_{ϕ̃} ∈ Ψ^{−m,0}_{sc} (X) for all k. Moreover, using the error estimate of the previous lemma,

ϕ(P ) − P̃^k_{ϕ̃} = − 1 2πi ∫ ¯∂_zϕ̃(z)F_{z,L} dz ∧ dz̄, (10.9)

and | Im z|^kF_{z,L} is a bounded family of linear operators in B(H^{r,s}_{sc} (X), H^{r+k,s+k}_{sc} (X)) for any r and s. Hence, directly from (10.9), ϕ(P ) − P̃^k_{ϕ̃} ∈ B(H^{r,s}_{sc} (X), H^{r+k,s+k}_{sc} (X)). (10.10) Since B^{k+1}_z − B^k_z ∈ Ψ^{−m−k−1,k+1} sc (X), we also have that P̃^{k+1}_{ϕ̃} − P̃^k_{ϕ̃} ∈ Ψ^{−m−k−1,k+1} sc (X).

(10.11)

Thus, we can asymptotically sum

P̃_{ϕ̃} ∼ P^1_{ϕ̃} +^∞ ∑ k=1 (P̃^{k+1}_{ϕ̃} − P̃^k_{ϕ̃} ) ∈ Ψ^{−m,0}_{sc} (X).

(10.12)

By (10.10) ϕ(P ) − P̃_{ϕ̃} : C^{−∞}(X) → Ċ^∞(X)

(10.13)

is continuous, so it is in Ψ^{−∞,∞}_{sc} (X), proving that ϕ(P ) ∈ Ψ^{−m,0}_{sc} (X).

(10.14)

Noting that ϕ ∈ C^∞_c (R_t), we can write it as ϕ = (t^2 + 1)^{−k}ψ_k with ψ_k ∈ C^∞_c (R_t) for all k > 0. Thus, applying (10.14) for ψ_k(P ), it follows that ϕ(P ) = (P^2+1)^{−k}ψ_k(P ) is in Ψ^{k,0}_{sc} (X) for all k, i.e. in Ψ^{−∞,0}_{sc} (X).

Finally, (10.7) follows from

j_{sc,0,0}(ϕ(P )) = 1 2πi ∫ ¯∂_zϕ̃(z)j_{sc,0,0}((z − P )^{−1}) dz ∧ dz̄ = 1 2πi ∫ ¯∂_zϕ̃(z)(z − j_{sc,0,0}(P ))^{−1} dz ∧ dz̄ = ϕ(j_{sc,0,0}(P )).

(10.15)

The corresponding statement in Ψ^{m,0}_{3sc} (X) can be proved similarly.

Proposition 10.3. Suppose that ϕ ∈ C^∞_c (R), and P ∈ Ψ^{m,0}_{3sc} (X) is self-adjoint with σ_{3sc,m}(P ) is elliptic and m > 0. Then ϕ(P ) ∈ Ψ^{−∞,0}_{3sc} (X). Moreover, N_{ff,0}(ϕ(P )) = ϕ(N_{ff,0}(P )), N_{mf ,0}(ϕ(P )) = ϕ(N_{mf,0}(P )).

(10.16)

Proof. We proceed as in the case of scattering differential operators to prove ϕ(P ) ∈ Ψ^{−∞,0} 3sc (X). Thus, we first prove an analogue of Lemma 10.1. The main difference is that now we need to use that the seminorms of (P̂_ff(ξ) − z)^{−1} are bounded by powers of | Im z|^{−1}. We finish the argument as in the previous proposition.

Finally, (10.16) holds since restricting the integral (10.8) (considered as an integral of the kernels) to sf_C and sf’ gives the analogous definition of ϕ(N_{ff,0}(P )) and ϕ(N_{mf,0}(P )).

We can also show that (Id −ϕ(P ))(P − λ)^{−1} ∈ Ψ^{−m,0}_{3sc} (X) under the same assumptions as above if λ /∈ supp ϕ.

Proposition 10.4. Suppose that ϕ ∈ C^∞_c (R), λ /∈ supp ϕ, and P ∈ Ψ^{m,0}_{3sc} (X) is self-adjoint with σ_{3sc,m}(P ) is elliptic and m > 0. Then (Id − ϕ(P ))(P − λ)^{−1} ∈ Ψ^{−m,0}_{3sc} (X).

Proof. Let ϕ̃ be a compactly supported almost analytic extension of ϕ. Then f(z) = (1 − ϕ̃(z))(z − λ)^{−1} is an almost analytic extension of (1 − ϕ(t))(t − λ)^{−1} which is analytic outside a compact set. Let Γ = Γ(t) be a curve such that near Γ ϕ̃(z) vanishes, Γ(t) = |t| ± i|t| when |t| is sufficiently large and ∓t > 0, and Γ is disjoint from spec(P ). By the Cauchy-Stokes formula we need to replace (10.8) by

ϕ(P ) = 1 2πi ( ∫ ¯∂_zf(z)(z − P )^{−1} dz ∧ dz̄ + ∫ Γ f(z)(z − P )^{−1} dz. (10.17)

We can see that the first term is an element of Ψ^{−∞,0}_{3sc} (X) exactly as above. On Γ we have f(z) = (z − λ)^{−1}, so we can apply a construction analogous to Seeley’s [30] to conclude that the second term is indeed in Ψ^{−m,0}_{3sc} (X).

11. The Hamiltonian

In this section we start using the machinery developed in the first half of the paper to analyze the three-body type problems described in the Introduction. First, we remark that the Laplacian, Δ, of a scattering metric g = dx^2 x^4 + h x^2

(11.1)

where h is a smooth symmetric 2-tensor when restricted to ∂X is in Diff^2_{sc}(X) (see Melrose’s paper [22]). Its normal operator is the flat Laplacian on^{sc}T_pX, p ∈ ∂X, of the metric induced by g.

From now on we choose the bundle W used in the construction of the indicial operator, Definition 6.2, to be the orthocomplement of^{sc}T (C; X). Thus, if p ∈ C, we can choose coordinates (y, z) on a neighborhood U of p in ∂X, such that x∂_{yj} give an orthonormal basis of W_q at each q ∈ U ∩ C. Hence in these coordinates, henceforth called coordinates adapted to W^⊥, the dual boundary metric h (restricted to T^∗∂X) becomes

h = ∑ h^{ij}_{nn}(y, z)∂_{yi} ∂_{yj} + ∑ h^{ij}_{nt}(y, z)(∂_{yi} ∂_{zj} + ∂_{zj} ∂_{yi} ) + ∑ h^{ij}_{tt}(y, z)∂_{zi} ∂_{zj} (11.2)

with h^{ij}_{nn}(0, z) = δ_{ij} , h^{ij}_{nt}(0, z) = 0. (11.3)

Note that g fixes x modulo x^2C^∞(X) (to make g of the form in (11.1)), so W induces a splitting of T_C ∂X and T^∗_C ∂X. Namely, T^∗_C ∂X = N^∗C ⊕ W̃^⊥, W̃^⊥ being the orthocomplement of N^∗C ⊂ T^∗_C ∂X with respect to h|_{∂X} . In particular, we can identify T^∗C with W̃^⊥. We define

h̃ = h|_{W̃ ⊥} = ∑ ij h^{ij}_{tt} (0, z)∂_{zi} ∂_{zj} (11.4) which is a metric on W̃^⊥, i.e. it can be thought of as a metric on T^∗C. We denote the metric functions by g, h, h̃ as well, so h̃ ∈ C^∞(W̃^⊥) is given in these local coordinates by h̃(z, ν) = ∑ ij h^{ij}_{tt}(0, z)ν_iν_j. (11.5)

We will also use the following notation: h̃(z, ν) = h̃_z(ν) = |ν|^2_z, (11.6)

and similarly for h and g.

Since in the scattering calculus N̂_{sc}(Δ) = g, N_{sc,p}(Δ) = Δ_{g(p)}, Lemma 4.2 implies that the restriction of Δ to ff, now considering Δ as an element of Ψ^{2,0}_{3sc}(X), is Δ_{g|W} . This can also seen very explicitly from the local coordinate expression for Δ. Namely, the standard formula for the Laplacian of a metric in local coordinates x_j, i.e. Δ = ∑ i,j 1 √ det(g_{kl}) D_i g^{ij} √ det(g_{kl}) D_k,

(11.7)

gives

Δ = (x^2D_x)^2 + x^2Δ_{h|∂X} mod x Diff^2_{sc}(X),

(11.8)

(see [22, Lemma 3]), and (11.3) implies then (by the same formula) Δ_{h|∂X} = ∑ j D^2_{yj} + ∑ h^{ij}_{tt} (0, z)D_{zi} D_{zj} mod I(C) Diff^2(∂X),

(11.9)

I(C) ⊂ C^∞(∂X) denoting the ideal of smooth functions on ∂X which vanish at C. Thus by (2.9), the coordinate expression for Δ in the interior of ff, in the coordinates (2.2) which are valid there, becomes

Δ = (x^2D_x)^2 + ∑ j D^2_{Ȳj} + ∑ ij h^{ij}_{tt} (0, z)(xD_{zi} )(xD_{zj} ) mod ρ_ff Diff^2_{3sc}(X).

(11.10)

The last term of (11.10) is just x^2Δ_{h̃} modulo x^3 Diff^1(C). Hence, we have proved the following lemma.

Lemma 11.1. For the Laplacian Δ of a scattering metric (11.1), Δ_ff is the Laplacian of the translation invariant metric on the fibers β^{−1}(p) of ff (p ∈ C) given by the push-forward in Lemma 4.2. The indicial operator is Δ_ff + τ^2 + |ν|^2_z if we choose W in Definition 6.2 to be the orthocomplement of^{sc}T (C; X) with respect to g. Correspondingly, the normal operator is Δ_ff + Δ_{g|}sc_{T (C;X)}, Δ_{g|}sc_{T (C;X)} denoting the Laplacian of the lift of g|sc_{T (C;X)} to β^{∗sc}T (C; X).

In this paper we shall consider operators of the following type:

H = Δ + V, V ∈ ρ_{mf} C^∞([X; C]; R), Δ = Δ_g, g as in (11.1).

(11.11)

We proceed to analyze the characteristic set of H to conclude a regularity result outside it.

The characteristic set Σ_{Δ−λ} of Δ − λ, λ ∈ R, on X is the submanifold of^{sc}T^∗_{∂X} X where j_{sc,2,0}(Δ−λ) = 0. Thus, using the product decomposition of^{sc}T^∗_{∂X} X induced by the choice of x to bring the metric to the form (11.1) we have Σ_{Δ−λ} = {(τ, q) ∈ R× T^∗∂X : τ^2 + h(q) = λ}. (11.12)

In the local coordinates (y, z) discussed above, we have Σ_{Δ−λ} = {(y, z, τ, μ, ν) : τ^2 + h_{(y,z)}(μ, ν) = λ}, (11.13) so Σ_{Δ−λ} ∩^{sc}T^∗_C X = {(0, z, τ, μ, ν) : τ^2 + |μ|^2 + |ν|^2_z = λ}.

(11.14) Thus, with π^⊥ :^{sc}T^∗_C X → W^⊥ the orthogonal projection, π^⊥(Σ_{Δ−λ} ∩^{sc}T^∗_C X) = {(z, τ, ν) : τ^2 + |ν|^2_z ≤ λ}.

(11.15) This set splits into two parts. In fact, with Σ_n(λ) = {(z, τ, ν) : τ^2 + |ν|^2_z < λ},

(11.16)

Σ_t(λ) = {(z, τ, ν) : τ^2 + |ν|^2_z = λ},

(11.17) we see that on (π^⊥)^{−1}(Σ_n(λ)) ∩ Σ_{Δ−λ}, μ ≠ 0, while on (π^⊥)^{−1}(Σ_t(λ)) ∩ Σ_{Δ−λ}, μ vanishes. As we shall see this corresponds to the (rescaled) Hamiltonian vector field^{sc}H_g of g being normal or tangent to^{sc}T^∗_C X at points on Σ_{Δ−λ}, which in turn will affect the propagation results considerably. Note that Σ_n(λ) = ∅ if λ ≤ 0, and Σ_t(λ) = ∅ if λ < 0.

By our assumption on V it follows that σ_{3sc,2}(H − λ) is elliptic, ^(H − λ)_{mf} = Δ_{mf} −λ, so the characteristic set of H −λ on mf is exactly Σ_{Δ−λ}. Now, the indicial operator of H at ff is Ĥ_ff = Δ_ff + V_ff + τ^2 + |ν|^2_z = H_ff(z) + τ^2 + |ν|^2_z.

(11.18) Now H_ff(z) − σ is invertible with the inverse in Ψ^{−2,0}_{sc} (S^n_+) if and only if σ < 0 and σ /∈ spec_p(H_ff (z)). Note that spec_p(H_ff (z)) \ {0} ⊂ (a, 0), a < 0,

(11.19) is discrete, and each eigenspace is finite dimensional by analytic Fredholm theory, applied in the scattering calculus [22, Theorem 1], as H_ff(z) is bounded below, and by the absence of positive eigenvalues [22, Theorem 2]. We thus conclude that ^ (H − λ)_ff (z, τ, ν) is invertible with inverse in Ψ^{−2,0}_{sc} (S^n_+) if an only if λ − τ^2 − |ν|^2_z /∈ [0, ∞) ∪ spec_p(H_ff (z)).

(11.20) It is convenient to define Σ_b(λ) = {(z, τ, ν) : λ − τ^2 − |ν|^2_z ∈ spec_p(H_ff ) \ {0}}.

(11.21) With this notation we have thus proved the following proposition: Proposition 11.2. Let H be as in (11.11), λ ∈ R. Then the characteristic set of H − λ is given by Σ_{mf} (H − λ) = Σ_{Δ−λ},

(11.22) Σ_ff (H − λ) = Σ_n(λ) ∪ Σ_t(λ) ∪ Σ_b(λ).

(11.23) Thus, for u ∈ C^{−∞}(X),

α ∈^{sc}T^∗_{∂X} X \ Σ_{Δ−λ} and α /∈ WF_{3sc,mf} ((H − λ)u) ⇒ α /∈ WF_{3sc,mf} (u),

(11.24) and similarly

ξ ∈ W^⊥ \ Σ_ff (H − λ) and ξ /∈ WF_{3sc,ff} ((H − λ)u) ⇒ ξ /∈ WF_{3sc,ff} (u).

(11.25)

Remark 11.3. Note that Σ_ff (H − λ) is a compact subset of W^⊥ due to (11.19).

We now discuss the basic properties of the (rescaled) Hamilton vector field,^{sc}H_g of Δ. Let R_{μ̄} = μ̄·∂_{μ̄} be the μ̄-radial vector field in coordinates (x, ȳ, τ, μ̄) on^{sc}T^∗X above a neighborhood of p ∈ ∂X; this is well-defined at^{sc}T^∗_{∂X} X independently of the coordinates. Then the Hamilton vector field of g becomes

scH_g = 2τ (x∂_x + μ̄ · ∂_{μ̄}) − 2h∂_τ + H_h + xW^′, W^′ ∈ V_b(^{sc}T^∗X),

(11.26)

where H_h is the Hamilton vector field of h ∈ C^∞(T^∗∂X); see [22, Equation (8.17)]. Noting that h is positive definite,^{sc}H_g vanishes at ∂X if and only if μ̄ = 0 since x∂_x restricts to ∂X as 0. For λ > 0 we define the ‘radial surfaces’ R^±_λ = {(ȳ, τ, μ̄) : τ = ±λ^{1/2}, μ̄ = 0}. (11.27)

Thus, for λ > 0, H − λ gives rise to real principal type propagation of singularities on Σ_{Δ−λ} \ (R^±_λ ∪^{sc}T^∗_C X) as in Hörmander’s theorem; in this setting it was proved by Melrose in [22, Proposition 7]. All integral curves γ(t) of^{sc}H_g in Σ_{Δ−λ} tend to R^−_λ as t → ∞ and to R^+_λ as t → −∞; the signs correspond to the negative sign of the ∂_τ component of^{sc}H_g.

In the local coordinates used above near p ∈ C we compute H_h:

H_h = 2 ∑ i,j h^{ij}_{nn}μ_j ∂_{yi} + 2 ∑ i,j h^{ij}_{nt}μ_i∂_{zj} + 2 ∑ ij h^{ij}_{nt}ν_j∂_{yi} + 2 ∑ i,j h^{ij}_{tt}ν_j∂_{zi} + ∑ i,j,k (∂_{zk} h^{ij}_{nn})μ_iμ_j∂_{νk} + 2 ∑ i,j,k (∂_{zk} h^{ij}_{nt})μ_iν_j∂_{νk} + ∑ i,j,k (∂_{zk} h^{ij}_{tt})ν_iν_j∂_{νk} + W^′

(11.28)

with W^′ = ∑ α_j∂_{μj} for some α_j ∈ C^∞(^{sc}T^∗∂X). By (11.3) H_h(0, z, τ, μ, ν) − 2μ · ∂_y ∈ T (^{sc}T^∗_C X) (11.29)

so we see that^{sc}H_g is normal to^{sc}T^∗_C X on (π^⊥)^{−1}(Σ_n(λ)) ∩ Σ_{Δ−λ}, but it is tangent to it on (π^⊥)^{−1}(Σ_t(λ)) ∩ Σ_{Δ−λ} as claimed. Hence singularities can be expected to leave C normally in the former case, while in the latter case more complicated phenomena could occur. Since (π^⊥)^{−1}(Σ_b(λ)) is disjoint from Σ_{Δ−λ}, singularities at Σ_b can be expected to remain at C.

We shall see that if H_ff is independent of z in some local coordinates, as in the actual three-body problem, the propagation of singularities at Σ_b(λ) is governed by

W = 2τ (ν · ∂_ν) − 2h̃∂_τ + H_{h̃} ∈ V(W^⊥).

(11.30)

Thus, W (z, τ, ν) = π^⊥_∗ |_{(0,z,τ,0,ν)}^{sc}H_g. Note that W vanishes if and only if h̃ = 0, so we will see propagation outside of h̃ = 0. Along the integral curves γ(t) of W , τ^2 +h̃ is constant, and it is greater than λ on Σ_b(λ). In addition, the integral curves tend to R^± as t → ∓∞; here R^± = {(z, τ, ν) : h̃ = 0, ±τ > 0}. (11.31)

This follows from the formula for the ∂_τ component of W ; we provide a more detailed analysis of these integral curves in the following paragraphs along the lines of the description of the bicharacteristics of g by Melrose and Zworski [26, Lemma 2]. Recall also that W^⊥ is a subbundle of^{sc}T^∗_C X over C, and it is given by μ = 0 in our local coordinates. Correspondingly, we can think of Σ_t(λ) ∪ Σ_b(λ) as a subset of^{sc}T^∗_C X.

In fact, we see that under certain assumptions singularities of (approximate) eigenfunctions of H propagate along broken bicharacterstics. The definition we take is analogous to Hörmander’s in [16, Definition 24.2.2].

Definition 11.4. A broken bicharacteristic of H − λ, H as in (11.11), is a continuous map

γ : I \ B → Σ_{Δ−λ} ∪ Σ_b(λ) ⊂^{sc}T^∗_{∂X} X

(11.32)

where I ⊂ R is an interval and B is a discrete subset such that

(i) if J is an interval, J ⊂ I \ B, then γ|_J is an integral curve of either^{sc}H_g or W , (ii) if t ∈ B then the limits γ(t − 0) and γ(t + 0) both exist, belong to^{sc}T^∗_C X, and π^⊥(γ(t − 0)) = π^⊥(γ(t + 0)).

Broken bicharacteristics will be sufficient for describing the propagation of singularities if no bicharacteristic of^{sc}H_g which does not lie completely in W^⊥ is tangent to W^⊥ to infinite order. For example, this is satisfied if C is totally geodesic. If this condition is not satisfied, we need to generalize this notion similarly to [16, Definition 24.3.7] which comes from the original definition by Melrose and Sjöstrand [25, Definition 3.1]. We need to make some modifications however. Since the glancing set of order precisely 2 does not break up into the disjoint union of a diffractive set and a gliding set (even if C has codimension 1 in ∂X, there is no natural notion of ‘diffractive’ and ‘gliding’), the above mentioned definition has to be changed so that the diffractive set is treated on equal footing with the rest of the glancing set. This means that the generalized broken bicharacteristics are just like the analytic rays defined by Sjöstrand in [33]; except that we are in a higher codimensional setting, and even in the codimension 1 case C has ‘two sides’.

Definition 11.5. A generalized broken bicharacteristic of H − λ, H as in (11.11), is a continuous map

γ : I \ B → Σ_{Δ−λ} ∪ Σ_b(λ) ⊂^{sc}T^∗_{∂X} X

(11.33)

where I ⊂ R is an interval and B is a subset of I such that

(i) if t ∈ I \ B then γ is differentiable at t, and γ^′(t) =^{sc}H_g(γ(t)) or γ^′(t) = W (γ(t)), (ii) if t ∈ B then t is an isolated point of B, the limits γ(t − 0) and γ(t + 0) both exist, belong to^{sc}T^∗_C X, and π^⊥(γ(t − 0)) = π^⊥(γ(t + 0)).

We often say ‘broken bicharacteristics’ instead of ‘generalized broken bicharacteristics’ when it is clear from the context what is meant.

Finally we define (generalized) broken geodesics. We actually only state the definition of broken geodesics (which is very similar to Definition 11.4), Definition 11.5 can be modified similarly to yield a definition of generalized broken geodesics. In the following definition we regard S^∗∂X ⊂ T^∗∂X as the unit cosphere bundle with respect to the metric h|_{∂X}. Also, let π̃^⊥ : T^∗_C ∂X → W̃ = (N^∗C)^⊥ be the orthogonal projection to the orthocomplement of N^∗C with respect to h|_{∂X} .

Definition 11.6. A broken geodesic of h|_{∂X}, h as in (11.1), is a continuous map γ̃ : I \ B → S^∗∂X ⊂ T^∗∂X (11.34)

where I ⊂ R is an interval and B is a discrete subset such that

(i) if J is an interval, J ⊂ I \ B, then γ̃|_J is an integral curve of either H 1_{2 h} or H 1_{2 h̃}, (ii) if t ∈ B then the limits γ̃(t − 0) and γ̃(t + 0) both exist, belong to S^∗∂X, and π̃^⊥(γ̃(t − 0)) = π̃^⊥(γ̃(t + 0)).

The factor^1_2 in H 1_{2 h} and H 1_{2 h̃} only appears to make sure that the tangent vector to a broken geodesic, when it is defined, has unit length. There is a close connection between (generalized) broken bicharacteristics and broken geodesics. Namely, the projection of a broken bicharacteristic to T^∗∂X first, and then rescaled to S^∗∂X using the R^+ action on T^∗∂X, is a reparametrized, non-maximally extended, broken geodesic whose projection to ∂X has length π (with respect to h|_{∂X}). To see this, first recall Melrose’s and Zworski’s discussion [26, Lemma 2] of the corresponding relationship between bicharacteristics of g in Σ_{Δ−λ} \ (R^−_λ ∪ R^+_λ ) and geodesics of h|_{∂X}. Thus, Melrose and Zworski showed that after rescaling the parameter along the bicharacteristics of g in Σ_{Δ−λ} \ (R^−_λ ∪ R^+_λ ) to s ∈ (0, π), with the rescaling given by ds/dt =^1_2 h^{1/2}, they are curves of the form

τ = λ^{1/2} cos s,

(11.35)

μ̄ = λ^{1/2}(sin s)^μ̄,

(11.36)

(ȳ, ^μ̄) = exp(sH 1_{2 h})(ȳ^′, μ̄^′)

(11.37)

where (ȳ^′, μ̄^′) ∈ T^∗∂X and h(ȳ^′, μ̄^′) = 1, i.e. (ȳ^′, μ̄^′) ∈ S^∗∂X by our identification of S^∗∂X. Equivalently, they are curves of the form

τ = λ^{1/2} cos s,

(11.38)

μ̄ = λ^{1/2}(sin s)^μ̄,

(11.39)

(ȳ, ^μ̄) = exp((s − π)H 1_{2 h})(ȳ^′, μ̄^′),

(11.40)

s ∈ (0, π). In particular, as s varies, (ȳ, ^μ̄) moves along the geodesic with initial point (ȳ^′, μ̄^′). Given (ȳ^′, μ̄^′) ∈ S^∗∂X, we let γ_−(t; ȳ^′, μ̄^′) be the unique bicharacteristic of g which is of the form (11.35)-(11.37) after reparametrization and which satisfies τ (γ_−(0; ȳ^′, μ̄^′)) = 0. Similarly, let γ_+(t; ȳ^′, μ̄^′) be the unique bicharacteristic of g which is of the form (11.38)-(11.40) after reparametrization and which satisfies τ (γ_+(0; ȳ^′, μ̄^′)) = 0. It is useful to introduce some notation for the corresponding relation between points of Σ_{Δ−λ} \ (R^−_λ ∪ R^+_λ ) and points of S^∗∂X.

Definition 11.7. Suppose α ∈ Σ_{Δ−λ}, ζ ∈ S^∗∂X. We say that α ∼^′_± ζ if there is a time t ∈ R such that γ_±(t; ζ) = α.

Now, the (generalized) broken bicharacteristics of H −λ, λ > 0, can be described similarly. Namely, after reparametrizing them, letting ds/dt =^1_2 h^{1/2}, they become curves of the form τ = λ̃^{1/2} cos s,

(11.41)

μ̄ = λ̃^{1/2}(sin s)^μ̄,

(11.42) (ȳ, ^μ̄) = γ̃(s − π, ȳ^′, μ̄^′), (11.43) where s ∈ (0, π), λ̃ = λ or λ − λ̃ ∈ spec_p(H_ff ), and γ̃ is a (generalized) broken geodesic satisfying γ̃(π, ȳ^′, μ̄^′) = (ȳ^′, μ̄^′). Moreover, if λ̃ ≠ λ, then γ̃ must be an integral curve of H 1_{2 h̃}. Here we only stated the second parametrization; the first one can be stated similarly. This parametization can be deduced similarly to the way (11.38)-(11.40) is proved in [26, Lemma 2]. Namely, changing into μ̄ polar coordinates, i.e. ^μ̄ = h(ȳ, μ̄)^{−1/2}μ̄, |μ̄| = h(ȳ, μ̄)^{1/2}, (11.44)

and changing the parametrization by ds/dt =^1_2 |μ̄|, yields dτ ds = −|μ̄|, d ds |μ̄| = τ, (11.45) d ds (ȳ, μ̄) = H 1_{2 h} if d dt γ|_{t(s)} =^{sc}H_g,

(11.46) d ds (ȳ, μ̄) = H 1_{2 h̃} if d dt γ|_{t(s)} = W. (11.47)

This proves that the projection of a (generalized) broken bicharacteristic γ to ∂X is a (generalized) broken geodesic of length π as claimed. Note that this also shows that if γ is a broken bicharacteristic through α = (ȳ, τ, μ̄), ȳ /∈ C, γ(t_0) = α, and λ^{1/2} cos dist(ȳ, C) < τ , then in (11.41), s < dist(ȳ, C), so by (11.43), γ does not intersect^{sc}T^∗_C X for t ≤ t_0 (since the broken geodesics have tangent vectors of unit length), i.e. γ is actually a bicharacteristic for t ≤ t_0. Similarly, if λ^{1/2} cos dist(ȳ, C) < −τ , γ(t_0) = α = (ȳ, τ, μ̄), then γ is a bicharacteristic for t ≥ t_0. Note also that by (11.42) μ̄ → 0 as t → ±∞, and τ → ∓λ̃^{1/2} as t → ±∞.

We also introduce the relation corresponding to ∼^′_± for (generalized) broken bicharacteristics.

Definition 11.8. Suppose α ∈ Σ_{Δ−λ}, ξ ∈ Σ_ff (H − λ), ζ ∈ S^∗_{∂X\C} ∂X. We say that α ∼_± ζ if there is a (generalized) broken bicharacteristic γ through α and a constant C which satisfies γ(t) = γ_±(t; ζ) for ±t > C. We also say that ξ ∼_± ζ if for some, and hence for all, α^′ ∈ Σ_{Δ−λ}2 with π^⊥(α^′) = ξ, α^′ ∼_± ζ.

In the propagation theorems we shall see that if for some ξ_0 ∈ W^⊥, ξ_0 /∈ WF_{3sc,ff} ((H − λ)u) and certain additional conditions hold then ξ_0 /∈ WF^{m,l}_{3sc,ff} (u) for any m and l. We now prove that m does not play a role at all since σ_{3sc,2}(H) is elliptic.

Lemma 11.9. Suppose that λ ∈ R, ξ_0 ∈ W^⊥ and ξ_0 /∈ WF_{3sc,ff} ((H − λ)u). If in addition there exist m and l such that ξ_0 /∈ WF^{m,l}_{3sc,ff}(u) then for any m^′ we have ξ_0 /∈ WF^{m′ ,l}_{3sc,ff}(u).

Proof. It is convenient to use that H is self-adjoint, so (H + i)^{−1} ∈ Ψ^{−2,0}_{3sc} (X). By our assumptions we have some Q ∈ Ψ^{0,0}_{3sc}(X) with Q̂(ξ_0) invertible in Ψ^{0,0}_{sc} (S^n_+) for which Qu ∈ H^{m,l}_{sc} (X). Since ξ_0 /∈ WF_{3sc,ff} ((H − λ)u) we can also arrange that Q(H − λ)u ∈ Ċ^∞(X) by reducing WF^′_{3sc}(Q) if necessary. Writing λ + i = (H + i) − (H − λ) we see that Qu = (λ + i)^{−1}Q(H + i)u − (λ + i)^{−1}Q(H − λ)u. (11.48)

By our assumption Qu ∈ H^{m,l}_{sc} (X), and we have seen that the same holds for Q(H − λ)u. Thus, Q(H + i)u ∈ H^{m,l}_{sc} (X), so Q^′u ∈ H^{m+2,l}_{sc} (X), Q^′ = (H + i)^{−1}Q(H + i) ∈ Ψ^{0,0}_{3sc}(X).

(11.49) But Q̂^′(ξ_0) is invertible in Ψ^{0,0}_{sc} (S^n_+), so we conclude that ξ_0 /∈ WF^{m+2,l}_{3sc,ff} (X). We can repeat this argument if necessary, thus completing the proof of the lemma.

Since H ∈ Ψ^{2,0}_{3sc}(X) is self-adjoint and σ_{3sc,2}(H) is elliptic, we have for all ψ ∈ C^∞_c (R) that ψ(H) ∈ Ψ^{−∞,0}_{3sc} (X). Moreover, if ϕ ∈ C^∞_c (R) and ϕ ≡ 1 on supp ψ then (Id −ϕ(H))ψ(H) = 0, ψ(H)(Id −ϕ(H)) = 0. Now, ^ ϕ(H)_ff = ϕ(Ĥ_ff) = ϕ(H_ff(z) + τ^2 + |ν|^2_z),

(11.50) and H_ff (z) = Δ_ff +V_ff (z) ≥ c for some c ∈ R, so for a sufficiently large C, τ^2 +|ν|^2_z ≥ C implies that Ĥ_ff ≥ 1 + sup supp ϕ, so ϕ(Ĥ_ff(ξ)) = 0 when τ^2 + |ν|^2_z is large, ξ = (z, τ, ν). In particular, ( ^Id −ϕ(H))_ff (ξ) = Id outside a compact subset of W^⊥. Taking a microlocal parametrix P of Id −ϕ(H) at such a ξ, so Id = P (Id −ϕ(H))+R, ξ /∈ WF^′_{3sc,ff} (R), shows that ψ(H) = P (Id −ϕ(H))ψ(H) + Rψ(H) = Rψ(H). (11.51) Since ξ /∈ WF^′_{3sc}(R), we conclude that ξ /∈ WF^′_{3sc}(ψ(H)). Since a similar argument works at mf, we deduce that WF^′_{3sc}(ψ(H)) ⊂^{3sc}T^∗_{mf} [X; C] ∪ W^⊥. Correspondingly we can drop the compactifications^{3sc}T̄^∗_{mf} [X; C], W̄^⊥ in our arguments.

12. The Mourre estimate The Mourre estimate is a global positive commutator estimate for perturbations of the Laplacian which has been used widely in the analysis of many-body scattering. Before discussing it we make a definition.

Definition 12.1. Suppose that H satisfies (11.11). The set of the thresholds of H is defined as Λ(H) = {0} ∪_{p∈C} spec_p(H_ff(p)).

(12.1)

To prove the Mourre estimate (which is the statement of the following Theorem) in this generalized 3-body type setting we first reduce the problem to obtaining the estimate for the normal operators. Then we can use the proof of Froese and Herbst [8] for unreduced two-body operators (i.e. two-body operators from which the center of mass motion is not removed).

Theorem 12.2. Suppose that H satisfies (11.11). Let A ∈ x^{−1} Diff^1_{sc}(X) be selfadjoint with N̂_{sc,−1}(A) = N̂_{sc,−1}(xD_x) (12.2) and let H = Δ + V . For λ ≥ inf Λ(H) let s(λ) = sup(Λ(H) ∩ (−∞, λ]), (12.3) otherwise define s(λ) < λ arbitrarily. Then for λ ∈ R and ϵ > 0 there exists an open interval I ⊂ (λ − ϵ, λ + ϵ) such that for all ϕ ∈ C^∞_c (R) supported in I iϕ(H)[A, H]ϕ(H) ≥ 2(λ − s(λ) − ϵ)ϕ(H)^2 + K (12.4) where K ∈ Ψ^{−∞,1}_{3sc} (X).

Proof. First, A ∈ Z Ψ^{1,−1}_{3sc} (X) by Lemma 6.5, so [A, V ] ∈ Ψ^{0,0}_{3sc}(X), and actually in ρ_{mf} Ψ^{0,0}_{3sc}(X) due to the additional vanishing of V at mf. Of course, [A, Δ] ∈ Ψ^{2,0}_{sc} (X) already, since the scattering calculus is commutative at the level of normal operators. Now it suffices to prove (12.4) for the normal operators, i.e. that

iN_{ff,0}(ϕ(H))N_{ff,0}([A, H])N_{ff,0}(ϕ(H)) ≥ 2(λ − s(λ) − ϵ)ϕ(H)^2,

(12.5)

iN_{mf,0}(ϕ(H))N_{mf,0}([A, H])N_{mf,0}(ϕ(H)) ≥ 2(λ − s(λ) − ϵ)ϕ(H)^2.

(12.6)

In fact, if these hold, then consider Q = iϕ(H)[A, H]ϕ(H) − 2(λ − s(λ) − ϵ)ϕ(H)^2 ∈ Ψ^{−∞,0}_{3sc} (X). (12.7)

Then we can construct an approximate square root B of Q, i.e. B ∈ Ψ^{−∞,0}_{3sc} (X) self-adjoint with

K = Q − B^2 ∈ Ψ^{−∞,1}_{3sc} (X).

(12.8)

Thus, Q ≥ K, i.e. after rearrangement we deduce that (12.4) holds.

Note that (12.6) is just the standard estimate of the scattering calculus since N_{mf,0}(H) = N_{mf,0}(Δ), so as N_{mf,0}(i[A, H]) = N_{mf,0}(i[A, Δ]) = {j_{sc}(A), j_{sc}(Δ)} = 2j_{sc}(Δ). Also, by Proposition 10.3, N_{mf,0}(ϕ(H)) = ϕ(j_{sc}(Δ)). Thus, (12.6) follows from supp ϕ ⊂ (λ − ϵ, λ + ϵ) and spec(Δ) = [0, ∞).

On the other hand, the normal operator estimate on the front face can be replaced by its Fourier transform, i.e. the corresponding indicial operator estimate. Recall that Δ_ff is the fiber Laplacian of β as in Lemma 11.1, and note that

H_ff = Δ_ff + V_ff = Δ_ff + V |_ff .

(12.9)

Now, using the local coordinate expression of A in the interior of ff

i ^ [A, H]_{ff,0} = 2(Δ_ff + τ^2 + |ν|^2_z) + ^[−Ȳ ∂¯_Y , V ]_{ff,0} = ^[−Ȳ ∂¯_Y , H_ff] + 2(τ^2 + |ν|^2_z).

(12.10)

Thus, it suffices to prove that for ϕ ∈ C^∞_c (R) with sufficiently small support

ϕ(H_ff + η)([−Ȳ ∂¯_Y , H_ff] + 2η)ϕ(H_ff + η)

≥ 2(λ − s(λ) − ϵ)ϕ(H_ff + η)^2

(12.11)

where we have written η = τ^2 + |ν|^2_z for simplicity. As the notation indicates ϕ is not allowed to depend on τ , ν and p ∈ C. This is exactly the 2-body estimate of the Theorem of Froese and Herbst in [8] if N_{ff,0}(V ) is the same on each fiber up to translations and metric preserving transformations of^{sc}T_pX with^{sc}T_q X, p, q ∈ C (this statement makes sense due to 4.2). The general case requires only minor modifications.

Namely, the point is to reduce the estimate to first a similar one but with ϕ possibly depending on ξ = (p, τ, ν) ∈ W^⊥, and then further to an estimate analogous to (12.4) for the two body operators. In fact, a weaker estimate than (12.4) suffices for two-body operators. More precisely, suppose that λ ∈ R, and ϵ > 0. If λ ≥ 0 let δ = ϵ, if λ < 0 let δ = min{−λ, ϵ}. Then for σ ∈ (−∞, λ] and for all ϕ ∈ C^∞_c (R; [0, 1]) supported in the open interval I = (σ − δ, σ + δ) we have that

ϕ(H_ff(z))[−Ȳ ∂¯_Y , H_ff(z)]ϕ(H_ff(z)) ≥ 2(σ − s(λ) − ϵ)ϕ(H_ff(z))^2 + R(z)

(12.12)

where R(z) is a continuous function on C with values in Ψ^{−∞,1}_{sc} (β^{−1}(p)) if we fix ϕ. The analog of (12.4) would have s_2(σ) instead of s(λ) on the right hand side where s_2(σ) = 0 if σ ≥ 0 and it can be taken arbitrary if σ < 0. Thus, (12.12) is weaker than the two-body Mourre estimate since s_2(σ) ≤ s(λ) if σ ≤ λ. Now, since ^ [A, V ]_{ff,0} ∈ Ψ^{0,1}_{sc} (β^{−1}(p)),

(12.13) and, by Proposition 10.2, ϕ(H_ff(z)) − ϕ(Δ) ∈ Ψ^{−∞,1}_{sc} (β^{−1}(p)),

(12.14) so taking into account [−Ȳ ∂¯_Y , Δ_ff] = 2Δ_ff , (12.12) is a consequence of ϕ(Δ)Δϕ(Δ) ≥ (σ − ϵ)ϕ(Δ)^2

(12.15) for λ ≥ 0 and the vanishing of both sides of (12.15) if λ < 0. These in turn follow from supp ϕ ⊂ I, spec(Δ) = [0, ∞), and from the fact that if λ < 0 then I ⊂ (−∞, 0). Now suppose that ψ ∈ C^∞_c (R; [0, 1]) is supported in (λ − δ, λ + δ). Let σ(ξ) = λ−τ^2 −|ν|^2_z. Then with ϕ_ξ(t) = ψ(t+τ^2 +|ν|^2_z) we have supp ϕ_ξ ⊂ (σ(ξ)−δ, σ(ξ)+δ) and ϕ_ξ(H_ff (z)) = ψ(Ĥ_ff (ξ)). Thus, by (12.12)

ψ(Ĥ_ff (ξ))[−Ȳ ∂¯_Y , H_ff(z)]ψ(Ĥ_ff (ξ)) ≥ 2(σ(ξ) − s(λ) − ϵ)ψ(Ĥ_ff (ξ))^2 + R(ξ)

(12.16) where now R(ξ) is a continuous function on W^⊥ with values in Ψ^{−∞,1}_{sc} (S^n_+) if we fix ψ.

Choose ψ, ψ̃, ϕ ∈ C^∞_c (R; [0, 1]) such that ψ is identically 1 near supp ψ̃, supp ψ ⊂ I = (λ − δ, λ + δ), and ψ̃ ≡ 1 near supp ϕ. Thus, multiplying (12.16) by ψ̃(Ĥ_ff ) from both left and right, ψ̃(Ĥ_ff(ξ))[−Ȳ ∂_Ȳ , H_ff]ψ̃(Ĥ_ff (ξ)) ≥ 2(σ(ξ) − s(λ) − ϵ)ψ̃(Ĥ_ff (ξ))^2

+ ψ̃(Ĥ_ff )R(ξ)ψ̃(Ĥ_ff ).

(12.17)

Suppose that σ(ξ) is not an eigenvalue of H_ff(z), i.e. λ is not an eigenvalue of Ĥ_ff(ξ). Then ψ̃(Ĥ_ff(ξ)) → 0 strongly as supp ψ̃ → {λ}. Thus,

‖ψ̃(Ĥ_ff(ξ))R(ξ)ψ̃(Ĥ_ff(ξ))‖ < ϵ

(12.18) if we assume that ψ̃ is supported in a sufficiently small open interval I^′_ξ = (λ − δ^′_ξ, λ + δ^′_ξ). Hence,

ψ̃(Ĥ_ff (ξ))[−Ȳ ∂_Ȳ , H_ff(z)]ψ̃(Ĥ_ff(ξ)) − 2(σ(ξ) − s(λ) − ϵ)ψ̃(Ĥ_ff (ξ))^2 ≥ −ϵ (12.19) whenever supp ψ̃ ⊂ I^′_ξ. The left hand side is a continuous function of ξ with values in B(L^2_{sc}(S^n_+), L^2_{sc}(S^n_+)) if we keep ψ̃ fixed, so there is a neighborhood U_ξ of ξ such that for ξ^′ ∈ U_ξ

ψ̃(Ĥ_ff (ξ^′))[−Ȳ ∂_Ȳ , H_ff(z^′)]ψ̃(Ĥ_ff (ξ^′)) − 2(σ(ξ^′) − s(λ) − ϵ)ψ̃(Ĥ_ff(ξ^′))^2 ≥ −2ϵ (12.20)

if supp ψ̃ ⊂ I^′_ξ . Multiplying (12.20) by ϕ(Ĥ_ff (ξ)) from both left and right and rearranging the equation, we deduce that for all ξ^′ ∈ U_ξ ϕ(Ĥ_ff(ξ))[−Ȳ ∂¯_Y , H_ff(z)]ϕ(Ĥ_ff(ξ)) ≥ 2(σ − s(λ) − 2ϵ)ϕ(Ĥ_ff(ξ))^2

(12.21) whenever supp ϕ ⊂ (λ − δ^′_ξ/2, λ + δ^′_ξ /2).

If σ(ξ) is an eigenvalue of H_ff(z), then σ ≤ s(λ) by the definition of s(λ). We want to prove that even in this case there exists a neighborhood U_ξ of ξ and δ^′_ξ > 0 such that (12.21) holds whenever ξ^′ ∈ U_ξ , ϕ ∈ C^∞_c (R; [0, 1]), supp ϕ ⊂

(λ − δ^′_ξ/2, λ + δ^′_ξ /2). We again follow the proof of Froese and Herbst, though in the particular case of three-body scattering the estimate of Lemma 15.1, which we use in the microlocal propagation theorems, would make the proof slightly simpler. So let E = E_{Hff (z)}({σ(ξ)}), E_{Hff} denoting the spectral projection. We proceed to show that there exists R_1(ξ) compact such that

ψ̃(Ĥ_ff (ξ))[−Ȳ ∂_Ȳ , H_ff(z)]ψ̃(Ĥ_ff (ξ)) ≥ 2(σ(ξ) − s(λ) − ϵ)ψ̃(Ĥ_ff )^2 + ψ̃(Ĥ_ff )(Id −E)R_1(ξ)(Id −E)ψ̃(Ĥ_ff ),

(12.22)

from which (12.19) follows as in the previous case since ψ̃(Ĥ_ff (ξ))(Id −E) → 0 strongly as supp ψ̃ → {λ}. To prove (12.22), choose a finite dimensional orthogonal projection with Ran F ⊂ Ran E and ‖(Id −E)R(ξ)(Id −E) − (Id −F )R(ξ)(Id −F )‖ < ϵ/2. (12.23) This implies that

0 ≥ −(ϵ/2)(ψ̃(Ĥ_ff(ξ))^2 − F ) + ψ̃(Ĥ_ff )((Id −E)R(ξ)(Id −E) − (Id −F )R(ξ)(Id −F ))ψ̃(Ĥ_ff )

(12.24)

since ψ̃ ≡ 1 near λ, so ψ̃(Ĥ_ff (ξ))F = F . We now use (12.16) with ϵ replaced by ϵ/4. Multiplying it by ψ̃(Ĥ_ff )(Id −F ) from left and right (noting that the two factors commute) and adding (12.24) to it gives

(ψ̃(Ĥ_ff (ξ)) − F )[−Ȳ ∂¯_Y , H_ff(z)](ψ̃(Ĥ_ff (ξ)) − F )

≥ 2(σ(ξ) − s(λ) − ϵ/2)(ψ̃(Ĥ_ff )^2 − F ) + ψ̃(Ĥ_ff )(Id −E)R(ξ)(Id −E)ψ̃(Ĥ_ff ).

(12.25)

Following the proof in [8], we note that now it suffices to show that for some R_2(ξ) compact we have

F [−Ȳ ∂¯_Y , H_ff(z)]ψ̃(Ĥ_ff (ξ))(Id −E) + (Id −E)ψ̃(Ĥ_ff (ξ))[−Ȳ ∂¯_Y , H_ff(z)]F ≥ 2(σ(ξ) − s(λ) − ϵ/2)F + ψ̃(Ĥ_ff )(Id −E)R_2(ξ)(Id −E)ψ̃(Ĥ_ff ).

(12.26)

Indeed, adding (12.25) and (12.26) proves (12.22) since by the virial theorem E[Ȳ ∂¯_Y , H_ff (ξ)]E = 0. Now, we simply let C = C(ξ) = F [−Ȳ ∂¯_Y , H_ff(z)]ψ̃(Ĥ_ff (ξ))(Id −E),

(12.27) R_2(ξ) = −ϵ̃C(ξ)^∗C(ξ), ϵ̃ = ϵ̃(ξ) =^1_2 (s(λ) − σ(ξ) + ϵ/2)^{−1} > 0. In this notation (12.26) becomes C^∗F + F C ≥ −(ϵ̃^{−1}C^∗C + ϵ̃F ), (12.28) and to prove (12.28) it suffices to note that (ϵ̃^{−1/2}C + ϵ̃^{1/2}F )^∗(ϵ̃^{−1/2}C + ϵ̃^{1/2}F ) ≥ 0.

(12.29) Now if δ^′_ξ > 0 is sufficiently small and ψ̃ = ψ̃_ξ is supported in I^′_ξ = (λ − δ^′_ξ , λ + δ^′_ξ ) then ‖ψ̃_ξ(Ĥ_ff (ξ))(Id −E)R_1(ξ)(Id −E)ψ̃_ξ (Ĥ_ff (ξ))‖ < ϵ.

(12.30) So from (12.22) we conclude that (12.19) holds. Then the very same continuity argument as after (12.19) proves (12.21).

It only remains to show that for a fixed λ ∈ R we can choose δ^′ independently of ξ ∈ W^⊥. We have already shown this for a neighborhood U_ξ of each ξ. Note that H_ff(z) is bounded below uniformly, so there exists c > 0 such that ϕ(Ĥ_ff) vanishes if ϕ is supported in (λ − 1, λ + 1), and τ^2 + |ν|^2_z ≥ c. Thus, (12.21) is automatically satisfied outside a compact subset K of W^⊥. Now, {U_ξ : ξ ∈ K} is an open cover of K, so it has a finite subcover {U_{ξj} : j = 1, ..., J}. Let δ^′ = min{δ^′_{ξj} : j = 1, ..., J}/2. Then for ϕ ∈ C^∞_c (R; [0, 1]) supported in I^{′′} = (λ − δ^′, λ + δ^′), (12.21) shows that

ϕ(Ĥ_ff (ξ))[−Ȳ ∂¯_Y , H_ff]ϕ(Ĥ_ff(ξ)) ≥ 2(σ(ξ) − s(λ) − 2ϵ)ϕ(Ĥ_ff(ξ))^2

(12.31)

since ξ ∈ U_{ξj} for some j. Adding 2(τ^2 + |ν|^2_z)ϕ(Ĥ_ff )^2 to both sides and noting that σ(ξ) + τ^2 + |ν|^2_z = λ proves (12.11), and hence the theorem.

One of the main uses of the Mourre estimate is to construct the weak limit of the resolvent of H at the real axis. Thus, note that s(λ) ≤ λ for all λ, and away from the thresholds λ − s(λ) − ϵ > 0 for ϵ > 0 sufficiently small. Here it should be noted that by the absence of positive eigenvalues of the two-body Hamiltonians there are no positive thresholds, so for λ > 0, and more generally for λ /∈ Λ(H) the Mourre estimate is a positive commutator estimate.

13. The basic commutator estimate

In the following sections we analyze the propagation of singularities of generalized eigenfunctions u of H (so u ∈ C^{−∞}(X), (H − λ)u = 0) by constructing Q̃ ∈ Ψ^{−∞,0} 3sc (X) such that ^

[Q̃ϕ(H), H]_{ff,1} is positive where ϕ ∈ C^∞_c (R) is supported near

λ. Here ^Q̃_ff will have the form f ^ψ(H)_ff with f ∈ C^∞(W^⊥), ψ ∈ C^∞_c (R). In fact, f will arise as the restriction of q ∈ C^∞(^{sc}T^∗X) to W^⊥, where q|sc_T ∗_{CX} is independent of μ, i.e. it is just the extension of a function on W^⊥ by the orthogonal projection. Unfortunately, we will have q /∈ C^∞(^{sc}T̄^∗X), meaning that the behavior of q at fiberinfinity on^{sc}T^∗X is not sufficiently nice (^{sc}T̄^∗X is the (fiber-)radial compactification of^{sc}T^∗X). Hence q does not give rise to an element of Ψ^{∞,0}_{sc} (X). However, this is a rather irrelevant difficulty since we wish to mutliply the quantization of q by ψ(H), which is in Ψ^{−∞,0}_{3sc} (X), i.e. it is trivial at fiber-infinity (‘smoothing up to ∂X’).

We deal with this difficulty by realizing that we can write down the full symbol q̃ of Qψ(H) explicitly, where Q would be defined by a quantization of a symbol with complicated behavior at fiber-infinity, and the quantization of q̃ gives rise to an element of Ψ^{−∞,0}_{3sc} (X) with all the desired properties. Although it is straightforward to compute the indicial operators of Qψ(H) and [Qψ(H), H] directly from this point of view, the arguments are much simpler (and more transparent) if we also consider Q as an operator acting on oscillatory functions. On such functions Q behaves essentially as an element of the scattering calculus, thereby simplifying the discussion (indeed, this motivates the choice of q in the following sections). In particular, we can use [ψ(H), H] = 0 explicitly in such an argument.

Since we work locally in what follows, we may replace X by Ũ ⊂ S^N_+ open, S^N_+ being the radial compactification of R^N. We have coordinates (x, ȳ) on S^N_+ , ȳ_j being local coordinates on S^{N−1} = ∂S^N_+. Thus, the standard polar coordinates on R^N_w are (x^{−1}, ȳ), so w = x^{−1}ȳ. The canonical coordinates on T^∗R^N induced by w are denoted (w, ξ); the canonical coordinates induced by (x, ȳ) are denoted (x, ȳ, τ, μ̄) as usual. Note that embedding S^{N−1} into R^N as the unit sphere and using the standard metric on both S^{N−1} and R^N, a covector μ̄ · dȳ ∈ T^∗_ȳ S^{N−1} can be regarded first as a vector in T_ȳ S^{N−1}, hence as a vector in T_ȳR^N, which is orthogonal to the radial vector ȳ. (See also Appendix A, in particular the discussion in the proof of Proposition A.1.) Thus, τ = −ξ · ȳ, and μ̄ = ξ − (ξ · ȳ)ȳ with μ̄ regarded as a vector orthogonal to ȳ. We also use the notation ⟨ξ⟩^2 = 1 + |ξ|^2, ⟨(τ, μ̄)⟩^2 = 1 + τ^2 + |μ̄|^2 (here |.| is the Euclidian metric in our coordinates). Thus, ⟨ξ⟩ = ⟨(τ, μ̄)⟩. As discussed in Section 3, locally in X we can write ψ(H) as the right quantization of a symbol p, i.e. if ρ ∈ C^∞(X) is supported in U ⊂ S^N_+ open, cl(U ) ⊂ Ũ , identically 1 on a smaller open set U^′ ⊂ U , ρ̃ ∈ C^∞_c (Ũ ), ρ̃ ≡ 1 on U , then P = ρψ(H)ρ̃ = (2π)^{−N} ∫ e^{i(ȳ/x−ȳ′/x′)·ξ}p(x^′, ȳ^′, ξ) dξ. (13.1)

Here p is smooth in the blown-up coordinates at C, i.e. it is in C^∞([S^N_+ ; C] × R^N_ξ ). Since ψ(H) ∈ Ψ^{−∞,0}_{3sc} (X), i.e. it has smooth kernel, p and its derivatives are actually rapidly decreasing in ξ.

Now suppose that q ∈ C^∞(R^{N,1}_{x,y,z} × R^N_{τ,μ,ν}), R^{N,1}_{x,y,z} = [0, ∞)_x × R^n_y × R^{m−1}_z , N = n + m, (13.2)

q is supported in K ×R^N for some compact set K ⊂ U^′, and it satisfies the estimates |D^α_{x,y,z}D^β_{τ,μ,ν} q| ≤ C_{α,β}⟨(τ, μ, ν)⟩^{mα,β} (13.3)

for some C_{α,β} and m_{α,β} independent of (x, y, z, τ, μ, ν). Changing to the dual coordinates ξ of w, (13.3) becomes |D^α_{x,y,z}D^β_ξ q| ≤ C^′_{α,β}⟨ξ⟩^{m′α,β} (13.4)

Thus, q ∈ C^∞(^{sc}T^∗X), but typically q /∈ C^∞(^{sc}T̄^∗X), so q is not the symbol of an element of Ψ^{0,0}_{sc} (X) (under left, right, Weyl, or other ‘reasonable’ quantizations). We are mainly interested in q with much better properties; in our positive commutator estimates we take q whose support projects to a compact set in the (τ, ν) coordinates, and behaves as a (classical) symbol in μ. However, it is actually convenient to treat this more general class of q in this section.

Although in general q /∈ C^∞(^{sc}T̄^∗X), it is easy to see that q defines an operator acting on oscillatory functions u = e^{if̃/x}v, f̃ ∈ C^∞(X), v ∈ C^∞_c (Ũ ) by, say, left quantization. Namely, Qu = (2π)^{−N} ∫ e^{i(ȳ/x−ȳ′/x′)·ξ}q(x, ȳ, ξ)u(x^′, ȳ^′)(x^′)^{−N−1} dξ dx^′ dȳ^′ = (2π)^{−N} ∫ e^{iȳ·ξ/x}q(x, ȳ, ξ)Fu(ξ) dξ (13.5)

where the integral makes sense as a distributional pairing since Fu is a Lagrangian distribution with compact singular support and it is Schwartz outside a compact subset of R^N_ξ (e.g. if f̃ = 0, then Fu is conormal to the origin); see also Appendix A, in particular the proof of Proposition A.1 for more details. In fact, we can prove more generally that Q defines an operator acting on singular oscillatory functions u = e^{if̃ /x}v, f̃ ∈ C^∞(X), v ∈ C^∞_c ([Ũ ; C]) since such u lies in H^{∞,l}_{sc} (S^N_+) for some l, and correspondingly Fu ∈ H^{l,∞}_{sc} (S^N_+ ), so Fu vanishes to infinite order at infinity in a L^2 sense. To prove the existence of this action, we ‘regularize q to finite order’, i.e. write qFu = (⟨ξ⟩^{−k}q)(⟨ξ⟩^kFu) in the integrand above, note that ⟨ξ⟩^kFu ∈ H^{l,∞}_{sc} (S^N_+) for all k, and ⟨ξ⟩^{−k}q satisfies an arbitrarily large number of the scattering symbol estimates (arbitrarily many seminorms of ⟨ξ⟩^{−k} in C^∞(S^N_+ × S^N_+) are bounded) provided that we chose k sufficiently large, so we can apply the corresponding results in the scattering calculus (discussed in Section 6 here).

Now, choosing a cutoff, ρ^′ ∈ C^∞_c (Ũ ), supp(1 − ρ^′) ∩ K = ∅,

(13.6) allows us to extend Q to an operator acting on singular oscillatory sections u = e^{if̃/x}v, f̃ ∈ C^∞(X), v ∈ C^∞([X; C]), on the original manifold by Q_ρ′ u = Q(ρ^′u). (13.7)

Based on this, choosing ρ^′ ≡ 1 on U , we can consider the composite operator Q̃ = (Qρ^′)(ρψ(H)) = Qρψ(H), (13.8)

a priori acting on oscillatory functions u = e^{if̃/x}v, f̃ ∈ C^∞(X), v ∈ C^∞([X; C]); Q̃ is independent of the choice of ρ^′. Since we have written Q as a left, and ρψ(H) as a right quantization, we conclude that the kernel of the composite operator is (Qρψ(H)ρ̃)(x, ȳ, x^′, ȳ^′) = (2π)^{−N} ∫ e^{i(ȳ/x−ȳ′/x′)·ξ}q(x, ȳ, ξ)p(x^′, ȳ^′, ξ) dξ. (13.9)

Note that ρψ(H)(1 − ρ̃) ∈ Ψ^{−∞,∞}_{3sc} (X) = Ψ^{−∞,∞}_{sc} (X),

(13.10)

so ρψ(H)(1 − ρ̃) : C^{−∞}(X) → Ċ^∞(X) is continuous. Since Q_ρ′ : Ċ^∞(X) → Ċ^∞(X) is also continuous, we conclude that Qρψ(H)(1 − ρ̃) ∈ Ψ^{−∞,∞}_{sc} (X). (13.11)

Since this is a ‘trivial’ term, we sometimes write that Q̃ is given by (13.9) (i.e. neglect ρ̃) to simplify the notation.

Motivated by (13.9), we now consider the symbol q̃(x, ȳ, x^′, ȳ^′, ξ) = q(x, ȳ, ξ)p(x^′, ȳ^′, ξ). (13.12) Due to the rapid decay of p in ξ, and using the radially compactified notation in the ξ variable, we can deduce that q̃ ∈ C^∞(S^N_+ × [S^N_+ ; C] × S^N_+ )

(13.13)

vanishes to infinite order at S^N_+ × S^N_+ × S^{N−1}; here S^{N−1} = ∂S^N_+. It follows that the operator Q̃ obtained by quantizing this ‘double-symbol’ as

Q̃ = (2π)^{−N} ∫ e^{i(ȳ/x−ȳ′/x′)·ξ}q̃(x, ȳ, x^′, ȳ^′, ξ) dξ (13.14)

(this is really the kernel of q̃) is in Ψ^{−∞,0}_{3sc} (X) since the integral converges absolutely and away from sf_C and sf’ the exponential factor gives infinite order vanishing (cf. Section 3).

The simplest way to analyze the symbolic properties of Q̃ is via the oscillatory testing definition of the indicial operator and recalling that (13.8) holds with the right hand side considered as the composition of operators acting on oscillatory sections. Thus, we only need to compute the leading part of Qρ^′u for u = e^{if̃/x}v, f̃ ∈ C∞(X), v ∈ C∞([X; C]). But ‘regularizing q to finite order’ as above shows that this is given by the same formula as for scattering pseudo-differential operators. First, with f = f̃ |_{∂X} ,

e^{−if̃/x}Qρ^′e^{if̃/x}v(0, y, z) = q(0, y, z, −f(y, z), ∂_y f(y, z), ∂_z f(y, z))v(0, y, z), (13.15)

so Q̂_{mf} = q|sc_T ∗_{∂X X} . Moreover, with a = ⟨ξ⟩^{−k}q (which can be regarded as a scattering symbol satisfying a sufficient number of symbolic estimates), A (say) the left-quantization of a, using the formula of the scattering calculus (see also Section 4 and Section 6), we see that A(0, y, z, S, Y, Z) = (2π)^{−N} ∫ e^{i(Sτ+Y ·μ+Z·ν)}a(0, y, z, τ, μ, ν) dτ dμ dν. (13.16)

Thus, Â_ff (z, τ, ν; Ȳ , Y ) = (2π)^{−n} ∫ e^{iY ·μ}a(0, 0, z, τ, μ, ν) dμ. (13.17)

Correspondingly, Qρ^′u(0, Ȳ , z) = (2π)^{−n} ∫ e^{iY ·μ}q(0, 0, z, τ, μ, ν)v(0, Ȳ − Y, z) dμ, (13.18) so Q̂_ff (z, τ, ν; Ȳ , Y ) = (2π)^{−n} ∫ e^{iY ·μ}q(0, 0, z, τ, μ, ν) dμ. (13.19)

This operator becomes particularly simple if q satisfies q(0, 0, z, τ, μ, ν) = f(z, τ, ν), f ∈ C^∞_c (W^⊥), (13.20) i.e. q is independent of μ at C, since then f can be factored out of the integral giving Q̂_ff (z, τ, ν) = f(z, τ, ν) Id ∈ Ψ^{0,0}_{sc} (S^n_+).

(13.21)

Finally, from (13.8) (using that supp(1−ρ)×R^N and supp q̃ are disjoint) we deduce that ^Q̃_{mf} = Q̂_{mf} ^ψ(H)_{mf} , ^Q̃_ff = Q̂_ff ^ψ(H)_ff .

(13.22)

The same discussion can be carried out more directly from (13.12); we briefly outline the argument. Namely, it is straightforward to check that x^{−1}(ȳ − ȳ^′) · ξ = Sτ + Y · μ + Z · ν + xr(x, y, z, S, Y, Z, τ, μ, ν) (13.23) where r and its derivatives is polynomially bounded in (S, Y, Z, τ, μ, ν). Using (4.13), (13.14) gives

Q̃(0, y, z, S, Y, Z) = (2π)^{−N} ∫ e^{i(Sτ+Y ·μ+Z·ν)}q̃(0, Ȳ , z, 0, Ȳ − Y, z, τ, μ, ν) dτ dμ dν. (13.24)

The indicial operator at mf is given by the (S, Y, Z) Fourier transform of the restriction of the kernel Q̃ to sf’, so it is simply ^Q̃_{mf} (y, z, S, Y, Z) = q̃(0, y, z, 0, y, z, τ, μ, ν). (13.25)

The indicial operator at ff is given by the (S, Z) Fourier transform of the restriction of the kernel to sf_C, so it is ^Q̃_ff (z, τ, ν; Ȳ , Ȳ ′) = (2π)−n ∫ e^{i(Ȳ −Ȳ ′)·μ}q̃(0, Ȳ , z, 0, Ȳ^′, z, τ, μ, ν) dμ. (13.26)

If q satisfies (13.20), then we can substitute q̃ = qp in the above formula, and pull out the factor q as f to conclude that ^Q̃_ff (z, τ, ν; Ȳ , Y ) = (2π)−nf(z, τ, ν) ∫ e^{iY ·μ}p(0, Ȳ − Y, z, τ, μ, ν) dμ = f(z, τ, ν)^ψ(H)_ff (z, τ, ν) (13.27)

in agreement with the previous results.

Summarizing the previous two paragraphs, we have proved the following proposition.

Proposition 13.1. Suppose that q is as in (13.2) and ψ ∈ C^∞_c (R). Then q̃ given by (13.12) and (13.1) defines Q̃ ∈ Ψ^{−∞,0}_{3sc} (X) via (13.14). We also have ^Q̃_{mf,0}(y, z, τ, μ, ν) = q(0, y, z, τ, μ, ν)^ψ(H)_{mf} (y, z, τ, μ, ν), (13.28)

and for ξ = (z, τ, ν) ∈ W^⊥, ^Q̃_{ff,0} is given by (13.26). If in addition (13.20) holds, then ^Q̃_{ff,0}(ξ) = f(ξ)^ψ(H)_{ff,0}(ξ). (13.29)

Suppose that H is as in (11.11). The condition [Q̃, H] ∈ Ψ^{−∞,1}_{3sc} (X) is equivalent [ ^Q̃_ff , Ĥ_ff] ≡ 0 on W^⊥. If it is satisfied, we can compute the indicial operator ^ [Q̃, H]_{ff,1}. Namely, it is just defined by the action of the commutator on oscillatory test functions: ^ [Q̃, H]_{ff,1}v = (x^{−1}e^{−if̃ /x}[Q̃, H]e^{if̃/x}v)|_ff . (13.30) Since the action of Q on such oscillatory sections u has been defined above, we can write Q̃ = Qψ(H), [Q̃, H] = [Q, H]ψ(H), expand the commutator on the right hand side, and apply the discussion of Section 7 even though Q is not in Ψ^{∞,0}_{3sc} (X). Again, this can be justified by ‘finite order regularization of q’. Thus, we have the following proposition:

Proposition 13.2. If H satisfies (11.11), ψ ∈ C^∞_c (R), and q is as in (13.2) satisfying q(0, 0, z, τ, μ, ν) = f(z, τ, ν), f ∈ C^∞_c (W^⊥) (13.31)

then [Q̃, H] ∈ Ψ^{−∞,1}_{3sc} (X). Moreover, for each ξ ∈ W^⊥ ^ [Q̃, H]_{ff,1}(ξ) = ^[Q, H]_{ff,1}(ξ)ψ(H)_ff (ξ) ∈ Ψ^{−∞,0}_{sc} (S^n_+)

(13.32)

where ^

[Q, H]_{ff,1} is given by the Proposition 7.3 with ^∂_xQ_ff the operator obtained by replacing q(0, 0, z, τ, μ, ν) by ∂_xq(x, xȲ , z, τ, μ, ν)|_{x=0} in (13.26). Proof. By the previous proposition Q̃ ∈ Ψ^{−∞,0}_{3sc} (X), and using ^Q̃_{ff,0}(ξ) = f(ξ)ψ(Ĥ_{ff,0}(ξ)), (13.33) so ^ [Q̃, H]_{ff,0}(ξ) = [ ^Q̃_{ff,0}(ξ), Ĥ_{ff,0}(ξ)] = f(ξ)[ψ(Ĥ_{ff,0}(ξ)), Ĥ_{ff,0}(ξ)] = 0.

(13.34) We can then use the discussion preceeding this proposition to compute the indicial operator ^

[Qψ(H), H]_{ff,1}, giving the claimed result.

Remark 13.3. An alternative proof of the proposition is to calculate ^∂_xQ̃_ff from (13.14). It is not hard to see that it gives the same result; the main point is to realize that the terms arising from differentiating either the exponential or p are exactly the same as the terms that would arise if we dropped q (i.e. assumed that it was 1), multiplied by f(z, τ, ν) = q(0, 0, z, τ, 0, ν). Since ψ(H) commutes with H, such terms must cancel against others in the commutator formula of Proposition 7.3.

The following corollary of the preceeding discussion is the basic commutator estimate for the propagation results.

Corollary 13.4. Let H, ψ, q and f be as in Proposition 13.2, and let l ∈ R. For ξ ∈ W^⊥ let R(ξ) = ^ [x^lQ̃, H]_{ff,l+1}(ξ) − ^[x^lQ, Δ]_{ff,l+1}(ξ) ^ψ(Δ)_{ff,0}(ξ).

(13.35) Then ^ [x^lQ̃, H]_{mf,l+1} = ^[x^lQ, Δ]_{mf,l+1} ^ψ(Δ)_{mf,0},

(13.36)

and R(ξ) ∈ Ψ^{−∞,1}_{sc} (S^n_+). Moreover, there exist C and k independent of ξ and q such that

‖R(ξ)‖_{B(L2sc(S}n_{+),H}1,1_{sc (S}n_{+))} ≤ C sup{|D^β_{x,y,z,τ,ν}D^α_μ q(0, 0, z, τ, μ, ν)| : |α| ≤ k, |β| ≤ 1, μ ∈ R^n}. (13.37)

Proof. First, (13.36) follows from ^ψ(H)_{mf} = ^ψ(Δ)_{mf} , Ĥ_{mf} = Δ̂_{mf} , and the commutativity of the indicial operators at mf.

At ff we use the formula in Proposition 7.3 together with (13.33) and ^∂_xQ_ff given in Proposition 13.2. Thus, ^ [Qψ(H), H]_{ff,1} = ([ ^∂_xQ_ff , Ĥ_ff] − (D_τ f)[Ȳ , Ĥ_ff]∂¯_Y − (D_τ f)(Ȳ ∂¯_Y Ĥ_ff) + (D_ν f)(∂_zĤ_ff ) − (D_νĤ_ff)(∂_z f)

+ (ν · D_νĤ_ff )(∂_τ f) − (ν · D_ν f)(∂_τ Ĥ_ff ))^ψ(H)_ff .

(13.38)

Here we can write Ĥ_ff = Δ̂_ff + V_ff . Since V vanishes at mf, V_ff ∈ Ψ^{0,1}_{sc} (S^n_+). As Ȳ_j ∈ Ψ^{0,−1}_{sc} (Sn_+), it follows that all terms of (13.38) arising from V are in Ψ^{0,1}_{sc} (Sn_+), and the q dependence of all but the first one is simply via multiplication by a derivative of f. It is particularly easy to deal with the first term, [ ^∂_xQ_ff , V_ff]^ψ(H)_ff , if the full ‘amplitude’, (∂_x + Ȳ ∂_y)q(0, 0, z, τ, μ, ν), (13.39)

of ^∂_xQ_ff is actually a symbol in μ of, say, order 0 (which is the case we will be using in the following sections). Namely, then ^∂_xQ_ff ∈ Ψ^{0,−1}_{sc} (S^n_+), and we only need that the norm in B(L^2_{sc}(S^n_+), H^{1,1}_{sc} (S^n_+)) of its commutator with V_ff ∈ Ψ^{0,1}_{sc} (S^n_+) is bounded by a seminorm of the full symbol, (13.39), of ^∂_xQ_ff ; this is a standard result in the scattering calculus. In general, when (13.39) is not a symbol in μ, we can use a regularization argument, i.e. we multiply (13.39) by ⟨μ⟩^{−m}⟨μ⟩^m, and use that ⟨μ⟩^{−m}(∂_x+Ȳ ∂_y)q(0, 0, z, τ, μ, ν) satisfies an arbitrary large number of symbolic estimates if m is sufficiently large, and note that ^ψ(H)_ff ∈ Ψ^{−∞,0}_{sc} (S^n_+). This shows that ^

[Q, V ]ψ(H)_{ff,1} satisfies the estimate of (13.37). We also have an additional term in [x^lQ, V ]ψ(H), namely [x^l, V ]Q̃, but here the commutator actually vanishes.

It remains to deal with [x^lQ, Δ](ψ(H) − ψ(Δ)). Since under our assumption on V we have ^ ψ(H)_ff − ^ψ(Δ)_ff ∈ Ψ^{−∞,1}_{sc} (S^n_+),

(13.40)

it suffices to show that for some m the norms of Q̂_ff ^[x^l, Δ]_{ff,l+1} and ^[Q, Δ]_{ff,1} as elements of B(H^{m,1}_{sc} (S^n_+), H^{1,1}_{sc} (S^n_+)) have bounds as in (13.37). If (13.39) is a (classical) symbol of order 0 in μ, these follow from Proposition 13.1 and (13.38) respectively where now Δ̂_ff ∈ Ψ^{2,0}_{sc} (S^n_+) only ensures that the commutator is in Ψ^{1,0}_{sc} (S^n_+) as opposed to the case of [Q, V ]. Even in general we do not need to use a regularization argument since Δ is a scattering differential operator, so the commutator [ ^∂_xQ_ff , Δ̂_ff] is just the product of [Ȳ , Δ̂_ff ] and the quantization of ∂_yq(0, 0, z, τ, μ, ν), and the required estimate follows directly.

Since ^ ψ(H)_ff has compact support in W^⊥, we see that C can be chosen to be independent of ξ.

We also need to show that the operator wave front set of Q̃ is indeed where we expect it to be. For q ∈ C^∞(^{sc}T^∗X) we let

ess supp(q) = {α ∈^{sc}T^∗_{∂X} X : q vanishes with all derivatives near α}^c.

(13.41) At ff we need a uniform version of this in the μ variable:

ess supp_ff (q) = {ξ =(z, τ, ν) ∈ W^⊥ : ∃ρ ∈ C^∞(W^⊥), χ ∈ C^∞(X), ρ(ξ) ≠ 0, χ(0, 0, z) ≠ 0, χρq ∈ Ċ^∞(^{sc}T̄^∗_{∂X} X)}^c. (13.42)

Lemma 13.5. Suppose that q, Q̃ are as in Proposition 13.1, ψ ∈ C^∞_c (R). Then WF^′_{3sc,mf} (Q̃) ⊂ β^{−1}(ess supp(qψ(g))) ⊂^{3sc}T^∗_{mf} [X; C],

(13.43)

WF^′_{3sc,ff} (Q̃) ⊂ ess supp_ff (q) ∩ WF^′_{3sc,ff} (ψ(H)) ⊂ W^⊥.

(13.44)

Proof. This follows from the definition of Q̃ via the quantization map, taking into account that composition is 3sc-microlocal.

14. Propagation of singularities in normal directions

We are now ready to prove that singularities of generalized eigenfunctions of H which are incident along integral curves of^{sc}H_g which are not tangent to C propagate along broken bicharacteristics. Recall that π^⊥ :^{sc}T^∗_C X → W^⊥ is the orthogonal projection to the orthocomplement (with respect to the metric g) of the annihilator of^{sc}T (C; X), g ∈ C^∞(^{sc}T^∗X) is the metric function on X, h ∈ C^∞(T^∗∂X) the metric function on ∂X, and h̃ = h|_{W̃} ⊥ . We only state the result for propagation in the forward direction of^{sc}H_g flow, but it is equally true for the flow in the opposite direction as a minor modification of the arguments shows.

Proposition 14.1. Let H be as in (11.11), λ > 0. Let ξ_0 = (z_0, τ_0, ν_0) ∈ Σ_n(λ). Let ϵ > 0 be such that exp(s^{sc}H_g)(α) /∈^{sc}T^∗_C X if α ∈^{sc}T^∗_C X ∩ Σ_{Δ−λ}, π^⊥α = ξ_0, s ∈ (−ϵ, ϵ) \ {0}. Suppose that u ∈ C^{−∞}(X), ξ_0 /∈ WF_{3sc}((H − λ)u), and for all α ∈^{sc}T^∗_C X ∩ Σ_{Δ−λ} with π^⊥α = ξ_0, we have exp(s^{sc}H_g)(α) /∈ WF_{3sc}((H − λ)u) for all s ∈ (−ϵ, ϵ). If in addition for each such α there exists s ∈ (−ϵ, 0) such that exp(s^{sc}H_g)(α) /∈ WF_{sc}(u), then ξ_0 /∈ WF_{3sc,ff} (u). Hence, for all such α and for all s ∈ (−ϵ, ϵ) \ {0}, exp(s^{sc}H_g)(α) /∈ WF_{sc}(u).

Proof. Notice first that Melrose’s form of Hörmander’s propagation theorem [22, Proposition 7] implies that under our assumptions exp(s^{sc}H_g)(α) /∈ WF_{sc}(u) for all s ∈ (−ϵ, 0) and α ∈^{sc}T^∗_C X ∩ Σ_{Δ−λ} satisfying π^⊥α = ξ_0. Similarly, if we just prove exp(s^{sc}H_g)(α) /∈ WF_{sc}(u) for sufficiently small s > 0, it follows for all s ∈ (0, ϵ). This in turn will follow from ξ_0 /∈ WF_{3sc,ff} (u) since the wave front set is closed. Thus, we can work above a coordinate neighborhood U of (0, z_0), and hence we can use local coordinates (y, z, τ, μ, ν) adapted to W^⊥ in this proof.

The proof is by induction on microlocal regularity, i.e. we prove that

ξ_0 /∈ WF^{m,l}_{3sc,ff} (u)

(14.1)

for all m, l. Here m is irrelevant by standard elliptic regularity, i.e. by Lemma 11.9, which shows that if (14.1) holds for one m, then it holds for all m. So assume that (14.1) holds for some m and l, and we proceed to show that it also holds if we replace l by l + 1/2.

We first construct a symbol q which has a positive commutator with H microlocally away from exp(s^{sc}H_g)(α), s ∈ (−ϵ, 0), and which is elliptic at exp(s^{sc}H_g)(α) for sufficiently small s ∈ (0, ϵ). Note that the our commutator construction will be similar to, though much simpler than, the one used in the proof of [16, Proposition 24.5.1]; that proof will be more closely followed when we investigate the propagation of singularities at Σ_t(λ) in the next section. Let Σ = {(y, z, τ, μ, ν) : μ · y = 0, μ ≠ 0}. (14.2)

Thus, Σ ⊂^{sc}T^∗_U X is a smooth hypersurface. Moreover, in these local coordinates (11.26) states that

scH_g = 2τ (x∂_x + μ · ∂_μ + ν · ∂_ν ) − 2h∂_τ + H_h + xW^′, W^′ ∈ V_b(^{sc}T^∗X),

(14.3)

and by (11.29)

H_h − 2μ · ∂_y ∈ T (^{sc}T^∗_C X).

(14.4)

As μ · y ≡ 0 on^{sc}T^∗_C X, this proves that^{sc}H_g(μ · y)|_{y=0} = −2|μ|^2, so^{sc}H_g is transversal to Σ ∩^{sc}T^∗_Ũ X if Ũ is a sufficiently small neighborhood of (0, z_0) in ∂X.

Let ρ ∈ C^∞_c (R; [0, 1]) be supported near λ, and it is identically 1 in a smaller neighborhood of λ. Now, on a neighborhood U^′ ⊂^{sc}T^∗_{∂X} X of supp ρ(g) ∩^{sc}T^∗_C X we can solve the Cauchy problem scH_gω = 0, ω|_Σ = |y|^2 + |z − z_0|^2 + |τ − τ_0|^2 + |ν − ν_0|^2

(14.5)

where |.| denotes the Euclidian metric in these local coordinates. Since ω|_Σ ≥ 0, we have ω ≥ 0 on U^′. Also, ω|_Σ vanishes exactly at

S = {α ∈^{sc}T^∗_C X ∩ U^′ : π^⊥α = ξ_0},

(14.6)

so ω will vanish exactly at the flow-out S̃ = {exp(s^{sc}H_g)(S) ∩ U^′ : s ∈ (−ϵ, ϵ)} (14.7) of this set under^{sc}H_g. Moreover, dω will also vanish on S̃, since it does at S, but for the same reason the Hessian is positive in directions transversal to^{sc}H_g. In particular, on compact subsets K of U^′ we have for some C_1, C_2, C_3 > 0 depending on K C_1ω^{1/2} ≤ dist(p, S̃) ≤ C_2ω^{1/2},

(14.8) where dist is the Euclidian distance. By reducing the size of U^′ (while keeping it a neighborhood of supp ρ(g) ∩^{sc}T^∗_C X) we may assume that this holds everywhere on U^′.

Propagation along the integral curves of^{sc}H_g can be measured by μ · y since it vanishes on Σ and^{sc}H_g(μ·y) ≥ c_0 on U^′. It will be, however, convenient to introduce a new propagation variable N so that^{sc}H_gN = 1, N |_Σ = 0 (i.e. parametrize the integral curves by the time it takes to flow from Σ to the given point). Thus, for some c_1, c_2 > 0 c_1(μ · y) ≤ N ≤ c_2(μ · y). (14.9)

Let χ_0 ∈ C^∞(R) be χ_0(t) = exp(−1/t) for t > 0, identically 0 for t ≤ 0, and also let χ_1 ∈ C^∞(R; [0, 1]) be 0 on (−∞, 0], 1 on [1, ∞), and satisfy 0 ≤ χ^′_1 ∈ C^∞_c ((0, 1)). We now define for ϵ̃ > 0, δ > 0, A > 0 ϕ = N + ϵ̃^{−1}ω, (14.10) q̃_0(y, z, τ, μ, ν) = χ_0(A^{−1}(2 − ϕ/δ))χ_1(N/δ + 2). (14.11) Note that on the support of the first factor ϕ ≤ 2δ, and on the support of the second one N ≥ −2δ. Thus, on supp q̃_0, ω ≤ 4δϵ̃, and |N | ≤ 2δ,

(14.12) so if we choose ϵ̃, δ > 0 sufficiently small then for some K ⊂ U compact supp q̃_0 ⊂ scT^∗_K X, i.e. q̃_0 can be regarded as a function on^{sc}T^∗X. Next,^{sc}H_gϕ =^{sc}H_gN = 1 since^{sc}H_gω = 0, so scH_gq̃_0 = −g^2_0 + e_0

(14.13) with g^2_0 = A^{−1}δ^{−1}χ^′_0(A^{−1}(2 − ϕ/δ))χ_1(N/δ + 2),

(14.14)

e_0 = 2δ^{−1}χ_0(A^{−1}(2 − ϕ/δ))χ^′_1(N/δ + 2).

(14.15) Noting that on^{sc}T^∗_C X ∩ U^′, g_0 is independent of μ, let f^♭ = A^{−1}δ^{−1}χ^′_0χ_1 ∈ C^∞(W^⊥),

(14.16) so f^♭|_U ′ = g^2_0|sc_T ∗_{C X∩U} ′ , and in particular g^2_0|_S = f^♭|_S = 2A^{−1}δ^{−1}χ^′_0(2/A) > 0. On the other hand, on supp e_0, −2δ ≤ N ≤ −δ, ω ≤ 4δϵ̃. (14.17) Now, χ_1(N/δ + 2)|sc_T ∗_{C X} = 1, and q̃_0|sc_T ∗_{C X∩U} ′ is independent of μ, namely it is f(z, τ, ν) = q̃_0(0, z, τ, μ, ν) = χ_0(A^{−1}(2 − ω_0/(ϵ̃δ)))

(14.18) with ω_0 = |y|^2 + |z − z_0|^2 + |τ − τ_0|^2 + |ν − ν_0|^2 ∈ C^∞(^{sc}T^∗_U X),

(14.19) so we define q̃ ∈ C^∞(^{sc}T^∗_U X) by q̃ = ρ(g)q̃_0 + (1 − ρ(g))χ_0(A^{−1}(2 − ω_0/(ϵ̃δ))).

(14.20) On the support of the second term ω_0 ≤ 2ϵ̃δ, so |y|^2 ≤ 2ϵ̃δ, i.e. supp q̃ ∈^{sc}T^∗_K X (with K ⊂ U compact) as well. Now (14.20) implies that q̃(0, z, τ, μ, ν) is independent of μ, and taking into account that χ^′_0(s) = s^{−2}χ_0(s) and that A^{−1}(2 − ω_0/(ϵ̃δ)) ≤ 2A^{−1}, we conclude that q̃|sc_T ∗_{C X} ≤ 4A^{−2}χ^′_0(A^{−1}(2 − ϕ/δ))χ_1 ≤ C^′A^{−1}δf^♭ .

(14.21) In addition, dϕ = dN + ϵ̃^{−1} dω, and supp ρ(g) is compact. Furthermore, ω_0 is independent of μ and the set {(y, z, τ, ν) : ω_0 ≤ 2} is compact. Since on the support of the second term of (14.20), ω_0 ≤ 2ϵ̃δ ≤ 2 if we make sure that ϵ̃ < 1, δ ≤ 1, we conclude that |dq̃|sc_T ∗_{C X} | ≤ A^{−1}δ^{−1}C^′(1 + ϵ̃^{−1})χ^′_0χ_1 ≤ C^{′′}(1 + ϵ̃^{−1})f^♭.

(14.22) More generally, taking into account that on^{sc}T^∗_C X, ω_0, ω and N are independent of μ, so when differentiating dq̃|sc_T ∗_{C X} with respect to μ no additional derivative may fall on χ_0, we obtain that for all multiindices α |∂^α_μ dq̃|sc_T ∗_{C X} | ≤ C^{′′}(1 + ϵ̃^{−1})f^♭.

(14.23) Finally, we estimate q̃ on supp(1 − ρ(g))^c, i.e. near Σ_{Δ−λ}. As on supp q̃_0, |N | ≤ 2δ, we have ϕ ≥ −2δ, hence A^{−1}(2 − ϕ/δ) ≤ 4A^{−1}, and correspondingly q̃|_{supp(1−ρ(g))}c ≤ CA^{−1}δg^2_0.

(14.24) In particular, given any M > 0, ϵ^′ > 0 and keeping δ ≤ 1, we can make sure (by choosing A sufficiently large, only depending on M and ϵ^′) that scH_gq̃ + M q̃ = −(1 − r)g^2_0 + e_0 on supp(1 − ρ(g))^c,

(14.25) here r = M A^{−1}(2 − ϕ/δ)^2δ, |r| ≤ ϵ^′/2. (14.26)

We now fix ϵ̃ and δ, but will leave M to be determined later. For small δ^′ > 0 K̃_{δ′} = {α ∈^{sc}T^∗_U X : ω_0 ≤ δ^′} ⊂^{sc}T^∗_U X, (14.27) and choose δ^′ ∈ (0, 1) such that p(K̃_δ′ ) is compact (p being the projection^{sc}T^∗_U X → U ), and

WF_{3sc,mf} ((H − λ)u) ∩ K̃_δ′ = ∅, WF_{3sc,ff} ((H − λ)u) ∩ π^⊥(K̃_δ′ ) = ∅,

(14.28)

F ∈ Ψ^{0,0}_{3sc}(X), WF^′_{3sc,mf} (F ) ⊂ K̃_δ′ , WF^′_{3sc,ff} (F ) ⊂ π^⊥(K̃_δ′ ∩^{sc}T^∗_C X) ⇒ F u ∈ H^{m,l}_{sc} (X). (14.29)

This can be arranged as ξ_0 /∈ WF_{3sc,ff} ((H − λ)u) and as (14.1) holds, since by making δ^′ small we can make sure that K̃_δ′ is included in any fixed neighborhood of (π^⊥)^{−1}({ξ_0}). Then, corresponding to (14.17), let K = K_{δ,ϵ̃} = {α ∈^{sc}T^∗_U X : −2δ ≤ N ≤ −δ, |g − λ| ≤ δϵ̃, ω ≤ 4δϵ̃} ⊂^{sc}T^∗_U X, (14.30)

and choose ϵ̃ ∈ (0, 1) and δ ∈ (0, 1) such that K_{δ,0} ⊂ K̃_δ′ and E ∈ Ψ^{∞,−∞} sc (X), WF^′_{sc}(E) ⊂ K ⇒ Eu ∈ Ċ^∞(X).

(14.31)

Note that this can also be arranged since we know that for α ∈^{sc}T^∗_U X with N (α) ∈ (−ϵ, 0), ω(α) = 0, g(α) = λ we have α = exp(N (α)^{sc}H_g)(α_0) for some α_0 ∈ scT^∗_C X ∩ Σ_{Δ−λ} with π^⊥α_0 = ξ_0, so α /∈ WF_{sc}(u). Hence fixing any δ > 0 so that the flow stays inside U^′ for time |N | ≤ 4δ, we have that K_{δ,0} is compact and is disjoint from WF_{sc}(u) so for an appropriate neighborhood of K_{δ,0}, and hence for some ϵ̃ > 0 (14.31) holds.

Let ψ_0 ∈ C^∞_c (R) be identically 1 near 0 and supported sufficiently close to 0 so that the product decomposition of X near ∂X is valid on supp ψ_0. We also define q = ψ_0(x)q̃.

(14.32) Now note that q satisfies the estimates in (13.2) and let Q be the left quantization q_L(q) of q as in (13.12) We intend to compute the commutator i[Q, H]. Corollary 13.4 reduces our task to computing [Q, Δ]ψ(Δ) = [Qψ(Δ), Δ].

(14.33) Since Qψ(Δ) ∈ Ψ^{−∞,0}_{sc} (X) we can use the commutator formula in the scattering calculus to give j_{sc,0,1}(i[Qψ(Δ), Δ]) = −(^{sc}H_gq)ψ(g),

(14.34) i.e. with q_L denoting left quantization i[Q, Δ]ψ(Δ) − xq_L(−^{sc}H_gq)ψ(Δ) ∈ Ψ^{−∞,2}_{sc} (X).

(14.35) Let ψ ∈ C^∞_c (R; [0, 1]) be supported sufficiently close to λ so that ρ ≡ 1 near supp ψ. Now, f^♭ is independent of μ, so i ^ [Q, Δ]_{ff,1} ^ψ(Δ)_ff = f^♭ ^ψ(Δ)_ff .

(14.36) Since ψ(H) − ψ(Δ) ∈ ρ_{mf} Ψ^{−∞,0}_{3sc} (X), we have ^ ψ(H)_ff − ^ψ(Δ)_ff ∈ Ψ^{−∞,1}_{sc} (S^n_+),

(14.37) so i ^ [Q, Δ]_{ff,1} ^ψ(Δ)_ff − f^♭ ^ψ(H)_ff = f^♭( ^ψ(Δ)_ff − ^ψ(H)_ff ) ∈ Ψ^{−∞,1}_{sc} (S^n_+)

(14.38) and its norm in B(L^2_{sc}(S^n_+), H^{1,1}_{sc} (S^n_+)) is bounded by a constant multiple of f^♭(ξ). Combining this with Corollary 13.4, (14.21) and (14.23) shows that R_1(ξ) = i ^[Q, H]_{ff,1}^ψ(H)_ff − f^♭ ^ψ(H)_ff ∈ Ψ^{−∞,1}_{sc} (S^n_+),

(14.39)

‖R_1(ξ)‖_{B(L2sc(S}n_{+),H}1,1_{sc (S}n_{+))} ≤ C^′f^♭ (z, τ, ν)

(14.40) with C^′ independent of A, hence of M , if we keep A ≥ 1.

It is useful to replace Q by a self-adjoint operator, so we consider ψ(H)Q^∗Qψ(H) in place of Qψ(H). Thus, from (14.40) and Proposition 13.1 (employing (14.37)) we deduce that for some C > 0 ‖ ^ i(ψ(H)[Q^∗Q, H]ψ(H))_{ff,1}(ξ) − 2f^♭f ^ψ(H)^2_ff ‖_{B(L}2_{sc,H}1,1_{sc )} ≤ Cf^♭(ξ)f(ξ)

(14.41) for all ξ ∈ W^⊥.

Now we can follow the proof of Theorem 12.2. Thus, choose ψ̃, ϕ ∈ C^∞_c (R) identically 1 near λ, ψ̃ ≡ 1 on supp ϕ, ψ ≡ 1 on supp ψ̃. Let ϵ^′ ∈ (0, 1). On supp f, λ − τ^2 − |ν|^2_z is not an eigenvalue of H_ff (since it is positive). Thus, ^ ψ̃(H)_ff (ξ) = ψ̃(H_ff(z) + τ^2 + |ν|^2_z) → 0 (14.42) strongly as supp ψ̃ → {λ}. Since supp f is compact, and the inclusion map T : B(H^{1,1}_{sc} (S^n_+), L^2_{sc}(S^n_+)) is compact, for ψ̃ with sufficiently small support we have ‖ ^ (ψ̃(H)T )_ff (ξ)‖_{B(H}1,1_{sc (S}n_{+),L2sc(S}n_{+))} ≤ ϵ^′C^{−1}

(14.43) for all ξ ∈ supp f. Thus, on supp f ‖i ^ (ψ̃(H)[Q^∗Q, H]ψ̃(H))_{ff,1}(ξ) − 2f^♭f ^ψ̃(H) 2 ff ‖_{B(L}2_{,L}2_) ≤ ϵ^′f^♭(ξ)f(ξ).

(14.44) Note that by (14.41), (14.44) holds automatically outside supp f, so it holds for all ξ ∈ W^⊥. Thus, ^ i(ψ̃(H)[Q^∗Q, H]ψ̃(H))_{ff,1} ≥ 2f^♭f ^ψ̃(H) 2 ff − ϵ^′f^♭f. (14.45) Multiplying by ϕ(H) from both left and right we finally conclude that ^ iϕ(H)[Q^∗Q, H]ϕ(H)_{ff,1} ≥ (2 − ϵ^′)f^♭ f ^ϕ(H)^2_ff .

(14.46)

The other face, mf, is much easier to deal with. In fact, from (13.36) we deduce at once that ^ i(ψ(H)[Q^∗Q, H]ψ(H))_{mf,1} = −2ψ(g)^2q̃(^{sc}H_gq̃).

(14.47) This also holds if we replace ψ by ϕ.

Now we can follow the usual proof of the principal-type propagation theorem [22, Proposition 7]. Let b = ψ_0(x)q̃^{1/2}(1 − r)^{1/2}g_0,

(14.48) and let B = q_L(b)ϕ(H). Also, let E = ϕ(H)q_L((q̃e_0)^{1/2})^∗q_L((q̃e_0)^{1/2})ϕ(H).

(14.49) Thus, by (14.46) and (14.47) and (14.25) ix^{−1/2}ϕ(H)[Q^∗Q, H]ϕ(H)x^{−1/2} − M x^{1/2}ϕ(H)Q^∗Qϕ(H)x^{−1/2} − M x^{−1/2}ϕ(H)Q^∗Qϕ(H)x^{1/2} ≥ (2 − 2ϵ^′)B^∗B + E + F (14.50)

where B ∈ Ψ^{−∞,0}_{3sc} (X), E ∈ Ψ^{−∞,0}_{sc} (X), F ∈ Ψ^{−∞,1}_{3sc} (X), and WF^′_{sc}(E) ⊂ K = K_{ϵ̃,δ}

(14.51)

WF^′_{3sc,mf} (F ) ⊂ supp q̃ ⊂ {α ∈^{sc}T^∗_U X : −2δ ≤ N ≤ 2δ, |g − λ| ≤ δϵ̃, ω ≤ 4δϵ̃}, (14.52)

WF^′_{3sc,ff} (F ) ⊂ supp f.

(14.53) Let Λ_r = x^{−l−1/2}(1 + r/x)^{−1}, r ∈ (0, 1).

(14.54)

Also define Q_r = Qϕ(H)Λ_rx^{−1/2}, B_r = BΛ_r , E_r = Λ_rEΛ_r , F_r = Λ_r F Λ_r.

(14.55) Then multiplying (14.50) by (1 + r/x)^{−1} from left and right and rearranging the terms we obtain the following estimate of self-adjoint bounded operators on L^2_{sc}(X):

ix^{l+1/2}[Q^∗_rQ_r, H]x^{l+1/2} − x^{l+1/2}((M x^{1/2}Λ_r + G^∗_r )ϕ(H)Q^∗Q_r + Q^∗_rQϕ(H)(G_r + M x^{1/2}Λ_r))x^{l+1/2} ≥ x^{l+1/2}((2 − ϵ^′)B^∗_r B_r + E_r + F_r)x^{l+1/2}

(14.56)

where G_r = i[Λ_rx^{−1/2}, H]. Now, G_r ∈ B(H^{−m+1,−1/2}_{sc} (X), H^{−m,−l−1/2}_{sc} (X)) remains bounded when we let r → 0. Hence, ‖x^lG_r‖ ≤ M if we chose M sufficiently large. The point of the commutator calculation is that in L^2_{sc}(X) ⟨u, [Q^∗_rQ_r , H]u⟩ = 2i Im⟨u, Q^∗_r Q_r(H − λ)u⟩; (14.57) the pairing makes sense for r > 0 since Q_r ∈ Ψ^{−∞,−l}_{3sc} (X). Now apply (14.56) to x^{−l−1/2}u and pair it with x^{−l−1/2}u in L^2_{sc}(X). Then for r > 0 ‖B_ru‖^2 ≤ |⟨u, E_ru⟩| + |⟨u, F_ru⟩| + 2|⟨u, Q^∗_rQ_r(H − λ)u⟩|. (14.58)

Letting r → 0 now keeps the right hand side of (14.58) bounded since (1 + r/x)^{−1} → Id strongly on B(H^{m′ ,l′}_{sc} (X), H^{m′ ,l′}_{sc} (X)). In fact, by (14.28) Q_r(H −λ)u ∈ Ċ∞(X) remains bounded in Ċ∞(X) as r → 0. Similarly, by (14.31) E_ru remains bounded in Ċ^∞(X) as r → 0. Also, F_r is bounded in B(H^{m,l}_{sc} (X), H^{−m,−l}_{sc} (X)), so ⟨u, F_ru⟩ stays bounded by (14.29). These show that B_r u is uniformly bounded in L^2_{sc}(X) which implies that Bx^{−l−1/2}u ∈ L^2_{sc}(X). Let B^′ = Bx^{−l−1/2} + P (1 − ϕ(H)) (14.59) with P ∈ Ψ^{0,−l−1/2} 3sc (X) with P̂_{ff,−l−1/2}(ξ_0) = Id. Although B̂(ξ_0) is not invertible, B̂^′(ξ_0) is by (14.48). If P is chosen with WF^′_{3sc}(P ) sufficiently small, then ξ_0 /∈ WF_{3sc}((H − λ)u) implies that P (1 − ϕ(H))u ∈ Ċ^∞(X) too, so we conclude that B^′u ∈ L^2_{sc}(X).

(14.60) As B̂^′(ξ_0) is invertible, this implies that ξ_0 /∈ WF^{m,l+1/2} 3sc,ff (u).

(14.61) This is exactly the iterative step we wanted to prove. Hence, we deduce that (14.1) holds for all m and l, proving the proposition.

An immediate corollary is a complete description of propagation of singularities away from C if C is totally geodesic.

Corollary 14.2. Suppose that H satisfies (11.11), C is totally geodesic, and λ > 0. If u ∈ C^{−∞}(X), (H − λ)u ∈ Ċ^∞(X), α ∈^{sc}T^∗_{∂X\C} X, α ∈ Σ_{Δ−λ}, and for every broken bicharacteristic γ of H − λ satisfying γ(0) = α, there exists t < 0 such that γ(t) /∈ WF_{3sc}(u), then α /∈ WF_{3sc}(u).

15. Propagation of singularities in tangential directions

We proceed to analyze the propagation of singularities along the tangential directions to C. First we prove a result showing that if either one of two spectral conditions on H_ff, given below in (15.1) and (15.2), is satisfied, then for (microlocal) solutions of (H − λ)u ∈ Ċ^∞(X) the absence of WF_{3sc}(u) in a ball implies the absence WF_{3sc}(u) in a corresponding parabolic region. This is completely analogous to Theorem 2.50 of Melrose and Sjöstrand [24]. The other main ingredient of proving that singularities propagate along generalized broken geodesics is the understanding of the generalized broken geodesic flow. Since the geometry is essentially the same as in [24] and [25], we can make this conclusion. As we are primarily interested in the actual three-body problem where C is totally geodesic, we will provide a simpler proof in this special case.

If H_ff has eigenvalues, propagation can be much more complicated. However, in the case when in some local coordinates adapted to W^⊥, H_ff (z) is independent of z, it can be described just as in the eigenvalueless case. It is convenient to state our assumptions here. From now on in this section we assume that H is as in (11.11), and either

H_ff (z) does not have any eigenvalues in L^2_{sc}(S^n_+) for any z,

(15.1) or in some local coordinates H_ff (z) is independent of z.

(15.2)

Note that (15.2) does not give any conditions for h̃_z(ν), and it is satisfied for the actual three-body operators. We first prove a commutator estimate which will be useful if (15.2) holds.

Lemma 15.1. Suppose that λ ≤ 0 and H satisfies (11.11). Then given ϵ > 0 there exists δ > 0 such that for ψ̃ ∈ C^∞_c (R; [0, 1]) supported in (λ − δ, λ + δ)

‖ψ̃(H_ff )[Ȳ ∂¯_Y , H_ff]ψ̃(H_ff )‖ < ϵ.

(15.3)

Proof. Let E = E_{Hff} ({λ}), E_{Hff} denoting the spectral projection. First choose ϕ ∈ C^∞_c (R; [0, 1]) which is identically 1 on supp ψ̃. Then ψ̃(H_ff ) = ϕ(H_ff)ψ̃(H_ff ). Let R = [Ȳ ∂¯_Y , H_ff]ϕ(H_ff) − [Ȳ ∂¯_Y , Δ_ff]ϕ(Δ_ff)

= [Ȳ ∂¯_Y , Δ_ff](ϕ(H_ff) − ϕ(Δ_ff )) + [Ȳ ∂¯_Y , V_ff ]ϕ(H_ff).

(15.4)

Now, [Ȳ ∂¯_Y , Δ_ff] = −2Δ_ff, and

ϕ(H_ff ) − ϕ(Δ_ff) ∈ Ψ^{−∞,1}_{sc} (S^n_+)

(15.5)

by Proposition 10.2. Moreover, V_ff ∈ Ψ^{0,1}_{sc} (S^n_+), and Ȳ ∂¯_Y ∈ Ψ^{1,−1}_{sc} (X), so their commutator is in Ψ^{0,1}_{sc} (S^n_+). Hence, R ∈ Ψ^{−∞,1}_{sc} (S^n_+), and thus it is compact on L^2_{sc}(S^n_+). Now write

ψ̃(H_ff )[Ȳ ∂_Ȳ , H_ff]ψ̃(H_ff ) =(ψ̃(H_ff ) − E)[Ȳ ∂_Ȳ , H_ff]ϕ(H_ff)(ψ̃(H_ff) − E)

+ E[Ȳ ∂¯_Y , H_ff]ϕ(H_ff)(ψ̃(H_ff ) − E)

+ (ψ̃(H_ff ) − E)[Ȳ ∂¯_Y , H_ff]ϕ(H_ff)E + E[Ȳ ∂¯_Y , H_ff]E.

(15.6)

Here the last term vanishes by the virial theorem. Also, ψ̃(H_ff ) − E goes to 0 strongly as supp ψ̃ → {λ}, so in particular ψ̃ supported sufficiently close to λ ‖(ψ̃(H_ff ) − E)R‖ < ϵ/8, ‖R(ψ̃(H_ff ) − E)‖ < ϵ/8. (15.7)

In addition, λ ≤ 0 and Δ_ff ≥ 0, so if ϕ is supported in (λ − ϵ/32, λ + ϵ/32) then

‖2Δ_ffϕ(Δ_ff)‖ < ϵ/16.

(15.8)

Since ‖ψ̃(H_ff )‖ ≤ 1, and the same holds for E we see that if ψ̃ is supported sufficiently close to λ then the first three terms on the right hand side of (15.6) are bounded in norm by ϵ/2, ϵ/4 and ϵ/4 respectively. This proves the lemma.

Recall that h̃(z, ν) = h̃_z(ν) = h_{tt}|_{y=0}(z, ν) (15.9)

is the restriction of the boundary metric h to W̃^⊥, and we have defined

W = 2τ (ν · ∂_ν ) − 2h̃_z(ν)∂_τ + H_{h̃} ∈ V(W^⊥).

(15.10)

This definition ensures that W −^{sc}H_g|_W ⊥_{∩ΣΔ−λ} = ∑ α_i∂_{μi} in the local coordinates adapted to W^⊥. We also assume in what follows that we have chosen some

K ⊂ Σ_t(λ) \ (R^− ∪ R^+)

(15.11)

which is compact. Since the propagation result is local, we can work in local coordinates. In particular, it will be useful to extend the projection π^⊥ :^{sc}T^∗_C X → W^⊥ using a product decomposition given by local coordinates to a projection (also denoted by π^⊥) from^{sc}T^∗_U X to W^⊥, where U ⊂ ∂X is a neighborhood of C. We also write |.| for the Euclidian metric on^{sc}T^∗_U X in the local coordinates.

Proposition 15.2. Suppose that H satisfies (11.11) and λ > 0. Suppose also that either (15.1) or (15.2) holds. Given K as in (15.11) there exist constants C_0 > 0, δ_0 > 0 such that the following holds. If ξ_0 = (z_0, τ_0, ν_0) ∈ K, u ∈ C^{−∞}(X), ξ_0 /∈ WF_{3sc}((H − λ)u) and in addition for some 0 < ϵ < 1, 0 < δ < min{C_0ϵ, δ_0} and for all α = (y, z, τ, μ, ν) ∈^{sc}T^∗_{∂X} X |y| ≤ ϵδ, |π^⊥(α) − exp(−δW )(ξ_0)| ≤ ϵδ ⇒ α /∈ WF_{3sc,mf} (u) (15.12) and y = 0, |π^⊥(α) − exp(−δW )(ξ_0)| ≤ ϵδ ⇒ π^⊥α /∈ WF_{3sc,ff} (u)

(15.13)

then ξ_0 /∈ WF_{3sc,ff} (u).

Proof. The proof is essentially a combination of the proofs of Proposition 14.1 and of the propagation along generalized bicharecteristics found in [16, Proposition 24.5.1] which in turn is based on Melrose’s and Sjöstrand’s paper [24]. Thus, we have to change the construction of q; the point being that now^{sc}H_g is tangent to W^⊥ at some points of the broken geodesics, so we cannot use the flow-out of^{sc}H_g from some hypersurface including^{sc}T^∗_C X as in the normal case to define ω, and hence q̃. Of course, we still want to arrange Q to have a positive commutator with H in the region which we wish to exclude from the wave front set. The main difference from the proof of Proposition 14.1 will be that we define ω by using the flow-out of W from some hypersurface; in particular ω will be completely independent of μ. Naturally, we cannot expect^{sc}H_gω to vanish, but it will be small in the region of interest, and we will have to do careful estimates to make sure that it is actually sufficiently small. In the first part of the argument we follow the proof of [16, Proposition 24.5.1] closely with a few necessary changes.

We have

H_h = 2 ∑ i,j h^{ij}_{nn}μ_j ∂_{yi} + 2 ∑ i,j h^{ij}_{nt}μ_i∂_{zj} + 2 ∑ ij h^{ij}_{nt}ν_j∂_{yi} + 2 ∑ i,j h^{ij}_{tt}ν_j∂_{zi} + ∑ i,j,k (∂_{zk} h^{ij}_{nn})μ_iμ_j∂_{νk} + 2 ∑ i,j,k (∂_{zk} h^{ij}_{nt})μ_iν_j∂_{νk} + ∑ i,j,k (∂_{zk} h^{ij}_{tt})ν_iν_j∂_{νk} + W^′

(15.14)

with W^′ = ∑ α_j∂_{μj} . Hence, if ω ∈ C^∞(R^{m−1}_z × R^m_{τ,ν}) then H_hω|_{y=0} = H_{h̃}ω, (15.15) so we have scH_gω|_{y=0} = W ω − 2(h − h̃)∂_τ ω. (15.16) We now define ω such that the second term is small near α_0 = (0, z_0, τ_0, 0, ν_0) ∈ scT^∗_C X, the unique point on Σ_{Δ−λ} such that π^⊥α_0 = ξ_0. Now, W τ = −2h̃, and h̃_{z0} (ν_0) ≠ 0, so near ξ_0, W τ ≠ 0, i.e. W is transversal to the hypersurface τ = τ_0. Thus, near ξ_0 in W^⊥ we can solve the Cauchy problem W ω = 0, ω|_{τ=τ0} = (z − z_0)^2 + (ν − ν_0)^2.

(15.17) Since ω and dω vanish at ξ_0, the same holds on the bicharacteristic of W through ξ_0, but ω ≥ 0 and the Hessian is still positive in directions transversal to the bicharacteristics as these hold at ξ_0. Moreover, by [16, Lemma 7.7.2], |dω| ≤ Cω^{1/2}. (15.18) Let r_0 = τ^2 + h̃_z(ν) − λ,

(15.19) so W r_0 = 0. Now at τ = τ_0 we have r_0 = h̃_z(ν) − h̃_{z0} (ν_0), so |r_0| ≤ C^′|dω| ≤ C^{′′}ω^{1/2} (15.20) when τ = τ_0, and then W ω = 0 = W r_0 implies that this inequality holds everywhere. Therefore, |h̃ − h| ≤ |λ − τ^2 − h| + |λ − τ^2 − h̃| ≤ |λ − τ^2 − h| + Cω^{1/2}. (15.21) Note that h^{ij}_{nn}(0, y) = δ_{ij}, h^{ij}_{nt}(0, y) = 0, and

scH_gω =^{sc}H_gω − W ω = − 2(h − h̃)∂_τ ω + 2 ∑ i,j h^{ij}_{nt}(y, z)μ_i∂_{zj} ω + 2 ∑ i,j (h^{ij}_{tt} (y, z) − h^{ij}_{tt}(0, z))ν_j∂_{zi} ω + ∑ i,j,k ∂_{zk} h^{ij}_{nn}(y, z)μ_iμ_j ∂_{νk} ω + 2 ∑ i,j,k ∂_{zk} h^{ij}_{nt}(y, z)μ_iν_j∂_{νk} ω + ∑ i,j,k ∂_{zk} (h^{ij}_{tt} (y, z) − h^{ij}_{tt}(0, z))ν_iν_j∂_{νk} ω,

(15.22) so for some C, C^′ > 0 |^{sc}H_gω − W ω| ≤ C^′(|y| + |τ^2 + h − λ| + ω^{1/2})|dω| ≤ C(|y| + |τ^2 + h − λ| + ω^{1/2})ω^{1/2}. (15.23)

Now we define for δ, ϵ > 0 ϕ = τ_0 − τ + 1 ϵ^2δ (|y|^2 + ω). (15.24) Note that now |y|^2 +ω plays the role of ω in (14.5) and (14.10), and our propagation variable is τ_0 − τ since^{sc}H_g(τ_0 − τ ) = 2h is positive near α_0. Thus, scH_gϕ = 2h + 1 ϵ^2δ (4 ∑ i,j h^{ij}_{nn}μ_j y_i + 4 ∑ ij h^{ij}_{nt}ν_jy_i +^{sc}H_gω).

(15.25)

We have already estimated^{sc}H_gω. On the other hand, |h^{ij}_{nt}(y, z)ν_jy_i| ≤ C|y|^2, |h^{ij}_{nn}(y, z)μ_j y_i| ≤ C|y||μ|. (15.26) We can also estimate |μ| near Σ_{Δ−λ}. In fact, |μ_iν_j| ≤ |μ|^2 + |ν|^2, so | ∑ i,j h^{ij}_{nt}(y, z)μ_iν_j| ≤ C|y|(|μ|^2 + |ν|^2). (15.27)

Also, | ∑ i,j (h^{ij}_{nn}(y, z) − δ_{ij})μ_iμ_j | ≤ C|y||μ|^2, (15.28)

| ∑ i,j (h^{ij}_{tt} (y, z) − h^{ij}_{tt}(0, z))ν_iν_j| ≤ C|y||ν|^2, (15.29) so |h − |μ|^2 − h̃_z(ν)| ≤ C|y|(|μ|^2 + |ν|^2). (15.30) By the triangle inequality |μ|^2 ≤ |(h − h̃_z(ν)) − |μ|^2| + |h − h̃|. (15.31) Hence, by (15.21) |μ|^2 ≤ C(|y| + ω^{1/2} + |τ^2 + h − λ|) (15.32) Summarizing these estimates we see that |^{sc}H_gϕ − 2h| ≤ C ϵ^2δ

(|y|(|y| + ω^{1/2} + |τ^2 + h − λ|)^{1/2} + |y|^2 + (|y| + |τ^2 + h − λ| + ω^{1/2})ω^{1/2}).

(15.33)

Now, ϕ ≤ 2δ and τ − τ_0 ≤ 2δ ⇒ |τ − τ_0| < 2δ, |y| ≤ 2ϵδ, ω ≤ (2ϵδ)^2. (15.34) Thus, under the additional assumption that |τ^2 + h − λ| ≤ ϵδ, |^{sc}H_gϕ − 2h| ≤ C_1((δ/ϵ)^{1/2} + δ).

(15.35) Note that C_1 and δ_1 > 0 can be chosen so that (15.35) is valid for all ξ_0 ∈ K if δ < δ_1. Thus, there exist C_0 > 0 and δ_0 > 0 such that if ξ_0 ∈ K, δ < δ_0, ϵ < 1, δ/ϵ < C_0 then scH_gϕ ≥ c = inf{|ν_0|^2_{z0} : ξ_0 ∈ K},

(15.36) when the assumptions of (15.34) are satisfied and |τ^2 + h − λ| ≤ ϵδ.

Still following the proof of [16, Proposition 24.5.1] we let χ_0(t) = exp(−1/t) for t > 0, 0 for t ≤ 0, and we let χ_1 ∈ C^∞(R) to be identically 1 on [1, ∞), 0 on (−∞, 0], and to have 0 ≤ χ^′_1 ∈ C^∞_c ((0, 1)). For t ∈ [0, 1], ϵ ∈ (0, 1), 0 < δ ≪ ϵ, A > 0 we define q̃_t(y, z, τ, ν) = χ_0(A^{−1}(1 + t − ϕ/δ))χ_1((τ_0 − τ + δ)/(ϵδ) + t).

(15.37) On the support of the first factor ϕ ≤ 2δ, and on the support of the second factor τ − τ_0 ≤ δ + ϵδt ≤ 2δ. Now, scH_gq̃_t = −g^2_0 + e_0

(15.38) where

g^2_0 = A^{−1}δ^{−1}(^{sc}H_gϕ)χ^′_0(A^{−1}(1 + t − ϕ/δ))χ_1((τ_0 − τ + δ)/(ϵδ) + t),

(15.39)

e_0 = 2h(ϵδ)^{−1}χ_0(A^{−1}(1 + t − ϕ/δ))χ^′_1((τ_0 − τ + δ)/(ϵδ) + t).

(15.40) Note that χ^′_0(s) = s^{−2}χ_0(s), and on supp q_t, 1 + t − ϕ/δ ≤ 4, so A^{−1}χ^′_0(A^{−1}(1 + t − ϕ/δ))χ_1 ≥ (A/16)q̃_t.

(15.41) By (15.35) we see that when |τ^2 + h − λ| ≤ ϵδ, we have similarly to (14.24) q̃_t ≤ C^′A^{−2}χ^′_0χ_1 ≤ CA^{−1}δg^2_0.

(15.42) On the other hand, e_t is supported where −tϵδ ≤ τ_0 − τ + δ ≤ (1 − t)ϵδ (15.43) in addition to (15.34). With ξ = exp(−δ^′W )ξ_0, δ^′ = δ/(2|ν_0|^2_{z0} ), this implies that |τ − τ (ξ)| ≤ ϵδ + Cδ^2. From (15.34) we also conclude that |y|^2 + |z − z(ξ)|^2 + |ν − ν(ξ)|^2 ≤ Cϵ^2δ^2.

(15.44)

We drop the index t for the time being. We now let Q be the quantization of q = ψ_0(x)q̃

(15.45) as in Proposition 14.1, and we consider the commutator [Qψ(H), H] where we still have Qψ(H) ∈ Ψ^{−∞,1}_{3sc} (X) since ψ ∈ C^∞_c (R). If λ − τ^2 − |ν|^2_z is not an eigenvalue of H_ff (z) then we can employ Corollary 13.4 as in the normal case to reduce the computation to that of [Qψ(Δ), Δ]. Since Qψ(Δ) ∈ Ψ^{−∞,0}_{sc} (X), the joint symbol of the commutator is given by the Poisson bracket of the symbols: j_{sc,0,1}(i[Qψ(Δ), Δ]) = −(^{sc}H_gq̃)ψ(g).

(15.46) We have already estimated^{sc}H_gq near Σ_{Δ−λ}, so if we arrange that supp ψ ⊂ (λ − ϵδ, λ + ϵδ), and δ > 0 is sufficiently small, we can conclude that away from supp e j_{sc,0,1}(i[Qψ(Δ), Δ]) ≤ −A^{−1}δ^{−1}cχ^′_0χ_1ψ(g).

(15.47) We can also estimate dq|_{y=0} since on supp q |dϕ|_{y=0}| ≤ C^′ + 1 ϵ^2δ |dω| ≤ C^{′′}(1 + 1 ϵ^2δ ω^{1/2}) ≤ C(1 + ϵ^{−1}).

(15.48) Thus, we see that away from supp e |dq̃(0, z, τ, ν)| ≤ C(1 + ϵ^{−1})f^♭ (z, τ, ν) (15.49) where, in accordance with (14.16) and (15.47) we let

f^♭ = A^{−1}δ^{−1}cχ^′_0|_{y=0}χ_1.

(15.50)

Since q is independent of μ, this proves (14.21) and (14.23) in our setting.

If (15.1) holds, then we can apply the argument in the proof of Proposition 14.1 after (14.40) verbatim, taking into account the support properties of e in (15.43), and reducing the size of t in the iterative steps (of improving regularity by order 1 2 ) as in the proof of [16, Proposition 24.5.1], to deduce the conclusion of this proposition. Note that the presence of ϵ^{−1} in (15.49) will not cause any problems since in the compactness argument after (14.42) we will just choose a spectral cutoff function ψ̃ ∈ C^∞_c (R) supported sufficiently close to λ, with the size of support depending on ϵ.

Suppose now that (15.2) holds. Note that Ĥ_ff = Δ_ff + V_ff + h̃ + τ^2 (15.51)

By (13.38) we have with f = q̃|_{y=0} i ^ [Qψ(H), H]_{ff,1} = (−(∂_τ f)[Ȳ ∂¯_Y , H_ff] − W f)ψ(Ĥ_ff )

(15.52) since W = 2τ (ν · ∂_ν) − 2h̃∂_τ + (∂_νh̃)∂_z − (∂_zh̃)∂_ν .

(15.53)

Now, if τ^2 + h̃ ≥ λ, then by Lemma 15.1 we can arrange for any ξ ∈ W^⊥ and for any ϵ^′ > 0 that

‖ψ̃(Ĥ_ff (ξ))[Ȳ ∂¯_Y , H_ff(z)]ψ̃(Ĥ_ff (ξ))‖ < ϵ^′

(15.54)

if ψ̃ ∈ C^∞_c (R; [0, 1]) satisfies supp ψ̃ ⊂ (λ − δ, λ + δ) where δ = δ_{ξ,ϵ}′ , since ψ̃(Ĥ_ff ) = ψ̃(H_ff + τ^2 + h̃).

(15.55)

Since W ϕ = 2h̃, we have

W q̃ = −2A^{−1}δ^{−1}h̃χ^′_0(A^{−1}(1 + t − ϕ/δ))χ_1 + 2h̃χ_0χ^′_1((τ_0 − τ + δ)/(ϵδ) + t).

(15.56)

We multiply both sides of (15.52) by ψ(Ĥ_ff )Q̂^∗_ff , note that Q̂^∗_ff = f, so it commutes with ψ(Ĥ_ff ), so we see that i ^ ψ(H)[Q^∗Qψ(H), H]_{ff,1} ≥ 2ff^♭ ψ(Ĥ_ff )^2

(15.57)

if ξ /∈ supp e. This is completely analogous to (14.46). Taking into account (15.42), we actually conclude that for any M we can choose A > 0 sufficiently large so that i ^ ψ(H)[Q^∗Qψ(H), H]_{ff,1} + 2M f^2ψ(Ĥ_ff )^2 ≥ (2 − 2ϵ^′)ff^♭ ψ(Ĥ_ff )^2

(15.58)

Although we have assumed that τ^2 +h̃ ≥ λ, (15.57) also holds if this is not satisfied, since in that case λ − (τ^2 + h̃) cannot be an eigenvalue of H_ff , so we can use the eigenvalueless argument from above. Since the right hand side of (15.57) is a continuous function of ξ with values in B(L^2_{sc}(S^n_+), L^2_{sc}(S^n_+)), if (15.57) holds for some ψ at ξ, it also holds in some neighborhood of ξ with ϵ^′ replaced by 2ϵ^′. Since supp f is compact, (15.57) holds on supp f if we choose supp ψ sufficiently small, and hence it holds everywhere in this case. Combining this with the argument for on supp q at mf proves the proposition when (15.2) is satisfied.

As mentioned above, this result is completely analogous to Theorem 2.50 of Melrose’s and Sjöstrand’s first paper [24]. The argument of their second paper [25], see also Sjöstrand’s paper on analytic singularities [33] and the arguments of [16, Section 24.3], can be repeated to prove that our proposition implies that WF_{3sc} propagates along generalized broken bicharacteristics. Namely, we conclude:

Proposition 15.3. Suppose that H satisfies (11.11) and λ > 0. Suppose also that either (15.1) or (15.2) holds. Let ξ_0 ∈ Σ_t(λ). Assume that u ∈ C^{−∞}(X) and ξ_0 /∈ WF_{3sc,ff}((H − λ)u). If in addition ξ_0 ∈ WF_{3sc,ff} (u), then there exist ϵ > 0 and a generalized bicharacteristic γ of H with γ(0) = ξ_0 such that γ|_{(−ϵ,ϵ)} ⊂ WF_{3sc,ff} (u).

We are particularly interested in the case when C is totally geodesic. Then the argument of the previous proposition can be strengthened to give an analog of Proposition 14.1 immediately, without the additional analysis of the generalized bicharacteristics. Namely, in this case the bicharacteristic γ of g going through α_0 ∈ W^⊥ ⊂^{sc}T^∗_{∂X} X stays in W^⊥, and π^⊥(γ) is a bicharacteristic of W . We now show that for microlocal solutions of (H −λ)u ∈ Ċ^∞(X), WF_{3sc,ff} (u) either includes the whole of γ or is disjoint from it.

Proposition 15.4. Suppose that C is totally geodesic, H as in (11.11), λ > 0 and either (15.1) or (15.2) holds. Let ξ_0 = (z_0, τ_0, ν_0) ∈ Σ_t(λ) \ (R^− ∪ R^+). Suppose also that u ∈ C^{−∞}(X), ξ_0 /∈ WF_{3sc}((H − λ)u). Then there exists ϵ^′ > 0 such that if in addition for the unique α_0 with π^⊥α_0 = ξ_0, g(α_0) = λ, and for some s ∈ (−ϵ^′, 0) we have exp(s^{sc}H_g)(α_0) /∈ WF_{3sc}(u), then ξ_0 /∈ WF_{3sc,ff} (u).

Proof. Note first that ϵ^′ > 0 appears in the statement only to ensure that for s ∈ (−ϵ^′, 0), exp(s^{sc}H_g)(α_0) /∈ WF_{3sc}((H − λ)u). As usual, it suffices to prove that the set

{s ∈ (−ϵ, ϵ) : exp(s^{sc}H_g)(α_0) /∈ WF_{3sc}(u)}

(15.59)

is closed. We again work in local coordinates and note that C totally geodesic means that ∂_yh^{ij}_{tt}(0, z) = 0 (15.60)

for all z. It is useful to introduce geodesic normal coordinates (y^′, z^′) with respect to C. In these coordinates h^{ij}_{nn}(y^′, z^′) − δ_{ij} vanishes with its first derivative at y^′ = 0, and the same holds for h^{ij}_{nt}(y^′, z^′). Moreover, (15.60) is still satisfied when the variables are replaced by the primed ones. From now on we assume that our coordinates are geodesic normal coordinates and we drop the primes.

The additional vanishing of the coefficients allows strong improvements in the arguments of the previous proposition. First, in (15.22) every term but the first one, −2(h − h̃)∂_τ ω, has an additional order of vanishing in |y|, so (15.23) can be replaced by |^{sc}H_gω − W ω| ≤ C^′(|y|^2 + |τ^2 + h − λ| + ω^{1/2})|dω| ≤ C(|y|^2 + |τ^2 + h − λ| + ω^{1/2})ω^{1/2}.

(15.61)

Similarly, in (15.27)-(15.30) we gain an extra factor of |y| in the estimates, so (15.32) can be replaced by

|μ|^2 ≤ C(|y|^2 + ω^{1/2} + |τ^2 + h − λ|).

(15.62)

Moreover, the first equation of (15.26) can be replaced by |h^{ij}_{nt}(y, z)ν_j y_i| ≤ C|y|^3.

For ϵ > 0 let ϕ = τ_0 − τ + ϵ^{−1}|y|^2 + ϵ^{−2}ω.

(15.63) Thus, (15.33) is replaced by

|^{sc}H_gϕ − 2h| ≤ C(ϵ^{−1}|y|(|y|^2 + ω^{1/2} + |τ^2 + h − λ|)^{1/2} + |y|^3 + ϵ^{−2}(|y|^2 + |τ^2 + h − λ| + ω^{1/2})ω^{1/2}).

(15.64)

Therefore, ϕ ≤ 2δ and τ − τ_0 ≤ 2δ ⇒ |τ − τ_0| ≤ 2δ, |y| ≤ (4ϵδ)^{1/2}, ω ≤ 4ϵ^2δ. (15.65) Hence, under the additional assumption that |τ^2 + h − λ| ≤ ϵδ, |^{sc}H_gϕ − 2h| ≤ C_1(δ + δ^{3/4} + δ^{3/2}ϵ^{1/2} + δ^{3/2}).

(15.66) Thus, there exists δ_0 > 0 such that if δ < δ_0 and ϵ < 1 then scH_gϕ ≥ c = inf{|ν_0|^2_{z0} : ξ_0 ∈ K},

(15.67) when the assumptions of (15.65) are satisfied and |τ^2 + h − λ| ≤ ϵδ. This has the tremendous advantage over the non-totally geodesic case that we can fix δ > 0 first, and then choose ϵ > 0 as small as we wish.

We can repeat the arguments of the previous proposition. Since we altered the definition of ϕ, (15.48) is replaced by |dϕ|_{y=0}| ≤ C^′ + ϵ^{−2}|dω| ≤ C^{′′}(1 + ϵ^{−2}ω^{1/2}) ≤ C(1 + ϵ^{−1}δ^{1/2}).

(15.68) Again, the presence of ϵ^{−1} will not cause any problems since we will simply choose our spectral cutoff, ψ̃ to have sufficiently small support (depending on ϵ) near λ. The rest of the proof can be followed verbatim to conclude that statement of Proposition 15.2 can be replaced by the following assertion. There exists a constant δ_0 > 0 such that if ξ_0 = (z_0, τ_0, ν_0) ∈ K, u ∈ C^{−∞}(X), ξ_0 /∈ WF_{3sc}((H − λ)u) and in addition for some 0 < ϵ < 1, 0 < δ < δ_0 and for all α ∈^{sc}T^∗_{∂X} X |y| ≤ ϵδ, |α − exp(−δW )(ξ_0)| ≤ ϵδ ⇒ α /∈ WF_{3sc,mf} (u) (15.69) and y = 0, |α − exp(−δW )(ξ_0)| ≤ ϵδ ⇒ π^⊥α /∈ WF_{3sc,ff} (u)

(15.70) then ξ_0 /∈ WF_{3sc,ff} (u).

It is very easy to interpret these conditions geometrically. First, W −^{sc}H_g vanishes when y = 0 and μ = 0 by the assumption of total geodesity, so exp(−δW )(ξ_0) = π^⊥ exp(−δ^{sc}H_g)α_0

(15.71) where α_0 is the unique element of Σ_{Δ−λ} with π^⊥α_0 = ξ_0. Next, suppose that for some δ < ϵ^′, δ < δ_0, π^⊥ exp(−δ^{sc}H_g)(α_0) /∈ WF_{3sc}(u). Then for sufficiently small ϵ > 0 (15.69) and (15.70) are satisfied, so we conclude that ξ_0 /∈ WF_{3sc,ff} (u). This shows that (15.59) is closed, hence we have proved the proposition.

16. Bound states with strictly negative energy

We now analyze the propagation of singularities along bound states with strictly negative energy, i.e. at points in Σ_b(λ). We assume that (15.2) holds. On the other hand, since (π^⊥)^{−1}(Σ_b(λ)) is disjoint from Σ_{Δ−λ}, the singularities at the bound states will be unable to leave C, and correspondingly we can implement the argument of Proposition 15.4 without the assumption that C is totally geodesic.

Proposition 16.1. Suppose that (15.2) holds and λ > 0. Let ξ_0 = (z_0, τ_0, ν_0) ∈ Σ_b(λ) \ (R^+ ∪ R^−). Suppose that ξ_0 /∈ WF_{3sc,ff} ((H − λ)u). Then there exists ϵ^′ > 0 such that if in addition exp(sW )(ξ_0) /∈ WF_{3sc,ff} (u) for some s ∈ (0, −ϵ^′) then ξ_0 /∈ WF_{3sc,ff} (u).

Proof. We just follow the proof of Proposition 15.2. We define ω, q̃, etc., exactly the same way, but now we will not make use of the estimates on^{sc}H_gq̃. Now if we choose supp ψ close to λ then supp ψ(g) and supp q̃ are disjoint, so ^ [Q, Δ]_{mf,1}^ψ(H)_{mf} = 0.

(16.1)

On ff we can follow the calculations following (15.51). Since it only involves estimates on W ω and the use of Lemma 15.1, the arguments given there can be followed without a change.

17. Radial sets

In this section we study the wave front set near the radial sets R^±_λ and R^± ∩ (Σ_t(λ) ∪ Σ_b(λ)). As mentioned in Section 11, the significance of these sets is that they are the part of the characteristic set of H where the Hamilton vector field vanishes, and hence where the real principal type propagation of singularities does not hold. Indeed, singularities of generalized eigenfunctions of H can appear here without affecting the rest of the characteristic set of H, as is the case of u = R(λ ± i0)f, f ∈ Ċ^∞(X), λ > 0 (see the following section). It might be confusing that this set is (the intersection of the characteristic set with) the ‘propagation set’ of Sigal and Soffer [31]; they use the physical meaning of the word ‘propagation’ (i.e. understanding it as the location of the particles).

We shall also show that any L^2_{sc}(X) eigenfunction of H − λ with λ > 0 is actually in Ċ^∞(X). A theorem of Froese and Herbst [7] implies that there are no such eigenfunctions in Euclidian many-body scattering. We extend this result to the geometric setting for the three-body problem, largely following their proof, in Appendix B.

In general, when we do not assume either of (15.1) and (15.2), we do not have a complete picture of propagation of singularities. Namely, the propagation is understood in normal directions to C, but tangential directions and bound states are more troublesome. However, even in these cases we can prove resolvent estimates and uniqueness results which are analogous to those of Gérard, Isozaki and Skibsted [9, 19]. In fact, these results only require propagation estimates in the τ variable, i.e. no complete microlocalization. If either of the above mentioned assumptions holds, so in particular for the actual three-body problem, we can obtain sharp uniqueness statements in the sense that the wave front set assumptions are minimal. We first prove the standard commutator identity.

Lemma 17.1. Suppose that H satisfies (11.11), Q ∈ Ψ^{−∞,−2l−1}_{3sc} (X), Q = Q^∗, [Q, H] ∈ Ψ^{−∞,−2l} 3sc (X), and v ∈ C^{−∞}(X) satisfies

WF^{0,l}_{3sc}(v) ∩ WF^′_{3sc}(Q) = ∅, WF^{0,l+1}_{3sc} ((H − λ)v) ∩ WF^′_{3sc}(Q) = ∅.

(17.1)

Then ⟨v, [Q, H]v⟩ = 2i Im⟨v, Q(H − λ)v⟩. (17.2)

Proof. Let m^′, l^′ ∈ R be such that v ∈ H^{m′,l′}_{sc} (X). Also let P ∈ Ψ^{0,0}_{3sc}(X) with WF^′_{3sc}(Id −P ) ∩ WF^′_{3sc}(Q) = ∅ such that P v ∈ H^{0,l}_{sc} (X), P (H − λ)v ∈ H^{0,l+1}_{sc} (X); this can be arranged by (17.1). For the same reason note that both sides of (17.2) are indeed defined. First note that (17.2) holds under the slightly stronger assumption P v ∈ H^{0,l+1}_{sc} (X). In fact,

(H − λ)Q ∈ B(H^{0,l+1}_{sc} (X), H^{0,−l}_{sc} (X)),

(17.3)

so we can write [Q, H] = Q(H − λ) − (H − λ)Q and expand the left hand side of (17.2). We also write v = P v + (Id −P )v, and manipulate the arising terms of ⟨v, [Q, H]v⟩ separately using that (H − λ)Q(Id −P ), Q(H − λ)(Id −P ) ∈ Ψ^{−∞,∞}_{3sc} (X); (17.4)

then the standard argument gives (17.2). Moreover, again writing ⟨v, [Q, H]v⟩ = ⟨P v, [Q, H]P v⟩ + ⟨v, (Id −P^∗)[Q, H]P v⟩ + ⟨v, [Q, H](Id −P )v⟩, (17.5)

and similarly with the right hand side of (17.2), we have |⟨v, [Q, H]v⟩| ≤ C(‖P v‖_H0,l_{sc (X)} + ‖v‖_Hm′ ,l′_{sc (X)})^2, (17.6)

|⟨v, Q(H − λ)v⟩| ≤ C(‖P v‖_H0,l_{sc (X)} + ‖v‖_Hm′ ,l′_{sc (X)}) (‖P (H − λ)v‖_H−1,l+1_{sc (X)} + ‖v‖_Hm′ ,l′_{sc (X)}). (17.7)

Thus, by continuity, it suffices to show that there exists a sequence v_s in H^{0,l+1}_{sc} (X) such that v_s → v in H^{m′,l′}_{sc} (X), P v_s → P v in H^{0,l}_{sc} (X) and P (H −λ)v_s → P (H −λ)v in H^{−1,l+1} sc (X). But now consider Λ_s = (1+sx^{−1})^{−1}, and let v_s = Λ_sv for s ∈ [0, 1].

For s > 0, P v_s ∈ H^{0,l+1}_{sc} (X), and P v_s → P v in H^{0,l}_{sc} (X). Moreover, we can also choose P^′ such that P^′v ∈ H^{0,l}_{sc} (X) and WF^′_{3sc}(P^′ − Id) ∩ WF^′_{3sc}(P ) = ∅. Hence,

P (H − λ)v_s = Λ_sP (H − λ)v + [P (H − λ), Λ_s]P^′v + [P (H − λ), Λ_s](Id −P^′)v.

(17.8)

Now, Λ_s → Id strongly on H^{0,l+1}_{sc} (X), so the first term converges to P (H − λ)v in H^{0,l+1}_{sc} (X) as s → 0. Also, [P (H − λ), Λ_s] → 0 strongly in

B(H^{0,l}_{sc} (X), H^{−1,l+1}_{sc} (X)),

so the second term converges to 0 in H^{−1,l+1}_{sc} (X). Finally, [P (H −λ), Λ_s](Id −P^′) → 0 strongly in B(H^{0,l′}_{sc} (X), H^{−1,l+1}_{sc} (X)), so the last term also converges to 0 in H^{−1,l+1} sc (X). This shows that (17.2) indeed holds if we just assume that P v ∈ H^{0,l}_{sc} (X), P (H − λ)v ∈ H^{0,l+1}_{sc} (X).

First we deal with the general case; the improved statements under the additional assumptions, (15.1) or (15.2), follow at once from the propagation results of the previous sections. For τ_0 ∈ R let T^±_ff (τ_0) = {(z, τ, ν) ∈ Σ_ff (H − λ) : ±τ ≥ ±τ_0}.

(17.9) If the additional assumptions hold, then we can use R^− ∩ (Σ_t(λ) ∪ Σ_b(λ)) instead of T^−_ff (−λ^{1/2}) in (17.10) and (17.11) in the statement of the following lemma. Lemma 17.2. Suppose that H is as in (11.11), λ > 0. Suppose also that WF^{m,l}_{3sc,mf} (u) ∩ R^−_λ = ∅, WF^{m,l}_{3sc,ff} (u) ∩ T^−_ff (−λ^{1/2}) = ∅

(17.10) for some m ∈ R and l > −1/2, and (H − λ)u ∈ Ċ^∞(X). Then WF_{3sc,mf} (u) ∩ R^−_λ = ∅, WF_{3sc,ff} (u) ∩ T^−_ff (−λ^{1/2}) = ∅.

(17.11) The same result holds with R^−_λ and T^−_ff (−λ^{1/2}) replaced by R^+_λ and T^+_ff (λ^{1/2}) respectively.

Proof. Assume iteratively that (17.11) holds for WF^{0,l}_{3sc}(u) where l > −1/2; we want to show that it holds when l is replaced by l + 1/2. Note that by our initial assumption the claim holds for some l > −1/2.

With ϵ ∈ (0, λ^{1/2}/3) small, let χ ∈ C^∞(R) be supported in (−∞, −λ^{1/2} + 2ϵ), identically 1 in (−∞, −λ^{1/2} + ϵ) and χ^′ ≤ 0. Let ψ_0 ∈ C^∞(X) be supported in a product neighborhood of ∂X, identically 1 near ∂X. Define q = x^{−l−1/2}χ(τ )ψ_0 ≥ 0;

(17.12) q is a globally defined function on^{sc}T^∗X and on supp q, τ ≤ −λ^{1/2} + 2ϵ < 0. Thus, Qψ(H) ∈ Ψ^{−∞,−l−1/2} 3sc (X). Near^{sc}T^∗_{∂X} X we have scH_gq = 2(−(l + 1/2)τ χ(τ ) − hχ^′(τ ))x^{−l−1/2} ≥ 0. (17.13) Let f = x^{l+1}q|sc_T ∗_{CX} ; since f is independent of μ, it can be regarded as a function on W^⊥. Now, let ψ ∈ C^∞_c ((λ/2, 2λ)) supported near λ, so that in a neighborhood of supp ψ(g) ∩ supp χ^′(τ ) we have h > δ; here δ > 0 is just some fixed constant. This can be arranged since on Σ_{Δ−λ}, h = λ − τ^2 and on supp χ^′(τ ), τ ∈ [−λ^{1/2} + ϵ, −λ^{1/2} + 2ϵ]. Thus, with c_2 = 2 inf h|_{supp ψ(g)∩supp χ}′_{(τ)} > 0,

(17.14) and c_1 = 2(l + 1/2)(λ^{1/2} − 2ϵ) > 0,

(17.15) we have x^{l+1/2}(^{sc}H_gq|_{supp ψ(g)}) ≥ f^♭ = c_1χ(τ ) − c_2χ^′(τ ) > 0.

(17.16) Hence, j_{sc,1,−l+1/2}(−i[Qψ(Δ), Δ]) = x^{l+1/2}(^{sc}H_gq)ψ(g) ≥ f^♭ ψ(g).

(17.17) Note in particular that q is independent of μ̄ = (μ, ν), x^{l+1/2}q ≤ C_1f^♭

(17.18) and in the standard local coordinates near C |d(x^{l+1/2}q)| ≤ C_2f^♭ (17.19) corresponding to (14.24), (14.21) and (14.23). Using Corollary 13.4 and the argument of Proposition 14.1 we see that with Q = q_L(q)

R_1(ξ) = −i ^[Q, H]_{ff,−l+1/2}^ψ(H)_ff − f^♭ ^ψ(H)_ff ∈ Ψ^{−∞,1}_{sc} (S^n_+),

(17.20)

‖R_1(ξ)‖_{B(L2sc(S}n_{+),H}1,1_{sc (S}n_{+))} ≤ C^′f^♭(z, τ, ν).

(17.21)

When λ − (τ^2 + |ν|^2_z) is not an eigenvalue of H_ff, we can follow the proof of Proposition 14.1 after (14.40) to conclude that for ϕ ∈ C^∞_c (R) supported sufficiently close to λ we have −i ^ (ϕ(H)[Q^∗Q, H]ϕ(H))_{ff,−2l} ≥ (2 − ϵ^′)ff^♭ ϕ(H)^2. (17.22)

If λ − (τ^2 + |ν|^2_z) is an eigenvalue of H_ff, we can follow the proof of Proposition 15.2 starting from (15.51). We need not make use of (15.2) since q is independent of ν, and so the term (D_ν f)(∂_zĤ_ff ) automatically vanishes in (13.38). This proves (17.22) in this setting too. We can then apply the standard compactness argument to show that ϕ can be chosen to be independent of ξ ∈ W^⊥. Of course, at mf the analog of (17.22) holds automatically. Now note that

−i[(x + r)^{−1/2}, H] − q_L(x^{sc}H_g(x + r)^{−1/2}) ∈ Ψ^{1,3/2}_{3scc} (X)

(17.23)

uniformly for r ∈ (0, 1), and

scH_g(x + r)^{−1/2} = −τ x(x + r)^{−3/2}

(17.24)

which is positive on supp q. Hence we have shown that with Q_r = Qψ(H)(x+r)^{−1/2} where ϕ ≡ 1 on supp ψ,

−i[Q^∗_r Q_r, H] ≥ ψ(H)(x + r)^{−1/2}B^2(x + r)^{−1/2}ψ(H) + E^2_r + F_r

(17.25)

where B ∈ Ψ^{−∞,−l}_{3sc} (X) is self-adjoint, F_r ∈ Ψ^{−∞,−2l}_{3scc} (X) uniformly bounded, E_r ∈ Ψ^{−∞,−l} 3scc (X) for r > 0 and it is uniformly bounded in Ψ −∞,−l−1/2 3scc (X) (and it is

self-adjoint). Note also that Q_r ∈ Ψ^{−∞,−l−1/2}_{3scc} (X) for r > 0 and it is uniformly bounded in Ψ^{−∞,−l−1}

3scc (X).

Apply now (17.2) with u in place of v, Q^∗_r Q_r in place of Q, and use (17.25). Thus, we see that for r > 0 ‖B(x + r)^{−1/2}ψ(H)u‖^2 ≤ |⟨u, F_ru⟩| + 2| Im⟨u, Q^∗_rQ_r(H − λ)u⟩|. (17.26)

Letting r → 0 keeps the right hand side bounded, and B(x + r)^{−1/2}ψ(H)u → Bx^{−1/2}ψ(H)u in H^{0,−1/2}_{sc} (X), so it follows that Bx^{−1/2}ψ(H)u ∈ L^2_{sc}(X). Noting that x^{−l−1/2}(Id −ψ(H)) + Bx^{−1/2}ψ(H) has an invertible indicial operator where f > 0 by (17.22) and (Id −ψ(H))u ∈ Ċ^∞(X) shows that the set where f > 0 is disjoint from WF^{0,l+1/2}_{3sc,ff} (u), which provides the iterative step in the proof.

We can also analyze propagation in τ in the region τ ∈ (−λ^{1/2}, λ^{1/2}). Of course, we have the detailed picture at Σ_n(λ) in general, but at Σ_t(λ) ∪ Σ_b(λ) only if either (15.1) or (15.2) is satisfied. For τ_0 ∈ R we now introduce similarly to (17.9) T^±(τ_0) = {(ȳ, τ, μ̄) ∈ Σ_{Δ−λ} : ±τ ≥ ±τ_0}. (17.27)

Lemma 17.3. Suppose that H satisfies (11.11), λ > 0. Suppose also that for some τ_0 ∈ (−λ^{1/2}, λ^{1/2}) WF_{3sc,mf} (u) ∩ T^−(τ_0) = ∅, WF_{3sc,ff} (u) ∩ T^−_ff (τ_0) = ∅

(17.28) and (H − λ)u ∈ Ċ^∞(X). Then for any τ^′_0 ∈ (−λ^{1/2}, λ^{1/2}) we have WF_{3sc,mf} (u) ∩ T^−(τ^′_0) = ∅, WF_{3sc,ff} (u) ∩ T^−_ff (τ^′_0) = ∅.

(17.29) The same result holds with T^− and T^−_ff replaced by T^+ and T^+_ff respectively. Proof. This is a simple one-variable version of the propagation theorems. Thus, we only sketch the proof. We let χ_0 ∈ C^∞(R) be χ_0(t) = exp(−1/t) for t > 0, χ_0(t) = 0 for t ≤ 0, and also choose χ_1 ∈ C^∞(R; [0, 1]) be 0 on (−∞, 0], 1 on [1, ∞). For δ > 0 small, A > 0 large, define q̃ = χ_0(A^{−1}(τ^′_0 + δ − τ ))χ_1((τ − τ_0)/δ + 2).

(17.30) Then we proceed just as in the proof of Proposition 14.1 to obtain a positive commutator estimate and prove this lemma.

Remark 17.4. This one-variable propagation result follows easily from the methods of Gérard, Isozaki and Skibsted in [9] in the setting of Euclidian many-body scattering, with an appropriate notion of wavefront set.

Corollary 17.5. Suppose that H satisfies (11.11), λ > 0, u ∈ H^{m,l}_{sc} (X), l > −1/2, and (H − λ)u ∈ Ċ^∞(X). Then u ∈ Ċ^∞(X). Proof. By Lemma 17.2 WF_{3sc,mf} (u) ∩ (T^−(−λ^{1/2}) ∪ T^+(λ^{1/2})) = ∅,

(17.31)

WF_{3sc,ff} (u) ∩ (T^−_ff (−λ^{1/2}) ∪ T^+_ff (λ^{1/2})) = ∅.

(17.32) By Lemma 17.3 and the closedness of the wave front set we conclude that WF_{3sc,mf} (u) ∩ Σ_{Δ−λ} = ∅, WF_{3sc,ff} (u) ∩ Σ_ff (H − λ) = ∅.

(17.33) Combining this with Proposition 11.2 shows that WF_{3sc,mf} (u) and WF_{3sc,ff}(u) vanish, hence ψ(H)u ∈ Ċ^∞(X) if ψ ∈ C^∞_c (X). Taking ψ ≡ 1 near λ we also have (1−ψ(H))u ∈ Ċ^∞(X) since (H−λ)u ∈ Ċ^∞(X), so we conclude that u ∈ Ċ^∞(X).

As mentioned at the beginning of this section, we can extend the result of Froese and Herbst on the absence of positive eigenvalues to the general geometric setting. This is done in Appendix B; here we only state the result.

Theorem 17.6. [cf. Froese and Herbst [7, Corollary 1.4]] Let H be as in (11.11) and let λ > 0. Then (H − λ)u = 0, u ∈ H^{m,l}_{sc} (X) for some m ∈ R and for some l > −1/2 implies that u = 0. In particular, H has no positive eigenvalues.

We now prove a ‘rough’ regularity theorem near the radial sets. Lemma 17.7. Let H be as in (11.11) and let λ > 0. Suppose that WF_{3sc,mf} (u) ⊂ R^+_λ , WF_{3sc,ff} (u) ⊂ T^+_ff (λ^{1/2}),

(17.34) and (H −λ)u ∈ Ċ^∞(X). Then u ∈ H^{m,l}_{sc} (X) for all m ∈ R and l < −1/2. The same result holds with R^+_λ and T^+_ff (λ^{1/2}) replaced by R^−_λ and T^−_ff (−λ^{1/2}) respectively.

Proof. The proof proceeds similarly to that of Lemma 17.2. Thus, we assume that u ∈ H^{m,l}_{sc} (X), l < −1, and we proceed to show it when l is replaced by l + 1/2. Let ϵ ∈ (0, λ^{1/2}/3), χ ∈ C^∞(R) supported in (λ^{1/2} − 2ϵ, ∞), identically 1 in (λ − ϵ, ∞), χ^′ ≥ 0. Also let ψ_0 ∈ C^∞(X) be supported in a product neighborhood of ∂X, identically 1 near ∂X. We define q = x^{−l−1}χ(τ )ψ_0 ≥ 0. (17.35) Now, however, near^{sc}T^∗_{∂X} X we have scH_gq = −2(τ (l + 1)χ(τ ) + hχ^′(τ ))x^{−l−1},

(17.36) so the two terms have opposite signs. However, χ^′(τ ) is supported in τ ∈ (λ^{1/2} − 2ϵ, λ^{1/2} − ϵ], i.e. in the region where u does not have wave front set by (17.34). We have x^{l+1 sc}H_gq|_{τ≥λ}1/2_{−3/4ϵ} ≥ f^♭ = −2(l + 1)(λ^{1/2} − ϵ).

(17.37) On the set {τ ≥ λ^{1/2} − 3/4ϵ}, χ^′ vanishes, so we have x^{l+1}q ≤ C_1f^♭ , d(x^{l+1}q) = 0 in this region. In addition, for r > 0 scH_g(1 + r/x)^{−1} = 2τ xr(x + r)^{−2}

(17.38) is positive on supp q. Correspondingly, using the arguments of Lemma 17.2 following (17.20) we see that with Q_r = q_L(q)(1 + r/x)^{−1}ϕ(H), ϕ ∈ C^∞_c (R) −i[Q^∗_r Q_r, H] = B^2_r + E_r + F_r

(17.39) where now B_r ∈ Ψ^{−∞,−l+1/2}

3sc (X) for r > 0, bounded in Ψ^{−∞,−l−1/2}_{3scc} (X), E_r ∈ Ψ^{−∞,−2l+1} 3sc (X) has WF^′_{3sc} in τ ≤ λ − 3/4ϵ and is bounded in Ψ^{−∞,−2l+1}_{3scc} (X), and F_r ∈ Ψ^{−∞,−2l} 3scc (X) uniformly. Thus, we conclude that for r > 0 ‖B_r u‖^2 ≤ |⟨u, (E_r + F_r)u⟩| + 2|⟨u, Q^∗_rQ_r(H − λ)u⟩|. (17.40) Now the right hand side is bounded as r → 0 as we have noted, so we have proved this lemma.

We now prove that the conclusion of Theorem 17.6 also holds if (H − λ)u = 0 and one of the radial sets is missing from the wave front set of u. This only requires a simple additional commutator estimate which is very similar to Isozaki’s proof in [19, Lemma 4.5].

Proposition 17.8. Suppose that H satisfies (11.11), λ > 0. Suppose also that u ∈ C^{−∞}(X), WF^{m,l}_{3sc,mf} (u) ∩ R^−_λ = ∅, WF^{m,l}_{3sc,ff} (u) ∩ T^−_ff (−λ^{1/2}) = ∅

(17.41) for some m ∈ R and l > −1/2, and (H − λ)u = 0. Then u = 0. The same result holds with R^−_λ and T^−_ff (−λ^{1/2}) replaced by R^+_λ and T^+_ff (λ^{1/2}) respectively. Proof. By Lemma 17.2 and 17.3 we see at once that WF_{3sc,mf} (u) ⊂ R^+_λ , WF_{3sc,ff} (u) ⊂ T^+_ff (λ^{1/2}).

(17.42) By Lemma 17.7, u ∈ H^{m′ ,l′}_{sc} (X) for any m^′ ∈ R, l^′ < −1/2. Now let l ∈ (−1/2, 0), and let ϕ ∈ C^∞(R) be 0 on (−∞, 1], 1 on [2, ∞). For r > 0 let χ_r(x) = r^{−2l−1} ∫_{x/r} 0 ϕ^2(s)s^{−2l−2} ds. (17.43)

Thus, χ_r ∈ C^∞_c (int(X)) and

x^2∂_xχ_r(x) = x^{−2l}ϕ^2(x/r).

(17.44)

Now, by [22, Equation 3.7]

Δ = (x^2D_x)^2 + i(N − 1)x^3D_x + x^2Δ_h + x^3 Diff^2_b(X),

(17.45) so −i[χ_r (x), H] = 2x^{−2l}ϕ^2(x/r)(x^2D_x) + F^′_r

(17.46)

where F^′_r is bounded in Ψ^{1,−2l+1}_{3scc} (X). Let ψ ∈ C^∞_c (R) supported close to λ, identically 1 near λ. Let ρ ∈ C^∞(R) be 0 on (−∞, λ^{1/2}/3), 1 on (2λ^{1/2}/3, ∞), and let b = ρ(τ ), B = q_L(b)ψ(H), E = q_L(1 − ρ^2(τ ))ψ(H). Thus, we see that −i[χ_r (x)ψ(H), H] = 2x^{−l}ϕ(x/r)(B^2 + E)ϕ(x/r)x^{−l} + F_r (17.47)

with B ∈ Ψ^{−∞,0}_{3sc} (X), E ∈ Ψ^{−∞,0}_{3sc} (X), WF^′_{3sc}(E) disjoint from R^+_λ and T^+_ff , F_r bounded in Ψ^{−∞,−2l+1}

3scc (X). Now, for r > 0 we have ⟨u, [χ_r(x), H]u⟩ = 2i Im⟨u, χ_r(x)(H − λ)u⟩ = 0. (17.48)

Hence, ‖x^{−l}ϕ(x/r)Bu‖^2 ≤ |⟨x^{−l}ϕ(x/r)u, Ex^{−l}ϕ(x/r)u⟩| + |⟨u, F_ru⟩|. (17.49)

Taking into account (17.42) and u ∈ H^{m′,l′}_{sc} (X) for all l^′ < −1/2 we see that the right hand side stays bounded as r → 0, so we conclude that x^{−l}Bu ∈ L^2_{sc}(X), so by (17.42) we have u ∈ H^{∞,l}_{sc} (X). Since l ∈ (−1/2, 0), we can apply Theorem 17.6 to conclude that u ∈ Ċ^∞(X). Note that χ_r(x) is not bounded in Ψ^{m′ ,l′}_{3sc} (X) for any m^′ and l^′, so the place where we really used the assumption (H − λ)u = 0 was to eliminate the term on the right hand side of (17.48) from the right hand side of (17.49).

We only state the improved version of this proposition; the preceding lemmas can be strenghtened similarly.

Corollary 17.9. Suppose that H is as in (11.11), λ > 0 and either one of (15.1) and (15.2) holds. Suppose also that u ∈ C^{−∞}(X),

WF^{m,l}_{3sc,mf} (u) ∩ R^−_λ = ∅, WF^{m,l}_{3sc,ff} (u) ∩ R^− ∩ (Σ_t(λ) ∪ Σ_b(λ)) = ∅

(17.50)

for some m ∈ R and l > −1/2, and (H − λ)u = 0. Then u = 0. The same result holds with R^−_λ and R^− replaced by R^+_λ and R^+ respectively.

Proof. We only have to prove that the second assumption of (17.50) implies the second assumption of (17.41). Since WF_{3sc,ff} is closed, R^− ∩ (Σ_t(λ) ∪ Σ_b(λ)) has a neighborhood in W^⊥ which is disjoint from WF^{m,l}_{3sc,ff} (u). But all integral curves of the vector field W in Σ_t ∪ Σ_b go to R^− ∩ (Σ_t(λ) ∪ Σ_b(λ)) as t → ∞, so by Propositions 15.2 and 16.1 they are disjoint from WF^{m,l}_{3sc,ff} (u). Hence, (17.41) is satisfied and we can apply Proposition 17.8.

18. The resolvent

In this section we examine the behavior of the resolvent applied to elements of Ċ∞(X) as the spectral parameter approaches the real axis. First we prove a simple global result on the wave front set of u = (H − (λ ± i0))^{−1}f, f ∈ Ċ^∞(X), assuming that

(H − (λ ± it))^{−1}f ∈ L^∞((0, 1)_t; H^{0,s}_{sc} (X)), s ∈ (−1, − 1 2 ). (18.1)

It is completely analogous to the theorem proved by Gérard, Isozaki and Skibsted in [9], and it is really just a version of the results of the previous section. Note that if one uses the Mourre estimate and the corresponding argument to estimate the resolvent, see [29], (18.1) is automatically satisfied. However, we do not need this; we prove the limiting absorption principle here similarly to Hörmander’s proof in [16, Theorem 30.2.10]. For λ ∈ C \ R we let

R(λ) = (H − λ)^{−1} ∈ Ψ^{−2,0}_{3sc} (X).

(18.2)

Lemma 18.1. Suppose that H satisfies (11.11) and λ > 0. Let f ∈ Ċ^∞(X) and u_t = R(λ ± it)f, and assume that (18.1) holds. Then there exist C > 0 and B ∈ Ψ^{0,0}_{3sc}(X) such that B̂_{mf} , B̂_ff are invertible for ±τ ≥ λ, σ_{3sc,0}(B) is invertible everywhere, and Bu_t is bounded in Ċ^∞(X).

Proof. This is just a variation of the proof of Lemma 17.2, but we do not need the additional factor (x + r)^{−1/2} since for t > 0 all pairings are defined. For the sake of definiteness we consider u_t = R(λ − it)f, t ∈ (0, 1). Let q be as in (17.12). Thus, (17.22) implies that with l > −1/2, Q̃ = Qψ(H)

−i[Q̃^∗Q̃, H] ≥ B^2 + E^2 + F

(18.3)

where B ∈ Ψ^{0,−l}_{3sc} (X) is self-adjoint, F ∈ Ψ^{0,−2l+1}_{3sc} (X), E ∈ Ψ^{0,−l}_{3sc} (X) is self-adjoint, Q̃ ∈ Ψ^{−∞,−l−1/2} 3sc (X).

Now, for t > 0, u_t ∈ Ċ^∞(X), so ⟨u_t, [Q̃^∗Q̃, H]u_t⟩ = 2i Im⟨u_t, Q̃^∗Q̃(H − (λ − it))u_t⟩ − 2it‖Q̃u_t‖^2. (18.4) Hence, ‖Bu_t‖^2 ≤ 2| Im⟨u_t, Q̃^∗Q̃(H − (λ − it))u_t⟩| + |⟨u_t, F u_t⟩| − 2t‖Q̃u_t‖^2. (18.5)

As 2t‖Q̃u_t‖^2 is nonnegative, it can be dropped. If l = s + 1/2 > −1/2, then the right hand side remains bounded as t → 0, and we can conclude that Bu_t ∈ L^∞((0, 1)_t; H^{0,l}_{sc} (X)), i.e. we improved the regularity given in (18.1) by 1/2. Note that we only needed s > −1 in (18.1). Thus, we can proceed iteratively as usual, thereby proving the proposition.

We can also analyze the singularities of R(λ ± i0) at the opposite radial regions, i.e. where ∓τ ≥ λ. Of course, we expect that wave front set appears there, and correspondingly we prove a ‘rougher’ regularity result. This will only improve (18.1) by a little: it shows that s can be replaced by any l < −1/2.

Lemma 18.2. Suppose that H satisfies (11.11) and λ > 0. Let f ∈ Ċ^∞(X) and u_t = R(λ ± it)f and suppose that (18.1) holds. Given l < −1/2, m ∈ R, there exist C > 0 and B ∈ Ψ^{0,0}_{3sc}(X) such that B̂_{mf} , B̂_ff are invertible for ∓τ ≥ λ, σ_{3sc,0}(B) is invertible everywhere, and Bu_t is bounded in H^{m,l}_{sc} (X).

Proof. We again consider u_t = R(λ − it)f. The proof is very similar to that of Lemma 17.7. Thus, we let ϵ ∈ (0, λ^{1/2}/3), χ ∈ C^∞(R) supported in (λ^{1/2} − 2ϵ, ∞), identically 1 in (λ − ϵ, ∞), χ^′ ≥ 0. We define q as in Lemma 17.7 as well, so with ψ_0 ∈ C^∞(X) supported near ∂X, identically 1 in a smaller neighborhood of ∂X, q = x^{−l−1/2}χ(τ )ψ_0 ≥ 0. (18.6) Just as in the parameterless case, near^{sc}T^∗_{∂X} X, we have scH_gq = −2(τ (l + 1/2)χ(τ ) + hχ^′(τ ))x^{−l−1/2},

(18.7)

so the two terms have opposite signs. Again, χ^′(τ ) is supported in τ ∈ (λ^{1/2} − 2ϵ, λ^{1/2} − ϵ]. By the previous lemma and the propagation results, which can be modified similarly to include the parameter t, we know that P u_t is bounded in Ċ∞(X) if WF^′_{3sc}(P ) does not meet τ > λ1/2 − ϵ/2, so the second term in (18.7), applied to u_t, is automatically bounded in Ċ^∞(X) as t → 0. We have x^{l+1/2 sc}H_gq|_{τ≥λ}1/2_{−3/4ϵ} ≥ f^♭ = −(2l + 1)(λ^{1/2} − ϵ).

(18.8)

On the set {τ ≥ λ^{1/2}−3/4ϵ}, χ^′ vanishes, so we have x^{l+1/2}q ≤ C_1f^♭, d(x^{l+1/2}q) = 0 in this region. Correspondingly, using the arguments of Lemma 17.2 following (17.20) we see that with Q_0 = q_L(q)ϕ(H), ϕ ∈ C^∞_c (R) −i[Q^∗_0Q_0, H] = B^2_0 + E_0 + F_0

(18.9)

where now B_0 ∈ Ψ^{−∞,−l}_{3sc} (X), E_0 ∈ Ψ^{−∞,−2l}_{3sc} (X) has WF^′_{3sc} in τ ≤ λ − 3/4ϵ, and F_0 ∈ Ψ^{−∞,−2l+1} 3sc (X). Thus, we conclude that for t > 0 ‖Bu_t‖^2 ≤ |⟨u_t, (E_0 + F_0)u_t⟩| + 2|⟨u_t, Q^∗_0Q_0(H − (λ − it))u_t⟩| − 2t‖Q_0u_t‖^2. (18.10)

Now the right hand side is bounded as t → 0 as we have noted (the last term can be dropped again), so we have proved this lemma.

We can now state the weak form of the limiting absorption principle, namely that R(λ ± it), t > 0, has a limit as t → 0. We again state this in the general case, but just as in Corollary 17.9 we can replace T^±_ff (±λ^{1/2}) by R^± ∩ (Σ_t(λ) ∪ Σ_b(λ)) in (18.11) if either (15.1) or (15.2) is satisfied.

Theorem 18.3. Suppose that H satisfies (11.11), λ > 0. Let f ∈ Ċ^∞(X), u^±_t = R(λ ∓ it), t > 0. Then u^±_t has a limit u_± = R(λ ∓ i0)f in H^{m,l}_{sc} (X), l < −1/2, as t → 0. In addition, WF_{3sc,mf} (u_±) ⊂ R^±_λ , WF_{3sc,ff} (u_±) ⊂ T^±_ff (±λ^{1/2}).

(18.11)

Proof. We consider u_t = R(λ−it)f only and we follow the proof of [22, Proposition 14]. So suppose that δ > 0, and u_t is not bounded in H^{0,−1/2−δ}_{sc} (X) as t → 0. Hence we can take a sequence t_j , j ∈ N, t_j → 0, such that ‖u_{tj} ‖_H0,−1/2−δ_{sc (X)} → ∞. Now consider the sequence

v_j = u_{tj} ‖u_{tj} ‖_H0,−1/2−δ sc (X) . (18.12)

Thus, v_j is bounded in H^{0,−1/2−δ}sc (X). Taking some m < 0, l < −1/2 − δ, we can pick a subsequence v^′_j of v_j which converges in H^{m,l}_{sc} (X), since the inclusion of H^{0,−1/2−δ} sc (X) to H^{m,l}_{sc} (X) is compact; we let v be the limit. Note that (H −λ)v^′_j →

0 in distributions, so (H − λ)v = 0. We know by the previous lemmas (together with the propagation theorems) that Bv^′_j is bounded in Ċ^∞(X) if WF^′_{3sc}(B) is in τ ≤ λ^{1/2} − ϵ. Consequently, v satisfies the assumptions of Proposition 17.8, i.e. v = 0. This, however, contradicts v^′_j → v, ‖v^′_j‖_H0,−1/2−δ_{sc (X)} = 1. Thus, u_t is

bounded in H^{0,−1/2−δ} sc (X) for any δ > 0 as t → 0. Again, we can take a convergent subsequence in H^{m,l}_{sc} (X), m < 0, l < −1/2, and argue as above that the difference of the limit of two such convergent subsequences must vanish. This argument also proves (18.11).

Remark 18.4. A slight modification of Lemmas 18.1 and 18.2 which allows f to depend on t as long as it stays bounded in H^{0,s}_{sc} (X), s > 1/2, can be used as in Hörmander’s proof of [16, Theorem 30.2.10] to prove that R(λ ± i0) is a bounded operator from H^{0,1/2+ϵ}_{sc} (X) to H^{0,−1/2−ϵ}_{sc} (X) for any ϵ > 0.

As a corollary of this theorem we note that R(λ±i0)v also exists for distributions v which satisfy a wave front set condition. Again, if either (15.1) or (15.2) holds then T^±_ff (±λ^{1/2}) can be replaced by R^± ∩ (Σ_t(λ) ∪ Σ_b(λ)).

Corollary 18.5. Suppose that H satisfies (11.11), λ > 0. Suppose also that v ∈ C^{−∞}(X), and let u^±_t = R(λ ∓ it)v, t > 0. If in addition v satisfies

WF_{3sc,mf} (v) ∩ R^∓_λ = ∅, WF_{3sc,ff} (v) ∩ T^∓_ff (∓λ^{1/2}) = ∅,

(18.13)

then u_t has a limit u_± = R(λ ∓ i0)v in C^{−∞}(X), as t → 0. In addition,

WF_{3sc,mf} (u_±) ∩ R^∓_λ = ∅, WF_{3sc,ff} (u_±) ∩ T^∓_ff (∓λ^{1/2}) = ∅.

(18.14)

Furthermore, u_± are the unique elements of Ċ^∞(X) satisfying (H − λ)u_± = v and (18.14).

Proof. For t > 0 we have R(λ ± it)^† = R(λ ± it), † denoting transpose, so for f ∈ Ċ^∞(X) v(R(λ ± it)f) = (R(λ ± it)v)(f). (18.15)

(Recall that the distributional pairing is the real pairing, not the complex (i.e. L^2) one.) Since under our assumptions the left hand side converges as t → 0 due to (18.11), so we can define the limit R(λ ± i0)v in C^{−∞}(X) using this equation. Here we need to know the continuity implied by Remark 18.4. In fact, using this remark and the analog of Lemma 18.1 stated for f ∈ H^{m,s}_{sc} , s > 1/2, we can easily conclude that

WF^{∞,r}_{3sc,mf} (u_±) ∩ R^∓_λ = ∅, WF^{∞,r}_{3sc,ff} (u_±) ∩ T^∓_ff (∓λ^{1/2}) = ∅.

(18.16)

for r < −1/2. Once we know the existence of such a limit satisfying (18.16), we can use a slightly stronger version of the uniform propagation estimates (in so far as only microlocal assumptions on v are used) to conclude (18.14). In fact, we can use the commutator formula in Lemma 18.1 and simply note that we only need the regularity of f on WF^′_{3sc}(Q̃). Finally, the uniqueness follows from taking the difference of two such distributions and using Proposition 17.8.

We can also discuss the asymptotic expansion of R(λ ± i0)f, f ∈ Ċ^∞(X) away from C. This result was obtained in [35] in the case of Euclidian scattering covering the same class of potentials as in this paper, and it used the paper [9] of Gérard, Isozaki and Skibsted to show that

WF_{sc}(R(λ ∓ i0)f) ∩^{sc}T^∗_{∂X\C} X ⊂ R^±_λ ,

(18.17)

after which a local version of Melrose’s original argument [22, Proposition 12] implied the existence of the asymptotic expansions. Since the necessary fact from [9] has been proved above in Theorem 18.3, the proof from [35] applies verbatim. For the statement of the result it is convenient to renormalize the resolvent. Thus, we let R̃(±λ) = R(λ^2 ∓ i0), λ > 0. (18.18)

To deal with the case of long-range interactions we make two definitions. If V ∈ ρ_{mf} C^∞([X; C]), then we can can write V = xV^′, V^′ ∈ C^∞(X \ C). We let α_λ = (2λ)^{−1}V^′|_{∂X\C} ∈ C^∞(∂X \ C), λ ∈ R\ {0}. (18.19)

We also introduce an index set K = {(m, p) : m, p ∈ N, p ≤ 2m}. (18.20)

For a description of the space A^K_{phg}(X \ C) of polyhomogeneous conormal distributions to the boundary, ∂X \ C, see [21]. Essentially, u ∈ A^K_{phg}(X \ C) means that u has a full asymptotic expansion in x^m(log x)^p, p ≤ 2m, m → ∞, with smooth coefficients on ∂X \ C. We hence conclude:

Theorem 18.6. Suppose that f ∈ Ċ^∞(X), H as in (11.11), λ ∈ R \ {0}. Then u = R̃(λ)f has a full asymptotic expansion away from C as follows. If V ∈ ρ^2_{mf} C^∞([X; C]) (short-range interaction) then e^{iλ/x}x^{−(N−1)/2}u ∈ C^∞(X \ C). (18.21)

If V ∈ ρ_{mf} C^∞([X; C]) (long-range interaction) then e^{iλ/x}x^{iαλ−(N−1)/2}u ∈ A^K_{phg}(X \ C). (18.22)

19. The scattering matrix

In the concluding section of this paper we translate our results on the propagation of singularities of generalized eigenfunctions of H to describe the free-to-free (i.e. three-cluster to three-cluster) (part of the) scattering matrix of H. This part of the scattering matrix geometrically using the asymptotic expansion of Theorem 18.6 exactly in the same way as it was discussed in [35, Theorem 4.1]. The proof of that theorem involves the resolvent estimates of Gérard, Isozaki and Skibsted [9], Isozaki’s uniqueness theorem [19, Theorem 1.2], and the construction of generalized eigenfunctions with arbitrary expansion, supported away from C, at one of the radial surfaces, which is again Melrose’s construction [22, Proposition 12]. Since these have been proved in our context, in particular the uniqueness theorem is just Proposition 17.8, [35, Theorem 4.1] is also valid in this more general context. Namely, we have the following:

Theorem 19.1. Suppose that H is as in (11.11), λ ∈ R\ {0}, and let α_λ and K be as in (18.19) and (18.20). Suppose also that either (15.1) or (15.2) holds. Then for a_0 ∈ C^∞_c (∂X \ C) there exists a unique u ∈ C^{−∞}(X) such that

(H − λ^2)u = 0, u = u_+ + u_−,

(19.1) v_− = e^{−iλ/x}x^{−iαλ−(N−1)/2}u_− ∈ A^K_{phg}(X), v_−|_{∂X} = a_0, (19.2)

WF_{3sc,mf} (u_+) ∩ R^{− sign λ}_{λ2} = ∅, WF_{3sc,ff} (u_+) ∩ R^{− sign λ} ∩ (Σ_t(λ^2) ∪ Σ_b(λ^2)) = ∅.

(19.3)

Moreover, there exists f ∈ Ċ^∞(X) such that u_± = ∓R̃(±λ)f. In particular, u_+ has an asymptotic expansion as in Theorem 18.6. If V ∈ ρ^2_{mf} C^∞([X; C]), then α_λ = 0 and A^K_{phg}(X) can be replaced by C^∞(X).

Remark 19.2. If neither (15.1) nor (15.2) holds, then this theorem is still true if we replace R^{− sign λ} ∩ (Σ_t(λ^2) ∪ Σ_b(λ^2)) by T^{− sign λ}_ff (−λ). This can be proved by the very same argument.

We can now define the free-to-free (three-cluster to three-cluster) scattering matrix as the operator relating the leading terms of u_± on ∂X \ C. Definition 19.3. With the notation of Theorem 19.1, the free-to-free scattering matrix S(λ), λ ∈ R\ {0}, is defined as S(λ) : C^∞_c (∂X \ C) → C^∞(∂X \ C), (19.4) S(λ)a_0 = v_+|_{∂X\C} , v_+ = e^{iλ/x}x^{iαλ−(N−1)/2}u_+. (19.5)

We also define the Poisson operator:

Definition 19.4. With the notation of Theorem 19.1, λ ∈ R \ {0}, the Poisson operator corresponding to free incoming data is the map P (λ) : C^∞_c (∂X \ C) → C^{−∞}(X), P (λ)a_0 = u. (19.6)

Thus, the Poisson operator associates to incoming data the unique generalized eigenfunction of H with eigenvalue λ^2 which has this ‘λ-incoming part’, and the scattering matrix maps the incoming data to the outgoing data. The Poisson operators P (λ) and P (−λ) are closely related.

Lemma 19.5. If a_0 ∈ C^∞_c (∂X \ C) then P (−λ)a_0 = P (λ)a_0.

Proof. We can assume that λ > 0. Let u = P (−λ)a_0. Thus, (H − λ^2)u = 0, u = u_+ + u_−,

WF_{3sc,mf} (u_+) ∩ R^+_{λ2} = ∅, WF_{3sc,ff} (u_+) ∩ R^+ ∩ (Σ_t(λ^2) ∪ Σ_b(λ^2)) = ∅,

(19.7) and u_− has an asymptotic expansion v_− = e^{iλ/x}x^{iαλ−(N−1)/2}u_− ∈ A^K_{phg}(X), v_−|_{∂X} = a_0. (19.8) Now, taking the complex conjugate of u gives another generalized eigenfunction of H: (H − λ^2)ū = 0. Moreover, ū = u_+ + u_−. Since e^{if/x} = e^{−if/x} if f is real valued, we see that

WF_{3sc,mf} (u_+) ∩ R^−_{λ2} = ∅, WF_{3sc,ff} (u_+) ∩ R^− ∩ (Σ_t(λ^2) ∪ Σ_b(λ^2)) = ∅.

(19.9) Moreover, the asymptotic expansion of u_− becomes v_− = e^{−iλ/x}x^{−iαλ−(N−1)/2}u_− ∈ A^K_{phg}(X), v_−|_{∂X} = a_0. (19.10) By Theorem 19.1, the unique generalized eigenfunction of H with these properties is P (λ)a_0, so P (λ)a_0 = P (−λ)a_0, completing the proof of the lemma.

In the case of two-body type scattering on X (i.e. V ∈ xC^∞(X)) the Poisson operator P_0(λ) has been analyzed in detail by Melrose and Zworski in [26], and they used it to conclude that the scattering matrix is a Fourier integral operator associated to the geodesic flow on ∂X at distance π. In this paper we have only proved simpler wave front set propagation estimates, so we cannot expect that we can draw such strong conclusions. Nevertheless, we are able to analyze the wave front set of the scattering matrix. First, however, we recall how the Poisson operator is constructed in [26].

Thus, one constructs ‘plane waves’ starting at ȳ = ȳ^′ ∈ ∂X, and does so uniformly in ȳ^′. For this note that X × ∂X is a manifold with boundary and we write the product coordinates on it as (x, ȳ, ȳ^′). We can also use the product coordinates on^{sc}T^∗X near ∂X × ∂X, namely they are just (x, ȳ, ȳ^′, τ, μ̄, μ̄^′). The construction microlocally near the initial point ȳ = ȳ^′, i.e. near (x, ȳ^′, ȳ^′, −λ, 0, μ̄^′) ∈ R^{− sign λ}_{λ2} , is rather explicit. It is based on solving the eikonal equation and then the corresponding transport equations near ȳ = ȳ^′. The simplicity is due to the fact that we are just dealing with a smooth Legendre submanifold of^{sc}T^∗(X × ∂X) which has a simple parametrization. To proceed with the construction farther from ȳ^′, Melrose and Zworski discuss Legendrian distibutions, and they use Legendre distributions associated to a pair of Legendre submanifolds with conic points to finish the construction near the outgoing radial surface, R^{sign λ}_{λ2} .

It would be harder to carry out the same program in our setting, though in the case of V vanishing to infinite order at mf this has been done by Hassell in [12]. Instead, we can use the initial part of the Melrose-Zworski construction to start plane waves at ȳ = ȳ^′ ∈ ∂X \ C, but we cut them off away from R^{− sign λ}_{λ2} but before they hit^{sc}T^∗_C X. This construction is described in Appendix A with the slight modification that we allow long-range potentials (V simply vanishing at mf). It is convenient to take λ > 0 in what follows; in general we just need to switch some signs.

Since in Appendix A we describe the global two-body type construction, we now indicate the modifications necessary to accommodate three-body scattering. So we fix a compact set K ⊂ ∂X \C, and use the plane waves constructed in the Appendix for initial points near K, cut off before they hit^{sc}T^∗_C X. Thus, let Ṽ ∈ xC^∞(X) be such that Ṽ = V in a neighborhood of K in X. Let P_0(λ) : C^{−∞}_c (K) → C^{−∞}(X), with kernel K^♭ ∈ C^{−∞}(X × ∂X; π^∗_RΩ), be the operator constructed in the Appendix for Δ + Ṽ instead of H. Recall that ∼^′_+ is the relation given by broken bicharacteristics between points in Σ_{Δ−λ}2 and S^∗∂X, defined in Definition 11.7. Thus, by Proposition A.1, and the remarks preceeding it about the cutoff ψ having support close to ∂X × ∂X, we have for u ∈ C^{−∞}_c (K)

WF_{sc}(P_0(λ)u) ⊂{(ȳ, −λ, 0) : ȳ ∈ supp u} ∪ {α ∈ Σ_{Δ−λ}2 \^{sc}T^∗_C X : ∃ζ ∈ WF(u), α ∼^′_+ ζ},

(19.11)

and correspondingly

WF_{sc}((Δ + Ṽ − λ^2)P_0(λ)u)

⊂ {α ∈ Σ_{Δ−λ}2 \ (R^−_{λ2} ∪^{sc}T^∗_C X) : ∃ζ ∈ WF(u), α ∼^′_+ ζ}.

(19.12)

Moreover, if u ∈ C^∞_c (K) then v = e^{−iλ/x}x^{−iαλ−(N−1)/2}P_0(λ)u ∈ A^K_{phg}(X), v|_{∂X} = u. (19.13)

Now, as V − Ṽ ∈ C^∞([X; C]), with WF^′_{3sc}(V − Ṽ ) ∩^{sc}T^∗_K X = ∅, (19.11) and (19.12) show that for u ∈ C^{−∞}_c (K)

WF_{sc}((H − λ^2)P_0(λ)u) ⊂ {α ∈ Σ_{Δ−λ}2 \ (R^−_{λ2} ∪^{sc}T^∗_C X) : ∃ζ ∈ WF(u), α ∼^′_+ ζ}.

(19.14)

We can thus apply the outgoing resolvent, R̃(λ), to the error, (H − λ^2)P_0(λ)u; this is justified by Corollary 18.5.

Thus, for u ∈ C^∞_c (∂X \ C), supp u ⊂ K, consider P_0(λ)u. We define v = P_0(λ)u − R̃(λ)(H − λ^2)P_0(λ)u.

(19.15) Note first that by (19.14) (H − λ^2)P_0(λ)u ∈ Ċ^∞(X).

(19.16) Hence, the right hand side of (19.15) makes sense, and (H − λ^2)v = 0, WF_{3sc}(R̃(λ)(H − λ^2)P_0(λ)u) ∩ (R^−_{λ2} ∪ (R^− ∩ (Σ_b(λ^2) ∪ Σ_t(λ^2)))) = ∅.

(19.17) Therefore, we conclude that P (λ)u − v is a generalized eigenfunction of H with no incoming wave front set, so by Corollary 17.9 it vanishes, i.e. P (λ)u = P_0(λ)u − R̃(λ)(H − λ^2)P_0(λ)u.

(19.18)

Since we have analyzed the propagation of singularities in terms of wave front sets, we can at once deduce the wave front relation of the Poisson operator. Proposition 19.6. Suppose that H satisfies (11.11), λ ∈ R \ {0}. Assume in addition that either (15.1) or (15.2) holds. Then the Poisson operator extends to a continuous linear map P (λ) : C^{−∞}_c (∂X \ C) → C^{−∞}(X). (19.19) In addition, for u ∈ C^{−∞}_c (∂X \ C), λ > 0,

WF_{3sc}(P (λ)u) ⊂{(ȳ, −λ, 0) : ȳ ∈ supp u} ∪ R^+_{λ2} ∪ (R^+ ∩ (Σ_b(λ^2) ∪ Σ_t(λ^2))) ∪ {α ∈ Σ_{Δ−λ}2 : ∃ζ ∈ WF(u), α ∼_+ ζ} ∪ {ξ ∈ Σ_ff (H − λ^2) : ∃ζ ∈ WF(u), ξ ∼_+ ζ}.

(19.20)

If λ < 0 this still holds with R^+_{λ2} and R^−_{λ2} , R^+ and R^−, ∼_+ and ∼_− interchanged. Proof. If u ∈ C^{−∞}_c (∂X \ C), then P_0(λ)u is still defined, and it satisfies (19.11) and (19.14). Hence, R̃(λ)(H − λ^2)P_0(λ)u is defined by Corollary 18.5, and the right-hand side of (19.18) extends by continuity from C^∞_c (∂X \ C) to define P (λ)u.

Since WF_{3sc}(P_0(λ)u) satisfies the statement of the proposition by (19.11), it suffices to consider v = R̃(λ)(H − λ^2)P_0(λ)u. Thus, with f = (H − λ^2)v, f = (H − λ^2)P_0(λ)u,

(19.21) so WF_{sc}(f) is estimated by (19.14). We can thus apply our propagation results, namely Propositions 14.1, 15.3 and 16.1, see also Corollary 14.2 and Proposition 15.4, to deduce bounds for WF_{3sc}(v) which prove the proposition.

Remark 19.7. If C is totally geodesic but neither (15.1) nor (15.2) hold necessarily, then for u ∈ C^{−∞}_c (∂X \ C) we still have

WF_{3sc}(P (λ)u) ∩^{sc}T^∗_{∂X\C} X ⊂{(ȳ, −λ, 0) : ȳ ∈ supp u} ∪ R^+_{λ2} ∪ {α ∈ Σ_{Δ−λ}2 : ∃ζ ∈ WF(u), α ∼_+ ζ}, (19.22)

since then the broken bicharacteristics through α ∈ Σ_{Δ−λ}2 ∩^{sc}T^∗_{∂X\C} X can only hit scT^∗_C X normally, so Corollary 14.2 suffices to prove (19.22). We also note that if the assumptions (15.1) and (15.2) are removed, then in (19.17), R^− ∩ (Σ_b(λ^2) ∪ Σ_t(λ^2)) must be replaced by T^−_ff (−λ) just as in Theorem 19.1; see the remark following the statement of the Theorem.

We can also analyze the wave front set of the scattering matrix. For this purpose consider the usual boundary pairing. Its statement is slightly complicated, since now we do not have such simple asymptotic expansions globally as in two-body (i.e. V ∈ xC^∞(X)) case.

Lemma 19.8. Suppose that u^{(j)} ∈ C^{−∞}(X), j = 1, 2, u^{(j)} = u^{(j)}_+ + u^{(j)}_− , f^{(j)} = (H − λ^2)u_j ∈ Ċ^∞(X),

(19.23) u^{(1)}_+ = R̃(λ)g^{(1)}, u^{(2)}_− = R̃(−λ)g^{(2)}, g^{(j)} ∈ Ċ^∞(X), j = 1, 2, and v^{(j)}_± = e^{±iλ/x}x^{±iαλ−(N−1)/2}u^{(j)}_± (19.24) satisfy v^{(1)}_− ∈ A^K_{phg}(X), v^{(1)}_− |_{∂X} ∈ C^∞_c (∂X \ C),

(19.25)

v^{(2)}_+ ∈ A^K_{phg}(X), v^{(2)}_+ |_{∂X} ∈ C^∞_c (∂X \ C).

(19.26) Then with w^{(j)}_± = v^{(j)}_± |_{∂X\C}, −2iλ ∫ ∂X (w^{(1)}_+ w^{(2)}_+ − w^{(1)}_− w^{(2)}_− ) dh = ∫ X (u^{(1)}f^{(2)} − f^{(1)}u^{(2)}) dg.

(19.27)

Proof. Since w^{(1)}_− and w^{(2)}_+ (and hence both terms on the left hand side of (19.27)) are supported away from C, the two-body proof [22, Proposition 13] applies. Corollary 19.9. Let a_0, a^′_0 ∈ C^∞_c (∂X \ C) be supported in K ⊂ ∂X \ C compact. Then ∫ K S(λ)a_0 a^′_0 dh = ∫ K a_0 S(−λ)a^′_0 dh. (19.28)

Proof. Take u^{(1)} = P (λ)a_0, u^{(2)} = P (−λ)a^′_0 and apply Lemma 19.8. The right hand side of (19.27) vanishes and w^{(1)}_− = a_0, w^{(1)}_+ = S(λ)a_0, w^{(2)}_+ = a^′_0, w^{(2)}_− = S(−λ)a^′_0 , so (19.28) follows.

For the sake of definiteness we assume that λ > 0 in the following argument. Changing the sign of λ will only change some signs. Let ψ ∈ C^∞_c (R; [0, 1]), identically 1 near λ^2, and let Q ∈ Ψ^{−∞,0}_{3sc} (X) satisfy WF^′_{3sc}(ψ(H) − Q) ∩ (R^−_{λ2} ∪ (R^− ∩ (Σ_t(λ^2) ∪ Σ_b(λ^2)))) = ∅,

(19.29)

WF^′_{3sc}(Q) ∩ (R^+_{λ2} ∪ (R^+ ∩ (Σ_t(λ^2) ∪ Σ_b(λ^2)))) = ∅.

(19.30)

For example, we can take Q^′ corresponding to the symbol q(τ ), q ∈ C^∞(R), q ≡ 1 near (−∞, −λ], q ≡ 0 near [λ, ∞), and then let Q = ψ(H)Q^′. Now given a_0, a^′_0 ∈ C^∞_c (∂X \ C), let u = QP (λ)a_0. Note that WF_{3sc}(P (λ)a_0) ⊂ R^−_{λ2} ∪ R^+_{λ2} ∪ ((R^− ∪ R^+) ∩ (Σ_t(λ^2) ∪ Σ_b(λ^2))).

(19.31) Thus, with f = (H − λ^2)u, we have f ∈ Ċ^∞(X). In fact, f = [H, Q]P (λ)a_0, and WF^′_{3sc}([H, Q]) ⊂ WF^′_{3sc}(Q) ∩ WF^′_{3sc}(ψ(H) − Q),

(19.32) hence WF^′_{3sc}([H, Q]) ∩ WF_{3sc}(P (λ)a_0) = ∅, so by Lemma 9.8 we deduce that f ∈ Ċ^∞(X). Lemma 19.8 implies then that for a_0, a^′_0 ∈ C^∞_c (∂X \ C) we have 2iλ ∫ ∂X a_0S(−λ)a^′_0 dh = − ∫ X (H − λ^2)QP (λ)a_0P (−λ)a^′_0 dg. (19.33) Therefore, by Corollary 19.9 2iλ ∫ ∂X S(λ)a_0 a^′_0 dh = − ∫ X (H − λ^2)QP (λ)a_0P (−λ)a^′_0 dg, (19.34) so S(λ) = i 2λ P (−λ)^∗(H − λ^2)QP (λ). (19.35)

We choose Q so that on WF^′_{3sc}(Q) ∩ WF^′_{3sc}(ψ(H) − Q), τ ∈ (−λ + ϵ, −λ + 2ϵ), ϵ > 0 small. Fix a_0 ∈ C^{−∞}_c (∂X \ C). Now, by Proposition 19.6,

WF_{3sc}(P (λ)a_0) ∩ WF^′_{3sc}([H, Q]) ⊂ {α ∈ Σ_{Δ−λ}2 : ∃ζ ∈ WF(a_0), α ∼_+ ζ} ∪ {ξ ∈ Σ_ff (H − λ^2) : ∃ζ ∈ WF(a_0), ξ ∼_+ ζ}.

(19.36)

Since ϵ > 0 is small, we have π − s small in the parametrization of the bicharacteristic through α in the set on the right hand side of (19.36) due to (11.38), so the projection of WF_{3sc}(P (λ)a_0) ∩ WF^′_{3sc}([H, Q]) to ∂X is close to sing supp a_0, and hence it is away from C. Correspondingly, the second term of (19.36) can be dropped. This also shows that ∼_+ in (19.36) is actually given by the (unbroken) bicharacteristics of g in Σ_{Δ−λ}2 . Thus, by (a local version of) Lemma 9.8 WF_{3sc}((H − λ^2)QP (λ)a_0) ⊂ {α ∈ Σ_{Δ−λ}2 : ∃ζ ∈ WF(a_0), α ∼_+ ζ} WF^′_{3sc}(Q) ∩ WF^′_{3sc}(ψ(H) − Q).

(19.37)

Now recall that the complex pairing ⟨u, u^′⟩_X = ∫ X u u^′ dg (19.38)

extends by continuity from u, u^′ ∈ Ċ^∞(X) to u, u^′ ∈ C^{−∞}(X) satisfying WF_{sc}(u) ∩ WF_{sc}(u^′) = ∅. To see this just let A ∈ Ψ^{0,0}_{sc} (X) with WF^′_{sc}(A) ∩ WF_{sc}(u) = ∅, WF^′_{sc}(Id −A^∗) ∩ WF_{sc}(u^′) = ∅, and note that ⟨u, u^′⟩_X = ⟨Au, u^′⟩_X + ⟨u, (Id −A^∗)u^′⟩_X (19.39) extends as claimed. Since for a^′_0 ∈ C^∞_c (∂X \ C), WF_{3sc}(P (−λ)a^′_0) ⊂ R^+_{λ2} ∪ R^−_{λ2} ∪ (R^− ∩ (Σ_b(λ^2) ∪ Σ_t(λ^2))),

(19.40) WF_{sc}(P (−λ)a^′_0) is disjoint from WF_{sc}((H−λ^2)QP (λ)a_0) (which is away from C), so the pairing on the right hand side of (19.34) is certainly defined if a^′_0 ∈ C^∞_c (∂X \C). Note that (19.40) uses that either (15.1) or (15.2) holds. However, it is easy to see that we can still draw the desired conclusion from the results of Section 18 using T^−_ff (−λ) instead of R^− ∩ (Σ_b(λ^2) ∪ Σ_t(λ^2)); see Remark 19.2. This will also be true for some similar equations in what follows.

We now show that the pairing on the right hand side of (19.34) extends by continuity from a^′_0 ∈ C^∞_c (∂X \ C) to a^′_0 ∈ C^{−∞}_c (∂X \ C) with WF(a^′_0) in a fixed compact subset of S^∗(∂X \C) which is disjoint from the image of WF(a_0) under the (generalized) broken geodesic flow at distance −π. As we saw above, the complex pairing used in (19.34) is defined by continuity whenever

WF_{sc}((H − λ^2)QP (λ)a_0) ∩ WF_{sc}(P (−λ)a^′_0) = ∅.

(19.41)

Since the first term in the intersection has wave front set away from C, the part of WF_{3sc}(P (−λ)a^′_0) at (in fact, near) C does not cause any problems. By Proposition 19.6 and the remark following it,

WF_{sc}(P (−λ)a^′_0) ∩^{sc}T^∗_{∂X\C} X ∩ WF^′_{3sc}(Q) ∩ WF^′_{3sc}(ψ(H) − Q) ⊂ {α ∈ Σ_{Δ−λ}2 : ∃ζ ∈ WF(a^′_0), α ∼_− ζ}. (19.42)

Using (19.37) we conclude that

WF_{sc}((H − λ^2)QP (λ)a_0) ∩ WF_{sc}(P (−λ)a^′_0)

⊂ {α ∈ Σ_{Δ−λ}2 ∩^{sc}T^∗_{∂X\C} X : ∃ζ ∈ WF(a_0), ζ^′ ∈ WF(a^′_0), α ∼_+ ζ, α ∼_− ζ^′}.

(19.43)

Since there is a unique bicharacteristic of Δ through α ∈ Σ_{Δ−λ}2 , we see that if there are no ζ ∈ WF(a_0), ζ^′ ∈ WF(a^′_0) such that ζ^′ is related to ζ by the (generalized) broken geodesic flow on S^∗∂X at time −π then (19.41) holds. Thus, under this assumption the left hand side of (19.34) is also defined by continuity from C^∞_c (∂X \ C). This shows that WF(S(λ)a_0) is given the broken geodesic flow at distance −π. In fact, this statement simply means that taking A ∈ Ψ^0(∂X) with WF^′(A) disjoint from the image of WF(a_0) under the broken geodesic flow at time −π we need to show that AS(λ)a_0 ∈ C^∞(∂X \ C). For this it suffices to show that ∫ ∂X AS(λ)a_0 a^′_0 dh = ∫ ∂X S(λ)a_0 A^∗a^′_0 dh

(19.44)

is defined for all a^′_0 ∈ C^{−∞}_c (∂X \ C) by continuity from C^∞_c (∂X \ C). But, due to the assumption on WF^′(A), this is exactly what we proved above. Hence, we deduce our main theorem:

Theorem 19.10. Suppose that H is as in (11.11) and λ ∈ R \ {0}. Suppose also that either C is totally geodesic, or (15.1), or (15.2) holds. Then the free-to-free scattering matrix, S(λ), extends to a continuous linear map C^{−∞}_c (∂X \ C) → C^{−∞}(∂X \ C). The wave front relation of S(λ) is given by the (generalized) broken geodesic flow at time −(sign λ)π.

Remark 19.11. This can be proved using (19.35) and Wunsch’s push forward theorem [37] as well. Namely, the kernel of P (−λ) is given by Melrose’s and Zworski’s plane wave construction near τ = λ as discussed above, hence we can write down the kernel P_{−λ} ∈ C^{−∞}(∂X × X) of P (−λ)^∗ explicitly as well. We take Q such that on WF^′_{3sc}(Q) ∩ WF^′_{3sc}(ψ(H) − Q), τ ∈ (λ − 2ϵ, λ − ϵ), ϵ > 0 small. Thus, the application of P (−λ)^∗ to v = (H − λ^2)QP (λ)a_0, a_0 ∈ C^{−∞}_c (∂X \ C), can be written as a push forward:

(S(λ)a_0)(ȳ) = i 2λ ∫ X P_{−λ}(ȳ, .)v dg. (19.45)

It is then completely straightforward to check that Wunsch’s push forward result in the scattering calculus [37] proves Theorem 19.10.

Remark 19.12. Hassell has proved in [11] that the usual scattering matrix in Euclidian three-body scattering defined by the wave operators coincides with the one obtained by asymptotic expansions (i.e. ours) up to normalization. Here we present a somewhat different proof under the assumptions that the potentials are short range (so V ∈ ρ^2_{mf} C^∞([X; C])). Namely, we relate our formula (19.35) to an analog of Isozaki’s expression [17, Equation (3.10)] for the 2-cluster to 3- cluster S-matrix, with incoming channel α replaced by 0. In fact, we show that the wave-operator scattering matrix, Ŝ_{00}(λ^2) (as in [17]), considered as a map C^∞_c (S^{N−1} \ C) → C^{−∞}(S^{N−1} \ C), satisfies Ŝ_{00}(λ^2) = i^{N−1}S(−λ)R, λ > 0, (19.46)

where R is pull back by the antipodal map. Note that we write λ^2 rather than λ for the argument of Ŝ_{00}(λ^2) to conform to the usual notation, and in Hassell’s notation our S(−λ) is S̃(λ) (see [11]).

We mostly use the notation of this paper rather than that of [17] in what follows. We let H_0 = Δ (where Δ is the standard positive Laplacian on R^N_z ), H = H_0 + V , choose χ ∈ C^∞(R) identically 0 on (λ − ϵ, ∞), identically 1 on (−∞, −λ + ϵ) for some ϵ > 0, and let Q = q_L(χ(τ ))ϕ(Δ) where ϕ ∈ C^∞_c (R) is identically 1 near λ^2. We also let F be the (standard non-unitary) Fourier transform on R^N, and define

F(λ) : S(R^N) → C^∞(S^{N−1})

(19.47)

to be the trace of F: F(λ)f(ω) = (Ff)(λω). (19.48)

Now Isozaki’s proof of [17, Lemma 3.1] can be repeated nearly verbatim to conclude that for f, g ∈ C^∞_c (S^{N−1} \ C)

⟨(Ŝ_{00}(λ^2) − Id)f , g⟩ = ⟨C_0(−F(λ)Q^∗V + F(λ)(HQ − QH_0)^∗R(λ^2 + i0)V )F^∗(λ)f, g⟩ (19.49)

with C_0 =^1_2 i(2π)^{−(N−1)}λ^{N−2}. Thus, as a map C^∞_c (S^{N−1} \ C) → C^{−∞}(S^{N−1} \ C) we have

Ŝ_{00}(λ^2) − Id = C_0(−F(λ)Q^∗V + F(λ)(HQ − QH_0)^∗R(λ^2 + i0)V )F^∗(λ). (19.50)

Here, as remarked in [17], we need to check that the second term makes sense and we can interchange a limit with an integral, but that is easy to see under our assumptions (e.g. V F^∗(λ)f ∈ H^{0,1/2+ϵ}(R^N) automatically for some ϵ > 0, as follows from the asymptotic expansion using stationary phase).

Let P̃_0(±λ) be the free Poisson operator (i.e. that of Δ), so (P̃_0(±λ)f)(z) = λ^{(N−1)/2}e^{±π(N−1)i/4}(2π)^{−(N−1)/2} ∫ e^{±iλz·ω}f(ω) dω. (19.51)

Then we have F^∗(λ) = CP̃_0(λ) = C^′P̃_0(−λ)R,

(19.52) C = λ^{−(N−1)/2}e^{−π(N−1)i/4}(2π)^{(N−1)/2}, C^′ = C^∗. (19.53) Thus, (19.50) becomes

Ŝ_{00}(λ^2) − Id = C^{′′}(−(V QP̃_0(λ))^∗ + ((HQ − QH_0)P̃_0(λ))^∗R(λ^2 + i0)V )P̃_0(−λ)R,

(19.54)

C^{′′} =^{iN}_{2λ} . But now note that 1 2iλ ([Δ, Q]P̃_0(λ))^∗P̃_0(−λ) = i^{−(N−1)}R,

(19.55) since the left hand side is the asymptotic expansion scattering matrix of Δ at −λ (this is just a special case of (19.33)), which is i^{−(N−1)}R (see [23]; this simply comes from stationary phase methods), so C^{′′}([Δ, Q]P̃_0(λ))^∗P̃_0(−λ)R = − Id,

(19.56) Thus, from (19.54) Ŝ_{00}(λ^2) = −C^{′′}((HQ − QH_0)P̃_0(λ))^∗(Id −R(λ^2 + i0)V )P̃_0(−λ)R.

(19.57) But the Poisson operator for H is given by P (±λ) = (Id −R(λ^2 ∓ i0)V )P̃_0(±λ)

(19.58) as we have seen, and as (H_0 − λ^2)P̃_0(λ) = 0, we can conclude that Ŝ_{00}(λ^2) = −C^{′′}((H − λ^2)QP̃_0(λ))^∗P (−λ)R = i^{N−1}S(−λ)R, (19.59) as claimed. Here we used the analog of (19.33) and we also replaced P (λ) by P̃_0(λ). It is easy to see from Lemma 19.8 that this replacement is legitimate since (19.33) also holds after this replacement. Thus, up to normalization, our scattering matrix indeed coincides with the wave-operator one in Euclidian scattering.

Appendix A. Construction of plane waves near the initial point This section is essentially taken from Sections 1 and 15 of Melrose’s and Zworski’s paper [26] with the minor modification that we allow long-range potentials. We thus construct the kernel of the Poisson operator for Δ+V −λ^2, V ∈ xC^∞(X), on X ×∂X microlocally near the incoming set

G^♯(−λ) = graph{λ dx x^2 } = {(y, y^′, −λ, 0, 0) : y, y^′ ∈ ∂X} ⊂^{sc}T^∗_{∂X×∂X} (X × ∂X). (A.1)

Note that X ×∂X is also a manifold with boundary, hence with a natural scattering structure. In particular, if x is a boundary defining function of X so that g is a scattering metric on X, y are local coordinates on ∂X near a point q, then near the point p = (q, q) ∈ ∂X_y × ∂X_y′ ⊂ X × ∂X we have coordinates (x, y, y^′).

Correspondingly, on^{sc}T^∗_{∂X×∂X} X × ∂X we obtain coordinates (y, y^′, τ, μ, μ^′). The Legendre submanifold associated to the plane waves is

G(−λ) ={(y, y^′; τ, μ, μ^′) : (y, μ̂) = exp((s − π)H 1_{2 h})(y^′, μ̂^′), τ = λ cos s, μ = λ(sin s)μ̂, μ^′ = −λ(sin s)μ̂^′, s ∈ (0, π)} ⊂^{sc}T^∗_{∂X×∂X} X × ∂X; (A.2)

see [26, Proposition 4]. Note that the incoming and outgoing sets are defined the opposite way in [26]; we follow the notation of [22]. In particular, this is the reason for some sign changes above.

Near G^♯(−λ), G(−λ) is parametrized the function λϕ(y, y^′) where ϕ(y, y^′) = cos d(y, y^′), and d denotes the distance on ∂X with respect to h|_{∂X} . Thus, if u is a Legendre distribution of order m associated to G(−λ), i.e. u ∈ I^m_{sc} (X ×∂X, G(−λ)), and A ∈ Ψ^0_{sc}(X × ∂X), WF^′_{sc}(A) is near G^♯(−λ), then Au has the form

Au = (2π)^{−(2N−1)/4}x^{m+(2N−1)/4}e^{iλϕ(y,y′)/x}a(x, y, y^′) + u_0, a ∈ C^∞(X × ∂X), u_0 ∈ Ċ^∞(X × ∂X)

(A.3)

(see [26, Definition 2]).

We will need to consider slightly more general distributions, namely ones of the form v = x^{iα(y′)}Au, with Au as above, α ∈ C^∞(∂X). These are Legendre distributions in the non-polyhomogeneous sense, and they can be thought of as polyhomogeneous distributions with variable order. By the stationary phase lemma we also have the pushforward result that for f ∈ C^∞(∂X_y′ ), ∫ ∂X x^{iα(y′)}Au(x, y, y^′)f(y^′) dh = e^{iλ/x}x^{(N−1)/2+iα(y)}Q(u, f) (A.4)

where Q(u, f) is a polyhomogeneous distribution on X with index set as in (18.20), i.e. K = {(m, p) : m, p ∈ N, p ≤ 2m}. (A.5)

In particular, there exists w ∈ C^∞(∂X) so that |Q(u, f) − w| ≤ Cx(log x)^2 for some constant C > 0. Define Q^0_{−λ}(u) : C^∞(∂X) → C^∞(∂X) by Q^0_{−λ}(u)f = Q(u, f)|_{x=0} = w. The stationary phase lemma also gives that Q^0_{−λ}(u)f(y) = q(y)f(y) where q ∈ C^∞(∂X), i.e. Q^0_{−λ}(u) is just multiplication by a smooth function.

The only modification that we need to make in Melrose’s and Zworski’s construction is that at the initial points, i.e. at G(−λ) ∩ G^♯(−λ), an additional factor must be introduced (which then ‘propagates’ along G(−λ)). Thus, we seek a Legendre distribution K^♭ satisfying

WF_{sc}((Δ_X + V_X − λ^2)K^♭) ∩ G^♯(−λ) = ∅,

(A.6)

Q^0_{−λ}(K^♭) = Id .

(A.7)

Here ‘Legendre distribution’ is understood in the sense discussed above, so K^♭ = x^{iα(y′)}K̃^♭, α ∈ C^∞(∂X) and K̃^♭ is Legendre in the sense of [26]. It is easy to specify α = α_λ; it is the function in (18.19) that appears in the asymptotic expansion of

R̃(±λ)f, f ∈ Ċ∞(X), i.e. with V = xV ′, V ′ ∈ C∞(X), α = (2λ)−1V ′|_{∂X} . We construct K^♭ as an asymptotic sum K^♭ ∼ ∞∑ j=0 K_j , x^{−iα(y′)}K_j ∈ I^{−(2N−1)/4+j} sc (X × ∂X, G(−λ), Ω_R). (A.8)

Hence, microlocally near G^♯(λ), K_0 must satisfy

(Δ_X + V_X − λ^2)K_0 ∈ x^{iα(y′)}I^{−(2N−1)/4+2} sc (X × ∂X, G(−λ), Ω_R), (A.9)

σ_0(Q^0_{−λ}(K_0)) = σ_0(Id),

(A.10)

and for j ≥ 1 we need

(Δ_X + V_X − λ^2)K_j +(Δ_X + V_X − λ^2)( j−1∑ l=0 K_l) ∈ x^{iα(y′)}I^{−(2N−1)/4+j+2} sc (X × ∂X, G(−λ), Ω_R). (A.11)

The kernels K_j take the form of oscillatory functions

K_j = x^{j+iα(y′)}e^{iλϕ(y,y′)/x}a_j (x, y, y^′)π^∗_Rν, a_j ∈ C^∞(X × ∂X), ν ∈ C^∞(∂X, Ω), (A.12)

ϕ(y, y^′) = cos d(y, y^′), (A.13)

d(y, y^′) still being the metric distance between y and y^′ with respect to h|_{∂X} . Regarding y^′ as a parameter and introducing Riemannian normal coordinates in y centered at y^′ we obtain transport equations for a^′_j = a_j |_{x=0}

(y · ∂_y + j)a^′_j + (i(α(0) − (2λ)^{−1}V^′(y)) + b_j)a^′_j = c_j ∈ C^∞(X × ∂X)

(A.14)

near y = 0 with b_j vanishing at y = 0 and c_0 ≡ 0. Since

2λα(0) − V^′(y)

vanishes at y = 0, the transport equation for a^′_0 has a unique smooth solution with a^′_0(y, y) ∈ C^∞(∂X) specified, and the equations for a^′_j , j ≥ 1 have unique smooth solutions. This is true for the same reasons as in Hadamard’s construction, see e.g. [16, Lemma 17.4.1].

Hence, the K_j exist microlocally near G^♯(−λ), and if ψ is supported near the diagonal in ∂X × ∂X ⊂ X × ∂X, identically 1 in a smaller neighborhood of the diagonal, then the ψK_j can be considered distributions on X × ∂X. They can be summed by Borel’s lemma, to obtain K^♭ ∈ C^{−∞}(X × ∂X; Ω_R) with the desired properties. By choosing ψ to have sufficiently small support with sufficiently small support we can arrange that the projection of WF_{sc}(K^♭) to ∂X × ∂X is close to the diagonal at the expense of making WF_{sc}((Δ_X + V_X − λ^2)K^♭) close to (but disjoint from) G^♯(−λ). Now recall that ∼^′_+ is the relation induced by the bicharacteristics of g between points in Σ_{Δ−λ}2 and points in S^∗∂X; see Definition 11.7. We can finally deduce the following result.

Proposition A.1. K^♭ ∈ C^{−∞}(X × ∂X; Ω_R), constructed above, is the kernel of an operator P_0(λ) : C^∞(∂X) → C^{−∞}(X), which extends to an operator P_0(λ) : C^{−∞}(∂X) → C^{−∞}(X), and for u ∈ C^{−∞}(∂X) WF_{sc}(P_0(λ)u) ⊂{(y, −λ, 0) : y ∈ supp u} ∪ {α ∈ Σ_{Δ−λ}2 \ R^−_{λ2} : ∃ζ ∈ WF(u), α ∼^′_+ ζ}, (A.15)

WF_{sc}((Δ + V − λ^2)P_0(λ)u) ⊂ {α ∈ Σ_{Δ−λ}2 \ R^−_{λ2} : ∃ζ ∈ WF(u), α ∼^′_+ ζ}. (A.16)

Proof. Since K^♭ is supported near the diagonal of ∂X_y × ∂X_y′ , we can work in local coordinates. Thus, we may assume that u ∈ C^{−∞}(∂X) is supported in a small open set U ⊂ R^{N−1}_y′ , and we can replace X by S^N_+ , i.e. the radial compactification of R^N, which is [0, 1)_x × S^{N−1}_y near S^{N−1} = ∂S^N_+ (so (x^{−1}, y) are the standard polar coordinates on R^N). We take the partial Fourier transform of K^♭ with respect to (x, y), i.e. consider K̂^♭ = ∫ X e^{−iξ·y/x}K^♭(x, y, y^′) dx dy = ∫ X e^{i(−ξ·y+λϕ(y,y′))/x}a(x, y, y^′) dx dy ∈ C^{−∞}(R^N_ξ × R^{N−1}_y′ ); (A.17)

a ∈ x^{iα(y′)}C^∞(X × ∂X; Ω_R) ⊂ S^ϵ(X × ∂X) for all ϵ > 0. Here we are using the compactified notation for symbol spaces, i.e. the non-trivial behavior of the symbols is at x = 0. It follows that K̂^♭ is a Lagrangian distribution associated to a conic Lagrangian submanifold Λ of T^∗(R^N × R^{N−1}) with compact projection to the base, since ψ(ξ, y^′, x, y) = (−ξ · y + λϕ(y, y^′))/x (A.18) is a non-degenerate phase function (again, we are using a compactified notation). Namely, Λ is given by C ∋ (ξ, y^′, x, y) → (ξ, y^′, d_ξψ, d_y′ ψ) ∈ Λ ⊂ T^∗(R^N × ∂X), (A.19) where C is the critical set C = {(ξ, y^′, x, y) : d_{(x,y)}ψ(ξ, y^′, x, y) = 0}. (A.20) It is convenient to think of S^{N−1}_y as the unit sphere in R^N_ỹ ; correspondingly we can identify α ∈ T^∗_y S^{N−1} with a covector in T^∗_y R^N using the standard metric on both S^{N−1} and R^N. Then ∂_y(ξ · y) dy = (ξ − (ξ · y)y) dỹ. (A.21) Hence, (A.20) becomes C = {(ξ, y^′, x, y) : ξ · y = λϕ(y, y^′), ξ − (ξ · y)y = λ ∂_y ϕ(y, y^′)}. (A.22) Moreover, d_{(ξ,y}′_)ψ = − 1 x y · dξ + λ x ∂_y′ ϕ(y, y^′) dy^′, (A.23) so Λ = {(ξ, y^′, − y x , λ x ∂_y′ ϕ(y, y^′)) : ξ · y = λϕ(y, y^′), ξ − (ξ · y)y = λ ∂_yϕ(y, y^′)}. (A.24)

Since ϕ(y, y^′)^2 + |∂_yϕ(y, y^′)|^2_h ≡ 1

(A.25) (this being the eikonal equation satisfied by ϕ; here |∂_yϕ(y, y^′)|_h is the metric length of ∂_yϕ(y, y^′) dy with respect to h|_{∂X} ), this proves that Λ indeed has compact projection to R^N × ∂X. Moreover, as K̂^♭ is a Lagrangian distribution associated to Λ, WF(K̂^♭) ⊂ Λ. It is also easy to see that (1 − ρ)K̂^♭ ∈ S(R^N × ∂X) if ρ ∈ C^∞_c (R^N × ∂X) is identically 1 in a neighborhood of the projection of Λ to the base, so WF_{sc}(K̂^♭) = WF(K̂^♭) ⊂ Λ.

(A.26)

Now,

P_0(λ)u = ∫ ∂X_y′ K^♭(x, y, y^′)u(y^′) = (2π)^{−N} ∫ R^N e^{iξ·y/x}( ∫ ∂X_y′ K̂^♭(ξ, y^′)u(y^′)) dξ. (A.27)

We write ((ξ, y^′), (ξ^∗, η)) for the canonical coordinates induced on T^∗(R^N × ∂X) by the coordinates (ξ, y^′). We also write (ξ, ξ^∗) for the coordinates on T^∗R^N, identify S^∗R^N as the set {(ξ, ξ^∗) : |ξ^∗| = 1}, and write ξ̂^∗ = ξ^∗/|ξ^∗|. Similarly, if (y, η) ∈ T^∗∂X, we let η̂ =^η_{|η|h} . As usual, we regard the wave front set of a distribution on, say, R^N, both as a conic subset of T^∗R^N \ 0 and as a subset of S^∗R^N.

The standard wave front set calculus [16, Theorem 8.2.13] allows us to estimate the wave front set of v = ∫ ∂X_y′ K̂^♭(ξ, y^′)u(y^′). (A.28)

Namely, we have

WF(v) ⊂{(ξ, ξ^∗) : ∃y^′, (ξ, y^′, ξ^∗, 0) ∈ WF(K̂^♭), y^′ ∈ supp u} ∪ {(ξ, ξ^∗) : ∃(y^′, −η) ∈ WF(u), (ξ, y^′, ξ^∗, η) ∈ WF(K̂^♭)}. (A.29)

In the first set on the right hand side we have ∂_y′ ϕ(y, y^′) = 0 by (A.24), so (using that ϕ(y, y^′) = cos d(y, y^′)), y = y^′. Then (A.24) also gives ξ·y = λ, and ∂_y(ξ·y) = 0, so ξ = λy = λy^′. Moreover, by the same equation, ξ^∗ = −y/x, i.e. ξ̂^∗ = −y. Thus, the first set on the right hand side of (A.29) is {(λy, −y) ∈ S^∗R^N : y ∈ supp u}. (A.30) Equation (A.24) also shows that the second set on the right hand side of (A.29) is {(ξ, −y) ∈ S^∗R^N : (y, −∂_y′ ϕ(y, y^′)) ∈ WF(u), ξ · y = λϕ(y, y^′), ξ − (ξ · y)y = λ∂_yϕ(y, y^′)}. (A.31)

Now, WF_{sc}(P_0(λ)u) and WF(v) = WF_{sc}(FP_0(λ)u) are related by the Legendre diffeomorphism [26, Lemma 5 and Proposition 8]. This is the map L^{−1} : S^∗R^N → scT^∗_{SN−1} S^N_+ which in coordinates (y, τ, μ) on^{sc}T^∗_{SN−1} S^N_+ is given by L^{−1}(ξ, ξ̂^∗) = (−ξ̂^∗, ξ · ξ̂^∗, ξ − (ξ · ξ̂^∗)ξ̂^∗). (A.32)

Hence, the set in (A.30) corresponds to {(y, −λ, 0) : y ∈ supp u}, (A.33)

while the set in (A.31) corresponds to {(y, τ, μ) : ∃ (y^′, η^′) ∈ WF(u), τ = −λ cos d(y, y^′), μ = λ ∂_yϕ(y, y^′), η^′ = −∂_y′ ϕ(y, y^′)}. (A.34)

Now, by (A.25) we have τ^2 + |μ|^2_h = λ^2 in (A.34). Since ϕ(y, y^′) = cos d(y, y^′), so d_y′ ϕ = −(sin d(y, y^′))∂_y′ d(y, y^′) dy^′, (A.35)

we see that μ = −λ∂_yϕ(y, y^′), η^′ = −∂_y′ ϕ(y, y^′) mean that (y, μ/|μ|) lies on the ‘backward’ geodesic starting at (y^′, η̂^′). Thus, we conclude that (A.34) can be written as {(y, τ, μ) : ∃ (y^′, η̂^′) ∈ WF(u) ⊂ S^∗∂X, τ = −λ cos d(y, y^′), τ^2 + |μ|^2_h = λ^2 exp(−d(y, y^′)H 1_{2 h})(y^′, η̂^′) = (y, μ/|μ|)}. (A.36)

This proves (A.15). In view of (A.6) the proof of (A.16) is similar.

Appendix B. Absence of positive eigenvalues

This section follows the paper [7] of Froese and Herbst, and we only emphasize the modifications necessary to accommodate the more general setting. The main point is that we have to estimate the error terms introduced by the general geometry carefully. On the other hand, we do not have any of the complications arising due to the lack of smoothness of the potential. In the proof of super-exponential decay of eigenfunctions with positive energy, the analogue of [7, Theorem 2.1], the error terms arising from the general geometry are similar to those in the Euclidian setting, so the proof of Froese and Herbst requires only minor modifications. On the other hand, they use the exact form of the metric very strongly in their proof of the unique continuation theorem at infinity [7, Theorem 3.1], so there will be many error terms in our case which we have to control and which do not arise in Euclidian scattering.

Fix a boundary defining function x on X such that g = x^{−4} dx^2 + x^{−2}h is a scattering metric, and choose a product decomposition of a neighborhood U_0 of ∂X: U_0 = [0, ϵ_0)_x × ∂X_y . It is convenient to eliminate cross terms dx ⊗ dy by adjusting the product decomposition. This is not necessary for the first proposition (superexponential decay), but it will be important in the proof of unique continuation at ∂X. First note that the coefficients of the dual metric

g^{−1} = g^{00} ∂_x ⊗ ∂_x + ∑ g^{0j} ∂_x ⊗ ∂_{yj} + ∑ g^{j0} ∂_{yj} ⊗ ∂_x + ∑ g^{ij} ∂_{yi} ⊗ ∂_{yj} (B.1)

satisfy

g^{00} = x^4(1 + O(x^2)), g^{0j} = O(x^4), g^{ij} = x^2(h̃^{ij} + O(x))

(B.2)

where h̃ is the pull back of h to ∂X (see [22, Lemma 3]). Thus,

g^{−1}(dx) = x^4(α^′_0∂_x + ∑ α^′_j∂_{yj} ), α^′_0 = 1 + O(x^2)

(B.3)

so in a neighborhood of ∂X

W = (α^′_0)^{−1}x^{−4}g^{−1}(dx) = ∂_x + ∑ α_j∂_{yj} , (B.4) is a smooth vector field on a neighborhood of ∂X which is transversal to the hypersurfaces x = const in a smaller neighborhood of ∂X. Let γ(t, y) be the integral curve of W satisfying γ(0, y) = (0, y) ∈ ∂X; so x(γ(t, y)) = t. If p = γ(t, y), let y^′(p) = y, t(p) = t ≡ x(p). This introduces a product decomposition of a neighborhood U of X with U = [0, ϵ)_x × ∂X_y′ . Moreover, by our definition of γ, ∂_x and T {x = const} are orthogonal with respect to g, so the coefficients of the cross terms dx ⊗ dy^′_j in g vanish with respect to this product decomposition. Thus, we can assume, as we will in what follows, that

g = a^{−1}x^{−4} dx ⊗ dx + x^{−2}h, a ∈ C^∞(U ), a = 1 + O(x^2), h ∈ C^∞(U ; T^∗∂X ⊗ T^∗∂X), h_0 = h|_{∂X} is a metric on ∂X

(B.5)

(here we really mean the pull back of the cotensor bundle). The Laplacian of g becomes

Δ = a(x^2D_x)^2 + i(N − 1)x(x^2D_x) + x^2Δ_0 + x^3P^′ + x^2Q^′

(B.6)

where Δ_0 is the Laplacian of h|_{∂X}, P ∈ Diff^2(∂X) (lifted by the product decomposition), Q ∈ Diff^1_{sc}(X), and N = dim X. In fact, it is convenient to replace this by the more general expression

Δ = a(x^2D_x)^2 + x^2Δ_0 + x^3P + xQ

(B.7)

with Q ∈ Diff^1_{sc}(X), P ∈ Diff^2(∂X).

Let W̃ be a vector field supported near ∂X such that on a smaller neighborhood of ∂X, W̃ = xD_x, and let A =^1_2 (W̃ + W̃^∗). It is easy to check that if ϕ ∈ C^∞_c (R) is identically 1 near 0 and has sufficiently small support then ϕ(x)(A − (xD_x + i N 2 )) ∈ xC^∞(X). (B.8)

We next state the analog of Lemma 2.2 of Froese and Herbst. We let S^m([0, 1)_x) be the space of all symbols a of order m on [0, 1), which satisfy a ∈ C^∞((0, 1)), vanish on (1/2, 1), and for which sup |x^{m+k}∂^k_x a| < ∞ for all k. The topology of S^m([0, 1)) is given by the seminorms sup |x^{m+k}∂^k_x a|. Also, the space S^m (X) of symbols is defined similarly, i.e. it is given by seminorms sup |x^mP a|, P ∈ Diff^k_b(X). In the following lemma Diff_{scc}(X), as usual, stands for non-classical (non-polyhomogeneous) scattering differential operators (i.e. scattering differential operators with nonpolyhomogeneous coefficients), corresponding to the lack of polyhomogeneity of F . In particular, Diff^0_{scc}(X) = S^0(X) (considered as multiplication operators).

Lemma B.1. Suppose that H is as in (11.11), λ > 0, Hψ = λψ, ψ ∈ L^2_{sc}(X). Suppose also that α ≥ 0, and for all β we have x^{−β} exp(α/x)ψ ∈ L^2_{sc}(X). Then with F ∈ S^1([0, 1)), F ≤ α/x + β| log x| for some β, supp F ⊂ U , ψ_F = e^F ψ, H(F ) = H + e^F [H, e^{−F} ] we have ψ_F ∈ Ċ^∞(X), H(F )ψ_F = λψ_F , (B.9)

H(F ) = H − 2a(x^2D_xF )(x^2D_x) + a(x^2D_xF )^2 + R_1, R_1 ∈ xS^0(X),

(B.10)

(ψ_F , Hψ_F ) = (ψ_F , (λ − a(x^2D_xF )^2)ψ_F ).

(B.11)

If in addition ∂_xF ≤ 0 then

(ψ_F , i[A, H]ψ_F ) = − 4‖(ax)^{1/2}(−x^2∂_xF )^{1/2}Aψ_F ‖^2 + (ψ_F , (x∂_x(x^2∂_xF )^2)ψ_F ) + (ψ_F , R_2ψ_F ) + (R_3ψ_F , Aψ_F ) + (Aψ_F , R_4ψ_F ),

R_2, R_3, R_4 ∈ xS^0(X).

(B.12)

Here R_1, R_3 and R_4 are bounded by some seminorms of F , and R_2 is bounded by a quadratic polynomial in some seminorms of F .

Proof. Formally this is just an explicit computation, carefully taking into account the error terms. It can be justified exactly as in the setting of the paper of Froese and Herbst. Here we just note that

[x^2D_x, e^F ] = (x^2D_xF )e^F , x^2D_xF ∈ S^0([0, 1)),

(B.13)

so e^F [H, e^{−F} ] ∈ Diff^1_{scc}(X) (V ∈ C^∞([X; C]) commutes with e^F ). Hence (B.9), which a priori holds in a distributional sense, and the ellipticity of σ_{3sc,2}(H) show that ψ_F ∈ Ċ^∞(X). Moreover, we use

λ‖ψ_F ‖^2 = (ψ_F , H(F )ψ_F ) = Re(ψ_F , H(F )ψ_F ) = (ψ_F , (H + 1 2 [e^F , [H, e^{−F} ]])ψ_F )

(B.14)

to prove (B.11), and

0 = (ψ, [H, e^F Ae^F ]ψ) = (ψ_F , (e^{−F} [H, e^F ]A + [H, A] + A[H, e^F ]e^{−F} )ψ_F )

(B.15)

to prove (B.12). The estimates of the error terms are facilitated by (B.13). In particular, the dependence of R_j on seminorms of F arises by commuting e^F through x^2D_x. Each such commutation gives a factor bounded in S^0([0, 1)) by seminorms of F , but it also eliminates the vectorfield, i.e. reduces the degree of the differential operator by 1. Since H is second order, and the only non-tangential second order part is a(x^2D_x)^2, the previous formulas give the claimed bounds.

Using this lemma and the Mourre estimate (Theorem 12.2) we can follow Froese and Herbst very closely in the proof of the following result:

Proposition B.2. [Froese and Herbst, [7, Theorem 2.1]] Let H be as in (11.11), λ > 0, and suppose that ψ ∈ L^2_{sc}(X) satisfies Hψ = λψ. Then e^{α/x}ψ ∈ L^2_{sc}(X) for all α ∈ R.

Proof. The proof is by contradiction. First note that ψ ∈ Ċ^∞(X) by Corollary 17.5. Let α_1 = sup{α ∈ [0, ∞) : exp(α/x)ψ ∈ L^2_{sc}(X)},

(B.16)

and suppose that α_1 < ∞. If α_1 = 0, then let α = 0, otherwise suppose that α < α_1, and α + γ > α_1. We show that for sufficiently small γ (depending only on α_1) exp((α + γ)/x)ψ ∈ L^2_{sc}(X), which contradicts our assumption on α_1 if α is close enough to α_1. In what follows we assume that γ ∈ (0, 1].

Note first that we certainly have for all β ∈ R, exp(α/x)x^βψ ∈ L^2_{sc}(X), due to our choice of α. We apply the previous lemma with F = ϕ(x)( α x + β log(1 + γ βx )), (B.17) ϕ ∈ C^∞_c (R) identically 1 near 0 (it is convenient to take it to be identically 1 on supp A), and let ψ_β = e^F ψ, Ψ_β = ψ_β/‖ψ_β‖. Here F = F_β ∈ S^1([0, 1)), and F_β is uniformly bounded in S^1([0, 1)) for β ∈ [1, ∞), α ∈ [0, α_1) (or α = α_1 if α_1 = 0), γ ∈ (0, 1].

Now, F is an increasing function of β, and F (x) converges to ϕ(x)(α + γ)/x as β → ∞. Thus, by the monotone convergence theorem ‖ψ_β‖^2 → ‖ exp(ϕ(x)(α + γ)/x)ψ‖ = ∞ (B.18) since α + γ > α_1. On the other hand, for any compact subset B of int(X), e^F is uniformly bounded, and so are its derivatives, so for any Q ∈ Diff^k(X) lim_{β→∞} ‖QΨ_β‖_L2_{(B)} = 0.

(B.19) In what follows, we write b_j , j ∈ N, for positive constants which are independent of α, β and γ. Now,

−x^2∂_xF = (α + γ(1 + γ βx )^{−1})ϕ(x) + F_1 ≤ b_1, F_1 ∈ C^∞_c (int(X)).

(B.20) Hence, by (B.9), (B.10) and the ellipticity of σ_{3sc,2}(H), ‖Ψ_β ‖_Hk_{sc(X)} ≤ b_{2,k}

(B.21) for all k. Note that (B.19) and (B.21) prove that for any Q ∈ Diff^k_{3scc}(X), QΨ_β converges weakly to 0.

Still following [7] we next show that lim_{β→∞} ‖(H − λ − (x^2∂_xF )^2)Ψ_β‖ = 0.

(B.22) In fact, by (B.10) we have

lim sup β→∞ ‖(H − λ − (x^2∂_xF )^2)Ψ_β ‖ = lim sup_{β→∞} ‖(2((x^2∂_x)F )x^2D_x + iR̃_1)Ψ_β ‖.

(B.23)

Now, R̃_1 = xR^′_1, R^′_1 ∈ Diff^1_{scc}(X) with uniformly bounded coefficients. Thus, by (B.21), ‖R^′_1Ψ_β‖_L2_{sc(X)} ≤ b_3. Hence, for any δ > 0 ‖R̃_1Ψ_β ‖^2 ≤ ‖R̃_1Ψ_β‖^2_L2_{(Bδ )} + δ^2b^2_3

(B.24) where B_δ = {p ∈ X : x(p) ≥ δ}. Since R̃_1 has uniformly bounded coefficients, (B.19) proves that

lim sup β→∞ ‖(2((x^2∂_x)F )x^2D_x + iR̃_1)Ψ_β ‖ = lim sup_{β→∞} ‖(2((x^2∂_x)F )x^2D_xΨ_β‖.

(B.25)

In fact, x^2D_x can be replaced by xA since the additional term also vanishes as β → ∞. An explicit calculation shows that x∂_x(x^2∂_xF )^2 − 2γ(α + γ) ≤ b_4x,

(B.26) so from (B.12)

(Ψ_β, i[A, H]Ψ_β) ≤ −4‖(−ax^3∂_xF )^{1/2}AΨ_β ‖^2 + 2γ(α + γ) + (Ψ_β , R_5Ψ_β )

(B.27) with R_5 uniformly bounded in Diff^1_{scc}(X). In addition, [H, A] ∈ Diff^2_{3sc}(X), so the left hand side, as well as the last term on the right hand side, are bounded as β → ∞. This proves that ‖x^{1/2}(−x^2∂_xF )^{1/2}AΨ_β‖ ≤ b_5.

(B.28)

Since |x^2∂_xF | ≤ b_6, we conclude as above that lim_{β→∞} ‖(x^2∂_xF )xAΨ_β‖ = 0,

(B.29) which proves (B.22). Since |x^2∂_xF | ≤ α + γ, we deduce that lim sup β→∞ ‖(H − λ − α^2)Ψ_β ‖ ≤ 2γα + γ^2.

(B.30)

Hence, for ϕ̃ ∈ C^∞_c (R) supported in (Λ−ϵ, Λ+ϵ), identically 1 on (Λ−ϵ/2, Λ+ϵ/2), Λ = λ + α^2, ϵ < λ/2 fixed, we see that

lim sup β→∞ ‖(Id −ϕ̃(H))Ψ_β ‖ ≤ lim sup ‖(H − Λ)(2/ϵ)(Id −ϕ̃(H))Ψ_β ‖ ≤ b_7γ,

(B.31) and hence lim sup β→∞ ‖(H + i)(Id −ϕ̃(H))Ψ_β ‖ ≤ b_8γ.

(B.32)

Now, from (B.29), writing R_3 = xR^′_3 in (B.12), R^′_3 bounded in S^0(X), and noting that (x^2∂_xF )^{−1} is bounded in S^0(X) near supp A, lim_{β→∞}(R_3Ψ_β , AΨ_β) = lim_{β→∞}((x^2∂_xF )^{−1}R^′_3Ψ_β , x(x^2∂_xF )AΨ_β ) = 0,

(B.33) and similarly for the R_4 term in(B.12). Thus, from (B.27), taking into account the form of the R_5 term from (B.12) and (B.26), lim sup β→∞ (Ψ_β , i[A, H]Ψ_β) ≤ 2γ(α + γ) ≤ b_9γ,

(B.34)

and by (B.31) and (B.32) (using that [A, H] ∈ Diff^2_{3sc}(X)) lim sup β→∞ ‖[A, H](Id −ϕ̃(H))Ψ_β ‖ ≤ b_{10}γ. (B.35) Hence, lim sup β→∞ (Ψ_β , ϕ̃(H)i[A, H]ϕ̃(H)Ψ_β ) ≤ b_{11}γ.

(B.36) For small γ, however, this contradicts the Mourre estimate of Theorem 12.2 which, together with the weak convergence of Ψ_β to 0, implies that

lim inf β→∞ (Ψ_β , ϕ̃(H)i[A, H]ϕ̃(H)Ψ_β) ≥ b_{12} lim inf_{β→∞} ‖ϕ̃(H)Ψ_β ‖^2 ≥ b_{12}(1 − b_{13}γ).

(B.37) This contradiction proves the proposition.

We next prove, following Froese and Herbst, that faster than exponential decay of an eigenfunction of H implies that it vanishes. As mentioned in the introduction, this requires more substantial modifications than the previous proof. Proposition B.3. [cf. Froese and Herbst, [7, Theorem 3.1]] Let H be as in (11.11), λ ∈ R. Suppose that Hψ = λψ, exp(α/x)ψ ∈ L^2_{sc}(X) for all α. Then ψ = 0. Proof. Let F = F_α = ϕ(x)^α_x where ϕ ∈ C^∞_c (R) is supported near 0, identically 1 in a smaller neighborhood of 0, and let ψ_α = e^F ψ, Ψ_α = ψ_α/‖ψ_α‖. Then (B.11) and (B.12) give (Ψ_α, HΨ_α) = λ + α^2 + α^2(Ψ_α, xf_1Ψ_α),

(B.38) with f_1 ∈ S^0(X) independent of α, (Ψ_α, i[A, H]Ψ_α) = − 4‖(αax)^{1/2}AΨ_α‖^2 + (Ψ_α, x(αf_2 + α^2f_3)Ψ_α) + α(xAΨ_α, f_4Ψ_α) + α(f_5Ψ_α, xAΨ_α),

(B.39)

f_j ∈ S^0(X), j = 2, . . . , 5, independent of α. In addition we have i[A, H] = 2Δ + i[A, V ] + xP (B.40) where P ∈ Diff^2_{sc}(X). Also note that [A, V ] ∈ C^∞([X; C]) ⊂ L^∞(X).

Since V is bounded and ‖Ψ_α‖ = 1, it follows from (B.38) that (Ψ_α, ΔΨ_α) ≤ C(1 + α^2), so ‖dΨ_α‖_L2_{sc(X;}sc_Λ1_) ≤ C^′(1 + α).

(B.41) In particular, for Q ∈ Diff^1_{sc}(X) we see that ‖QΨ_α‖ ≤ C_1(1 + α).

(B.42) Write xP = P_1xP_2, P_1, P_2 ∈ Diff^1_{sc}(X), and let C_2 be such that

‖P^∗_1 Ψ_α‖ ≤ C_2(1 + α), ‖P_2Ψ_α‖ ≤ C_2(1 + α), ‖xAΨ_α‖ ≤ C_2(1 + α).

(B.43) In fact, we can improve the last statement by noting that in (B.39), by virtue of (B.43) and (B.40), every term but the first one on the right hand side is bounded by C^{′′}_2 (1 + α^2), so ‖(αx)^{1/2}AΨ_α‖ ≤ C^′_2(1 + α).

(B.44)

Let Ω_δ = {p ∈ X : x(p) ≥ δ}. Thus, ‖ψ_α‖_L2_{(Ωδ)} ≤ C_3e^{α/δ} ‖ψ‖_L2_{sc(X)}.

(B.45) Similarly, we can estimate the derivatives of ψ_α as well in L^2(Ω_δ ), taking into account that |x^2∂_xe^F | ≤ C_4α, so ‖Qψ_α‖_L2_{(Ωδ)} ≤ C_5(1 + α)e^{α/δ}, Q ∈ Diff^1_{sc}(X)

(B.46) and more generally ‖Qψ_α‖_L2_{(Ωδ)} ≤ C_6(1 + α^k)e^{α/δ}, Q ∈ Diff^k_{sc}(X).

(B.47) Here C_6 is independent of α and δ; it only depends on Q. Let C_7 be such that ‖ψ_α‖_L2_{(Ωδ)} ≤ C_7e^{α/δ}

(B.48) and for each of Q = xA, P^∗_1 , P_2 ‖ψ_α‖_L2_{(Ωδ)} ≤ C_7(1 + α)e^{α/δ}.

(B.49)

Let C_8 = max_j(sup |xf_j| + sup |x^{12} f_j |) + sup x, and choose δ ∈ (0, ϵ/2) so that δ(1 + C_2 + C^2_2 )(1 + sup |f_j|) < 1 8 (B.50) for all j. Then |(Ψ_α, xf_jΨ_α)| ≤ C_8‖Ψ_α‖^2_L2_{(Ωδ)} + δ sup |f_j|‖Ψ_α‖^2, j = 1, 2, 3,

(B.51) so |(Ψ_α, xf_jΨ_α)| ≤ C_8C^2_7 e^{2α/δ}‖ψ_α‖^{−2} + 1 8 , j = 1, 2, 3, (B.52)

Similarly

|(P^∗_1 Ψ_α, xP_2Ψ_α)| ≤ C_8C^2_7 (1 + α)^2e^{2α/δ}‖ψ_α‖^{−2} + 1 8 (1 + α)^2.

(B.53)

Finally,

|(x^{12} AΨ_α, x^{12} f_4Ψ_α)| ≤ C^′_2C_8(1 + α)^{12}

(B.54) and analogously for f_5.

We now assume that supp ψ ∩ {p : x(p) ≤ δ/4} is not empty; soon we obtain a contradiction. Under this assumption ‖ψ_α‖_L2_{sc(X)} ≥ e^{2α/δ}‖ψ‖_L2_{sc({x≤δ/2})} ≥ C_9e^{2α/δ} (B.55)

with C_9 > 0. Hence, our estimates above and (B.38), together with |(Ψ_α, V Ψ_α)| ≤ sup |V | show that

(Ψ_α, ΔΨ_α) ≥ α^2 − C_{10} − α^2(C_{11}e^{−2α/δ} + 1 8 ). (B.56)

Similarly, from (B.39), using (B.40), [A, V ] ∈ L^∞(X), and that the first term on the right hand side of (B.39) is negative, we have

(Ψ_α, 2ΔΨ_α) ≤ C_{12}(1 + α)^{3/2} + ((α + α^2) + (1 + α)^2)(C_{12}e^{−2α/δ} + 1 8 ). (B.57)

Thus, for sufficiently large α, (B.56) shows that

(Ψ_α, ΔΨ_α) ≥ 3 4 α^2,

(B.58)

while (B.57) implies for large α that

(Ψ_α, ΔΨ_α) ≤ 1 2 α^2,

(B.59)

providing the contradiction. Hence, supp ψ is a compact subset of the interior of X. Then the standard Carleman-type unique continuation theorem [16, Theorem 17.2.1] implies that ψ vanishes identically as claimed.

The absence of positive eigenvalues is just a combination of the previous two propositions. Thus, we have proved Theorem 17.6.

References

[1] A. Bommier. Propriétés de la matrice de diffusion, 2-amas 2-amas, pour les problèmes à N corps à longue portée. Ann. Inst. Henri Poincaré, 59:237–267, 1993.

[2] T. Christiansen. Scattering theory for perturbed stratified media. Manuscript, 1997. [3] J. Dereziński. Asymptotic completeness of long-range N-body quantum systems. Ann. Math., 138:427–476, 1993.

[4] V. Enss. Completeness of three-body quantum scattering, pages 68–83. Lecture notes in mathematics. Springer-Verlag, 1983.

[5] V. Enss. Quantum scattering theory two- and three-body systems with potentials of short and long range, pages 39–176. Lecture notes in mathematics. Springer-Verlag, 1985.

[6] L. D. Faddeev. Mathematical aspects of the three-body problem in the quantum scattering theory. Steklov Institute, 1963.

[7] R. G. Froese and I. Herbst. Exponential bounds and absence of positive eigenvalues of N-body Schrödinger operators. Commun. Math. Phys., 87:429–447, 1982.

[8] R. G. Froese and I. Herbst. A new proof of the Mourre estimate. Duke Math. J., 49:1075–1085, 1982.

[9] C. Gérard, H. Isozaki, and E. Skibsted. Commutator algebra and resolvent estimates, volume 23 of Advanced studies in pure mathematics, pages 69–82. 1994.

[10] G. M. Graf. Asymptotic completeness for N-body short range systems: a new proof. Commun.

Math. Phys., 132:73–101, 1990.

[11] A. Hassell. Scattering matrices for the quantum 3-body problem. In preparation. [12] A. Hassell. Plane waves for the 3 body Schrödinger operator. Manuscript, 1996. [13] B. Helffer and J. Sjöstrand. Equation de Schrödinger avec champ magnétique et équation de Harper.

[14] I. Herbst and E. Skibsted. Free channel Fourier transform in the long range N-body problem.

J. d’Analyse Math., 65:297–332, 1995.

[15] L. Hörmander. Fourier integral operators, I. Acta Mathematica, 127:79–183, 1971. [16] L. Hörmander. The analysis of linear partial differential operators, vol. 1-4. Springer-Verlag, 1983.

[17] H. Isozaki. Structures of S-matrices for three body Schrödinger operators. Commun. Math.

Phys., 146:241–258, 1992.

[18] H. Isozaki. Asymptotic properties of generalized eigenfunctions for three body Schrödinger operators. Commun. Math. Phys., 153:1–21, 1993.

[19] H. Isozaki. A generalization of the radiation condition of Sommerfeld for N-body Schrödinger operators. Duke Math. J., 74:557–584, 1994.

[20] R. Mazzeo and R. B. Melrose. Pseudodifferential operators on manifolds with fibred boundaries. In preparation.

[21] R. B. Melrose. Calculus of conormal distributions on manifolds with corners. International Mathematics Research Notices, no. 3:51–61, 1992.

[22] R. B. Melrose. Spectral and scattering theory for the Laplacian on asymptotically Euclidian spaces. Marcel Dekker, 1994.

[23] R. B. Melrose. Geometric scattering theory. Cambridge University Press, 1995. [24] R. B. Melrose and J. Sjöstrand. Singularities of boundary value problems. I. Comm. Pure Appl. Math, 31:593–617, 1978.

[25] R. B. Melrose and J. Sjöstrand. Singularities of boundary value problems. II. Comm. Pure Appl. Math, 35:129–168, 1982.

[26] R. B. Melrose and M. Zworski. Scattering metrics and geodesic flow at infinity. Inventiones Mathematicae, 124:389–436, 1996.

[27] E. Mourre. Absence of singular continuous spectrum of certain self-adjoint operators. Commun. Math. Phys., 78:391–408, 1981.

[28] E. Mourre. Operateurs conjugés et propriétés de propagation. Commun. Math. Phys., 91:279– 300, 1983.

[29] P. Perry, I. M. Sigal, and B. Simon. Spectral analysis of N-body Schrödinger operators. Ann.

Math., 114:519–567, 1981.

[30] R. T. Seeley. Complex powers of an elliptic operator. A.M.S. Symp. Pure Math., 10:288–307, 1967.

[31] I. M. Sigal and A. Soffer. N-particle scattering problem: asymptotic completeness for short range systems. Ann. Math., 125:35–108, 1987.

[32] I. M. Sigal and A. Soffer. Asymptotic completeness of N-particle long-range scattering. J.

Amer. Math. Soc., 7:307–334, 1994.

[33] J. Sjöstrand. Propagation of analytic singularities for second order Dirichlet problems. Comm.

in PDEs, 5:41–94, 1980.

[34] E. Skibsted. Smoothness of N-body scattering amplitudes. Reviews in Math. Phys., 4:619– 658, 1992.

[35] A. Vasy. Asymptotic behavior of generalized eigenfunctions in N-body scattering. J. Func.

Anal., 148:170–184, 1997.

[36] A. Vasy. Structure of the resolvent for three-body potentials. Duke Math. J., to appear. [37] J. Wunsch. Projections of distributions on manifolds with boundary. Manuscript. [38] D. Yafaev. Radiation conditions and scattering theory for N-particle Hamiltonians. Commun.

Math. Phys., 154:523–554, 1993.

Department of Mathematics, MIT, Cambridge, MA 02139 Current address: Department of Mathematics, University of California, Berkeley, CA 94720 E-mail address: andras@math.berkeley.edu