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1. Packet Routing on a Hypercube
We examine the problem of packet routing on a hypercube. We are given a d-dimensional

hypercube with N vertices. We define a route permutation σ such that:

i→ σ(i)

A deterministic algorithm solves this problem in time:

Ω(

√
N

d
) = Ω(

2d/2

√
d

)

Suppose we examine a random algorithm which solves this routing problem. Choose a random
permutation π. The algorithm contains 2 phases:

1. Route packet from i→ π(i)

2. Route packet from π(i)→ σ(i)⇒ i→ π−1(σ(i))

We only need to analyze Phase 1. Suppose i and π(i) differ in k bits. Then there are k! possible
shortest paths from i to π(i). We define the following routing scheme:

• Suppose e1, e2, ..., ek are the bit positions in which i and π(i) differ.

• Flip the bits in some arbitrary order (the same for all i) → bit-fixing routes
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Example 6.1 An example of this routing scheme follows:

i
<0 0 0 1>

pi(i)
<0 1 1 0>

<0 0 0 0><0 1 0 1>

Example hypercube
Primal

Variable

X(i,R)

Dual
Variable

l(e)

Steeply increasing function
of the total flow through

edge e

Shortest path
> 1 done

< 1 increase the flow

Increase X(i,R)
for shorter R

Primal-Dual Algorithm

<0 0 1 0><0 1 0 0>

< 0001 >→< 0101 >→< 0111 >→< 0110 >

We want to determine how long in expectation does it take to go from i to π(i)?

Definition 6.1 e1, ..., ek are the hypercube edges that the packet traverses in going from i to π(i)
on the bit-fixing route.

Fix any greedy forwarding scheme and fix any i. Define Ti(e) = number of packets other than
i which use edge e. Then time for i to go across (in Phase 1) is then ≤ k +

∑k
j=1 Ti(ej). We want

to compute the expected value to cross the route:

• We fix an edge e representing traversal from < b1b2...bj0bj+2...bd >⇒< b1b2...bj1bj+2...bd >.

• In order to traverse this edge, the destination point must be < b1b2...bj1 ∗ ∗...∗ > where the
∗-bit values do not matter.

• The origin point must then be < ∗ ∗ ... ∗ 0bj+2...bd >.

From this, we know that the number of possible origin points is equal to 2j . Then for any fixed
origin point:

Prob[ destimation point is of the form < b1b2...bj1 ∗ ∗...∗ >] =
2d−j−1

2d
=

1
2j+1

We can then calculate the total number of packets going through e:

2



E[T (e)] = 2j · 2−(j+1) =
1
2

The goal is to go from i to σ(i). We introduce the following modification to simplify the proof:

Protocol 6.2 Random 2-Phase Hypercube Routing

1. i→ r(i) where r(i) is a randomly chosen point

2. r(i)→ σ(i)

The expected time for i to go across in Phase 1 ≤ d+ d
2 = 3

2 . Phase 2 adds an additional factor
of d

2 ⇒≤ 2d. The expected total time ≤ 4d in both phases even without any synchronization.
But what about the worst possible time? We return to edge e where

< b1b2...bj0bj+2...bd >⇒< b1b2...bj1bj+2...bd >

Define T (e) =
∑

i∈<∗...∗0bj+2...bd> Xi,e where

Xi,e =

{
1 if ri ∈< b1...bj1 ∗ ...∗ >

0 otherwise

We can then examine the bound for
∑k

j=1 Ti(ej). In this formulation, the summation term is
not a sum of independent Bernoulli random variables. However the problem can be recast where
the summation term is a sum of Bernoulli random variables which allows for Chernoff bounds to be
applied to obtain bounds on the worst possible time (≤ 8d). The resulting bound will still be order
d without any synchronization. A simple protocol would have resulted in time 2d vs. 2d as found
with the previous analysis. The basic idea of the random routing protocol is to replace permutation
routing by 2 random routing steps. This resulting algorithm has an order d time bound.

See Motwani and Raghavan Chapter 4.2 for more details and a full proof.
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2. Primal-Dual Algorithms
We begin our look at Primal-Dual algorithms and build up to their applicability in network

contexts. Some examples of relevant problems include:

• Multi Commodity Flows

• Proportional Fairness Frameworks (Kelly et al)

• Fairness

• Network Coding

We are moving from examining packets to looking at routing and flow control combined.

Definition 6.2 Maximum Multi-Commodity (Garg Konnenmann)
Given:

• < si, ti > source destination pairs (the network)

• c(e) capacity of edge e

• Ri : the set of possible routes for i (exponential)

• Xi,R = amount of traffic from si to ti along R

We define the primal and dual optimization problems. This is a flow problem with capacities
in the primal and costs in the dual.

Definition 6.3 Primal Problem

max
∑

i

Xi,R

le :
∑

i

∑
R∈R〉:e∈R

Xi,R ≤ c(e)

x ≥ 0

Definition 6.4 Dual Problem

min
∑

e

l(e) · c(e)

Xi,R :
∑
e∈R

l(e) ≥ 1

l ≥ 0
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The Primal-Dual Algorithm attempt to simultaneously maintain constraints for both problems.

i
<0 0 0 1>

pi(i)
<0 1 1 0>

<0 0 0 0><0 1 0 1>

Example hypercube
Primal

Variable

X(i,R)

Dual
Variable

l(e)

Steeply increasing function
of the total flow through

edge e

Shortest path
> 1 done

< 1 increase the flow

Increase X(i,R)
for shorter R

Primal-Dual Algorithm

How much should Xi,R in the primal-dual algorithm? We examine the following reformulation
of the dual.

β = min
∑

e

l(e) · c(e)

∀i, R ∈ R〉 :
∑
e∈R

l(e) ≥ 1

l(e) ≥ 0

Define:

• D(l) =
∑

e l(e) · c(e)

• α(l) = mini minR∈R〉

∑
e∈R l(e) (cost of the shortest path)

Further define:

l′(e) =
l(e)
α(e)
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If l′ is feasible, D(l′) ≥ β ⇒ D(l)
α(l) ≥ β given l ≥ 0 and α(l) > 0. D(l)

α(l) ≥ β is a property of every
l since β is defined as the value of the optimal solution.

Algorithm 6.3 Primal-Dual Algorithm

Initialization .

• Xi,R ← 0

• l0(e)← δ (very small)

l0(e) is a very infeasible constraint, but the primal is feasible. We want to drive the dual to
feasibility. We must increase l(e) to reach the shortest path.

ith Interation (until stop condition)

• Compute α(li−1) = length of shortest path given costs li−1.

• If α(li−1) > 1 then stop.

• If the dual is not yet feasible, then let R be the route of the shortest path from any sj to
tj.

• Increment Xj,R by c = mine∈R c(e) (minimum capacity edge across R).

• For all e ∈ R, set li(e)← li−1(e)(1 + εc
c(e)) where ε is small.

This multiplicative update is ≈ li−1(e) exp( εc
c(e)).

This algorithm divides by the largest infeasibility. We are left with the following questions:

• How to make the primal feasible.

• How to choose δ and ε.

• Optimality.

• Algorithm run time.
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