Generating random Tanner-graphs with large girth
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Abstract—We present a simple and efficient algorithm for [38], [8], [27]. In particular, whenP is the property that
randomly generating Tanner-graphs with given symbol-nodeand  the graph has girth greater than[27] shows that the above

check-node degrees and without small cycles. These graphanc . ; ;
be used to design high performance Low-Density Parity-Chdc process of sequentially growing the graph leads to graptis wi

1
(LDPC) codes. m = O(n'"#7 logn) edges. .

Our algorithm generates a graph by sequentially adding the ~ Unfortunately, these random maximgkgraphs may have
edges to an empty graph. Recently, these types abquential distribution that are far from uniform. In fact it has been
methods for counting and random generation have been very shown (e.g. [36]) that wher® is the property of having no
successful [35], [18], [11], [7], [4]. [6] triangle, the maximal triangle free graphs are close tortitea

. INTRODUCTION The analysis of [5] show that the AlgorithrA guarantee

ymptotically uniform distribution at the expense of reidg

We present an efficient algorithm for generating randofit 41 )
2k(k+3) ),

bipartite graphs with given node degrees and with cycles e number of edges to. = O(n N
size larger than a constaht!. The main motivation for this ~ Recently, sequential algorithms have been shown, empiri-
work comes from the design of high performance Low-Densi§@!ly ([11], [7]) and theoretically ([35], [18], [6], [4])io be
Parity-Check (LDPC) codes [31]. very successful for designing fast algorithms for countingl
Our algorithm is based on the algorithfn presented in 9enerating random graphs with given degrees.

[5]. For positive_integer_srmn, k, Algorithm S generates a p Application in designing LDPC Codes

random graph with vertices andn edges that has no cycles
with length less than or equal fousingO(n?m) operations.
Algorithm S starts with an empty graph and sequentially ad

It has been shown that LDPC codes can approach Shan-
qon capacity asymptotically for large size codes, whenrthei

m edges between pairs of non-adjacent vertices. In every s ociated graph representations (Tanner graphs) aresele

of the procedure, an edge can be added between two disti |[formlyl at rgn(_jorg Lrom the set of bipalrztite Zglrap:s with
verticesi andj that are of distance at leakt The probability a properly optimized degree sequences [12], [21]. However,

. . . S tice, the maximum graph size is betweki¥ and
of adding an edge betweérandj, denoted by;;, changes in N _prac . o
every step of the algorithm. In order to get a uﬁliform sarrgqlin105 (depending on the delay sensitivity and on the hardware

p;; should be proportional to the number of extensions of ﬂ;r*(?nstramts). In this range, it is well _known thaF the existe .
current graph to graphs with: edges that contaiij) and of a small number of subg_raphs with a certain structure (in
have no small cycles. Algorithri estimates the number ofpamcular, small cycles) spoil the code performances, [ 2],

such valid extensions by computing the expected number[g ]'_ I .

small cycles if the rest of edges are added uniformly at rendg Different approaches have been developed within the coding

(see Sections 3-4 of [5] for more details) theory community to deal with this problem. For example,
The main objective of this paper is to provide the extensi terministic constructions c_>f graph sequences WiFh Igngls .

of Algorithm S from [5] to graphs with given degrees. 26], [32] have been studied. However, numerical studies
From a theoretical perspective, our work and [5] are relatg@\’e shown that known deterministic constructions can have

to the following problem. Given a graph properfy that poor pgrfor_mance [22]. From a_theoretical point of vievv_, no

is preserved by removal of any edge from the graph. g\etermmlstlc graph sequence is known that asymptotically

random maximal P-grapks obtained fromm isolated vertices outperforms random graphs.

by randomly adding those edges (at each stage choosiné)ne can also stick to random constructions and grow the

uniformly among edges whose inclusion would not destrgéI ph by adding random edges sequentially while avoiding

property P) until no further edges can be added. The questi orF cycles. This method has been_ very popular in practice
of finding the number of edges of a random maxinal and is known by the name girogressive edge growtfPEG)

graph for several propertie® is well studied [33], [16], algorithm [14]. We v_viII_ de.zscribe.the main intuition behind
PEG and show its limitations with respect to two standard

10ur algorithm can be applied to non-bipartite graphs as.well performance measures for the codes: (i) bit error rate or



expected fraction of wrong bits; and (ii) block error rate orAlgorithm Bip-S
probability that at least one bit in the message was receive
incorrectly. (
Let Ciier be the maximum rate achievable by random LDPC
codes (empiricallyCi., is indistinguishable from the channel
capacity). It is known that uniformly random graphs contain
a random number (of orde®(1)) of cycles of sizek or
smaller. These cycles are responsible for non-vanishiogkbl
error probability that is bounded away frobnat small noise.
The main goal of PEG is to reduce this error, to a value that
vanishes withk, by removing the cycles of length up to But
the final distribution of PEG is not necessarily uniform whic
may affect the other performance measure (bit error rate). | HYEs U
fact preliminary simulations suggest that our new algonith distributionp(u;v;|G¢) and setGy 1 = G U (uiv)).
produces codes with lower bit error rate. - Setr; =7 —1andé; = ¢; — 1.
In this paper we define the first code generation algorithf?) If the algorithm does not halt befote= e — 1, return
that overcomes both problems. We show that there exists a Ge-
graph sequence thét) can be generated efficiently2) has
vanishing bit error rate at any rate beld,, (this follows by Here each probabilityp(u;v;|G,) is an approximation to
the standard density evolution analysis [31] using optimiz the probability that a uniformly random extension of graph
degree sequences [12], [21]); af®) has girth larger thak G U (u;v;) has girth larger thark (see Section Il for the
(therefore has low block error rate probability). intuition behind this). In order to find this approximation,
we will consider a configuration model representation fa& th
Il. DEFINITIONS AND PROBLEM STATEMENT graphs with degree sequen¢e ¢). Then we use a similar
The girth of a graphG is defined to be the length of itsargument to the one in Section 4 of [5], to find the following
shortest cycle. The degree of a nodef graphG is denoted Poisson approximation fai(u,;v,|G.):
by dv(G_)- o - —E(Gt,u;v;)
Consider two sequences of positive integers r1, ..., 7, p(uv;|Gy) = (1)
and¢ = ¢1, ..., ¢, for node-degrees such that= Y0 | r; = Z(Gy)
> iy ¢j- We would like to generate a random bipartite grapihere Z(G,) is a normalization constant, ang, ¢;, denote
G(V1,V2) with degree sequendg, ¢), (i.e. for symbol nodes the remaining degrees éfand j. Furthermore,

d
I) SetG, to be a graph over vertex setg = {u1, ..., un},
Vo = {v1,...,un} and with no edges. Let alsd =
{f1,...,7} and ¢ = {é1,...,¢n} be two ordered set
of integers that are initialized by = 7 and¢ = ¢. For
t=0,...,e—1, repeat the following steps:
— If there is nosuitableedges (any edge;v; where
the graphG; U (u;v;) has no cycle of length at most
k), stop and returrrAlL.
— Consider the probability distributiorp(u,v;|Gy)
given by equation (1) below on the set of all suitable
edges(u,;v;). Sample a suitable edge:;v;) with

f’l-éje

Vi = {us,...,u,}, check nodeds = {v1,...,v,,} we need ,

deg(u;) = r; anddeg(v;) = ¢;) that has also girth greater k/2

than k (assumek is a constant and is an even number). We Ey (G, ui, v5) = Z Z H{(uwj)ev}Pi?(V) )
denote the set of all such graphs Gy . r=1y€Cer

A naive approach would be to usenfigurationmodel to whereC,, is the set of all simple cycles of length in the
obtain a bipartite graph with degree sequerce. Let us complete bipartite graph on vertices 6f andVz, and P}, (v)
quickly review the configuration model (for more details sel roughly the probability that is in a random extension of
[9]). G. More precisely

Configuration modelLet W& = ur W™ w© = (e—t—2r+yNG'IL,, e, U (e, ) T, er Vil (0e,7)
um, W) be a set o labeled mini-vertices withiv )| = Pt = (e—t—1)! ’
T (|ch)| = ¢;). Consider a procedure that finds a randomyhere
perfect matching\! between mini-vertices o’ (/) and mini- o
vertices of W(©) by choosing pairs of mini-vertices form Po(fe = 1) I du, (v N (G U (uivy)) ) =0,
W& x _W(C.) sequentially and uniformly at random. Suchyt (u,,) = { # If du, (7N (G U (wivy))) =1,
a matching is also called eonfigurationon W) U W (@),

We can see that the number of all distinct configurations is
equal toe!. Given a configurationM, we can obtain a graph Similarly,
G With degree sequenaec by combining the mini-vertices
of eachWi(R (Wj(c)) to form a vertexu; (v;). Ge(ég—1) Ifdy,(yN (Gt U (uivj)) =0,
However, the resulting grapt¥'a is in Gy ¢ with very Vi) =4 & If dy, (0 (Gt U (uivj)) _,
)

1 If dy, (yN (Gt U (uivj)) = 2.

small probability which makes this approach impractical fo %/
generating codes with, m very large. 1 If do, (v N (G U (wivy)) ) = 2.
Our sequential algorithm to sample uniformly fro@ ;

works as follows We explain the intuition and explanation of the above

formula for p(u;v;|G;) in Section lII.




IIl. THEINTUITION BEHIND ALGORITHM BIP-S IV. RUNNING TIME AND PRACTICAL IMPLEMENTATIONS

Define theexecution tred’ of the naive algorithm described In this section we explain how to calculate the edge selectio
probabilitiesp(u;v;|G) in algorithm BipS. The dependence

in Section Il as follows. Consider a rooted-level tree where f the riaht-hand side of (1 i | s th
the root (the vertex in level zero) corresponds to the emp? € right-hand side of (1) on counting cycles, suggests

graph in the beginning of the algorithm and levelertices USe of mairix multiplication. At each stepconsider ani(e —

correspond to all couplggs,., w,.) whereG,. is a partial graph t) + 2m + 2n by 4(e — Lf) +2m + 2n Square matrix dgnotgd
that ca?n be construcrt)eec(zl afters)teps, andr, is pan ordgerir?g by M; = M;(uiv;) thatis constructed as follows. To simplify
of its » edges. There is a link ifl' between a partial graph (€ notation lew = {dj, ..., dn.,} be the complete degree
(G,,m,) from level r to a partial graph(G, 1, 7,41) from sequencr{n_c}. Thatisd; = 7; for 1 <@ <nandd; = ¢
level » + 1 if G, € G4, andm,, .4, coincide on the first forn+1<i<n+m. .

r positions. Any path from the root to a leaf at levebf T COnsiderM; as ann+m by n-+m matrix of blocks where

corresponds to one possible way of generating a random grétﬁrf’ 5 blogk, M, has. Size2d, +2 by 2d, +2. )
in Gy oy (@) M;*is a0-1 matrix. Forr = s, all (a, b)-entries of My
Let us denote those partial grapfis that have girth greater are equal to zero except when< d,+1 andb > ds +2,
thank by “valid” graphs. Our goal is to reach a valid leafin or whena = d, +1 andb > d,+1, or whena < d, +2
uniformly at random, by starting from the root and going down andb = d, + 2 that the(q, b)-entries are equal 0. s
the tree. It is known that [34] in order to achieve this goal,(?) If (urvs—n) € GrU(uv;) then all(a, b)-entries ofM;
at any stepr, one needs to choos®,,; = G, U {(ij)} with are eq_ual to zero except the enfr_y: dr+2,b=ds+1
probability proportional to the number of valid leavesbfhat whichis equal tal. Similarly, 1" is an all zeros matrix
are descendant @f7,. 1, m,41) (see [4] for a similar analysis except the entry witlu = d; +2, b = d, + 1 which is
in more details). Denote this probability byG,. 11, m-41). equal tol. ) .
The main technical contribution of this paper is deriv- (©) If (urvs—n) & G U(uivy) then all(g,b)-_entn?s of M;
ing a new approximatiogy(G, 11, ,+1) for the true prob- are gqual to zero except the entries with- dr_+_2 and
abilities p(Gy.1,m41), selecting (Gyr,7,.1) with prob- b <57~d-s + 1 which are equal to\, = 1/(e_—t).AS|m|IarIy,
ability j(Gy+1,741). For the case of general graphs Mg" is all zeros except the entries with> d, 4+ 2 and
with n vertices and m edges (no restriction on de- b < d. + 1 which are equal o\, = 1/(e —1).
grees) it was proven in [5] that the accumulated errord) All blocks A77* with bothr and s less thamn + 1 or

H;n;()l [5(Grs 1, Trs1) /D(Grsr, Trsn )] is small. Similar argu- bot.hr ands gregter tham is equal to zeros.

ment can be used here as well. Now, if we approximate the factofe — ¢ — 2r + |y N
Consider a random variablei, (G, 1, m41) that is Gi|)!/ (e _]f S D! by (e - t)_(QT_ImGtI.)' it is not hard to

the number of cycles of length at most in a leaf S€€ thaty>>"4 2 ecy, Wuivyent Py () is roughly equal to

chosen uniformly at random from the descendants Bie (a,b)-entry of the matrix

(Gr41,m41) In T. We can assume that the distribution of 1 k/2 '
ni(Gri1,m41) behaves like PoissénThat is the probabil- z Z {(Mt)‘lf” + ((Mt)T)‘*H?’}
ity of ng(G,41,m+1) = 0 (i.e. reaching a valid leaf) is 2,:@

approximatelyexp (—E[ng(Gr41, 7+1)]). That explains the i . i1
term e~ Ex(Gtwiv)) in (1) and the first terns;¢; in (1) shows Wheréa = %:rzl(sz +2)+d; +1andb =377 (2d +
the number of ways to match; andv; in a configuration 2) +d; + 2. _ _ _ .
model. ' The fact that Algorithms Bigs has polynomial running

In order to calculate, (G,, u;v;), due to additivity of the UMe is clear since the probabilities(u;v;|Gy), at any step
expectation we need to add the probabilit@?(y) that each €an be _calculated using matrix multiplication. In fact avea
cycley of length2r (r = 2, ..., k/2), containing(u;v;), is in calcub!atlon sh(g)ws thap(u;v;|Ge) can be Calc“'gtfg with
a random extension af; U {(u;v;)} to a graph with degree O(ke”) = O(e”) o3perat|0n§. This is becausé/,) for
sequence, . anyt, f takesO( fe?) operations to compute. So we obtain the

The total number of configurations that lead to a rando mple bound 00(64.) for the running t!me pf the algorithm
extension ofG; U {(uv;)} is (e — t — 1)L. On the other hand Ip-S. But one can improve this running time by at least a
For any fixed cyclezy Jwith (uiw;) € there are exactl); factor e with exploiting the structure of the matrices. This is
(e —t—2r + |y GDTI ¢ %J?(u;"y) 0 VE (05, 7) due to the fact the matrix/; can be written ad/; = =7 y;+5;

“llugey Vg ’ ve€y Tig\ b _ i
configurations that lead to a random extension which cosltaiwherext’yt ar_e4(e_ t) +2n ) 2m by 1 vectors gnds*t 'S
~. The numbet/ (us, 7) (Vi (vr,7)) is the number of ways a sparse matrix withO(e) entries. Thus, we obtain a bound
. 1] ’ 1] ’

3 A ; )
9 (R) exr(C) . of O(e?) for the running time of Algorithm Big. We leave

to choose the mini-nodes froi, = (W, ). Hence.Fj;(7) 3 getailed analysis of the running time and implementation o

is the ratio of these two products.

the algorithms to the longer version of the paper.

2This can be shown using Janson’s inequality [2] (see [5] fasirailar 3};T2e use of transpose is becaudé; is not a symmetric matrix and
argument). Ef/ZO(Mt)“f*S only counts the directed paths.



Similar to [5], in order to check whether a pdiu;v;) is
suitable orG: U (u;v;) has no cycles of length at most
we can use the adjacency matri,, of graphG,. The pair
(u;v;) is suitable if and only if the, (j+n) entry of the matrix [18]

k/2
Zr:O

only if there is no path of length less thanbetweenu; and
v;. The same argument as in [5], shows that this can be ddp@
with O(e?) operations at each iteration. Therefore, Algorithm
Bip-S can be implemented with a total running time®@fe?)
which is O(n?) when the graph has bounded degrees.

V. DISCUSSION
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(A;)*+1 is zero. This is equivalent to say that if anc{lg]
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graph”, Random Structure and Algorithm6, pp 309-318, 1995.

S. Janson, T. tuczak, and A. Rucinski, “* Random Graphfiley-
Interscience, 2000.

J. H. Kim, V. H. W, “Generating random regular graphsfCM
Symposium on Theory of Computing (STOC), 213-222, 2003.

D. Knuth, “Mathematics and computer science: copinthviniteness”,
Sciencel94(4271):1235-1242, 1976.

R. Koetter and P. Vontobel, “Graph covers and iteratilecoding of
finite-lenght codes,” Int. Conf. on Turbo codes and Rel. TspBrest,
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M. Luby, M. Mitzenmacher, A. Shokrollahi, D. A. Spielmand V. Ste-
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We defer a more complete discussion of the codes generated Theor. Comp. Science 74 (2003)
by this algorithm to a complete version of the paper. Here
limit ourselves to a few remarks:

(a) Several definitions have been proposed for the substrifé!
tures responsible for the decoding errors at high signal-
to-noise ratio. Our algorithm can be adapted to excludzb]
any of these substructures (instead of cycles) as well.

(b)

(©)

(1]

(2]
(3]

(4

(5]
(6]
(7]

(8]

[9]
[10]

(11]

[12]

[13]
[14]

[15]

] A. Medina, I. Matta and J. Byers, “On the origin of powews in

In any of these definitions, the cycles play a dominag;

role. Therefore the above algorithm should be a good

starting point.

[27]

In practical code design it can be preferable to paytialjog)

structure the ensemble for facilitating the layout (as, for
instance, in protograph codes [31]). Our graph gen%—]
ation procedure can be adapted to partially structure3

ensembles as well.
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