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1. INTRODUCTION

We consider a fundamental scheduling problem in a multeserv
stochastic network consisting ®tlasses of customers apdlasses
of servers. Customers of classarrive to queuek according to a
Poisson process withrake, £ = 1, 2. The service times of clags
customers at clagsservers are i.i.d. following an exponential dis-
tribution with meam,;}, Vk, 0 = 1,2, where0 < pi1, p12, po2 <
oo anduz21 = 0. Hence, clasg customers can be served at both
classes of servers, but classustomers can only be served at class
2 servers. A FCFS queueing discipline is employed at eachequeu
The customer arrival and service processes are mutualgperd
dent of each other and of all resource allocation decisions.

Suppose thdase model is comprised of one classserver and
one clas® server. Let) denote the random variable for the num-
ber of classk customers in the systemk, = 1,2. The schedul-
ing problem of interest consists of determining the allmeaof the
classl server and the clagsserver among the customers of classes
1 and?2 according to theobjective function Q*£ min c1 E[Q1] +
c2E[Q2], with ¢1, c2 > 0. This includes scheduling decisions that
can occur upon the arrival and departure of customers of@ash.

The above problem arises in a wide range of applicationsfin pa
allel and distributed computer systems; refer to, e.g.6[5,An-
other important application area motivating our study if-flased
routing in call centers. Much of the research in this areddassed
on canonical skill-based routing topologies that repretiencore
structural components of more complex systems; see, 4]gInf
deed, the above stochastic network model is often calledahen-
ical N-design for skill-based routing. A few studies havelgped
the performance of call centers with a N-design skill-baseding
topology under specific (suboptimal) scheduling policés Even
fewer studies have considered the optimal scheduling dbmesxs
with respect toQ™* in multiserver N-design stochastic networks.
Squillante et al. [7] establish the optimality ofa-type scheduling
policy in the fluid limit and derive a dynamic threshold-bagml-
icy (tree-based in general) to address stability problenteuthe
pure cp policy. Bell and Williams [2] prove the asymptotic opti-
mality of a dynamic threshold-based scheduling policye(rased
in general) in the heavy-traffic limit.

The present study is most closely related to [2, 7]. However,
our goal is to determine the properties of the optimal schieglu
policy with respect ta@Q™* in the original stochastic network as op-
posed to the fluid or diffusion scaling of this network. Fertmore,
our study actually considers a more general stochasticanktin
which there areS, > 1 servers of clasg (homogeneous within
each class) and each cldssustomer that waits in queuefor an
i.i.d. amount of time, having an exponential distributiotthamean
77", will leave the system without being served (mutually inde-
pendent of all other stochastic processes and resourceatdio
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decisions). This general scheduling problem then consistster-
mining the allocation of the; classl servers and thé, class2
servers among the customers of clagdsasd2 according to the ob-
jective function@™*. Note that the customer abandonment (reneg-
ing) in our general model is not considered in [2, 7]. On theeot
hand, since the technical details of our results even forsthe
pler base model defined above are quite involved and require m
space than is available to us here, we restrict our atteiidhis
extended abstract to the simpler base model and refer gregted
reader to [1] for our more general results and technicalildeta

2. MATHEMATICAL ANALYSIS
Our analysis starts by analyzing the stochastic dynamigrpro
corresponding to the scheduling problem in the above tweese

base model without customer abandonment. The associated Be
man optimality equation for all statés j) € Z7 is given by
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0+vd;; = min
z; 5 €[0,
where: z; ; is the control variable for statg, j); g¢i,;(x,;) is
the cost function for statéi, j) and controlz; ;; p;;./, (xi;) 1S
the probability that the next state will §&, ;') given that the cur-
rent state igi, ) and the selected controlis ;; J;,; is the value
function of the optimal policy starting at stafe, j) taken over
the set of all non-anticipatory and preemptive scheduliokicies;
v = A1+ A2+ pi1 + piz + peo2 is the rate used in uniformizing the
continuous-time Markov chain; arillis the optimal average cost.
Equation (1) is also known as the average cost optimalitpto.
Assume throughout: > p12. Refer to [3] for additional details.
Our general approach consists of deriving structural prgseof
the value functions of the optimal policy;, ; from the optimality
equation (1), and proving structural properties of theroptipolicy
under different model parameter values. We consider eatthnn

2.1 Structural properties of value functions
DefineAz{jéJi,j —Jiflyj, A?’jét}i_’j — Ji,jfl . From the objec-
tive function@*, we have a linear holding cost,; (x;,;) = cit +
c2j. This together with the optimality equation (1) and direskc
culations yield for stategl, 0), (z,0), ¢ > 2, (0,7), 7 > 1, (1,1)
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where MS¢ = s + pea and without loss of generality, we set



Jo,o = 0. Itis easy to show thah[, > 0, A7, >0, A{; >0
and Af,l > 0; further recallpz11 > p12. Therefore, the above
minimums are achieved with; o = 0,Vi > 1, zo,; = 1,Vj > 1,
andz,; = 1, independent of the model parameter values.

In light of these general results, we use the value iteratiethod
to generate a sequence of value functidﬁ; starting fromJ; =
0, together with a collection of induction and other argurseiot
derive various structural properties of the value functiofithe op-
timal policy J; ; for all remaining states from the optimality equa-
tion (1). We now concentrate on a particular set of resultsrafer

to [1] for our more general results and derived structurapprties.
From the linear holding cost function, the optimality egoai1),
the above results and direct calculations, we have foratiest
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whereA;"* = )\1JZ+1]+/\2J”+1 foralli,j, A} ; = max, 5 ¥ fEs,

fw = ;mA i = ;mA . forallé,j > 1. Here we have deflned
the f; ; so that, from (2) — (6), the decision rule of the optimal pol-
icyisz,; =1« fi; >0andz;; =0 < fi; < 0forall
(i,5) € 8 = {(i,j) : i > 1,5 > 1,(4,4) # (1,1)}, regardless
of the model parameter values. Note that, = 1 means server
2 focuses on serving queue 2 when non-empty, whereas= 0
means server 2 focuses on serving queue 1 when non-empty.
First consider the stateé&j) 1 > 3,7 > 2, for which we obtain

VJI"H—cllJrcz]JrAJkJr]Wu i 1J+/1,22JLJ

vAPFT =6 + Aiy by M{TADY 4 paaAVE — R+ b o (7)

®)

VA?:;C-Fl:Cz‘FAiY +M11 aRF W) +M22A *hf,j +h?,_7‘—1
L,k . .
where AR = MADY L+ MADY . Multiplying (8) by pi2:

and (7) byu,2 and taking the difference yields
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Next consider the statés, 1), ¢ > 3, for which we have
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Again, multiply (11) bype2, (10) by 12 and take the difference:
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Similarly considering the stat€g, j), j > 2, we derive
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For the staté2, 1), vA}{* is given by (13) withj = 1, whereas
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Finally, analogously considering the statésj), j > 2, yields
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2.2 Structural properties of optimal policies

We now turn to establish structural properties of the optima
scheduling policy under different model parameters basethe
results in§2.1. Let us first consider the casgus2 > c1pi2, for
which we obtain one of our main results showifigto be optimal.

THEOREM 1. Intheregimeca 22 > c1pu12, the optimal schedul-
ing policy is for server 2 to always serve queue 2 while it is non-
empty, i.e., the cu policy according to ca o > c1pu12 iSoptimal.

PROOF. Since we haver;o = 0 foralli > 1, zo,; = 1 for
all 7 > 1andzi,; = 1 from the results of the previous section, it
suffices to prove thaf;, j, > 0forall (¢, ) € S, which we establish
by induction: Assume* "; > 0 and show tha;““rl > 0.

Starting from the induction hypothesis, we hazx/iﬂv- = 1and

thush’“~ = f”, for all (¢,7) € S. Upon substituting this result
into (9) and (15), and then simplifying we obtain, with> 0,

l/f,ikjl = 77+1\{,’_;€+1111fi;1.j +1112f¢:j +ll/22fi:j,1 > 0, (21)

where the inequality follows from the induction hypothe$Ssmi-
larly, substitutingh} ; = £F; in (12),(17) and simplifying yields

ka+1 = 77+1\{,’1k+ll/11f;€_1,1 +ll/12ff;1 > 0, (22)
viSTY = ALY i fy 4+ mnfy, >0, (23)

with the inequalities following from the induction hypo#is. By
the induction hypothesis and sinm%:f > 0, we have from (20)

vt = 17+A{Y’j'+11111L22A§:?+ll/12f1k,_,~+u22f11‘",_7'_1 > 0. (29

To complete the induction proof we need only assert that the
hypothesis trivially holds whek = 0 given our choice oﬂgj =
0= fgj = 0 for all ¢ andj. Taking the limit agc — oo yields the
desired result thaf; ; > 0 forall (i, 5) € S, sincelimi—.oc J; =
Ji,;. This then impliese; ; = 1 for all (¢,7) € S, which together
with o ; = 1 andz1,; = 1 is equivalent tocy whencapoe >
c1 12, and thus completes the proofld

Turning to the casesu2e < cipi2, We exploit a larger set of
structural properties for the value functions of the optipwlicy,
including another collection of induction hypotheses aadous
induction and other arguments, in order to prove strucfonmgper-
ties of the optimal policy whena oo < cq1p12. Due to space re-
strictions, we omit the techncal details and briefly sumegasiome
of our main results, refering the reader to [1] for more infation.
Namely, our analysis demonstrates that, whems < cip12, the
optimal scheduling policy is state-dependent with switgrgurves
that involve complex two-dimensional structures whosgebare
functionals of the corresponding stationary distributiand thus
dependent upon the model parameters including traffic sitien

3. NUMERICAL EXPERIMENTS

Our results irg2 for the base two-server stochastic network model
with parameters:a sz > c1p12 Show that thecy policy is opti-
mal. We therefore consider the stochastic network withipatars



ca 22 < c1p12, for which our theoretical results show that the op-
timal policy is generally state-dependent. To explore egufts in

§2 on the various structural properties of the corresponshivitch-
ing curve, we used the standard value iteration algorithrania-
lyze the stochastic dynamic program under various scenarao
fixed buffer sizesni,n2. As a representative example, Fig. 1(a)
and Fig. 1(c) illustrate the optimal scheduling regionstfe pa-
rameter settings; = 1,c2 = 0.45, p11 = poe = 1,12 = 0.5
with A1 = A2 = 0.25 (light traffic), n1 = no = 3000 and

A1 = A2 = 0.9 (heavy traffic),n; = 1800, ne = 3600, respec-
tively. The shaded region in these plots corresponds todhees

of queue lengths for which server 2 should serve queue 2 theder
optimal policy, i.e.x; ; = 1, whereas outside of this region server
2 follows thecy policy, i.e.,z;,; = 0. Notice that in both cases
there is a degree of symmetry between the two server-quérse pa
because we have chosgn= A2, p11 = po2.

The plots in Fig. 1(a) and Fig. 1(c) illustrate that the og@tim
policy is indeed state-dependent in a more complex manaardh
policy based on a fixed, one-dimensional threshold. Furéheear
gualitative difference can be seen between the two traffiings
which can be understood from our theoretical results onremeiet
off that the optimal policy affects between minimizing castl bal-
ancing load. When the traffic intensity is light, relativeiyall load
imbalance between the queues can have a considerable iorpact
the objective function which makes it more important to bata
the load and thus the point at which server 2 switches frowirsgr
queue 2 to helping queue 1 exhibits an almost linear incregs
a given level before flattening. Conversely, when the traffien-
sity is heavy, it is always better for server 2 to help queuedrier
to minimize costs, unless queue 1 relative to queue 2 drdpwize
two-dimensional curve in which case server 2 is requirechbyop-
timal policy to serve queue 2. Observe that the valug ot which
this switching curve becomes flat decreases as the trafénsity
increases while the switching value@f for smallQ- tends to in-
crease with the traffic intensity, suggesting that the dvitg curve
becomes a one-dimensional threshold in the limit as th&driaf
tensity goes to 1, which is consistent with [2]. Moreoveg kvels
at which these switching curves flatten are functionals efdta-
tionary distribution. Finally, the shape of the optimal icets for
Q2 approaching: is the result of boundary effects due to the fi-
nite buffers (absentin Fig. 1(c) sineg = 3600), which is why our
numerical experiments examine a wide range of values{ons.

These numerical results together with our theoreticalltesun
the various structural properties of the optimal policy gesj that
we should also analyze the corresponding switching curva as
function of (Q1/Q2, Q2). Fig. 1(b) and Fig. 1(d) illustrate these
relative switching curves for the scheduling regions in Ei@) and
Fig. 1(c), respectively, where the x-axis is normalizedibyin or-
der to examine the trends of the optimal relative switching/es
as buffer sizesi1,n2 increase. Our results g2 further suggest
that the characteristics of the relative switching cunasverge to
a limit as@i1,Q2 — oo, which is consistent with the numerical
solutions of the stochastic dynamic program for larger amgdr
values ofni, ns. In the infinite buffer limit, we can show that for
large backlogs in queue 2, indeed a less complex threslasldeb
policy is optimal; e.g., in Fig. 1(d), the relative switchicurves
appear to tend to a limit with &/Q»-trend. The structures of these
switching curves involve functionals of the correspondétation-
ary distribution. These results and trends also have impbdon-
nections with previous limiting regime results [2, 7]. Nohat the
deviating shape of the optimal relative switching curvesje/n.
very close tol is the result of boundary effects due to the finite
buffers, further illustrating important differences argdimite and
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Figure 1: Regions (a,c) and switching curves (b,d) for the ap
mal policy under light (a,b) and heavy (c,d) traffic.

infinite buffer stochastic networks.

We note that while the optimal scheduling regions and the opt
mal relative switching curves can vary considerably undféerent
parameter valuedy, i1, po2, 12, ¢k, the above structural prop-
erties, basic results and trends continue to hold. Simgjlavhen
S¢ > 1, we continue to have an analogoys result in the gen-
eral multi-server stochastic network for the stafgg) € S =
{(4,7) : @ > S1,7 > S2,(4,5) # (S1,S52)}, where the boundary
states are handled directly in a manner analogous to thg.dh
the remaining cases, we continue to have a state-deperuténab
scheduling policy with switching curves that involve coeptwo-
dimensional structures which are functionals of the cpoaging
stationary distribution, and thus dependent upon the moatam-
eters such as the traffic intensity.
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