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SUMMARY
The presence of fluid in the pores of a solid imposes a volume constraint on the deformation of the solid.
Finite changes in the pore volume alter the degree of saturation of a porous material, impacting its fluid
flow and water retention properties. This intricate interdependence between the hydromechanical properties
related to solid deformation and fluid flow is amplified when the deformation of the solid matrix is large.
In this paper, we present a mathematical framework for coupled solid-deformation/fluid-diffusion in unsaturated porous material considering geometric nonlinearity in the solid matrix. The framework relies on the
continuum principle of thermodynamics to identify an effective or constitutive stress for the solid matrix, and
a water-retention law that highlights the interdependence of the degree of saturation, suction, and porosity
of the material. Porous materials are typically heterogeneous, making them susceptible to localized deformation. In this work, we consider random heterogeneities in density and degree of saturation as triggers of
localized deformation in a porous material. Copyright © 2013 John Wiley & Sons, Ltd.
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1. INTRODUCTION
Flow-induced deformation and deformation-driven flow are ubiquitous phenomena in agricultural
engineering, biomechanics, geotechnical engineering, geosciences, and other important disciplines
in engineering and science [1–6]. Whether it is the flow that induces deformation or the deformation that drives the flow is immaterial; what matters is the mutual causative effect of one process
on the other. A robust methodology for accommodating both multiphysical processes is to solve
the deformation and fluid flow problems simultaneously. In this paper, we focus on such coupled
solution in the context of unsaturated flow, where the pores of the solid are filled with both water
and air. What makes this paper distinct from previous work in the literature is the consideration of
finite deformation effects on both the deformation and flow processes. Finite deformation impacts
not only the conservation laws but also the constitutive properties of the mixture, including its water
retention properties. All important aspects impacted by finite deformation are encapsulated into the
proposed mathematical framework.
Deformable materials that accommodate unsaturated flow include absorbent swelling commercial
products [7], biological tissues [8,9], soils [10], and high-porosity rocks [11]. When the deformation
of these materials becomes large, the coupling between solid deformation and fluid flow becomes
more intricate, pervading not only the governing conservation equations but also the relevant constitutive laws. For example, when a porous material is compressed, its void shrinks. Whereas the solid
component of commercial products and tissues may exhibit some compressibility, air is much more
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compressible under ambient conditions than either the solid constituent or water, and so a significant
volume change of the mixture may be attributed to the compression of the air voids. As the air voids
shrink, the degree of saturation of the mixture increases, because a greater percentage of the void
spaces is now taken by water. Thus, compression of the mixture changes the water retention state of
a material.
The water retention curve is a relationship between a soil’s water content and water potential, or
between a soil’s degree of saturation and the suction stress [12]. It is one of the required constitutive
laws, along with a mechanical constitutive theory for the solid and a generalized Darcy’s law for the
fluid, to close the statement of the initial boundary-value problem for unsaturated coupled analysis
[13–31]. In unsaturated soil mechanics, the water retention curve is considered to be a fairly accurate
representation of the water storage property of a soil under isothermal condition, small deformation,
and monotonic or cyclic loading [32–38]. However, water retention curves for most soils have been
traditionally developed under constant porosity or under conditions where the volume of the soil
does not change appreciably. When the soil undergoes significant volume changes, a single water
retention curve may not be a sufficient representation of the water retention property anymore.
It is generally recognized that the water retention curve varies with a number of factors including
the density of a soil [39–43] and temperature [44–51]. When the condition is isothermal, the water
retention curve must be defined for a given density. If the soil undergoes finite volume changes during the loading history, the water retention law must include a third variable, which could be density,
porosity, specific volume, or any suitable measure of porosity changes. A more general water retention law is a surface in space defined by the degree of saturation, suction stress, and specific volume
axes. Such water retention surface is consistent with continuum principles of thermodynamics
[13, 52–54] and has been established experimentally for different types of soil [55, 56].
There exists a wide variety of solution techniques that one can use to solve the problem of unsaturated flow. Closed-form solutions are available for some selected problems [57–60]; however, 1D
solutions are not suitable for general boundary-value problems because of their restricted kinematics. Finite difference, finite element, finite volume, and characteristic-based methods have been
adopted for solving the Richards equation [61–64], but most of these methods do not have sufficient
capabilities to address the geomechanical aspects of the problem, namely, solid deformation and
material heterogeneity. Recently, a meshless method has been advocated in [65] for coupled fluid
flow and geomechanics in the unsaturated range. From among these alternative methods, the mixed
finite element method appears to be most natural in accommodating spatial heterogeneity into the
framework of coupled fluid flow and geomechanics. Henceforth, we shall focus on the mixed finite
element method, along with the mesoscale approach proposed in [16, 66–72], to capture the spatial
density and saturation variations for finite-deformation analysis in the unsaturated range.
2. CONSERVATION LAWS
2.1. Kinematics
We use mixture theory to formulate the kinematics of deformation of a porous solid matrix containing water and air within its pores. We denote the motion of the solid matrix by 's .X s , t /, where
X s D X is the position vector of a solid material point X in the reference configuration; the motion
of water by 'w .X w , t /; and the motion of air by 'a .X a , t /, where X w and X a are initial position
vectors of water and air, respectively. The material time derivative of constituent ˛ following its own
motion is given by the standard equation
d˛ ./
@./
D
C r ./  v˛ ,
dt
@t

(1)

where r ./  @./=@x is the spatial gradient operator and v˛  @'˛ =@t is the velocity of
constituent ˛. For brevity in the notation, we shall drop the labels for all quantities pertaining to
the solid description, so that we can make the simple substitutions v D vs , d./=dt D ds ./=dt ,
and so on. Further, we can write the material time derivatives following the water and air motions
in terms of the material time derivative following the solid motion as [73]
Copyright © 2013 John Wiley & Sons, Ltd.
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d./
d˛ ./
D
C r ./  vQ ,
dt
dt

˛ D w, a,

(2)

where vQ ˛ WD v˛  v is the relative velocity of constituent ˛ with respect to the solid. An additional
P  d./=dt , is used throughout this paper.
abbreviated notation, 
Let x D '.X , t / denote the position of the solid material point X and F D @x=@X the associated
deformation gradient of the solid matrix. The Jacobian J transforms the reference differential
volume dV into current differential volume dv via J D det.F /  dv=dV . The time derivative
of the Jacobian is
JP D J r  v .

(3)

To transform a differential area, we use Nanson’s formula,
nda D J F T  N dA,

(4)

where da and dA are differential areas on the solid matrix, with unit normals n and N , respectively.
2.2. Balance of mass
We denote the volume fraction  ˛ of constituent ˛ as the ratio between its volume dV ˛ divided by
the total volume of the mixture dV , that is,  ˛ D dV ˛ =dV . Therefore,
s C w C a D 1 .

(5)

The partial mass density of constituent ˛ is given by ˛ D  ˛ ˛ , where ˛ is the intrinsic mass
density of constituent ˛. This gives
s C w C a D  ,

(6)

where  is the total mass density of the mixture. The degree of saturation Sr is the ratio between the
volume of water in the void to the total volume of the void; the pore air fraction is 1  Sr , that is,
Sr D

w
,
1  s

1  Sr D

a
.
1  s

(7)

The denominator, 1   s , is the porosity of the solid matrix.
Without loss of generality, we shall assume in the following developments that the pore air
pressure is identically zero (passive condition). In this case, we only need to satisfy the balance
of mass for solid and water. For barotropic flow, and assuming no mass exchange among the three
phases, the conservation of mass for solid and water takes the form [52]
s
P s C
pPs C  s r  v D 0,
Ks

(8)

w
1
pPw C  w r  v D  r  . w w vQ w / ,
P w C
Kw
w

(9)

where Ks and Kw are the bulk moduli of solid and water, and ps and pw are the intrinsic pressures
on the solid and water, respectively. Whereas pw is physically meaningful and can be measured,
say, by means of a pore water pressure transducer, the intrinsic solid pressure ps is not amenable to
the same physical measurement.
An alternative expression for the balance of solid mass may be formulated as follows. Let dV
denote a reference differential volume of the solid matrix and 0s the reference solid volume fraction.
Then, the differential mass of solid in the reference configuration is dMs D s0 0s dV , where s0 is
the intrinsic solid mass density in the reference configuration. Because the mass of solid is conserved
by its own trajectory, dMs D s0 0s dV D s  s dv D s  s J dV D constant. Therefore,
s P s J  Ps  s J C s P s J C s  s J r  v D 0 .
Copyright © 2013 John Wiley & Sons, Ltd.
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Dividing through by s J and re-arranging gives
Ps
P s C  s C  s r  v D 0 ,
s

(11)

which is the same as Equation (8) with Ps =s now replacing the term pPs =Ks . However, because
Equation (11) emanates from the condition s  s J D constant, then for an incompressible solid
constituent,  s J must be conserved. Noting that J D 1 in the reference configuration, this means
 s J D 0s

 s D 0s =J .

H)

(12)

Denoting the porosity of the solid matrix by the symbol n D 1   s and its reference value by the
symbol n0 , balance of mass for the solid simplifies to
n D 1  .1  n0 /=J .

(13)

This last equation is identical to the expression derived by Borja and Alarcón [74] and may be used
to describe the material evolution of porosity as a function of the Jacobian when the solid constituent
is incompressible. Alternatively, we can use the specific volume v D 1=.1  n/, which varies with
the Jacobian J according to the equation
v D v0 J ,

(14)

where v0 is the value of v in the reference configuration.
We now introduce the degree of saturation Sr into the balance of mass for water. In this case,
Equation (9) becomes [52]
w
Sr  s
1
.1   s /SPr C
pPw C
pPs C Sr r  v D  r  q ,
Kw
Ks
w

(15)

where q D  w w vQ w . The Piola transform of q is
Q D J F 1  q ,

(16)

DIV.Q/ D J r  q ,

(17)

while the Piola identity is

where DIV./ D @.K /=@XK is the divergence operator in the reference configuration. Furthermore, we note that
J pP˛ D .JpP ˛ /  p˛ JP ,

˛ D s, w, a .

Substituting the last three equations into Equation (15) gives


1
w P
s P
w
s
s P
.1   /Sr J C
pw 
ps JP D  DIV.Q/ ,
#w C
#s C Sr 
Kw
Ks
Kw
Ks
w

(18)

(19)

where #s D Jps and #w D Jpw . Once again, we recover a very simple conservation equation when
the solid and water are assumed incompressible,
.1   s /SPr J C Sr JP C

1
DIV.Q/ D 0 .
w

(20)

For incompressible solid and water, the pullback total mass density is
0 WD J D J s s C J w w D J s s C J.1   s /Sr w ,

(21)

assuming a  0. Note that 0 is not constant because of the relative flow between the solid matrix
and fluid. Taking the material time derivative in the direction of the solid motion gives


Ps S  .
P0 D JPs s C J.1   s /SPr w C JP  J
(22)
r w
Copyright © 2013 John Wiley & Sons, Ltd.
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P s D 0. Therefore,
But according to Equation (10), JPs s D 0, and so, if s is constant, then J


(23)
P0 D .1   s /SPr J C Sr JP w .
This means that, by substituting Equation (23) into Equation (20), the mass balance for water
reduces to the Lagrangian form
P0 C DIV.Q/ D 0 .

(24)

Note the remarkably simple form of the aforementioned conservation equation, consisting only of
two compact terms, when other forms for balance of mass reported in the literature may involve
several more terms.
2.3. Balance of linear momentum
A thermodynamically consistent effective stress equation [52, 75, 76] may be written in terms of
the total Cauchy stress tensor  , effective Cauchy stress tensor  0 , Biot coefficient B, pore water
pressure p  pw , and pore air pressure pa , as follows:
 D  0  Bp  1 ,

p  D Sr p C .1  Sr /pa ,

(25)

where B D 1  K=Ks and K is the bulk modulus of the solid matrix. In most applications where
Ks  K, the Biot coefficient B may be set equal to unity, thus reducing the form for the effective stress to that proposed in [77]. Further, if one assumes pa D 0, the effective stress equation
simplifies to the form
 D  0  Sr p1 ,

(26)

which coincides with Terzaghi’s [5] effective stress equation when Sr D 1.
We need other stress measures to distinguish between the current and deformed configurations,
and here, we choose the first Piola–Kirchhoff stress tensor P that is widely used in nonlinear
continuum mechanics. The relevant differential areas must be reckoned with respect to the solid
matrix, which means that any pullback or push-forward must be performed with respect to the solid
motion. Let nda denote a differential area in the current configuration; then dF D  nda is the total
differential force. Using Nanson’s formula in Equation (4) gives dF D  .J F T N dA/  PN dA,
which means that the effective stress equation can be written as
P D   F T D  0  F T  Sr #F T ,
0

(27)
0

where  D J  is the symmetric total Kirchhoff stress tensor,  D J  is the effective Kirchhoff
stress tensor, and # D Jp  #w is the Kirchhoff pore water pressure. Ignoring inertia forces, the
balance of linear momentum in Lagrangian form can be written as
DIV.P/ C 0 g D 0 ,

(28)

where 0 D J is the pullback of the total mass density defined in Equation (21).
2.4. Internal energy
The first law of thermodynamics provides an expression for the rate of change of internal energy per
unit volume of a mixture of solid, water, and air. This is written in the succeeding text for the case
pa D 0 as (cf. Equation (3.41) of [52])

1
0
P
r  . w w vQ w /   w r  vQ w #  S .1   s /SPr
0 eN D  W d C
w


Pw w
C R  DIV.Qt / .
C#

(29)
w
The notations are as follows: ePN is the rate of change of internal energy per unit pullback total mass
density of the mixture, d is the rate of deformation tensor for solid, S D #w  # is the
Copyright © 2013 John Wiley & Sons, Ltd.
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Kirchhoff suction stress, R is the heat supply per unit reference volume of the mixture, and Qt is
the heat flux vector per unit reference area of the solid matrix. The terms inside the brackets can be
replaced by the simpler expression
r . w w /
1
r  . w w vQ w /   w r  vQ w D  w vQ w 
.
w
 w w

(30)

Thus, Equation (29) may be written more succinctly as
0 ePN D h 0 , di C h w , w , #, vN w i C hS , .1   s /, SPr i C h#, P w i C R  DIV.Qt / ,

(31)

where P w D .Pw =w / w and vN w D  w vQ w is the superficial Darcy water velocity. The symbol
hı, : : : , ıi suggests an energy-conjugate pairing that is useful for constitutive modeling purposes.
The first energy-conjugate pair in Equation (31) matches the Kirchhoff effective stress  0 with
the solid rate of deformation d. From Equation (25), and assuming B D 1 and #a D Jpa D 0, the
effective Kirchhoff stress tensor may be written as
 0 D  C Sr #1 .

(32)

The second term on the right-hand side of Equation (31) suggests a constitutive relationship among
 w , w , #, and vN w . We remark that  w is not an independent variable, because if we know Sr and
1   s , then the first part of Equation (7) gives  w D .1   s /Sr . The conjugate pairing suggested
in the second term is fulfilled by the generalized Darcy’s law, which takes the form
vN w D k  r U ,

UD

#
w g

C´,

(33)

where g is the gravity acceleration constant and ´ is the elevation potential. To be consistent with
the energy equation, the generalized conductivity tensor k must be of the form
k D k.1   s , Sr / D k.J , #/,

(34)

to accommodate the effect of solid deformation, which does not appear in the total potential U .
The third term on the right-hand side of Equation (31) suggests a constitutive relationship among
the Kirchhoff suction stress S , degree of saturation Sr , and porosity .1   s /. For undeformable
solid matrix, this relation is often associated with the water retention curve, or the soil-water characteristic curve [12]. However, as noted in Section 1, for a deformable solid matrix where the volume
changes may be significant, the porosity must be included in the constitutive relation as a third
variable. The desired functional relation defines a water retention surface and takes any of the
following forms:
Sr D Sr .1   s , S / D Sr .v, #/ D Sr .J , #/ ,

(35)

where v is the specific volume and J is the Jacobian determinant.
The fourth term on the right-hand side of Equation (31) is the power produced by the pore water
pressure in changing its own intrinsic volume. We recognize that Pw =w is an intrinsic volumetric
strain rate (change in volume of water per unit volume of water), and P w is change in volume of
water per unit volume of the mixture; both rates are zero if we take water to be incompressible. The
remaining two terms, R and DIV.Qt /, are non-mechanical powers related to heat.
3. CONSTITUTIVE MODELS
To make the energy framework described in the previous section more specific, we present detailed
features of the constitutive models in the succeeding text. Without loss of generality, we shall assume
in the following that water is incompressible, pa D 0, and Biot coefficient B D 1.
Copyright © 2013 John Wiley & Sons, Ltd.
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3.1. Finite deformation solid model
We employ multiplicative decomposition of deformation gradient and product formula algorithm
described by Simo [78]. For dry condition, the plasticity model is the same as the one presented in
[69] for sand. For coupled flow-geomechanics, one needs to use the effective Kirchhoff stress tensor
 0 to define the three stress invariants,
r
tr  3
1
1
3
0
p D tr. / 6 0,
qD
,
(36)
p cos 3 D
kk ,
3
2
3
6
where  D  0  p1, 2 D tr. 2 /, and  is Lode’s angle whose values range from 0 6  6 =3.
At full saturation (i.e., Sr D 100%), the yield function in Kirchhoff stress space takes the form
(Reference [79])
F D q C p 6 0 ,
where

´
D

(37)

M Œ1 C ln.i =p/

if N D 0

M=N Œ1  .1  N /.p=i /N=.1N /

if N > 0

(38)

is the maximum stress ratio, and
´
i D

pc =e

if N D 0
.N 1/=N

.1  N /

pc

if N > 0

(39)

is an intermediate plastic internal variable. Here, N defines the shape of the yield function, M is the
slope of the critical state line, pc defines its size, and e is the natural number. The plastic internal
variable pc has the physical significance of being the distance from the origin of stress space to
the ‘nose’ of the yield surface F D 0 on the compression cap. The yield surface has the shape of
an asymmetric American football with two vertices on the hydrostatic axis. The asymmetry comes
from the scaling function  D ./ representing the effect of the third stress invariant [80].
Figure 1 shows three yield surfaces, with the smaller yield surface completely inscribed inside
the next larger one. For visualization purposes, the yield surfaces have been cut in half to expose
their interior parts. The yield surface corresponding to full saturation is represented by the innermost
‘shell’ with a vertex-to-vertex distance of pc along the hydrostatic axis. The two larger ‘shells’

Figure 1. Expansion of three invariant yield surfaces (ellipticity D 7=9) with decreasing degree of saturation.
Innermost ‘shell’ is yield surface at Sr D 100%.
Copyright © 2013 John Wiley & Sons, Ltd.
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are yield surfaces that have been expanded by partial saturation. All yield surfaces originate from
p D 0, so the impact of decreasing Sr is felt for the most part by the compression cap. To describe
the expansion of the cap with decreasing Sr , we use the notion of bonding variable [81] and
write [13]
D f .S /.1  Sr /,

f .S / D 1 C

S =patm
,
10.7 C 2.4.S =patm /

(40)

where patm D 101.3 kPa D 14.7 psi is the atmosphere pressure, and S D #. The equivalent
preconsolidation stress p c is then given by
p c D  exp Œa. / .pc /b./ ,

(41)

where
a. / D

N Œc. /  1
,
Q c. /  Q

QQ

b. / D

Q c. /  Q

,

c. / D 1  c1 Œ1  exp.c2 / ,

(42)

Q and Q are compressibility parameters, and c1 and c2 are constants. An associative flow rule has
been employed in all the simulations.
An important component of the plasticity model is plastic dilatancy, which allows a softening
response even with an associated plastic flow; see [79]. Plastic dilatancy is defined as the ratio
between the volumetric and deviatoric components of plastic strain rates, which are calculated from
the plastic logarithmic stretches. The expression for plastic dilatancy is
r
Pvp
@F
2
p
p
D WD p ,
Pv D P
,
Ps D P
˝.q, / ,
(43)
@p
3
Ps
where
3
˝ .q, / D
2
2



@F
@q

2



@F
C
@

2 X

3 
@ 2
,
@A0

(44)

AD1

in which A0 , A D 1, 2, 3 are the principal values of  0 . Depending on the proximity of the plastic
dilatancy to its maximum value D  , and the stress ratio D q=p to its maximum value  [66,67],
either hardening or softening responses can be obtained. The implementation of this constitutive
model in the finite deformation range has been well documented; see, for example, Chapters 5 and
6 of [80].
3.2. Fluid flow constitutive model
In this work, we consider the following evolution of the hydraulic conductivity tensor,
k D kr ks 1 ,

(45)

where kr D kr .Sr / is the relative permeability of the wetting phase, ks D ks .J / is the saturated
permeability, and 1 is the second-order identity tensor. This expression suggests that k remains an
isotropic tensor even with deformation of the solid matrix. It is possible for the deformation of the
solid matrix to induce anisotropy in k (such as when clay layers disperse from an initially flocculated
state); in such a case, 1 should be replaced with a tensor that reflects an evolving anisotropy.
We can use the Kozeny–Carman equation [1] to express the evolution of the saturated permeability with deformation. The relation is of the form
3

ks .J / D

Copyright © 2013 John Wiley & Sons, Ltd.
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Figure 2. Water retention surface for clayey silty sand: v D specific volume; Sr D degree of saturation;
# D suction stress. Data from Reference [56].

where  is the dynamic viscosity of water, D is the effective diameter of the grains, and 0s is the initial volume fraction of the solid. As for the evolution of the relative permeability, the van Genuchten
[82] equation may be used for this purpose,
h

m i2
kr .Sr / D Sr1=2 1  1  Sr1=m/
,

(47)

where m is a material parameter.
3.3. Water retention model
A suitable water retention law is necessary for characterizing the effect of degree of saturation on
the hydromechanical properties of unsaturated porous materials. Here, we adopt the water retention
law proposed by Gallipoli and co-workers [55] in which the degree of saturation is a function of
suction and porosity. Recalling that for the problem at hand, the Kirchhoff suction stress S > 0
is the negative of the Kirchhoff pore water pressure # < 0, while the porosity 1   s is a linear
function of the Jacobian J of the solid deformation, we write
°
h
in ±m
a
Sr D Sr .J , #/ D 1 C a1 J =0s  1 2 #
,
(48)
where 0s is the initial solid volume fraction, and a1 , a2 , m, n are material parameters (m is the same
material constant used for the relative permeability, Equation (47)) . This water retention law is a
simplified version of the relation presented by van Genuchten [82], in the sense that as # ! 0,
Sr ! 1, and as # ! 1, Sr ! 0; however, it can also capture the effect of solid deformation on
degree of saturation. Salager and co-workers [56] conducted laboratory tests on clayey silty sand
and presented contours of water retention curves for different specific volumes. We have used a
simple three-dimensional curve fitting to arrive at the following coefficients for the clayey silty sand
of Salager et al.: a1 D 3.8038102 , a2 D 3.4909, m D 6.3246101 , n D 7.1771101 . Figure 2
shows a plot of the water retention surface on the basis of these calculated coefficients.
4. VARIATIONAL EQUATIONS
Following the standard variational principles, we define the following spaces. Let the space of
configurations be denoted by
®
¯
Cu D u W B ! Rnsd j ui 2 H 1 , u D u on @Bu ,
(49)
Copyright © 2013 John Wiley & Sons, Ltd.
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and the space of variations by
Vu D ¹ W B ! Rnsd j

i

2 H 1 ,  D 0 on @Bu º,

(50)

where H 1 is the Sobolev space of function of degree one. The variational form of balance of
momentum is given by
Z
Z
.GRAD  W P  0   G / dV 
  t dA D 0,
(51)
B

@Bt

Next, we define the space of water pressures as
¯
®
C# D # W B ! R j # 2 H 1 , # D #  on @B# ,

(52)

and its corresponding space of variations as
W B ! Rj

V# D ¹

2 H 1,

D 0 on @B# º .

The variational form of balance of water mass is
Z
Z
Z
P0 dV  GRAD  Q dV C
B

B

Q dA D 0 .

(53)

(54)

@Bq

Alternative forms of the variational equations may be developed as follows. For the balance of
linear momentum, we have
Z
Z
Z
Z
r s  W  0 dV  r   Sr # dV  0   G dV D
  t dA.
(55)
B

B

B

@Bt

For the balance of water mass, we use the backward implicit scheme to arrive at the following
time-integrated variational equation
Z
Z
Z
.0  0n / dV  tw
r  J vN w dV D t
Q dA .
(56)
B

B

@Bq

Note that there is an extra J in the second integral discussed earlier; if we let K D J k, then the
generalized Darcy’s law can be written in the alternative form (cf. Equation (33))
J vN w D K  r U .
s

(57)

1

Using the identity  D 1=v D .v0 J /

, the pullback mass density becomes


1
1
Sr w .
0 D s C J 
v0
v0

(58)

All of the variables appearing in the momentum and mass balance equations now depend on the
solid displacement field u and Kirchhoff pore water pressure # alone; hence, we have a so-called
u=# formulation.
Linearized forms of the variational equations are useful for constructing an algorithmic tangent
operator. They are expressed in terms of the independent variables ıu and ı# and are readily
available. The following identities are useful:
ıF D r ıu  F ,

ıF 1 D F 1  r ıu .

(59)

The linearization of the Jacobian is also useful,
ıJ D J r  ıu .

(60)

Spatial divergence and gradient of the weighting functions have the linearization
ı.r  / D r  W ıur ,
for all  2 Vu and

ı.r / D r

 r ıu ,

(61)

2 V# .
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The general forms of the relevant constitutive equations are
 0 D  0 .u, #/ ,

Sr D Sr .J , #/ .

(62)

The additional dependence of  0 on the suction stress # emanates from the constitutive property
that the yield strength, represented by the preconsolidation stress, increases with suction stress.
Therefore, we have the following linearization of  0 :
ı 0 D ˛ W r ıu C aı# ,

(63)

where a D @ 0 =@#. Also, we have the following linearization of Sr :
ıSr D J

@Sr
@Sr
r  ıu C
ı# ,
@J
@#

(64)

where the two derivatives of Sr are evaluated from the water retention properties of the porous
material. Furthermore, the pullback total mass density can be expressed in the functional form
0 D 0 .J , Sr / .

(65)

Therefore, the variation takes the form
ı0 D

@0
@0
ıSr .
ıJ C
@J
@Sr

(66)

With the aforementioned preliminaries, the linearized form of momentum balance Equation (55)
can now be written as
Z
Z
r  W a W r ıu dV C r s  W a ı# dV
B
B
Z
 Œı.r  /Sr # C r   .ıSr # C Sr ı#/ dV
(67)
ZB
Z
 ı0   G dV D
  ıt dA ,
B

@Bt

where a D ˛   0  1, with . 0  1/ij kl D i0l ıj k representing the initial stress term.
After using Darcy’s law, the linearized form of mass balance Equation (56) becomes
Z

Z
Z
ı0 dV C tw ı
r  K  r U dV D t
ıQ dA ,
B

B

(68)

@Bq

where
Z
ı

r
B

 K  r U dV



Z

D

ı.r /  K  r U dV
Z
Z
C r  K  ı.r U / dV C r
B

B

B

(69)
 ıK  r U dV .

In addition, we have
ı.r U / D r ı#  r #  r ıu ,
and for the isotropic permeability tensor considered in this work (Equation (45)),


ıK D ıJ kr ks C J kr ks0 .J /ıJ C J ks kr0 .Sr /ıSr 1,

(70)

(71)

where ıJ and ıSr are given by Equations (60) and (64), respectively. Once again, all differentials
have been expressed in terms of ıu and ı#.
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5. NUMERICAL SIMULATIONS
We conduct plane strain simulations of mixed boundary-value problems highlighting the multiphysical processes taking place in unsaturated porous materials with inherent heterogeneities. In the
first example, we consider a rectangular specimen of unsaturated soil compressed vertically under
boundary conditions favoring a homogeneous deformation; inhomogeneous deformation is then
triggered by the spatial variations in density and degree of saturation, along with geometric nonlinearity. In the second example, we consider an unsupported vertical slope subjected to a changing
suction, where inhomogeneous deformation is again triggered by both material and geometric nonlinearities and the irregular boundary condition. We emphasize that the simulations were conducted
only up until the bifurcation point, and in some cases, just slightly beyond it, so we can clearly
see the persistent shear band. Post-localization simulations will need some form of regularization to
address the issue of mesh-sensitivity, which is beyond the scope of this paper.
5.1. Vertical compression of a sand
The finite element mesh for this example is shown in Figure 3. The sample is defined by a rectangular domain of dimensions 5 cm  13 cm, with 1113 displacement nodes, 297 pore pressure nodes,
and 260 quadrilateral mixed elements with nine displacement and four pore pressure nodes (these
elements pass the Ladyzenskaja–Babuška–Brezzi condition for stability, see [83]). Vertical compression is simulated by moving the top boundary uniformly downwards, while a constant lateral
confining pressure of c D 120 kPa is applied on the sides. Because of the changing geometric
configuration, the equivalent nodal forces produced by c will evolve with deformation; this is
accounted for in the global Newton iteration by linearizing the equivalent nodal forces directly.
Material heterogeneity in the specific volume is imposed by a random function generator
employing a normal distribution, with a mean value of 1.584, standard deviation of 0.014, and a
range of Œ1.564, 1.610 . This corresponds to a relatively homogeneous sample with some statistical
variation in properties. Figure 4 shows one realization for this random field. We assume a uniform
suction of 20 kPa throughout the domain to determine the degree of saturation profile also shown in

Figure 3. Finite element mesh and boundary conditions. Sand sample is 5 cm  13 cm deforming in plane
strain. Interior (bubble) displacement nodes not shown.
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Figure 4. We emphasize that the specific volume, suction, and degree of saturation are not all independent fields—they are related by the water retention law, and so, by prescribing the two fields,
the third field can be determined. Because the suction stress is assumed to be uniformly distributed,
Figure 4 shows that the degree of saturation field follows an opposite trend to the specific volume
field, that is, the higher the specific volume, the lower the degree of saturation. Note that one can
also generate a random suction field in addition to a random specific volume field, but the degree of
saturation field must still be determined from the water retention law.
In the simulations described in the succeeding text, we demonstrate the effect of rate of compression on the deformation and pore pressure responses of an unsaturated sample of sand. Here,
we take the vertical displacement shown in Figure 3 as ı.t / D vy t , where t is time and vy is the
constant rate of compression. We assume that water can migrate within the interior of the sample,
but cannot escape from nor enter through the four sides; that is, the four sides of the sample are
no-flow boundaries. This corresponds to a globally undrained but locally drained condition. Table I
summarizes the material parameters used in the simulations.

Figure 4. Random distributions of initial specific volume (left) and initial degree of saturation (right) at
uniform suction.
Table I. Material parameters for unsaturated sand. See References [66, 69]
for physical meanings of these parameters.
Symbol
Q
p0
0
M
Q
N
h
vc0

˛

Value

Parameter

0.03
0.12 MPa
16 MPa
1.1
0.1
0.4
280
1.85
7/9
3.5

Compressibility
Reference pressure
Shear modulus
Critical state parameter
Compressibility parameter
Yield surface parameter
Dimensionless hardening parameter
Reference specific volume
Ellipticity
Limit dilatancy parameter
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Figure 5. Vertical load-vertical compression curves at different rates of loading.

Figure 5 shows the load-compression curves from imposed vertical compression rates of 0.013,
0.026, 0.052, and 0.130 mm/s. During the early part of compression, the load-compression curves
are nearly the same irrespective of the rate of loading, which can be traced from the fact that the
sand is represented by a rate-independent plasticity model. Fluid flow can generate rate-dependent
effects, but it is not apparent in this particular example. However, we can see that the rate of loading impacts the timing of the softening response: the faster the compression rate, the earlier the
softening response.
Plotted on the same load-compression curves for the inhomogeneous samples is the response of
an equivalent homogeneous sample with a uniform specific volume of 1.584 (equal to the mean
specific volume for the inhomogeneous sample), a uniform suction of 20 kPa, and a calculated
uniform degree of saturation of 88.5% from the water retention law. The homogeneous and inhomogeneous sample responses are nearly the same during the early stage of loading; however, the
homogeneous sample exhibits no softening response over the range of deformation considered. This
suggests that material heterogeneity is indeed responsible for the observed softening responses.
Persistent shear band is a dominant pattern of localized deformation in a heterogeneous material
[80, 84, 85]. The pattern of deformation may seem chaotic in the beginning until a well-defined band
forms with continued deformation. This is exemplified by the volumetric and deviatoric strain contours at different loading rates shown in Figures 6 and 7. The volumetric strain referred to in Figure 6
is the natural logarithm of the Jacobian of deformation, that is, "v D log.J / D log.J e / C log.J p /,
whereas the deviatoric strain in Figure 7 is the second invariant of the deviatoric principal logarithmic stretches; see Chapter 6 of Reference [80]. The figures show that a persistent shear band
emerges only after an irregular deformation finds the most suitable localized deformation pattern.
In addition, the figures show that the persistent shear bands for different loading rates have different
positions within the specimen; that is, they are not identical shear bands, albeit they appear to have
the same general orientation.
One readily observes from Figures 6 and 7 that for the same vertical compression, the persistent shear band emerges earlier with faster rates of compression—but only up to a certain point.
Simulation results not shown in the figures indicate that as the rate of compression is increased
further, say, beyond 0.130 mm/s, nearly the same pattern of localized deformation is observed. This
is because at higher rates of loading, fluids could no longer migrate locally, resulting in a so-called
locally undrained condition. In this case, the total response of the material becomes completely
independent of the loading rate.
Figure 8 indicates that the degree of saturation variation may also depend on the loading rate. The
general trend is that higher degree of saturation develops inside the shear band due in large part to
greater compaction within the band as portrayed in Figure 6. Most of the compaction taking place
within the band is due to the reduction in the volume of air voids, which results in higher degree
of saturation concentrating within the band (much like the localization of the volumetric strain).
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Figure 6. Volumetric strains (VSTRN) at a vertical compression of 3.51 mm.

The timing of the localization of degree of saturation is in sync with that of deformation: earlier
localization for faster rates of compression.
The importance of finite deformation can be appreciated from the results of a similar simulation, but employing the small strain formulation, shown in Figure 9. Apart from the effect on the
deformation itself, the small strain formulation also impacts the water retention law (48), which
now writes
Copyright © 2013 John Wiley & Sons, Ltd.
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Figure 7. Deviatoric strains (DSTRN) at a vertical compression of 3.51 mm.




S n
Sr D 1 C
Sa

m

,

(72)

a

where S D # and Sa D a11 J0 =0s  1 2 is the reference Kirchhoff suction stress. By the
assumption of an unchanged configuration inherent in the small strain formulation, the water retention law (48) reduces to the simplified van Genuchten equation with parameters S1 D 0 and S2 D 1
(cf. Equation (72) of [16]). Figure 9 shows that both the deviatoric and volumetric strains are fairly
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Figure 8. Degree of saturation (DOS) at a vertical compression of 3.51 mm.

homogeneous in the sample, even at an advanced stage of vertical compression. This suggests that
the relatively homogeneous initial density distribution shown in Figure 4 is not sufficient to trigger
localized deformation in this case. In contrast, the finite deformation simulation described earlier
successfully develops a persistent shear band in the same sand sample.
Mesh-convergence studies associated with the standard (conforming) finite element interpolations
have been conducted in [16, 69]. These are to be contrasted with mesh-sensitivity analyses associated with an ill-posed problem: in the present case, the problem is well posed provided we restrict
to the regime of deformations up until bifurcation, so in principle, we should expect a convergent
Copyright © 2013 John Wiley & Sons, Ltd.
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Figure 9. Deviatoric strain (left) and volumetric strain (right) from small strain analysis at a total vertical
compression of 3.9 mm (rate of compression D 0.013 mm/s).

solution as the mesh is refined. However, mesh refinement in the presence of heterogeneity also
implies refinement of the spatial description of heterogeneity, which is not possible with a randomly
generated heterogeneity. But for an experimentally determined heterogeneity, mesh-convergence
studies are possible; see [16, 69].
5.2. Unsupported vertical cut on unsaturated sand
Unsupported vertical cut on sand is possible in the presence of capillary forces. When dry or completely submerged in water, sand would readily fall to its angle of repose. In this second example,
we demonstrate the classic case of wetting collapse of an unsupported vertical cut on unsaturated
sand. Figure 10 shows the finite element mesh for the problem at hand. The cut is represented by
a rectangular domain of height H D 5 m resting on a rough horizontal surface. The domain is
subjected to a uniform initial suction of 50 kPa, which enables the sand to sustain a vertical slope.
Figure 11 portrays the contour of initial specific volume in the sand. The material parameters are
the same as those used in the previous example.
Initial conditions are established as follows. We first consider an initial average total mass density
 for the unsaturated sand, and estimate the total vertical stress to vary according to the equation
v  g´, where ´ is depth relative to the top of the vertical cut. The effective vertical stress then

Figure 10. Finite element mesh and boundary conditions for an unsupported vertical cut subjected to loading
collapse due to wetting. Cut is 5 m  13 m deforming in plane strain. Interior (bubble) displacement nodes
not shown.
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Figure 11. Initial specific volume for unsaturated sand.

Figure 12. Deformed meshes and variation of second invariant of deviatoric strain with decreasing suction.
Arrow for # D 14.5 kPa denotes localized shearing on the ground surface merging with the zone of
localized deformation emanating from the toe. Displacements magnified 5.

varies according to the equation v0 D v  Sr s. Because the face of the vertical cut is tractionfree, the total horizontal stress h is zero, and so, the effective horizontal stress is calculated as
h0 D Sr s. These compressive vertical and horizontal effective stresses enable the sand to develop
an artificial cohesion and sustain a vertical slope.
Because of the heterogeneous density specified throughout the domain, the estimated initial
stresses imposed at the Gauss points will not lead to exact static equilibrium with the gravity loads,
so some iterations must be performed during the first load increment to bring the external forces and
internal stresses to equilibrium. This leads to some very small initial displacements developing at
the nodes prior to the beginning of the loading phase. For purposes of definition, we take the initial
configuration to be the slightly altered configuration at the end of the first time increment after the
internal stresses have balanced the external forces.
Wetting collapse of the vertical cut can be investigated by prescribing a loss of suction. To show
that the wetting collapse mechanism depends on the suction variation, we allow the suction to
Copyright © 2013 John Wiley & Sons, Ltd.
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decrease within the domain in two possible ways: (1) we decrease the suction uniformly throughout
the domain; or (2) we decrease the suction on the traction-free boundaries only, and allow the suction
inside the domain to decrease by natural diffusion. This leads to two different suction distributions,
and to two different wetting collapse mechanisms as discussed further in the succeeding text.

Figure 13. Volumetric strain at a suction of 13 kPa. Displacements magnified 5.

Figure 14. Initial specific volume for unsaturated sand with stronger heterogeneity in density.

Figure 15. Deformed meshes and variation of second invariant of deviatoric strain with decreasing suction
on unsaturated sand with stronger heterogeneity in density. Displacements magnified 5.
Copyright © 2013 John Wiley & Sons, Ltd.
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Figure 12 portrays snapshots of the second invariant of deviatoric strain within the sand body as
a function of uniform suction. As suction is reduced, more and more strains concentrate at the toe
of the vertical face and propagate upwards along a localized zone. Observe that the failure zone
is not straight but is slightly curved upwards. Figure 13 shows the volumetric strain at a suction
of 13 kPa indicating that the domain has expanded because of the release of compressive effective
stresses from loss of suction. Volumetric expansion is more noticeable within the wedge defined by
the propagating localized zone, as well as near the top surface where the sand has stretched because
of the forward motion of the unsupported vertical face.
Of interest is the role of material heterogeneity on the wetting collapse mechanism for this
particular structure. Observe from Figure 11 that the sand is nearly homogeneous with a very narrow
range of specific volume. Figure 14 shows a different distribution with a much wider range of
specific volume, indicating stronger heterogeneity in density. When this more heterogeneous distribution is input into the finite element analysis and suction is again reduced uniformly throughout the
domain, Figures 15 and 16 result. A failure zone again develops at the toe and propagates upwards;

Figure 16. Volumetric strain at a suction of 12.3 kPa. Displacements magnified 5.

(a)

(b)

(c)
Figure 17. Vertical cut with time-varying pressure boundary condition: (a) degree of saturation; (b)
deviatoric strain; and (c) volumetric strain. Displacements magnified 5.
Copyright © 2013 John Wiley & Sons, Ltd.

Int. J. Numer. Meth. Engng 2014; 97:658–682
DOI: 10.1002/nme

FRAMEWORK FOR UNSATURATED FLOW IN THE FINITE DEFORMATION RANGE

679

Figure 18. Typical local and global convergence of Newton iterations for the vertical slope problem.

however, the suction must now be reduced to a lower value to attain a comparable development
of the localized yield zone. Interestingly in this case, the more heterogeneous profile results in an
apparently stronger structure, in contrast to the trend displayed by the rectangular specimen of the
first example, where a more heterogeneous distribution is shown to enhance the development of a
localized failure zone.
As a final example, we prescribe a time-varying pressure boundary condition on the two tractionfree surfaces and allow the solution to calculate the suction variation by diffusion, coupled with
solid deformation, within the same problem domain. Figure 17 displays the degree of saturation,
deviatoric strain, and volumetric strain calculated at the last convergent load step of the simulation.
No localized failure zone is detected in this case. Instead, intense yielding is detected on the vertical
exposed surface near the toe, suggesting a propensity for surface erosion similar to the phenomenon
of sanding in a wellbore. If this intense yield zone near the toe spalls off, it may be argued that
the resulting additional geometrical imperfection could alter the overall failure mechanism of the
structure. However, this hypothesis is not investigated in this work.
Figure 18 shows typical local and global convergence profiles of Newton iterations. Local
convergence on the Gauss point level is typically slightly faster than the global convergence on
the finite element level. The iterations are not norm-reducing as we have not employed a line search
algorithm; this is a characteristic of Newton’s method [80]. However, all iterations have converged
sufficiently except for the very last step when failure of the structure has been detected.
6. CLOSURE
This paper presents a mathematical framework for unsaturated flow in deformable porous materials
incorporating material and geometric nonlinearities. The authors are not aware of any current work
on finite deformation of unsaturated porous materials incorporating important ingredients such as a
porosity-dependent water retention law and a robust constitutive model for solid capable of accounting for the effect of variable density on the mechanical response. Numerical examples clearly
demonstrate the importance of finite deformation effects. Deformations do not have to be very large
for finite deformation effects to be noticeable: shear bands that would otherwise not form with an
infinitesimal formulation could emerge with the finite deformation formulation.
Fluids in the pores of a geomaterial can impact the hydromechanical response of this material.
In particular, they can impact the deformation of the solid either in the form of volume constraint
or frictional drag arising from fluid flow. As noted in [16], variable saturation exerts a first-order
effect on the hydromechanical response of a porous material. Numerical examples presented in
this paper corroborate this observation. In particular, the vertical slope problem demonstrates that
suction distribution within the problem domain can result in starkly different failure mechanisms. A
robust hydromechanical framework, such as the one proposed in this paper, is essential for capturing
all of these important deformation and failure mechanisms in an unsaturated porous material.
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