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Once the Reynolds number of a viscous flow is large enough to produce instability
and once the amplitude of the instability is large enough to produce turbulence
then further amplification ceases and the overall behavior of the flow tends to be
independent of the viscosity.  The purpose of this chapter is to explore some of
the ramifications of this ubiquitous property of turbulence Known as Reynolds
number invariance. First, some of the basic features of Reynolds number invari-
ance are discussed in physical terms. Then the concept of a one-parameter
turbulent flow is defined and Reynolds number invariance of this class of flows is
interpreted in terms of dimensional analysis of the Euler equations.  The result of
this process is a set of similarity rules which define the scaling properties of a wide
range of geometrically simple flows. The methods are used to design an experi-
ment to measure the structure of turbulent vortex rings at very high Reynolds
number.

 

14.1 I

 

NTRODUCTION

 

The unsteady motion in turbulent shear flows is dominated by large eddies whose
size is of the order of the overall thickness of the flow, . Moreover the large  eddy
length scales in the streamwise and cross-stream direction tend to be of the same
order.  These large scale motions account for most of the kinetic energy of the flow
and, as noted above, are relatively unaffected by changes in the kinematic viscos-
ity.  Figure 14.1, from the landmark paper by Brown and Roshko [14.1] depicting
a plane mixing layer at three Reynolds numbers, is the best visualization of this
behavior that I know of.

The velocities in the upper and lower streams are the same for each picture while
the pressure of the flow increases from top to bottom. Increasing the pressure
increases the density hence decreasing the kinematic viscosity of the fluid leading
to a factor of four increase in Reynolds number from top to bottom. Note that the
growth rate is approximately linear,  and the angle of spread of the mixing
layer is virtually the same in all three photos. In contrast, the thickness of a 
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 mixing layer would decrease as the Reynolds number is increased in
proportion to the square root of the kinematic viscosity, . 
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Similar observations hold for jets and wakes; once the Reynolds number is high
enough to produce turbulence, the scale of the flow is set by the apparatus which
creates the flow and tends to be nearly independent of viscosity. As a result free
shear flows (flows away from walls) are often modeled by neglecting viscous
transport of momentum altogether. 

 

 

Figure 14.1   Effects of Reynolds number on  a plane mixing layer between Helium (upper 
stream) and Nitrogen (lower stream)from Brown and Roshko [14.1]. The 

Reynolds number of (a) is approximately . The thickness 
of the layer at the right side of the picture is approximately . The speed 
of the lower stream is . Test section pressures in atmospheres are: 
(a) 2, (b) 4, (c) 8. Dynamic pressures in the upper and lower streams are the 

same, .
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The most pronounced dependence on viscosity occurs in the case of turbulent flow
along a wall, yet even in this case, the region dominated by viscosity tends to be
confined to a very thin layer near the wall and the wall shear stress is a very slowly
decreasing function of the Reynolds number. Over the streamwise distance
required for the thickness of a turbulent boundary layer to double the skin friction
may only decrease by a few percent.
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 We will use the customary decomposition of the velocity and pressure introduced
in 1895 by Osborne Reynolds [14.2],

 

, (14.1)

 

where  is the vector velocity at an instant,  is the ensemble mean over a large
number of realizations of the flow and   is a  velocity fluctuation away from the
mean for a given realization. 

The notion of an ensemble is one of the central statistical tools of turbulence the-
ory and enables the mean flow to be regarded as time dependent so that almost
any flow can be treated using the Reynolds decomposition. One way to concieve
of  the ensemble is to imagine repeating a numerical simulation of the flow with
some form of randomness in the initial conditions from one realization to another.
Each simulation represents a history of the complete three-dimensional flow field.
The ensemble mean is formed by averaging over the entire ensemble at each each
instant in time. 

However there are serious theoretical questions regarding the uniqueness of the
mean and its possible dependence on the choice of initial conditions. There is now
ample evidence from both numerical simulations and experiment that much of the
development of turbulent shear flows at the moderate Reynolds numbers observ-
able in the laboratory does depend on details of the initial conditions particularly
when comparing regular versus randomized initial disturbances (refs, [14.3],
[14.4], [14.5] and [14.6]). The degree of variation tends to be reduced as the Rey-
nolds number is increased but the jury is still out as to the existence of a uniquely
defined mean independent of initial conditions, for the extreme high Reynolds
number limit which is so extraordinarily hard to observe in the laboratory. 

Even if the initial conditions could be suitably randomized and independence of
initial conditions achieved, it is still a matter of debate whether the angle of spread
of a mixing layer is truly independent of the Reynolds number or whether there
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exists an intrinsic, slow (say logarithmic) dependence on Reynolds number which
simply cannot be distinguished over the range of Reynolds numbers available in
the laboratory. There is no theory yet which can shed light on this issue. Perhaps
group methods will eventually show the way.

In any case, when the Reynolds decomposition is introduced into the  Navier-
Stokes equations and the equations are averaged, the become the Reynolds
equations,

 

(14.2)

 

where  is the kinematic viscosity,  is the mean pressure and  is
the rate-of-strain of the mean velocity field.

 

 . (14.3)

 

The density,  is constant. The new term that appears in these equations originates
from the quadratic convective velocity term in the Navier-Stokes equations and
takes the  form of an effective stress arising from the correlation of the velocity
fluctuations. These are the so-called Reynolds stresses,

 

 (14.4)

 

The linear pressure and viscous diffusion terms contribute to momentum transport
only through gradients in the ensemble mean flow. The Reynolds stresses add six
new unknowns to the equations of motion and as they stand the Reynolds equa-
tions (14.2) are not closed. In essence the “turbulence problem” boils down to
finding additional equations to relate  the Reynolds stresses (14.4) to the mean
flow and close the equations. This is the domain of turbulence modeling. In this
chapter we will not delve into the complexities of turbulence modeling but rather
we will concentrate on those properties of turbulent flows that can be deduced
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from symmetry analysis alone in the absence of a model and with relatively little
quantitative knowledge of the flow field. Although we will not address the issue
here, symmetry analysis is an extremely useful tool in the construction of rational
turbulence models. 

Measurements of the fluctuating velocity in a wide variety of turbulent shear flows
show that, away from a wall, the Reynolds stresses tend to be much larger than
the viscous stresses,

(14.5)

As a consequence the last term in (14.2) is often dropped leading to a simplified
form of the Reynolds equations,

. (14.6)

Dropping the viscous term  has important consequences for the group invariance
of the governing equations as we shall see shortly. First we define

From a wide variety of experiments it is observed that the intensity of turbulence
scales with the characteristic integral velocity of the flow. There are several ways
to define the turbulence intensity but the most common method is to use the tur-
bulent kinetic energy. Let

. (14.7)

It is found that

(14.8)
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independent of  . For example, if in the plane mixing layer shown in Figure 14.1
the velocity difference  were to be doubled keeping the velocity

ratio  the same, then one could expect the turbulent fluctuations to double.
If the viscosity is decreased keeping everything else the same, the rms turbulent
velocity fluctuations would not be expected to change. The spectrum of turbulent
fluctuations broadens as the Reynolds number is increased; the range of scales
increases, but  stays about the same and the size of the largest scale eddies stays
about the same. 

This change in the range of scales can be clearly seen  in Figure 14.1. Perhaps
suprising is how wide the range of scales seems to become for only a factor of
eight increase in Reynolds number.  The constancy of the angle of spread in these
pictures reflects the invariant size of the large eddies; in general for free shear
flows, the scale of the flow,  is independent of . 

Using the momentum equation, one can form an equation governing the turbulent
kinetic energy. Consideration of the order of magnitude of various terms in this
equation reveals that, in contrast to the momentum where viscous transport can
be neglected, viscous dissipation of turbulent kinetic energy (TKE),

(14.9)

contributes to the energy transport a term which is of the order of the other terms
in the equation.  The quantity,

(14.10)

is the fluctuating rate-of-strain. In a turbulent flow,  for reasons that will
become clear shortly. The dissipation term cannot be neglected in spite of the fact
that the viscosity may be very small.  In general, the dissipation is proportional to
the production,

. (14.11)

In the usual notation

u0 u1 u2–=

u1 u2

u'

2 s'ijs' ji=

s'ij 1
2
--- u'i

x j
--------- u' j

xi
---------+=

s' ji s ji»

u'iu' j 
xi
u j



Group interpretation of Reynolds number invariance

bjc 14.7 4/8/13

(14.12)

The implication of (14.11) is that the fluctuating strain rates must be large and
inversely dependent on  so that as the Reynolds number (kinematic viscosity) is
changed the fluctuating strain rates change so as to maintain the rough equality
indicated in (14.11) and (14.12).

14.3 GROUP INTERPRETATION OF REYNOLDS NUMBER INVARIANCE

The Euler equations are invariant under the two parameter dilation group

(14.13)

where  and  are arbitrary group parameters.  Note that we have invoked Rey-
nolds number invariance in writing down the group (14.13). In particular,

equations (14.5) and (14.8) have been used to deduce that   should be stretched

by the square of the factor used to stretch . Furthermore all three coordinate
directions are stretched by the same factor. If we act on the Reynolds equations
using this group the result is.

(14.14)

Recall that the group (14.13) reduces to the dilation group of the Navier-Stokes
equations for . The point of all this is that when we remove the viscous
stress term from the Reynolds equations and assume that fluctuating velocities
scale with the mean, the result is a system which is invariant under the two param-
eter dilation group of the Euler equations, (14.13) (References [14.7], [14.8] and
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[14.9]) rather than just the one-parameter group of the full viscous equations. The
additional parameter can be used to define a large class of flows that should be
self-similar within the assumption of Reynolds number invariance.

14.3.1 ONE PARAMETER FLOWS

These are turbulent shear flows in open domains governed by a single global
parameter with units

(14.15)

Usually M is an integral invariant related to the forces which create the flow. We
saw an example of how such an invariant integral is determined in Chapter 11 Sec-
tion 11.5.1 where the impulse integral was derived. Recall that the analysis in that
section is exact regardless of whether the flow is laminar or turbulent. This is
because the volume integral of the momentum can be transformed to a surface
integral involving only the exactly known far field potential flow.  The momentum
integral can no longer be determined exactly when the control volume boundary
is penetrated by the turbulence as in the momentum balance for a stationary (time
constant ensemble mean) jet. Nevertheless the dimensions of the conserved quan-
tity remain the same and the arguements put forth below for determining the self-
similar behavior of the flow can still be carried through. Some typical examples
are:

Stationary Plane jet - The integral momentum flux,  is approximately con-
stant at any streamwise position.

(14.16)

The integral is invariant under dilation only for  .

Vortex ring - The hydrodynamic impulse, , is the conserved integral for this
flow, cf. Chapter 11, Section 11.5.1.

(14.17)

In this case the integral is invariant for . 
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Invariance under the group (14.13) implicitly assumes that the flow is created at
a point in an infinite domain. It is easy to modify the problem so as to break this
symmetry and virtually any real flow does so. For example, if the force creating
the flow (say, a jet tube) is allowed to have a finite size then the dilation invariance
of the problem would be broken. The implication of this is that results based on
self-similar behavior really apply to the asymptotic (far field) behavior of the flow.
In practice, the self-similar region is not so far from the origin as one might
assume and similarity behavior is observed in a remarkably broad range of impor-
tant flows. 

Later in this chapter we will look at an experimental investigation of turbulent vor-
tex rings where all sorts of symmetry breaking parameters are present but where
a substantial region of nicely self-similar flow does occur and is quite accessible
experimentally. Nevertheless, one must be aware that the far field of any flow can
be affected by length scales that may have been omitted when the near field is
collapsed to a point. The results have to be used with some caution particularly
when they are generalized to new geometries.

If we attempted to re- incorporate the viscous stress term neglected in (14.6) the
symmetry (14.13) would be broken. Since real flows are viscous, one should
expect that all turbulent shear flows (except those with ) will include
fine scale dissipating motions that break the symmetry associated with the large
eddies and therefore such flows should  exhibit a weak dependence on the Rey-
nolds number.  At the present time there is neither theory nor experiment that
sheds much light on how this broken symmetry affects the overall behavior (rate
of spread, rate of velocity decay, etc.) of turbulent shear flows. Broadly speaking,
there is always a certain price to be paid when seeking a similarity solution to a
physical problem. The price is that the invariance requirements of the applicable
group inevitably force the suppression of certain physical parameters of the real
problem. And so any claims we might make for the generality of a similarity solu-
tion must always be tempered by comparison with experiment.

14.3.2 TEMPORAL SIMILARITY RULES

Following Reference [14.8] we can use invariance under the group (14.13) to
develop a general set of similarity rules for characterizing the space-time evolu-
tion of one-parameter turbulent (and  laminar) flows. This is
accomplished by solving the characteristic equations of (14.13),

k 1 2=

k 1 2=
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 (14.18)

with integrals

. (14.19)

The time-dependent length and velocity scales in (14.19) are,

(14.20)

where  is the effective origin in time. The group parameter, , is determined by

the units of the governing parameter .

(14.21)

The general form of the similarity solution that derives from invariance under
(14.13) is,

(14.22)

The functional relationships in (14.22) are consistent with the notion of self-sim-
ilarity taught by Townsend [14.10]. But there is one important difference; here the
characteristic velocity and length scales are functions of time linked by a single
governing parameter. Whereas traditional approaches usually deal only with sta-
tionary flows with scales that depend on streamwise distance. As we shall see
shortly, the time dependent approach includes stationary spatially developing
flows as a special case. 

One of the implications of the similarity form, (14.22) derived from the group
(14.13) is that, for a flow governed by a single global parameter, the size of the
flow scales with the same power of time in all three coordinate directions.  This
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is consistent with the observation that large eddy length scales tend to be of the
same order in all three coordinate directions. It also implies that a boundary layer
approximation is not needed to accomplish a simplification of the problem. 

When the similarity variables (14.22) are substituted into the Reynolds equations,
(14.2) the result is that time goes out of the equations and the number of indepen-
dent variables is reduced from four to three.

. (14.23)

The equations for particle paths,

(14.24)

transform to the autonomous system,

. (14.25)

In these one-parameter flows everything scales with the same power of time. If an
observer is selected to convect with a particular feature of the flow, then the
observer will have to translate non-uniformly according to the power of time
appropriate to the flow. Such a transformation is defined by,
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(14.26)

where the  determine the relative rates of motion of the observer in the three
directions. In terms of similarity variables, (14.26) becomes a simple translation,

(14.27)

In similarity coordinates, the equations for particle paths transform as follows,

(14.28)

The last relation in (14.28) comes directly from subtracting the first and third rela-
tions in (14.27) and implies that the vector field of particle paths is independent

of the . So, whereas the velocity field  changes when the observer is changed,
the vector field of particle paths, , is the same for all observers who move
with the relevant time scale.
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14.3.3  SPATIAL SIMILARITY RULES

Using the fact that one-parameter flows evolve in the streamwise direction accord-
ing to the same law as the evolution in the cross stream direction, the following
conversion between  and  can be used.

(14.29)

Jet-like flows originate from a point force acting in a surrounding fluid at rest. In
this case one uses (14.29) to replace  in (14.20). The result is the following
set of spatial similarity rules for jets.

(14.30)

Wakes originate from the drag on a body emmersed in a surrounding fluid moving
at a velocity . A typical example is the flow past a sphere studied in  Chapter
2 section 2.3. The drag in this case is 

. (14.31)

In the near wake, the drag of the body creating the flow and the free stream veloc-
ity are independent parameters. As a result, wakes are not self similar in the near
field even with the stipulation that the force is concentrated at a point. This last
item needs to be clarified; concentrating the drag force at a point is, of course, not
the same as reducing the body to a point. The radius of the body continues to be
the appropriate length scale for measuring distance in the flow and for identifying
the far field even as the applied force is collapsed to the origin of coordinates. Far
from the origin, an integral of the momentum flux over a control volume that con-
tains the body and traverses the wake reduces to,

(14.32)
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where the integral is carried out in a plane perpendicular to the wake and extend-
ing to infinity. In the far wake the Oseen approximation  becomes
valid and the drag integral reduces to,

(14.33)

In this limit, the drag and free stream velocity merge into the single governing

parameter  with units  for a three-dimensional wake or

 for a plane wake (where  is drag per unit span). This limiting
flow is invariant under the group (14.13) combined with a translation. The trans-
formation between space and time for wakes is

(14.34)

Using (14.34) to replace the time in (14.20) leads to the following spatial similar-
ity rules for wakes.

(14.35)

Note that for   Jets and wakes have same spatial scaling. This is the case for
the plane mixing layer depicted in Figure 14.1.

Jet-like flows Invariant M Units k

Plane mixing layer velocity difference 1

Plane jet 2-D momentum flux 2/3

Round jet 3-D momentum flux 1/2

Radial jet 3-D momentum flux 1/2

Vortex pair 2-D impulse 1/3

Vortex ring 3-D impulse 1/4
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Plane plume 2-D buoyancy flux 1

Round plume 3-D buoyancy flux 3/4

Plane thermal 2-D buoyancy 2/3

Round thermal 3-D buoyancy 1/2

Line vortex Circulation 1/2

Diverging channel Area flux 1/2

Vortex sheet roll-up Apex ; 

Wake-like flows

Plane wake 2-D drag/ 1/2

Round wake 3-D drag/ 1/3

Plane jet in cross flow 2-D mom. flux/ 1/2

Round jet in cross flow 3-D mom. flux/ 1/3

Plne plume in cross flow 2-D buoy. flux/ 1

Rnd plume in cross flow 3-D buoy. flux/ 2/3

Grid turb. initial decay Saffman invariant 2/5

Grid turb. initial decay Loitsianski invariant 2/7
Table 14.1  Various one-parameter shear flows and the units of the associated 

governing parameter.

14.3.4 REYNOLDS NUMBER

The similarity rules, (14.20), (14.30) and (14.35) can be used to determine the
temporal or spatial evolution of the flow Reynolds number,

(14.36)
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From (14.36) we can see that if  the Reynolds number increases with
time and we would expect the range of scales in the flow to increase as shown in
Figure 14.1. If  then the Reynolds number decreases with time and there
is a tendency for the flow to relaminarize. If  then the Reynolds number
is constant.

The case  is special in that the full Navier Stokes equations (including
the viscous term) are invariant under the group (14.13). In fact the few well known
exact solutions of the Navier-Stokes equations  which are set in an infinite domain
are all cases which correspond to this value of . Included in this group are the
Landau-Squire axisymmetric jet and the Jeffrey-Hamel plane flow in a diverging
channel. Several additional cases can be seen in Table 14.1 including the Oseen
viscous vortex and the round buoyant thermal (with a Boussinesq approximation
where the density of the jet is assumed to differ only slightly from the surrounding
medium).

14.4 FINE SCALE MOTIONS

So far we have used symmetry analysis to derive a great deal of information about
the evolution of a turbulent flow at the largest scales of motion. Now let’s turn our
attention to the fine scales and see what we can learn about the physics of energy
dissipation. This means looking closely at fluctuating strain rates and, since in a
turbulent flow, the strain is closely linked to the vorticity one is eventually led to
a general study of the behavior of the velocity gradient tensor. 

Using the scaling relation (14.11) that comes from the turbulent kinetic energy
equation we can write

(14.37)

which can be rearranged to read,

(14.38)
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This affirms the statement made earlier that the instantaneous rates-of-strain are
larger than mean rates of strain by a factor proportional to the square root of the
Reynolds number. This result can be used to estimate, given  and , the size of
the microscale motions which contribute the largest fluctuating strain rates and
therefore the bulk of the energy dissipation in a one-parameter flow. 

Define a new length scale, , called the Taylor microscale that, when associated
with , can account for turbulent kinetic energy dissipation, (References [14.10]
and [14.11],

. (14.39)

Combining (14.39) with (14.37) leads to the following estimates for the Taylor
microscale.

(14.40)

According to this estimate there is always some eddying motion in the flow with
a characteristic length that varies like  and is independent of the governing
parameter M. In a similar vein note that the velocity gradients of the large scale
motion vary according to

(14.41)

which is also independent of M. In a sense the large scale gradients constitute  a
clock which can be used to date the evolution of the flow. Now let’s define new
langth and velocity scales that can account for dissipation of TKE. These are the
velocity and length scales defined by Kolmogorov (Reference [14.12] see also the
discussion of Kolmogorov theory in References [14.13] and [14.14] ). The Kol-
mogorov scales  can be regarded as motions that constitute the lower limit for
instability; motions with a characteristic Reynolds number of order one. Let,
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. (14.42)

Equation (14.42) can be used in conjunction with (14.12) to generate the follow-
ing estimates of the Kolmorgorov velocity and length scales,

(14.43)

and

(14.44)

In a sense, the Taylor and Kolmogorov microscales bracket the range of scales
that contribute the bulk of the dissipation of turbulent kinetic energy in the flow.
At scales larger than the Taylor microscale the turbulent motion is considered to
be essentially inviscid. At the smallest scale are the Kolmogorov microscales with
a local Reynolds number of order one. The fine scale gradients over the whole
range of dissipating motions vary according to,

(14.45)

Toward the end of this chapter we will develop a simple model for the flow geom-
etry of these fine scale motions.

14.4.1 THE INERTIAL SUBRANGE

In 1941 Kolmogorov, [14.12], hypothesized that, at high Reynolds number, there
exists a range of scales, termed the inertial subrange, which depends only on the
rate of dissipation of turbulent kinetic energy imposed by the forces that drive the
flow. 

Originally the theory was developed in the context of homogeneous and isotropic
turbulence and the question of what parameter governs the large scale motion was
not of primary interest. Several invariants based on volume integrals of moments
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of the correlation function have been proposed for this seemingly simplest of all
flows. Unfortunately none can  be derived from an unassailable first principles
approach and data from studies of the initial decay of grid turbulence are too scat-
tered to clarify precisely what quantity if any is conserved. In fact, Kolmogorov
assumed that the scaling of the inertial subrange is independent of the large scale
motion. Furthermore there is nothing in the analysis which should necessarily
restrict the results to isotropic turbulence.  For this reason Kolmogorov’s ideas are
often used to characterize the high Reynolds number behavior of inhomogeneous
flows typified by the one-parameter class discussed in Section 14.3.1. 

Essentially, the inertial subrange envisioned by Kolmogorov lies between the -
dependent, -independent large scales and the -independent, -dependent
Taylor microscale that defines the upper size limit of dissipating motions. We can
derive one of Kolmogorov’s most famous results using purely dimensional rea-
soning and the similarity rules worked out earlier. Let’s accept Kolmogorov’s
basic tenet and assume that a range of scales exists where the turbulent motion is
independent of both  and  and is governed only by the local volumetric rate
of turbulent kinetic energy dissipation. We can think of the inertial subrange as a
kind of universal one-parameter flow governed by

(14.46)

with units  and exponent . The temporal evolution of
the characteristic scales of the inertial subrange should follow the similarity rules
in (14.30),

(14.47)

and

. (14.48)

Looking at the examples listed in Table 1 it is noteworthy that  never occurs.
The value  implies very strong local forcing of the flow, typically much
stronger than the forcing in most common situations. For example, to produce

 at the largest scale of a jet one would need to apply a force which
increased in proportion to the fourth power of the time (See EXERCISE 14.1).
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We can use (14.47) to establish scaling laws for the turbulent kinetic energy spec-
trum. Assume that a range of scales exists which is characterized by the rules for

 and  given in (14.47). Ask: how is the kinetic energy distributed among the

various  eddy length scales? Let  be the wave-number of an eddy in the inertial
subrange,

 . (14.49)

The kinetic energy per unit wave-number at a given wave-number can be related
to the time as follows.

 . (14.50)

Solving for the time in (14.47)

. (14.51)

and substituting (14.51) into (14.50) produces the classical result first postulated
by Kolmogorov.

 . (14.52)

The  roll-off in the turbulent kinetic energy spectrum has been more or less
confirmed in a wide variety of high Reynolds number  experiments and so the
arguements of Kolmogorov and the postulated existence of the inertial subrange
are generally accepted to be correct. The fact that these results can be derived
within the framework of the group theoretical approach used to determine con-
ventional scaling laws adds further support to Kolmogorov’s ideas. However the
very strong forcing required to generate the inertial subrange calls into question
the existence of such a range in all but the most vigorously stirred flows and most
probably only flows with . Furthermore, one has to recognize that Rey-
nolds number invariance is still a purely impirically observed property of high
Reynolds number turbulence. There is no first principles theory that can draw it
out of the equations of motion. Furthermore, we live in a world where the range
of Reynolds numbers encountered is very limited. Referring to the drag law for
circular cylinders presented in Chapter 2, Figure 2.4 we can see that overall fea-
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tures of turbulent flows tend to change very slowly, ie logarithmically, with
Reynolds number. In fact, unexpected variations tend to occur up to the highest
Reynolds numbers tested.  As a practical matter there is simply no scale available
in the laboratory or in nature on this Earth that can provide a Reynolds number
large enough to insure that truly asymptotic behavior prevails. This is one of the
most important stumbling blocks to the development of a theory of turbulence.
Take the flow over a sphere for example, we have no idea what the infinite Rey-
nolds number value of the drag coefficient is, nor do we know if the limit is unique
for a given set of flow parameters. The same goes for the limiting friction coeffi-
cient on a flat plate and and so on. Our theoretical understanding of turbulence in
the infinite Reynolds number limit is essentially nil.

14.5 APPLICATION - EXPERIMENT TO MEASURE SMALL SCALES IN A TURBULENT 
VORTEX RING

Let’s develop a science experiment with the aim of studying the physics of kinetic
energy dissipation in a turbulent vortex ring at very high Reynolds number. The
dye visualization photos in Figure 14.2 below from the paper by Glezer and Coles
[14.15] show the flow in question at low and moderately high Reynolds numbers.
The upper photo shows a highly turbulent flow, but the experiment we intend to
design will be required to reach Reynolds numbers two orders of magnitude
larger.

Figure 14.2   Turbulent and laminar vortex rings produced by an impulsive force from the 
paper by Glezer and Coles (Ref [14.15]). Top picture initial Reynolds number 
is . Lower picture initial Reynolds number is 

.
0  27 000,

0  7 500,
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To accomplish our goal it is necessary to construct a laboratory apparatus to con-
tain the flow. This would consist of a large tank full of a transparent fluid such as
air or water. and an impulsively driven pump to produce the forcing needed to gen-
erate the flow. In general, we would select the fluid to have as low a kinematic
viscosity as possible however this generally implies a high density fluid and there-
fore more force required to produce the ring; only through proper analysis of
scaling laws can we determine how these effects balance out. Figure 14.3 shows
a typical experimental setup. The vortex rings are produced by turning on and off
the flow from an orifice of diameter . The jet exit speed is  and the flow

is turned on for a time . 

Figure 14.3   Vortex ring apparatus with experimental parameters. The sketch in the 
upper part of the figure defines parameters used to determine the effective 
origin of the ring. 

The vortex ring evolves according to its size,  and convection speed, .
To study kinetic energy dissipation, it is necessary to carry out measurements of
the fine scales. The requirements of the experiment are as follows:

1) The experimental measurements should be capable of reaching values of
 where,
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(14.53)

is the Reynolds number based on the Taylor microscale. This is an order of mag-
nitude larger than the Taylor microscale Reynolds number reached in the
experiments of Glezer and Coles and will require an initial jet tube Reynolds num-
ber two orders of magnitude larger than their value of 27,000. Both the
characteristic velocity,  and the Taylor microscale are functions of time. More-
over the Reynolds number is a decreasing function of time. This means that the
measurements need to be made reasonably close to the jet exit but not so close so
as to be within the initial formation region of the ring.

2) The experimental technique should be capable of spatially resolving the Kol-
mogorov microscale. The measurements will make use of standard optical
diagnostic techniques such as laser Doppler anmometry and typically the mea-
surement volume cannot be made smaller than about 50 microns in diameter. This
effectively sets the lower limit for the size of the facility.

3) The vortex ring must become fully developed within a reasonable distance from
the jet exit so that the flow can be accessed by the diagnostic technique.

For the sake of the estimates to be carried out below, we will assume that the gen-
eration mechanism operates with a top-hat exit velocity profile and an ideal on-
off characteristic. We will use group methods and an assumption of Reynolds
number invariance and the data of Glezer and Coles, [14.15], to estimate the fol-
lowing items.

• The local Reynolds number of the vortex ring needed to satisfy requirement 
(1).

• The jet exit Reynolds number needed to reach the required local ring Rey-
nolds number at the point where the ring becomes fully developed and begins 
to follow a similarity law.

• The distance required for the vortex ring to become fully developed.
These estimates, together with the size limitations of the optics will determine the
tank size, orifice diameter, exit velocity and fluid kinematic viscosity required to
generate and study vortex rings at the desired Reynolds number.

R
u0---------=

u0
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14.5.1 SIMILARITY RULES

The hydrodynamic impulse is conserved for an idealized version of this flow. If
the force is an impulse function in space and time located at the origin of coordi-
nates then,

(14.54)

where  is the velocity component in the axial direction. The hydrodynamic
impulse is the total mechanical impulse generated by the applied force since the
onset of the flow. 

Experimentally characterizing this integral is somewhat problematic. In principal,
the impulse integral requires a control volume that extends to infinity.  Later we
will invoke invariance of the problem under a dilation group which carries an
implied assumption that there are no length scales that limit the size of the domain
or that characterize the generation of the force. In the experiment both of these
requirements are violated. The tank is finite and the force is generated by a finite
diameter jet tube. This highly limits the size of the region where we should expect
self-similar behavior to prevail. We have to be both far from the jet and at the same
time far from the end wall of the tank. When the jet is turned on, a roughly cosine-
shaped pressure distribution acts on the inside of the tank with the maximum pres-
sure disturbance occurring on the jet axis. Due to the no slip condition on the tank
surface, this pressure distribution will induce viscous shear layers at the wall. It
is entirely conceivable that these motions could slightly modify the impulse
although this effect is probably below the uncertainty of the measurements carried
out by Glezer and Coles. Within experimental error, they find that the impulse is
conserved. Thus we should expect various length and velocity scales in the exper-
iment to behave according to the similarity rules developed earlier. 

(14.55)

where  is a virtual origin in time and  and  are length and velocity scales
that characterize the overall motion. Note that they can be any length or velocity
other than that associated with small scale motions that dissipate kinetic energy.
In Figure 14.3,  is used to characterize the width of the ring but it could just as
easily be used for the distance the ring has traveled from the flow origin. The char-
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acteristic velocity is generally used to denote a measure of turbulent kinetic
energy as in (14.8) but it could equally well denote the convection speed of the
ring, . Typically turbulent fluctuation levels are on the order of a third of the

mean velocity in a free shear flow and so we would expect  to hold
(roughly). 

The basic assumption is that, over some region of the tank, the overall motion is
completely determined by just one parameter,  all the other parameters of the
problem, the tank length, the jet tube diameter, turbulent velocity fluctuations in
the jet tube, residual motion of the tank fluid from previous ring firings and the
kinematic viscosity of the fluid are all ignored; the fact is that all could play a role
in determining the ring growth and decay and the data as it exists today is just too
limited to determine how large this role may be. The transformation (14.29) can
be used to convert the temporal similarity rules to spatial tules.

(14.56)

where  is the spatial origin of the flow. Note that angle of growth of the ring is
independent of the impulse.

14.5.2 PARTICLE PATHS

Glezer and Coles painstakingly measured the ensemble mean velocity field of a
turbulent vortex ring by using Laser Doppler Anemometry to sample two velocity
components at several stations along the axis of the flow. By averaging velocity-
time traces from roughly 30 realizations at each of several hundred measurement
points they were able to reconstruct the streamlines and particle paths in a plane
through the axis. Their main result is shown in Figure 14.4. 

With all other parameters except,  ignored, this flow should be invariant
under the dilation group,

 . (14.57)

The similarity form derived from (14.57) used to approximate the data is 

. (14.58)
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The paper contains a good deal of evidence demonstrating that the data collapses
well in these variables confirming that a region does indeed exist where the flow
evolves in an approximately self-similar fashion. 

Figure 14.4   Experimental results from [14.15], (a) streamline pattern of the ensemble 
mean velocity field referred to an observer translating to the right with the 
ring, (b) particle paths of the ensemble mean velocity field. 

The coordinates in Figure 14.4 are,

(14.59)
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A perceptive reader will notice a flaw in the way Figure 14.4a is presented. We
can understand the problem by first examining Figure 14.4b. This figure shows
the phase portrait of particle paths defined by the vector field,  which we
know from the discussion in section 14.3.2 is invariant for all observers moving

in proportion to . The phase portrait is seen to consist of two on-axis saddles;
one at the head of the ring located at  and one at the tail at

. In addition, the ring rolls up fluid in an off-axis focus located at

. This critical point is really of course a critical line
of foci joined in an azimuthal circle surrounding the axis. The numbers on the hor-
izontal axis in Figure 14.4b are referred to an observer fixed with respect to the
laboratory frame, as are the numbers on the horizontal axis in Figure 14.4a. But
the streamlines displayed in Figure 14.4a are with respect to an observer that

moves with the focal point at . Such an

observer will see a closed center in the streamline pattern at . To be con-
sistent either the numbers on the horizontal axis in Figure 14.4a should have a
zero under the streamline center or the streamlines should be referred to the lab-
oratory frame in which case there will be no closed orbits at all, only a slight bump
in the region of the vortex ring. This really highlights the advantage of the phase
portrait of particle paths for identifying flow structure - such ambiguities simply
don’t come up.

The critical points are especially useful for bringing definition to the velocity and
length scales of the flow. Using the diameter and speed of the focus to define
length and velocity scales we have from the data in Figure 14.4,

 . (14.60)

The time evolution of the turbulent Reynolds number can be estimated as,

(14.61)
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where we have used  to estimate the magnitude of the turbulent fluctu-
ations. The spatial evolution of the ring can be estimated in a similar manner. The

streamwise position of the ring is  which
we can solve for the time in the motion of the ring as,

 . (14.62)

Now substitute (14.62) into (14.60) to get,

 . (14.63)

The spatial dependence of the Reynolds number is,

 . (14.64)

14.5.3 ESTIMATES OF MICROSCALES

In Section 14.4 we used energy considerations to develop a series of relations that
can be used to estimate the size of the microscale motions that contribute the bulk
of kinetic energy dissipation. We can use results from the classical theory of
homogeneous and isotropic turbulence to refine the estimates in (14.39). Using a
Taylor microscale based on the curvature of the lateral correlation function, (Ref-
erences [14.10] and [14.11]), the dissipation of turbulent kinetic energy is given
by,

 . (14.65)

The Reynolds number based on the Taylor microscale is now,

 . (14.66)
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Our experiment is required to reach values of  which implies a large

scale value of . The factor of  helps considerably in reaching
our experimental goals by reducing the required large scale Reynolds number,

, needed to generate the design value of . This optimistic estimate seems to
be justified in that recent direct simulations seem to also suggest that the turbulent
microscales are not as small as was once assumed. 

14.5.4 VORTEX RING FORMATION

Figure 14.3 shows the geometrical construction used to define the initial forma-
tion of a vortex ring. The quantities  and  are the time and position of the ring
when the flow first begins to exhibit self-similar behavior after an initial non-self-
similar period of formation. The quantities,  and  are the characteristic width
and turbulence level at the same point. In the following, we will use some physical
reasoning along with the data of Glezer and Coles [14.15] to estimate these
parameters of the formation process.

The impulse generated by forcing a slug of fluid of length  over a period 
through a jet orifice as shown in Figure 14.3 is given by,

 . (14.67)

Substituting (14.67) into (14.61) leads to an expression for the Reynolds number
in terms of the jet exit conditions

(14.68)

where (14.62) has been used. Equation (14.68) defines a consistency relation
between the time and position of vortex ring formation. This can be written as,

 . (14.69)
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The on-time of the exit flow, , in Glezer and Coles’ experiment was  sec

and the measured virtual origin in time was  sec. They were able to

collapse the mean data beginning approximately  sec after ring initiation. In
other words self-similarity of the mean field was reached at approximately,

 sec.  Using this data, the left hand side of (14.69) is

. Their experiments used a piston mechanism

to drive a slug of fluid  cm long through an orifice  cm in diameter. It was
found that the rings first began to follow a similarity law at  cm, that is,

 slug lengths downstream of the orifice. The virtual origin of the ring in space
was  cm. Using this value,the right hand side of (14.68) is, .
The close correspondence between these two numbers supports the consistency
of the choice of virtual origin in space and time used by Glezer and Coles. 

The diameter of the vortex ring at the time of formation is determined by both the
jet tube diameter and by the length of the slug of fluid used to generate the ring.
The ring diameter at the beginning of the self-similar zone is given by  (14.63) as

. Let’s construct a simple model of the formation process
using the following assumptions:

• Assume that the position of ring formation scales linearly with the slug 
length  with a constant of proportionality that is independent of Reynolds 
number at high Reynolds number. That is, let

 . (14.70)

The data of Glezer and Coles [14.15] suggests a value of .

• Assume that the virtual origin in space scales with the diameter of the jet tube 
also with a constant of proportionality that is independent of the Reynolds 
number at high Reynolds number.

 . (14.71)

The data suggests a value of . Thus for high Reynolds number vortex
rings we might expect  which implies that the point
where similarity behavior begins is characterized by,

T jet 0.05

t0 0.44–=

0.7

ts t0– 1.14=

0.89( )
2 T jet ts t0–( )( ) 0.035=

6.52 1.9
xs 35=

5.4
x0 145–= 0.036

s 0.017 xs x0–( )=

xs AL jet=

A 5.4=

x0 Bd=

B 77=
xs x0– 5.4L jet 77d+=



Application - experiment to measure small scales in a turbulent vortex ring

bjc 14.31 4/8/13

 . (14.72)

The Reynolds number of the ring at this point is,

(14.73)

where the jet Reynolds number is, . Equation (14.73) is plotted
below.

Figure 14.5  Vortex ring Reynolds number versus fluid slug length.
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(14.74)

and the Kolmogorov microscale is

 . (14.75)

All of these relationships highlight the key role played by the ratio of slug length
to jet diameter, .

14.5.5 APPARATUS DESIGN

The design process begins with the specification of  and

. The apparatus is then defined through the following steps. 

Step 1 - Use (14.74) and (14.75) to determine  and . 

Step 2 - According to (14.73) a maximum in  occurs for

 however this is likely to be too large for stable ring formation.
A very long slug is likely to be unstable and form multiple rings that may collide
and scatter in unpredictable directions. In addition, the longer the slug, the longer
the tank required to contain the flow. Glezer and Coles used  and
observed relatively large scatter in their vortex ring trajectories. Axisymmetric
jets are known to have a natural Strouhal number,  cor-

responding to a slug length per vortex of  and so the
observed scatter is not suprising. In Figure 14.5 we have selected a value of

 to promote stable ring formation. This generates

; the jet exit Reynolds number must be almost an order of

magnitude larger than the desired ring Reynolds number at the point where self-
similar behavior begins.

Step 3 - Given  and  from Step 1, the required  is determined from the
middle relation in (14.72). 
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Step 4 - Finally,  is determined from (14.70). This is used to infer the min-
imum tank length required to contain the flow. The actual tank size is decided with
some discretion in the distance over which self-similar behavior is to be studied.
If the apparatus is designed around the specifications discussed earlier,

(14.76)

the steps defined above generate the following numbers. 

 . (14.77)

If we assume that the self-similar region begins at the midpoint of the tank then
we require a tank at least  cm long.

14.5.5.1 CHOICE OF WORKING FLUID

Once the jet diameter and Reynolds number have been specified the ratio 
is determined. A relationship which shows the dependence of this quantity on the
specified parameters, ,  and  can be found by combining (14.73),

(14.74) and (14.75).

(14.78)

Recalling that  is limited by stability considerations to values less than

about three and noticing the relatively weak dependence on   we recognize

that  is essentially inversely proportional to . The calculations carried
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out in the previous examples lead to a jet Reynolds number of about two million
and jet diameter of  centimeters.  The required exit velocity to kinematic vis-

cosity ratio is, .  Although a different choice of 

or  would modify this somewhat, it is clear from (14.78) that we do not
have a whole lot of flexibility. 

At this point we need to consider the working fluid. We will use water at 

with  and . In this case the required jet exit
velocity is  which is approximately a factor of fifteen larger
than the value used by Glezer and Coles. The piston stroke time is

. The required steady state piston pressure is

(14.79)

This estimate does not take into account the force required to accelerate the slug
of fluid from rest. If we make the assumption that the piston speed must be reached
in, say,  of the stroke time then the required acceleration is,

 . (14.80)

Neglecting the mass of the piston compared to the mass of the water being set into
motion, then the required piston force is,

(14.81)

corresponding to a piston pressure of . Adding the estimated piston mass
to these calculations is likely to raise the required pressure to over .
Although the pressures involved are relatively large and the tank is rather large
this design has a reasonable probability of success although very thick glass or a
free surface may be required to withstand the impulsive pressures required.

10

u jet  230 000 cm 1–   ,= R
s

L jet d

20°C
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J u jet
2 5.5 106
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10%

a u jet 0.1T jet 2 930 000 cm/sec2
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F ma 4( ) d2L jeta 4.6 104
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14.6 CONCLUDING REMARKS

A great deal of research effort has been spent trying to identify the far field asymp-
totic growth and decay rates of elementary free shear flows including mixing
layers, wakes and jets and the data tends to have a lot of scatter.  Although there
is considerable debate concerning whether asymptotic growth rates are unique for
a given flow, it is now well recognized that, over the range of scales available in
the laboratory, the growth rates of free shear flows are affected by many factors.
Mixing layer growth rates are known to differ depending on whether the initial
splitter plate boundary layers are laminar or turbulent. Wakes are strongly influ-
enced by initial conditions related to boundary layer transition, both on the body
which creates the wake, and in the separating free shear layers which feed vortic-
ity of alternating sign into the wake, [14.3]. In addition, low level free stream
turbulence and acoustic waves can affect the development of a turbulent flow pri-
marily through the interaction of such disturbances with the initial development
region of the flow. 

When speaking about growth and decay laws for turbulent shear flows it is impor-
tant to distinguish between the rate constants which are subject to all the
complexities just described and the power laws which multiply those constants.
In geometrically simple flows, the latter can usually be derived by a two step pro-
cedure.  The first step is to integrate the momentum over the volume of the flow
including all forces responsible for its creation. This leads to the identification of
a conserved quantity, , which governs global conservation of momentum. The
second step is to invoke Reynolds number invariance and make use of the group
(14.13). This assumes that the exponent is determined only by the global param-
eter of the motion independent of the viscosity. The many parameters which
would be required to fully describe the flow are assumed to have their effect only
in the rate constants.  While this is a reasonable approximation to the available
data, there is an open scientific question as to whether this separation of effects is
valid. At the present time we do not have an adequate theoretical understanding
of turbulent flow and so we lack the analytical tools which would be required to
examine this question.

14.7 EXERCISES

EXERCISE 14.1   - Show that a jet produced by a force which increases in proportion to the
fourth power of the time will produce a large eddy motion with length scales that evolve in pro-

portion to .

M

t3 2
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EXERCISE 14.2   - Determine the scaling of a steady plane jet generated by flow from a narrow
slit. The conserved integral is,

. (14.82)

Compare the group invariance of the laminar and turbulent cases. Can either or both be treated
using a boundary layer approximation? Work out the momentum balance of the plane turbulent
jet carefully keeping both turbulent normal stress terms and pressure terms in the integral
(14.82). Based on the arguement of Reynolds number invariance show that the integral remains
invariant under the same group. Do the same for the vortex ring with integral invariant (14.17).

EXERCISE 14.3   - Consider the entrainment velocity  induced by a plane turbulent jet.

The area flux of the jet is  and the entrainment velocity is, .

How do each of these quantities depend on ? How would you expect the volume flux and
entrainment velocity to of an axisymmetric jet to depend on ?

EXERCISE 14.4   - Flow past a flat plate of length  is shown below.

M u2 yd
–
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J---
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Assume an attached laminar Blasius boundary layer over the length of the plate. Show that the

drag per unit span of the plate is proportional to . How would you expect the tur-

bulence intensity,  to depend on  and  at a fixed point,  in the far wake?

EXERCISE 14.5   - Solve the turbulent counterpart of Problem 8. Assume an attached turbulent
boundary layer over the length of the plate. The local skin friction coefficient can be taken as,

. How would you expect the turbulence intensity,  to depend

on  and  at a fixed point,  in the far wake?

EXERCISE 14.6   - An axisymmetric buoyant jet is produced by a heated source of momentum.
How would you expect the centerline velocity of the jet to vary with distance from the source,
in the near field (but away from the source) where the momentum flux dominates the flow, and
in the far field where the buoyancy flux dominates.
EXERCISE 14.7   - Use a control volume balance to show that the drag and lift of a three dimen-
sional wing can be related to appropriate integrals in the downstream wake.  Assume the airfoil
is in an infinite stream.

Suppose a commercial aircraft flies straight and level overhead leaving behind a downward
drifting, turbulent trailing vortex pair such as that indicated in the Trefftz plane . The
downward momentum of the vortex pair exactly balances the lift on the aircraft. An optical mea-
suring system on the ground is designed to measure the magnitude of turbulent fluctuations in
the wake. How would you use such a system to measure the weight of the aircraft? Estimate
the downward drift speed,  of the vortex pair in terms of the aircraft weight and then develop

scaling laws for the behavior of  in the far wake. How does the flow Reynolds number vary
with distance behind the aircraft? Show that the wake eventually relaminarizes. Neglect all
effects associated with the stratification of the atmosphere. Suppost the relaminarization pro-
cess is to be studied in a long laboratory water channel. using a model that is moved along the
channel in a sled. For some reasonable initial wake Reynolds number, say 10,000, how long
would a laboratory observer have to wait until the wake relaminarized with a Reynolds number
of say 100. 

U 3 2 L1 2

u' U L x

C f 0.06 U x ( )
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EXERCISE 14.8   - Revisit the design of a vortex ring apparatus. Choose the same parameters
as used in 14.5.5 but with better instrumentation, let the resolvable Kolmogorov microscale now
be reduced by a factor of ten,  and  and .

Determine the tank size required.
EXERCISE 14.9   - Use dimensional analysis to estimate the drift speed of vortex pair and a
vortex ring during the late stages of laminar decay. Estimate the drift distance for the asymptotic
state. Suppose the vortex ring apparatus designed in Section 14.5.5 is required to be long
enough to permit the ring to be observed all the way to its limiting drift distance. Using the
available data, estimate how long the tank should be? See References [14.27], [14.28], [14.29]
and [14.30]. 
EXERCISE 14.10   - An exact solution for an axisymmetric laminar line vortex is given by, 

(14.83)

where

(14.84)

and the similarity variables are,

. (14.85)

The constant  with units  is the circulation of the vortex and the combination
 can be thought of as a Reynolds number. Consider the equations for unsteady par-

ticle paths,

(14.86)

Recast these equations in terms of similarity variables and show that they reduce to an autono-
mous system. Identify the critical point at the origin. Sketch the phase portrait of particle paths
paying attention to the flow at large distances from the origin as well as near the critical point.
Show that the second invariant at the critical point is related to the Reynolds number by

.

EXERCISE 14.11   - In a footnote to one of his most famous papers, J. M. Burgers [14.26]
wrote down an exact solution for a steady stretched vortex. In cylindrical coordinates,

(14.87)

where  is a constant and  satisfies,
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(14.88)

The pressure is,

(14.89)

1) How are  and  related?

2) Define an appropriate Reynolds number for the flow.

3) Work out the invariants of both  and  and cross plot the results in the  and

 planes.

Describe how the invariants  change as the Reynolds number is varied.

4) Show that the dissipation of kinetic energy is independent of .

EXERCISE 14.12   - Consider turbulent parallel flow along a wall

All flow properties are independent of x. The equations of motion reduce to,

(14.90)

where  is the kinematic viscosity and  is the mean streamwise velocity. If  is required to
be constant then the only solution of the equation is the linear profile . However if  is
allowed to be a function of  (ie,  is an effective eddy viscosity) then other profile shapes are
possible. Consider the latter case and show that the equation is invariant under a five-parameter
group with three dilations and two translations (Oberlack [14.31]). Which choice of group
parameters produces the logarithmic profile and what is the corresponding eddy viscosity
profile? 
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