
Use the package IntroToSymmetry.m to work out the point groups and a Lie-Backlund group of the Keplerian 

equations of motion of a particle moving in a spherical potential field.

This next command turns off spurious spelling error warnings.

������� Off[General::spell]

Clear all symbols in the current context.

������� ClearAll[Evaluate[Context[] <> "*"]]

First read in the package which is located in User Home Folder/Library/Mathematica/Applications/Sym-
metryAnalysis.

������� Needs["SymmetryAnalysis`IntroToSymmetry`"]

Enter the list of independent variables.

������� independentvariables = {"t"};

Enter the list of dependent variables.

������� dependentvariables = {"x", "y", "z"};

Enter the list of function and/or constant names that must be preserved when the equations are 

expressed in terms of generic variables.

������� frozennames = {"a"};

Enter the maximum derivative order.

������� porder = 2;

The maximum derivative order that the infinitesimals are assumed to depend on is specified by the 

input parameter rorder. This parameter is only nonzero when the user is looking for Lie contact groups 

or Lie-Backlund groups. For the usual case where one is searching for point groups set rorder=0.

������� rorder = 1;

When searching for Lie-Backlund groups (rorder=1 or greater) one can, without loss of generality, leave 

the independent variables untransformed. The corresponding infinitesimals (the xse's) are set to zero 

by setting xseon=0. If one is searching for point groups then set xseon=1. The choice xseon=1 is also an 

option when looking for Lie-Backlund groups and this can be useful when looking for contact 
symmetries.

������� xseon = 0;

When searching for Lie-Backlund groups it is necessary to differentiate the input equations to produce 

derivatives of order porder+rorder and append these higher order differential consequences to the set 
of rules applied to the invariance condition. This process is carried out automatically when internal-
rules=1. For point groups the equation or equation system is the only rule or set of rules needed and 

one sets internalrules=0.

�������� internalrules = 1;

ALL of the equations of motion must be applied to EACH invariance condition. Replace the second 



derivative wherever it appears in the invariance condition.

�������� rulesarray=
{"D[x[t],t,t]->-
a*x[t]/(x[t]^2+y[t]^2+z[t]^2)^(3/2)",
"D[y[t],t,t]->-
a*y[t]/(x[t]^2+y[t]^2+z[t]^2)^(3/2)",
"D[z[t],t,t]->-
a*z[t]/(x[t]^2+y[t]^2+z[t]^2)^(3/2)"};

Enter the first input equation as a string, ie, in quotes.

�������� inputequation1=
"D[x[t],t,t]+a*x[t]/(x[t]^2+y[t]^2+z[t]^2)^(3/2)";

Now work out the determining equations of the Lie point group which leaves inputequation1  invari-
ant.The Mathematica function Timing outputs the time required for the FindDeterminingEquations 

function to execute.
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�������� Timing[FindDeterminingEquations[
independentvariables,dependentvariables,frozennames,porder,rorder,xseon,
inputequation1,rulesarray,internalrules]]

The function FindDetermining Equations has begun,
the memory in use = 92968120, the time used = 1.4887949999999999`

The function FindDeterminingEquations is nearly complete. The invariance condition
has been created with all rules applied. The final step in the generation of
the determining equations is to sum together terms in the table of invariance
condition terms (called infinitesimaltable) that are multiplied by the
same combination of products of free y derivatives. The result is the table
infinitesimaltablesums corresponding to matching y-derivative expressions. If
the invariance condition is long as it often is this process could take a long
time since it requires sorting through the table infinitesimaltable once for each
possible combination of y derivative products. This is the rate limiting step
in the function FindDeterminingEquations.Virtually all other steps are quite
fast including the generation of the extended derivatives of the infinitesimals.

The determining equations have been expressed in terms of z-variables, the
length of zdeterminingequations = 1, the byte count of zdeterminingequations
= 22576, the memory in use = 106539080, the time used = 1.8413039999999998`

FindDeterminingEquations is done. The memory
in use = 106543168, the time used = 1.8415609999999998`

FindDeterminingEquations has finished executing. You can look at the output in the table
zdeterminingequations. Each entry in this table is a determining equation in
string format expressed in terms of z-variables. Rules for converting between
z-variables and conventional variables are contained in the table ztableofrules.
To view the determining equations in terms of conventional variables use the
command ToExpression[zdeterminingequations]/.ztableofrules. There are two
other items the user may wish to look at; the equation converted to generic
(x1,x2,...,y1,y2,...) variables is designated equationgenericvariables and the
various derivatives of the equation that appear in the invariance condition
can be viewed in the table invarconditiontable. Rules for converting between
z-variables and generic variables are contained in the table ztableofrulesxy.

�������� {0.366821, Null}

Here are the determining equations in terms of z-variables and in the form of strings.

�������� zdeterminingequations1=zdeterminingequations;

Enter the second input equation as a string, ie, in quotes.

�������� inputequation2=
"D[y[t],t,t]+a*y[t]/(x[t]^2+y[t]^2+z[t]^2)^(3/2)";

Now work out the determining equations of the Lie point group which leaves inputequation2 invariant.
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�������� Timing[FindDeterminingEquations[
independentvariables,dependentvariables,frozennames,porder,rorder,xseon,
inputequation2,rulesarray,internalrules]]

The function FindDetermining Equations has
begun, the memory in use = 106538104, the time used = 1.8586`

The function FindDeterminingEquations is nearly complete. The invariance condition
has been created with all rules applied. The final step in the generation of
the determining equations is to sum together terms in the table of invariance
condition terms (called infinitesimaltable) that are multiplied by the
same combination of products of free y derivatives. The result is the table
infinitesimaltablesums corresponding to matching y-derivative expressions. If
the invariance condition is long as it often is this process could take a long
time since it requires sorting through the table infinitesimaltable once for each
possible combination of y derivative products. This is the rate limiting step
in the function FindDeterminingEquations.Virtually all other steps are quite
fast including the generation of the extended derivatives of the infinitesimals.

The determining equations have been expressed in terms of z-variables, the
length of zdeterminingequations = 1, the byte count of zdeterminingequations
= 22576, the memory in use = 106831280, the time used = 2.1877000000000004`

FindDeterminingEquations is done.
The memory in use = 106833344, the time used = 2.187959`

FindDeterminingEquations has finished executing. You can look at the output in the table
zdeterminingequations. Each entry in this table is a determining equation in
string format expressed in terms of z-variables. Rules for converting between
z-variables and conventional variables are contained in the table ztableofrules.
To view the determining equations in terms of conventional variables use the
command ToExpression[zdeterminingequations]/.ztableofrules. There are two
other items the user may wish to look at; the equation converted to generic
(x1,x2,...,y1,y2,...) variables is designated equationgenericvariables and the
various derivatives of the equation that appear in the invariance condition
can be viewed in the table invarconditiontable. Rules for converting between
z-variables and generic variables are contained in the table ztableofrulesxy.

�������� {0.343306, Null}

Here are the determining equations in terms of z-variables and in the form of strings.

�������� zdeterminingequations2=zdeterminingequations;

Enter the third input equation as a string, ie, in quotes.

�������� inputequation3=
"D[z[t],t,t]+a*z[t]/(x[t]^2+y[t]^2+z[t]^2)^(3/2)";

Now work out the determining equations of the Lie point group which leaves inputequation3 invariant.
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�������� Timing[FindDeterminingEquations[
independentvariables,dependentvariables,frozennames,porder,rorder,xseon,
inputequation3,rulesarray,internalrules]]

The function FindDetermining Equations has begun,
the memory in use = 106615192, the time used = 2.2025970000000004`

The function FindDeterminingEquations is nearly complete. The invariance condition
has been created with all rules applied. The final step in the generation of
the determining equations is to sum together terms in the table of invariance
condition terms (called infinitesimaltable) that are multiplied by the
same combination of products of free y derivatives. The result is the table
infinitesimaltablesums corresponding to matching y-derivative expressions. If
the invariance condition is long as it often is this process could take a long
time since it requires sorting through the table infinitesimaltable once for each
possible combination of y derivative products. This is the rate limiting step
in the function FindDeterminingEquations.Virtually all other steps are quite
fast including the generation of the extended derivatives of the infinitesimals.

The determining equations have been expressed in terms of z-variables, the
length of zdeterminingequations = 1, the byte count of zdeterminingequations
= 22576, the memory in use = 106946296, the time used = 2.541398`

FindDeterminingEquations is done. The memory
in use = 106947960, the time used = 2.5416630000000002`

FindDeterminingEquations has finished executing. You can look at the output in the table
zdeterminingequations. Each entry in this table is a determining equation in
string format expressed in terms of z-variables. Rules for converting between
z-variables and conventional variables are contained in the table ztableofrules.
To view the determining equations in terms of conventional variables use the
command ToExpression[zdeterminingequations]/.ztableofrules. There are two
other items the user may wish to look at; the equation converted to generic
(x1,x2,...,y1,y2,...) variables is designated equationgenericvariables and the
various derivatives of the equation that appear in the invariance condition
can be viewed in the table invarconditiontable. Rules for converting between
z-variables and generic variables are contained in the table ztableofrulesxy.

�������� {0.353409, Null}

Here are the determining equations in terms of z-variables and in the form of strings.

�������� zdeterminingequations3=zdeterminingequations;

�������� zdeterminingequations4=Join[
zdeterminingequations1,
zdeterminingequations2,
zdeterminingequations3];

�������� Length[zdeterminingequations4]

�������� 3
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�������� ztableofrules

�������� {z1 → t, z2 → x[t], z3 → y[t], z4 → z[t], z5 → x′[t], z6 → y′[t], z7 → z′[t]}

Here are the determining equations in a slightly more readable form as expressions rather than strings.

�������� zdeteqns=ToExpression[zdeterminingequations4]/.{Sqrt[z2^2+z3^2+z4^2]->rr};

Here is the correspondence between z-variables and conventional variables.

�������� ztableofrules

�������� {z1 → t, z2 → x[t], z3 → y[t], z4 → z[t], z5 → x′[t], z6 → y′[t], z7 → z′[t]}

Now solve the determining equations in terms of multivariable polynomials. The Mathematica function 

Solve uses Gaussian elimination to solve a large number of linear equations for the polynomial coeffi-
cients. The time roughly follows

time/timeref=((number of equations)/(number of equationsref))^n

where the exponent is between 2.4 and 2.7. The Mathematica function Timing outputs the time 

required for the SolveDeterminingEquations function to execute.
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�������� Timing[SolveDeterminingEquations[
independentvariables,dependentvariables,rorder,xseon,zdeterminingequations4,order=2]

The variable powertablelength is the number of terms required for each multivariate
polynomial used for the infinitesimals. This number is determined by the choice
of polynomial order and the number of zvariables. The time needed to solve the
determining equations increases as powertable increases. powertablelength = 36

The polynomial expansions have been substituted into the determining
equations. It is now time to collect the coefficients of various powers
of zvariables into a table called table of coefficientsall. This step
uses the function CoefficientList and is a fairly time consuming procedure.

The memory in use = 126007008, The time = 8.264261999999999`

The number of unknown polynomial coefficients = 108

The number of equations for the polynomial coefficients = 591

Now it we are ready to use the function Solve
to find the nonzero polynomial coefficients corresponding to
the symmetries of the input equation(s). This can take a while.

The memory in use = 125115968, The time = 8.436593`

Solve has finished.

The function SolveDeterminingEquations is finished executing.

The memory in use = 125388176, The time = 8.567305`

You can look at the output in the tables xsefunctions and etafunctions.
Each entry in these tables is an infinitesimal function in string format
expressed in terms of z-variables and the group parameters. The output
can also be viewed with the group parameters stripped away by looking
at the table infinitesimalgroups. In either case you may wish to convert
the z-variables to conventional variables using the table ztableofrules.

Keep in mind that this function only finds solutions of the determining equations that
are of polynomial form. The determining equations may admit solutions that
involve transcendental functions and/or integrals. Note that arbitrary functions
may appear in the infinitesimals and that these can be detected by running the
package function SolveDeterminingEquations for several polynomial orders. If
terms of ever increasing order appear, then an arbitrary function is indicated.

�������� {0.580481, Null}

Here are the infinitesimal transformation functions for the independent variables.

�������� xsefunctions

�������� {xse1[z1_, z2_, z3_, z4_, z5_, z6_, z7_]=0}

and for the dependent variables.
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�������� etafunctions

�������� {eta1[z1_, z2_, z3_, z4_, z5_, z6_, z7_]=(-2*b116*z2)/3
+ b16*z3 + b110*z4 + b115*z5 + b116*z1*z5 - 2*b123*z3*z5 -

2*b130*z4*z5 + b123*z2*z6 + b218*z3*z6 + b130*z2*z7 + b218*z4*z7,
eta2[z1_, z2_, z3_, z4_, z5_, z6_, z7_]=-(b16*z2) - (2*b116*z3)/3

+ b210*z4 + b123*z2*z5 + b218*z3*z5 + b115*z6 + b116*z1*z6
- 2*b218*z2*z6 - 2*b130*z4*z6 + b130*z3*z7 + b123*z4*z7,

eta3[z1_, z2_, z3_, z4_, z5_, z6_, z7_]=-(b110*z2) - b210*z3 -

(2*b116*z4)/3 + b130*z2*z5 + b218*z4*z5 + b130*z3*z6 +

b123*z4*z6 + b115*z7 + b116*z1*z7 - 2*b218*z2*z7 - 2*b123*z3*z7}

�������� Length[solveequations]

�������� 591

�������� Length[allunknowns]

�������� 108

�������� infinitesimalgroups1 =

infinitesimalgroups /. {z1 → t, z2 → x, z3 → y, z4 → z, z5 → x', z6 → y', z7 → z'};

Check the groups.xse's are on the le�,eta's are on the right.

�������� Column[infinitesimalgroups1]

��������

{{0}, {y, -x, 0}}
{{0}, {z, 0, -x}}
{{0}, {x′, y′, z′}}

{0}, - 2 x
3

+ t x′, - 2 y
3

+ t y′, - 2 z
3

+ t z′

{{0}, {-2 y x′ + x y′, x x′ + z z′, z y′ - 2 y z′}}
{{0}, {-2 z x′ + x z′, -2 z y′ + y z′, x x′ + y y′}}
{{0}, {0, z, -y}}
{{0}, {y y′ + z z′, y x′ - 2 x y′, z x′ - 2 x z′}}

Check the infinitesimals in the determining equations.

�������� Simplify[ToExpression[zdeterminingequations4]]

�������� {True, True, True}

This is the well known 5 parameter group of translation in time, 3-D rotation in space and space-time 

dilation. Let's produce the commutator table.

�������� MakeCommutatorTable[
independentvariables, dependentvariables, infinitesimalgroups1]

MakeCommutatorTable has finished executing. You can look at the output
in the table commutatortable. To present the output in the most readable
form you may want view it as a matrix using MatrixForm[commutatortable].
Occasionally the entries in the commutatortable will have terms that cancel.
To get rid of these terms use the function Simplify before viewing the table.
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�������� MatrixForm[commutatortable]
��������������������

 {0}
{0, 0, 0}



 {0}
{0, -z, y}



{0}
-y 0 & + y′, x 0 & - x′, 0

{0}
- 2 y

3
- y - 2

3
+ t 0 & + t y′, 2 x

3
+ x - 2

3
+ t 0 & - t x′, 0

{0}
x x 0 & - 2 x′ + x x′ - y -2 y 0 & + y′ + z z′, 2 y x′ - y x 0 & + x′ - x y′, x z 0 & - 2

{0}
-2 z y′ + y z′ - y -2 z 0 & + z′, 2 z x′ - x z′ + x -2 z 0 & + z′, -y x 0 & + x′ + x y 0 &

 {0}
{z, 0, -x}



{0}
y x′ - 2 x y′ + x y 0 & + y′, x -2 x 0 & + x′ - y y 0 & - 2 y′ - y y′ - z z′, -y z 0 & -

�������� MaxMemoryUsed[ ]

�������� 141021592
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