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Turbulent boundary layer - notation
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Boundary layer thickness 
is arbitrarily defined. 
Typically,  𝛿".$$ is used 
where u(𝛿)=0.99ue
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From: D. Chung and D.I. Pullin, 
JFM vol 631, 2009 – Fig 2 
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Classical wall-wake formulation
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Spalding, B.D. 1961 A single formula for the ‘law of the wall’. Trans. ASME J. Appl. Mech. 0, 455–458. 

Von Kármán, T. 1931 Mechanical similitude and turbulence. NACA Tech. Memo. 611. 

Coles, D.E. 1956 The law of the wake in the turbulent 
boundary layer. J. Fluid Mech. 1 (2), 191–226. 

Coles recommends
W = 2sin" #

"
$
%

𝜅 = 0.41, C = 5.5
for dPe/dx = 0, Π = 0.62

𝑅! =
𝛿"𝑢!
𝜈

= 1000



Reynolds number dependence
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𝑅! = 1,250

𝑅! = 1,280,000

Blasius

𝑅! = 1,250

𝑅! = 1,280,000

𝑣# =
𝑣
𝑢!

The velocity gradient at the wall increases rapidly with Reynolds number.
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The Universal Velocity Profile
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The UVP is derived from the channel/pipe flow equation

Balance between shear stress and the pressure gradient

Reynolds shear stress

viscous shear stress

pressure gradient

Neglect possible 
dependence of the 
mean pressure on y.

y

𝑢$

𝛿"

𝜂 = 1

𝜂 = 0

x

𝑢 𝑦

𝛿" - channel half-height
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Channel flow equation, contd.

Express in terms of friction variables and integrate once

Reynolds shear stress

viscous shear stress

pressure gradient



Mixing length model for the turbulent shear stress

Prandtl 1925

Take the positive root 
and remove the 
singularity at 𝜆 = 0
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Define a mixing length function

k - essentially the Kármán constant. 

a - wall damping length scale similar to the van Driest length.

m - exponent that, along with a, governs the shape and thickness of the near wall profile.

b - length scale proportional to the distance above the wall to the beginning of the outer layer.

n - exponent that, along with b, controls the transition of the profile to the wake function.
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𝜆
𝑘𝑦4

≅ 𝑏

𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔	𝑅-

Exponential Damping Function



The Universal Velocity Profile (UVP) - Integrate the velocity derivative from the wall
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The velocity profile is uniformly valid from the wall to the channel centerline at all Reynolds numbers.

The friction law is generated by evaluating the UVP at y+ = R𝜏
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UVP versus TBL data - exponential damping function 
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The UVP fits Turbulent Boundary Layer data quite well

Minimize

Data sources

M. P. Simens, J. Jiménez, S. Hoyas, 
and Y. Mizuno, “A high-resolution 
code for turbulent boundary layers,” 
Journal of Computational Physics 
228, 4218 – 4231 (2009).

G. Borrell, J. A. Sillero, and J. Jiménez, 
“A code for direct numerical 
simulation of turbulent boundary 
layers at high Reynolds numbers in 
bg/p supercomputers,” Computers 
and Fluids 80, 37 – 43 (2013), 

J. A. Sillero, J. Jiménez, and R. D. 
Moser, “One-point statistics for 
turbulent wall-bounded flows at 
Reynolds numbers up to δ + = 
2000,” Physics of Fluids 25, 105102 
(2013).

R. Baidya, J. Phillip, N. Hutchins, J. P. 
Monty, and I. Marusic, “Distance 
from the wall scaling of turbulent 
motions in wall-bounded flows,” 
Physics of Fluids 29, 020712 (2017).

A. E. Perry and I. Marusic, “A wall-
wake model for the turbulence 
structure of boundary layers. part 2. 
further experimental support,” 
Journal of Fluid Mechanics 298, 389 
– 407 (1995).

M. Jones, I. Marusic, and A. E. Perry, 
“Evolution and structure of sink-flow 
turbulent boundary layers,” Journal 
of Fluid Mechanics 428, 1 – 27 (2001).

G. Eitel-Amor, Ö. Ramis, and P. 
Schlatter, “Simulation and validation 
of a spatially evolving turbulent 
boundary layer up to re = 8300,” 
International Journal of Heat and 
Fluid Flow 47, 57 – 69 (2014).

Results – 7 numerical simulation data sets, 4 experimental data sets

2652 0.995

Exp.
Exp.
Exp.
Exp.

M. A. Subrahmanyam, B. J. Cantwell, and J. J. Alonso, “A universal velocity profile for turbulent wall flows 
including adverse pressure gradient boundary layers,” J. Fluid Mech. 933, A16–1 to A16–31 (2022)Table source
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Turbulent Boundary Layer equivalent channel half height thickness 𝛿!

= 0.98

= 0.994

       









+

+

= 0.999

𝑅! = 2088

𝛿" is defined as the thickness that minimizes the error between a specific data set and the UVP

𝛿6=𝛿778

Data source

The choice  𝛿%%&  works well in most cases. 
The choice  𝛿%% is generally too small.

J. A. Sillero, J. Jiménez, and R. D. Moser, “One-point statistics 
for turbulent wall-bounded flows at Reynolds numbers up 
to δ + = 2000,” Physics of Fluids 25, 105102 (2013).
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The case 𝑅/ = 2652 using 𝛿$++,
Damping Function

Data source
G. Eitel-Amor, Ö. Ramis, and P. Schlatter, “Simulation and validation of a 
spatially evolving turbulent boundary layer up to re = 8300,” International 
Journal of Heat and Fluid Flow 47, 57 – 69 (2014).
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Inaccuracy in the velocity derivative and log indicator function

Differentiate the law of the wall 
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New data-derived wall damping function
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Inaccuracy of the UVP near the wall calls for a new wall damping function. 

How do we determine 𝜎 ?

Replacement
Exponential 
Damping function
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What value of wall damping 𝜎" would be needed at each 𝑦"# in the velocity profile to 
produce a perfect match between the velocity derivative data $%9

$&9 "
 and the UVP?

Ask:

Step 1 - Specify data for 𝑦'#  and ()!

(*! '
  

Step 2 - Solve for 𝜎'    

Solve for 𝜎$
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The case 𝑅/ = 2652 

Solution for 𝜎'  at each 𝑦'#Data for 𝑦'#  and ()!

(*! '
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f = 𝑒:
./

25.1424
1.1130

𝜎 𝑦#/64.16

𝑅- = 2652

Comparison between the exponential damping function and 𝜎

𝜎 falls off faster than the exponential damping function
𝜎 oscillates about zero with the first root at 𝑦5= 64.16



𝑅" = 1383

𝑅" = 1517

𝑅" = 1661

𝑅" = 1955

𝑅" = 2104

𝑅" = 2652

𝑅" = 544

𝑅" = 1001

𝑅" = 1995

𝑅% = 7996

Channel

Channel Channel

𝑅" = 4078
Channel

ChannelZPGTBL

ZPGTBL

ZPGTBL ZPGTBL

ZPGTBL

𝑅" = 1806ZPGTBL ZPGTBL

a	=	57.91

a	=	58.31

a	=	58.02 a	=	72.45

a	=	58.09

a	=	58.01 a	=	64.16

a	=	54.49

a	=	54.57

a	=	56.64

a	=	47.74

a	=	58.72

𝑅" = 7996Channel

7 Zero Pressure Gradient simulations, 5 channel flow simulations
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Normalize and average 

M. Bernardini, S. Pirozzoli, and P. Orlandi, “Velocity statistics in turbulent channel 
flow up to Rτ = 4000,” Journal of Fluid Mechanics 742, 171–191 (2014).

Y. Yamamoto and Y. Tsuji, “Numerical evidence of logarithmic regions in channel 
flow at Rτ = 8000,” Physical Review Fluids 3, 012602 (2018).

Channel simulation data

M. Lee and R. Moser, “Direct numerical simulation of turbulent channel flow up 
to Rτ = 5200,” Journal of Fluid Mechanics 774, 395–415 (2015).
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New wall damping function 𝜎 𝛼

𝛼 =
𝑦#

𝑎
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Comparison between the normalized and averaged wall damping function and the 𝑅! = 2652 case 

𝑎 = 64.16

Continue to denote the new wall length scale a. Using 𝜎 𝛼 , the optimum value of a for a 
given case will generally not coincide with the original first root of that case.
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New mixing length function versus 𝑦#using parameters from 𝑅' = 2652 data 

The new ⁄𝜆 𝑘𝑦# has a peak of 1.027 at y+ = 77.54 

With exponential damping

64, 128, 256, 512, 1024, 2048, 4096, 8192, 16384, 32768, 65536, 131072, 262144, 524288, 1,048576𝑅! =

≅ 𝑏

k	=	0.4198
a	=	57.4487
b	=	0.1754
n	=	2.1500
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Improved accuracy of the UVP using 
𝜎 ,!

-
 



AIAA AVIATION Conference, San Diego June 11, 2026 27

Turbulent boundary layers with 𝜎 &9

(
. All use 𝛿!AAB

Exp.
Exp.
Exp.

Exp.
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UVP with optimal 
parameters
UVP with mean 
parameters

Mean parameter values
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The case 𝑅' = 2652 using 𝜎 &9

(
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Velocity derivative and log indicator function are more accurate

𝑅' = 2652

1/0.4382

k	=	0.4198
a	=	57.4487
b	=	0.1754
n	=	2.1500
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UVP Reynolds shear stresses near the wall are more accurate

Data
UVP with 𝜎

𝑅! = 2652
Data
UVP with
Exponential
damping

𝑅! = 2652
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Visualizing optimal parameters
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The number of parameters is reduced from 5 to 4

Wall 

Wake

Only 4 parameters!
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Minimize with respect to (k, a), then (b, n), then (k, a) and so forth 

Error
𝑢&'() = 0.0191
𝑢'*+) = 0.0655
𝑢',-) = −0.0293

n

b

a

k

k	=	0.4198
a	=	57.4487

b	=	0.1754
n	=	2.1500

This procedure 
makes the UVP 
easy to optimize!
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k = 0.4147
a = 59.500

k = 0.4147
a = 55.500

k = 0.4252
a = 59.500

k = 0.4252
a = 55.500

𝑢4567 = 0.35

𝑢4567 = 0.05

𝑢4567 = 0.05

𝑢4567 = 0.35k	=	0.4198
a	=	57.4487
b	=	0.1754
n	=	2.1500
𝑢&'() = 0.0191

Data
UVP with 𝜎

𝑅F = 2652

Specifying a value of  k is not meaningful without 
also specifying a wall damping length scale a.
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We can visualize the optimum parameter zone in 3D

Map the UVP from 7 to 6 dimensions, k and a ⟶ ka
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Minimum error zone in (ka, b, n) parameter space

The surface corresponds to 𝑘	𝑢+,-#  < 0.04198  or 𝑢+,-#  < 0.1 

There are not multiple 
minima, but rather one 
smooth, slightly flattened, 
ellipsoidal volume.
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Nonzero pressure gradient and a modified Clauser parameter
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The Kármán boundary layer integral equation

Re-express the Kármán equation in terms of 𝑅G8, 𝑅G9and ⁄𝑢H 𝑢F. 

𝑅F becomes the primary unknown with 𝑅I as the independent variable. All the relevant functions depend on 𝑅F.

Modified Clauser parameter

The usual definition is
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UVP fits APG and FPG Turbulent Boundary Layer data quite well

A. E. Perry and I. 
Marusic, “A wall-wake 
model for the 
turbulence structure of 
boundary layers. part 2. 
further experimental 
support,” Journal of 
Fluid Mechanics 298, 
389 – 407 (1995).

M. Jones, I. Marusic, and A. 
E. Perry, “Evolution and 
structure of sink-flow 
turbulent boundary layers,” 
Journal of Fluid Mechanics 
428, 1 – 27 (2001).

APGTBL data

FPGTBL data
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Optimal parameters k and a over all boundary layer cases

Adverse pressure gradient

Zero pressure gradient

Favorable pressure gradient

k =0.4201 ± 0.0032 a =57.4137 ± 1.0742

ka =24.1215 ± 0.5797
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Optimal wake parameters b and n correlate with 𝛽)

For all boundary 
layer cases

Perry and Marusic 30 m/sec
Perry and Marusic 10 m/sec

Jones, Marusic and Perry 5 m/sec
Jones, Marusic and Perry 7.5 m/sec
Jones, Marusic and Perry 10 m/sec

Zero pressure gradient cases

Mean parameter values
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UVP versus APG and FPG data using optimal and mean parameters

APGTBLFPGTBL
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Explicit form of the UVP
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The UVP simplifies to a form similar to the classical wall-wake formulation.

Evaluate at the boundary layer edge to determine the friction law.  

3.1182

R𝜏 > 5000,  𝜂 > 132/𝑅!

3.1182

4.4938

k	=	0.4180
a	=	57.7730
b	=	0.1806
n	=	2.1169 𝑢.

𝑢!
= 0.5243𝑅!

𝑢.
𝑢!
=

1
0.4180

	𝑙𝑛 𝑅! + 8.6651

Data
UVP with 𝜎

Blasius
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𝛽& = −1

𝛽& = −1/2
𝛽& = 0
𝛽& = 1/2
𝛽& = 1
𝛽& = 2

𝛽& = 4

𝛽& = 18

𝛽& = 12

𝛽& = 6

𝛽& = 8

𝛽& = 10

𝛽& = 14
𝛽& = 16

The parameters b and n depend on 𝛽?.

𝜂 > 132/𝑅!
Rτ	>	5000
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The displacement thickness and momentum thickness integrals can be carried out up to whatever 𝑅-	 is required. This leads to 
polynomial expressions for the friction and thickness functions 𝐹? 	𝛽@ , 𝑅-	 , 𝐹A 	𝛽@ , 𝑅-	 , 𝐹B 	𝛽@ , 𝑅-	 and 𝐹C 	𝛽@ , 𝑅-	 . 

Approximate 𝜙 𝑘, 𝑎, 	𝑓𝑏(𝛽/ ), 	𝑓𝑛(𝛽/ ), 𝜂 	by a bivariate polynomial in 𝛽/ and 𝜂.

𝛽& = −1

𝛽& = −1/2
𝛽& = 0
𝛽& = 1/2
𝛽& = 2
𝛽& = 4

𝛽& = 18

𝛽& = 12

𝛽& = 8k = 0.4201 ± 0.0032

a = 57.4137 ± 1.0742

The wall parameters (k, a) are kept constant at the mean boundary layer values

Eighth order polynomial provides a good approximation to 𝜙 𝑘, 𝑎, 	𝑓𝑏(𝛽/ ), 	𝑓𝑛(𝛽/ ), 𝜂 .

Once these functions are known, the time to calculate a solution of the Kármán equation is independent of the Reynolds number. 

𝜙 𝑘, 𝑎,	𝑓𝑏(𝛽) ), 	𝑓𝑛(𝛽) ), 𝜂  can be used in a fast integral	boundary	layer	method.

𝜙 𝑘, 𝑎,	𝑓𝑏(𝛽@ ), 	𝑓𝑛(𝛽@ ), 𝜂 	for various	𝛽@
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Viscous drag coefficient of J0012 and NACA0012 airfoils
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J0012 UVP
NACA0012 UVP
NACA0012 UVP explicit

NACA0012 SU2 with SA
NACA0012 Ladson data
NACA0012 McCroskey data

fast

B. J. Cantwell, E. Bilgin, and 
J. T. Needels, “A new 
boundary layer integral 
method based on the 
universal velocity profile,” 
Physics of Fluids 34,
075130 (2022).

Figure source
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Concluding Remarks

1) 𝜎 ⁄𝑦# 𝑎  produces distinctly better agreement between the UVP and the velocity as well as near wall data for the 
velocity gradient and Reynolds shear stress.

2) 𝜎 ⁄𝑦# 𝑎  drops off more rapidly than the exponential model and oscillates several times as it decays to zero. The 
oscillations begin at about 1 and extend to 5-10 damping length scales above the wall.
The overall behavior resembles a damped linear system. How this stationary oscillatory behavior might relate to the physics of a spatially periodic momentum 
exchange process near the wall deserves to be studied and can probably only be determined from a detailed study of time-dependent data.

3) Along with improved accuracy, the most important result is the reduction in model parameters from 5 to 4 allowing the 
optimization process to be visualized.
This makes the UVP much easier to optimize.

4) No specification of  the Kármán constant is complete without also specifying the damping length scale a.
Even then, two pairs with quite different values can give highly accurate approximations to the same data.

5) There is no 𝑅! limit. The UVP can be applied to very large scale aerodynamic, hydrodynamic and geophysical flows.
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