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Abstract—In this paper, we prove the optimality of We would like to find a sequence of bounded controllers,
disturbance-affine control policies in the context of one-
dimensional, box-constrained, multi-stage robust optingation. Uk € Lk, Uy, (1)
Our results cover the finite horizon case, with minimax (wors-
case) objective, and convex state costs plus linear controbsts. minimizing the following cost over a finite horizan..., T,
Our proof methodology, based on techniques from polyhedral
geometry, is elegant and conceptually simple, and entails I
efficient algorithms for the case of piecewise affine state sts,
when computing the optimal affine policies can be done by
solving a single linear program. +crur+ n\;\lr?x hr (X711) } ] , (2)

. INTRODUCTION . )
" o bl q intv h where the functionsgh R — R are convex and coercive, and
Multi-stage optimization problems under uncertainty av%k > 0 are fixed.

been prevalent in numerous fields of science and engine;ering-l-he above problem can be seen as a game between the
and have elicited interest from diverse research comnasjiti decision maker and nature, in which, at every stagéhe

on both a theoretical and a practical I_evel. S_everal scﬂutiqat er chooses a disturbanwg maximizing the objective
approaghes have_peen proposed, with various degreesft?r{ction, while the former chooses a constrained contrel ac
generality, tractability, and pgrformance guaranteesn@o tion ux minimizing the objective. Examples of such problems
of the most SUCCES.SM ones |ncl_ude exact ar_ld approximai) de the case of quadratic state costs, as well as norm-1
dynamic programming, stochastic programming, samplmgb-r norm-o costs, all of which have been studied extensively
based methods, and, more recently, robust and adaptmethe literature in the unconstrained case (see [1], [2]).

optimization, which is the focus of the present paper. The solution to Problem 1.1 can be obtained using a

b The ttO%'.CSdOf rodbustd%ptlmliatlon andbrobust Cprt‘trOIfhaveclassical” Dynamic Programming formulation [6], in which
een studied, under difierent names, by a variely of acg;, optimal policies(xc) and the optimal value functions

demic groups, ”?OS“V n contrql theory (see [1], [2], an Ji (%) are computed backwards in time, starting at the end
references therein) and operations research ([3], [4), [5]0f the planning horizonk = T. The resulting policies are

with considerable e_ffort put into Justifying the assumpto piecewise affine in the statg, and have properties that are
and general modeling philosophy. As such, the goal of tIg\ﬁell known and documented in the literature [7].

current paper i.s not tmotivatethe use of robust (and, more In the current paper, we study the performance of a new
ge”e“’?‘"y' distribution-free) techniques. Rather, weetétie ..class of policies, where instead of regarding the contr®lle

W as functions of the state, one seeks direct parameteri-
tions in the observed disturbances,

(x1) Eeiu + navax[hl(xz) + ...+ CkU+ navax[hk(xkﬂ) +...
1 k

and performance issues in the context of a certain class
optimization problems. More precisely, we are concerne

with the following decision problem. Ug: X Wo X - X W1 — R, 3)
Problem 1.1: Consider a one-dimensional, discrete, lin- ) _ _
ear, time-varying dynamical system, which are robustly feasible for constraint (1), i.e(&) €
[Lkauk]a \V/E S Wlx s X kal-
X1 = Ok X+ B Uk + Vi W While such parameterizations require a state-space that

where ay, B, # O are known scalars, and the initial IS increasing in time, thereby potentially leading to more
state x € R is specified. The random disturbanceg are ~ complicated optimization problems, the hope is that simple

unknown, but bounded, functional fo_rms, e.g. affine, might be sufficient for optlma_
o - ity. Such affine policies have a very compact representation
Wi € Wi = Wi, Wi (only the coefficients are needed), and, for certain clasbes
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all the papers, which usually deal with the more general cagethe vector of coefficients, aridienotes the usual transpose
of multi-dimensional linear systems, the authors show howperation. Optimal quantities havexasuperscript, e.g.J.

the reformulation can be done, and how the correspondingSince our exposition relies heavily on sets given by maps
affine policies can be found by solving specific types o8 : R — R2(k > 2), in order to reduce the number of
optimization problems, which vary from linear and quadrati symbols, we denote the resulting coordinateR%rby 6;, 65,
([11], [12]) to conic and semi-definite programs ([11], [9],and use the following overloaded notation:

[14], [15]). The first steps towards analyzing the propertie , g (w) designates the value assigned by ap w e R¥
of such parameterizations were made in [12], where the , g [v] denotes the-coordinate of the poinv € R2.

authors show that, under suitable conditions, the regpltinryg gitferent use of parentheses should remove any ambigu-
affine parameterization has certain desirable systeméekieor ity from the notation (particularly in the cage= 2).

properties (stability and robust invariance). Anotheraiode We use coni) and ext-) to denote the convex hull and
contribution was [16], where the authors prove that thg, set of extreme points, respectively.

class of affine disturbance feedback policies is equivalent

to the class of affine state feedback policies with memory |I. DYNAMIC PROGRAMMING SOLUTION

of prior states, thus subsuming the classes of open-loop andas mentioned in the introduction, the solution to Prob-
pre-stabilizing control policies. However, to the best of 0 |em 1.1 can be obtained using a “classical” Dynamic Pro-
knowledge, apart from these theoretical advances, these hgamming (DP) formulation [6], in which the state is taken
been very little progress in proving results about the dyali to bex,, and the optimal policiesi(xc) and optimal value

of the objective function values resulting from the use ofunctions J(x) are computed starting at the end of the

such parameterizations. _ _ planning horizon,k = T, and moving backwards in time.
~ Our main result, summarized in Theorem 3.1 of Secm this section, we outline the DP solution for our problem,
tion Ill, is that disturbance-affine policiesre optimalfor and state some of the key properties that are used throughout

Problem 1.1. Furthermore, we prove that a certain affin@e rest of the paper. For completeness, a proof of the sesult
relaxation of the state costs is possible, without any Idss ¢s included in the journal version of our paper [17].
optimality, which gives rise to very efficient algorithmsrfo  Since the constraints on the contrais and the bounds
computing the optimal affine policies when the state cosign the disturbances are independent across time, we can
he are piece-wise affine. To the best of our knowledge, thigestrict attention, without loss of generalityto a system

is the first result of its kind, and it provides intuition andwith ay = B = y = 1. With this simplification, the Bellman
motivation for the widespread advocation of such policies irecursion for Problem 1.1 can be written as

both theory and applications. Our theoretical results ighe t
(if the conditions in the problem are slightly perturbecerth ~ Ji(x) £ min | U+ max [ i (3 + Ui + W)+

simple counterexamples for Theorem 3.1 can be found), and Hestie<Ue ek
the proof of the theorem itself is atypical, consisting of a J|f+l(xk+uk+wk)u,
forward induction and making use of polyhedral geometry ) o
to construct the optimal affine policies. whereJ; ,4(x) = 0. By defining:
The paper is organized as follows. Section Il presents Vie & X+ U, (4a)

an overview of the Dynamic Programming formulation in ot "
state variable, extracting the optimal policies;(x) and Ok (Yic) = max [ hw(yi+wi) + 31 (Y +wi) |, (4b)
optimal value functions);(xc), as well as some of their . ) ) )
properties. Section Ill contains our main result, and byiefiwe obtain the following solution to the Bellman equation:

discusses some immediate extensions and computational Uk if % <y, — Uy

implications. In Section IV, we introduce the constructive U (%) = ’ Ly otherwi_ske (53)
proof for building the affine control policies and the affine ¥ X =) TRt Yo ) h

cost relaxations, and briefly discuss counterexamples that Lk, if X > Vi — Lk

prevent <'|;1 g_eneralizdagc_)n Qf thef re?ults. Sectionr:/ presents Ui+ e +Uk),  if <y, —Ux

our conclusions and directions for future research. 306 = { o (% — %) +ak(¥),  otherwise (5b)
A. NOTATION Ck - Lk + 9k (% + L), if X« >V — Lk ,

Throughout the rest of the paper, the Subsckpis —hereyy € [y, .y, andly, .¥ is the set of minimizers of
used to denote time-dependency, and vector quantities kg convex functiort, - y+gy(y). In particular, we have that:

distinguished by bold-faced symbols. Since we seek poIiI:,1 The optimal control laws(x) is piecewise affine, with

Clef_ef parametrized tdlrdectlyt |nthdlsr:_urtbancisl,( we w:jt_rc;duce at most 3 pieces, continuous and non-increasing.
Wi = (W1, ..., W1) 1O enote the history of known QIS b5 The optimal value function; (x), and the function
bances in perio#t, and. % = #1 x - -- x #k_1 to denote the gk(Yi) are convex.

corresponding uncertainty set.

A function gx that depends affinely on variables ISuch a system can always be obtained by the linear changeiables
Wi,..., W1 is denoted byo(Wk) = do + Qi Wk, Whereqy, %= g+ and by suitably scaling the bound, Uy Wi, .



[1l. OPTIMALITY OF AFFINE POLICIES IN We conclude our preliminary observations by noting that
DISTURBANCES state constraints of the forry < x < UY could also be
In this section, we introduce our main contribution, nameljncluded in Problem 1.1. More precisely, if the mathematica
a proof that policies that are affine in the disturbanwgare, Problem including such constraints remains fea§;btbe_n
in fact, optimal for Problem 1.1. Using the same notatiofiSturbance-affine policies are still optimal. The reasomat
as in Section II, and definingmy = J;(x1) as the overall a problem WIFh convex stage codtg and stgte constraints
optimal value (recall thak; is fixed), we summarize our Lk <% < Uy is equivalent to a problem without any state

main result in the following theorem: constraints, but with modified, convéstage costéy £ hy +
Theorem 3.1: For every time stepl, ..., T, the follow- Lz, ux,,] (Wherelg is the indicator function of the sét),
ing quantities exist: for which affine policies are optimal, by Theorem 3.1.
+ an affine control policy, k) IV. PROOF OF MAIN THEOREM
+ an affine runnm.g COSt’ktw‘f“) In the current section, we present a sketch of the proof
such that the following properties are obeyed: of Theorem 3.1. Our emphasis is on the intuition and key
Ly < G(Wi) < Uy, VWi € 74, (6a) results that make the statements true. The interestedrreade
" is referred to [17] for full details.
Z(Wie, 1) > hk(X1+ Zl(qt(wt) +Wt)), VW1 € Hoin Unlike most DP proofs, which utilize backward induction
= on the time-periods, we proceed withf@award induction.
(6b)  Section IV-A presents a test of the first step of the indugtion
k and introduces a detailed analysis of the consequences of th
Imm = onax [Z(Q -0 (W) 4z (Wepa)) + induction hypothesis.
e | £

) We then separate the completion of the inductive step into
" two parts. In the first part, discussed in Section IV-B, by
Jk”(xl_i_tzi(qt(wt)—i_vw))} (6c) exploiting the structure provided by the forward induction
To understand the meaning of the claims, note that (6&)ypothesis, and making critical use of the properties of the
confirms that the affine policy(WX) is robustly feasible, optimal control lawug and optimal value functiod, we
i.e., it obeys the control constraints, for any realizat@fn introduce a candidate affine policy, which can be proven
the disturbances. Equation (6b) states that the affine cdstbe robustly feasible, and preserving the min-max value of
z((W<t1) is always larger than the convex state dugky. 1), the overall problemJmu, when used in conjunction with the
which would be incurred if the affine policieg(-),1 < original, convex state costhy(Xx:1)-
t <k, were used. Equation (6c) guarantees that, despiteSimilarly, for the second part of the inductive step, trdate
using the (suboptimal) affine control lagy, and incurring a in Section IV-C, by re-analyzing the feasible sets of the
(potentially larger) affine stage cogg the overall objective optimization problems resulting after the use of the affine
function valueJmw is, in fact, not increased. This translatespolicy qx, we determine a candidate affine cagt which

into the following two main results: can be shown to be always larger than the original convex
. Existential result Affine policies gc(wy) are, in fact, State costshy, but which, if incurred at time, would leave
optimal for Problem 1.1. the overall min-max value unchanged.

. Computationa| resultWhen the costéy are piecewise Section IV-D concludes our analysis by outlining several
affine, the optimal affine policies can be computed bgounterexamples that prevent an immediate extension of the
solving a single Linear Programming (LP) problemfesult to more general cases.
with size polynomial in the problem input.

A. Induction Hypothesis.
To see why the second result holds, note thathjfis

) . i - S We first verify the induction at timk = 1. Sincex; is fixed
piecewise affine and convex, the original optimization prob N . :
. T . and ui(-) is always feasible, we take the affine control as
lem can be written as a semi-infinite LP [18]. A typical

def o :
constraint becomes bi-affine in the decision variabbs (g];t%(;?iﬁ?gls?nzé(*xils)’oS(:irt‘rrElIt gﬁ:)clstzrrg;eodt;aetgtlx/g?/g{ue:.
and uncertaintiesw), i.e.,/\o(x)+th:1At(x) W <0,Vw € ' 1 P ' P ! '

— 1% H .
#i,t=1,...,T, whereA; are affine inx. It can be shown Jmm = Jj (x1), can be written as:

[10], [19] that such a condition is equivalent to: ) )

Jmm = €101+ 01 (X1 + 1
{/\o(x) + le(/\t (x) - M 4 WM Et) <0, =0+ max }(h1+J5) (xat+a+wi)  (7)
1€1Wp,W1
& <AX) <&, vt=1,....T, .
f=h =& where, in step(x), we use the definition (4b) and the fact

which are linear constraints in the decision variabkeg. that the maximum of a convex function over the compact set
Therefore, the problem of finding the optimal coeffi- s

; ; Such constraints may lead to infeasible problems. For el@anip=
C|entzs {0kt },{zt} can be reforrgulated as an LR with Ly~ 0.ur € 0. 1wy € 0.1]x2 € [5.10,
o (T 'ma_X( m<) variables anFD (T B max m<) constraints, 3hy are convex sincd([Lk.1,Uk;1]), the indicator function of a convex
wheremy is the number of pieces ih. set, is convex [20], and the sum of convex functions remadmsex.



[w; ,W1] is always reached at the boundaries of the set. Next, Proof: By convexity, the maximum in (8a) is reached at
we introduce the affine cost(w;) < 710+211 W1, where we V€ ext(®). Furthermore, any extreme point on the Iaft, is
constrainz; j to satisfy the two linear equations dominated by some point to its righl’f e convYVp,...,Vk),
having 6; [Vf] > 61[v;] (see Fig. 1 for an illustration). m
Since the argument presented in the lemma will be re-
Note that, for fixedx; and gi, the functionz(w;) is a curring throughout several of our proofs and constructions
linear interpolation of the mappings — hi(xa +0d1+w), we end this subsection by introducing two useful definitjons
matching the value at pointgw,; ,W;}. Sinceh; is convex, and generalizing the previous result.
the linear interpolation dominates it, so condition (6b) is Consider the system of coordinate$6;,6,) in
satisfied. Furthermore, by (7)lnw is achieved forw; € R?, and let . c R? denote an arbitrary, finite set
{w; ,W1}, so condition (6c) is also obeyed. of points and & denote any (possibly non-convex)
Having checked the induction at time= 1, we now polygon such that its set of vertices is exactly

— def

assume that the statements of Theorem 3.1 are true for times ~ With y~ =argmay, {arg miry, {B¢e Y}}, and

t=1,...,k Equation (60) written for stagke then yields: y+ d:-efarg rnfa)?}]L {arg ma)ézéelle t;}}’ by numberlingk the
Joy= max [6;+J ’ gg) Vertices of the convex hull of” in a counter-clockwise
mM (el,ez)ee[ 1 e (82)] (82) fashion, starting ay, £y, and withy,, = y", we define

k the right side of &2 and thezonogon hullof . as follows:

Z(Ct -0 (W) + 2 (Wei1)), Definition 1: Theright sideof an arbitrary polygon? is:
t=

zo+zaW=h(x1+aq+w), Vwe {w; W}

o= {(91,92) 16, =
» K r-side(2) = {Yo,¥Y1,---,¥Ym} -

6 =x1+ Zl(qt(wt) +vw)}. (8b) Definition 2: The zonogon hullof a set of points? is:

t=

m
Sinceq(-) andz(+) are affine functions, this implies that, z-hull(.#") £ {ye R?:y=y,+ ZlWi'(Yi —¥i-1),w €0, 1]}-
i_

althpugh_the uncertaintiess, .., w lie in a set with 2 As the name suggests, r-s(a@) represents the vertices
vertices, i.e., the hyper-rectanghé, ; = #1 x - - - X #, they

LT . on the right side of#2. The zonogon hull of a set” is
are or_1|y a_\ble 0 affect the objgctMe]M through (two) affine a zonogon having exactly the same vertices on the right
combinations, taking values in the s@t Such a polyhe-

- ) . . < side as the convex hull of”, i.e., r-siddz-hull(.”)) =
dron, arising as a 2-dimensional affine projection ok-a .
: . ) r-side{conv(.#)). Some examples of zonogon hulls are
dimensional hyper-rectangle, is called@nogon It belongs

0 a larger class of bolviones. KNownzanotones whose shown in Fig. 2 (note that the initial points i do not
combina?torial structurpe :zllndp ré) erties are weFI)I iocurrcéntenecessar”y fall inside the zonogon hull, and, as suchgther
. . prop : is no general inclusion relation between the zonogon hull an
in the discrete and computational geometry literature (s

Chapter 7 of [21] for an excellent introduction). %ﬁe convex hull). The reason for m_troo!ucmg this obJechm.;tt
Th . " f that int t|tdallows for the following generalization of Lemma 4.1:

: € main pr(_)pedr |_esLo a zorio]gf]op % .vvetr?reAln erej_e Corollary 4.2: If 2 is any polygon inR? with a finite set

In are summarized in Lemma 1.1, found in the Appendix,;, ¢ vertices, andy: R — R is any convex function, then

In particular,® is centrally symmetric, and has at mo#t 2 def

vertices (see example in Fig. 1). Furthermore, by numberintge following equalities hold fof (6) = 61 +9(6):

the vertices of® in counter-clockwise fashion, starting at maxf(8) = max f(@) = max f(0)=
» . 6cr Bccony ) Ber-sidg 2)
Vo=V~ =argmaxargmir{6 € O}} , ®  maxf(8) = max f(0) = max f(9).
01 62 0cy Bez-hull(.¥) . Bcr-sideg(z-hull(.))
we can establish the following result concerning the points P_roof: The prgof is identical to that of Lemma 4.1, and
Is omitted for brevity. [ ]

of © that are relevant in our problem:
Lemma 4.1:The maximum value in optimization problem
(8a) is achieved fo(6y,6,) € {vo,V1,...,V}.

Using this result, whenever we are faced with a maximiza-
tion of a convex functiord; +g(6,), we can switch between
different feasible sets, without affecting the overallioyal
value of the problem.

Vo— V' [111111]
Vs [111110]
va [111100] L Yu=Y WY
‘ff '——;,,7;71 . ”\ 2
. \ "\Y3 ./
v3 [111000] | oL / .
o ey, e L I
V, [110000 RE : ./
Vi \\\' ’ “‘ ”’
—_ . | /
S do
Vo= v~ [000000] o=y ' *
61 [N 61

Fig. 1: Zonogon obtained from projecting a hypercubeRif Fig. 2: Examples of zonogon hulls for different se# € R2.



In the context of Lemma 4.1, the above result allows ué characterization for the sét* = (y;,5) can be obtained
to restrict at;ention from a potentially large set of releva by replacing the optimal control Idwfrom (5a):
points (the 2 vertices of the hyper-rectangl#;., 1), to the ,
k+ 1 vertices found on the right side of the zonog®riThis (Br+c-U, B+U),  if <y —U
also gives insight into why computing an affine controller (Vi,¥2) =4 (61—c-62+c-y*, y), otherwise (12)
Ok+1(+) with k+ 1 degrees of freedom, yielding the same (61+c-L, B,+1L), if 6>y —L.
objective function valueyv, might actually be possible.

In the remaining part of Section IV-A, we would like to
further narrow down this set of relevant points, by using th
structure and properties of the optimal control kg, (1)
and optimal value functiod;, ; (X«1), derived in Section II. By & { (61.8) € R? : Gely —U,y —L] oo (13)
Before proceeding, we first reduce the notational clutter
introducing several simplifications and assumptions.

1) Simplified Notation and AssumptiorE start, we omit
the time subscriptsk(or k+ 1) whenever possible, and take:

In particular, note that the optimal control law discrinties
oints @ = (61,6,) € © based on their position relative to
e horizontal band:

bginceez =Xk 1, PBLu exactly corresponds to the state-space
region when the bound constraints on the control at kmé
are non-binding, while points witl, <y*—U or 6, >y*—L
fall in regions where the upper or lower bounds are binding,

61(W) “ a0t dwW. 6 W) “ o bw respectively. o _
1(W) = @0 J —+0 ’ (10) The setl™ is, in general, not necessarily polyhedral (see
Ok+1(W) = gq(w) Zo+qw, Fig. 3 for an example). However, the following compact char-

acterization for the maximizers in Problgi@PT) from (11)

wherea= (ay,...,a) andb=(by,...,by) are thegenerators is immediate.
of the zonogon®. We use the same counter-clockwise Lemma 4.3:The maximum in Problen{OPT) over I'*
numbering of the vertices @ as introduced in Section IV- is reached on the right side @+ = conv({y.....¥}).
A e, Vo=V ,... .Vp=V' .. W=V, where Disthe wherey,iec{0,...,k}, are given by:
number of vertices 0©. el . )

Also, sincef, = X1, instead of referring tal, ; (Xi1) Y= (i (W), 3 (W) = (B[] + cur(vi), Bo[vi] +u (Vi)()i4)
and U, (1), we u_seJ*(ez) and u*(6z), and we use Proof: By Lemma 4.1, the maximum in (8a) is reached
the short-hand notationg*(v;), J*(vj) and g(Vv;), instead at one of the verticess v V. of the zonogon®
of U (62[wi]), J* (62[vi]) and g(Ba[vi] + U*(6,[vi])), respec- 0: "Ly Tk gon’.

tively. We also make the following simplifying assumptions Since this problem is equivalent to Problg@PT) in (11),
Y- ) i 9 P g P we can immediately conclude that the maximum of the
Assumption 1:The uncertainty vector at timk+ 1 be-

X ) latter optimization is reached at the poi 1<i<k given

longs to the unit hypercube t*, i.e., 7.1 = [0,1)“ by (14). Furthermore, sincg(-) is convexr}?;}é Propery2

Assumption 2:The zonogor® has a maximal number of of the optimal DP solution, in Section II), we can apply
vertices, i.e.p=k. Corollary 4.2, and replace the poings with the right side

Assumption 3:The vertex of the hypercube projecting toof their convex hull, r-sidéAr-), without changing the result
Vi, i€{0,...,k}, is exactly[1,1,...,1,0,...,0], i.e., 1 in the of the optimization problem, which completes the proa.
first k components and 0O thereafter (see Fig. 1). _ )

These assumptions are made only to facilitate the expo&f: Construction of the Affine Control Law.
tion, and result in no loss of generality. To see this, nott th Having analyzed the consequences of the induction hy-
Assumption 1 can always be achieved by adequate translatipoathesis in Theorem 3.1, we now return to the task of
and scaling of the generatos and b, and Assumption completing the inductive proof. In the current section, we
3 can be satisfied by renumbering the coordinates of thexhibit an affine control lawoy1(Wk.1) that is robustly
hyper-rectangle. As for Assumption 2, we argue that afeasible, and that leaves the overall min-max cdgk
extension of our construction to the degenerate gasek unchanged, when used at tirke- 1 in conjunction with the
is immediate (one could also remove the degeneracy loyiginal convex state coshy. 1(Xii2).

applying an infinitesimal perturbation to the generaisr In the simplified notation, the problem to be solved is to
b, with infinitesimal cost implications). find an affine control lawg(w) such that:
2) Further Analysis of the Induction Hypothes\/ith the
. o N n Jnm = 6 -q(w o w
new notation, substituting(6,) = c-u*(62) +g(62+u*(62)) M s 1+ q(W) +9(62+( ))}
in (8a) yields the following optimization problem: L<qWw) <U, YWe o1
Jov= max [ Vi+g(%3) }’ The maximization represents the problem solved by the
(v;.v5)er* disturbances, when the affine controllgfw), is used in-

(OPT) F*d:ef{(y{,y;) Y E 64Ut (6y), (11) stead of the optimal controlley*(6,). The first equation
“4For simplicity, we focus on the case whgft) has a unique minimizer,

% 6o +U'(82), (61,62) €O . such thaty =y =y in (52), (5b).



amounts to ensuring that the overall objectigy, remains

is slightly technical - for complete details, we refer the

unchanged, and the inequalities are a restatement of timerested reader to [17]. Here, we give intuition for the

robust feasibility condition. The system can be rewritten:

Jom= max [ yi+9g(y) ]
(AFF) (y1.y2)€r (15)
L<qgw)<U,
where % {y,¥2) ' v = 61 +c-q(w),
Yo = B +a(W), (61,6,) €O} (16)

Since 6, and g are all affine inw, by (10), the sef”
represents a new zonogon R?, with generatorsa+c-q
and b+ g. Furthermore, sincg is convex, ProblenfAFF)

over[l is analogous to that in (8a), defined over the zonogopoint y* (through the mappings; (80) Vi € r-sidg®)

constraints in system (17), and the reasons why the con-
struction works. In order to have the zonodoihe the same

as the zonogon hull ofyg,....yi}, we must ensure that
the vertices on the right side &f exactly correspond to the
points on the right side ofr« =conv({y,....¥;}). This is
achieved in two stages. First, we ensure that vertwesf

the hypercuber, ; that are mapped by the optimal control
law u*(-) into pointsy; € r-sidgAr+) (through the succession

of mappingsw; @) V; € r-sidg®) (ﬁ) Y e r—side(Ar*)), will
be mapped by the affine control law(-), into the same

(16)
—

©. Thus, in analogy with the discussion in Section IV-Ayr ¢ r-side(Ar+)). This is done in the first set of constraints,

(Lemma 4.1), we conclude that the maximum (AFF)
occurs at a vertex of found in r-sidér).

In a different sense(AFF) is also similar to (OPT)
in (11), in that the same convex objectiég+g(&2), is max-
imized in both problems, but over different feasible séts,

by matchingthe value of the optimal control law at any
such points. Second, we ensure that any matched points
y actually correspond to the vertices on the right side of
the zonogor. This is done in the second and third set of
constraints in (17), by computing the affine coefficiemtsn

for (OPT) andr for (AFF), respectively. From Lemma 4.3, sych a way that the resulting segments in the generators of

the maximum in(OPT) is reached on r-sidér+). From the
discussion in the previous paragraph, the maximu(ARF)

aj+Cq; . .
the zonogorT™, namely ( g‘m?‘), are allaligned i.e., form

the same angle with thg axis, with cotangents given by

occurs on r-sidg’). Therefore, in order to compare the tWoyhe i, K, variables, respectively. Geometrically, this exactly

problems, we must relate the sets r-¢ile) and r-sid¢l’).

corresponds to the situation shown in Fig. 3.

In this context, we introduce the central idea behind We remark that the above algorithm does not explicitly

the construction of the affine control law. Recalling therequire the controky

concept of azonogon hullintroduced in Definition 2, we
argue that, if the affine coefficients of the controllgs, q,
were computed in such a way that the zonogoactually
corresponded to theonogon hulbof the set{yy,yi,.... ¥k},

then, by Corollary 4.2, we could immediately conclude tha
the optimal values ifOPT) and (AFF) are the same. This

motivates the following algorithm.

Algorithm 1: Compute affine controlleg(w)

Require: el(w)v 62(W),g(), U*(-)
1: if (O falls below % y) or (6 C ALy) or (O falls above
PLu) then
2:  Returnq(w) = u*(62(w)).
3: else
4:  Apply mapping (12) to obtaity*, i € {0,...,k}.
5. Compute the sefr~ = conv({yg,....¥x})-
6 r-sidgAr) =

Let {%7%’7%} U {Yt*} U

{yf,....¥5} be the set of points on the right

side of Arx.
7:  Solve the following system foqp, ..., 0 andKy,K:

Qo+ +0qg= u* (Vi)7 Vy,* S I'-SiddAr*)

atc-g . :
bt G =Ky, i=s+1...,min(t,r) (17)
ai +C-Q .
=K, i=maxt,s)+1,...,r
bi + q; - AL9)

8: Returng(w) =qo+ zik:j_C]iWi-
9: end if

(w) to be robustly feasible, i.e., the
second condition in (15). However, this property turns out
to hold as a direct result of the way matching and alignment
are performed in Algorithm 1.

. Construction of the Affine State Cost

Note that we have essentially sketched only the first part of
the induction step. For the second part, we need to show how
an affine stage cost can be computed, such that constraints
(6b) and (6c¢) are satisfied.

Returning temporarily to the notation with time indices,
we remark that, in solving problefAFF) of (15), we have
shown that there exists an affigg, 1(Wi 1) such that:

max
Wict 1€ M1

(4b)

It = V(Wi 1) + G (vo (Wi 1) |

max |:T[l(wk+2) + hi2(T2(Wii2)) +
Wit 2€ 5412

¥ 2(Te(We:2)) | (18)

64 7 o

v
__ r-side(Ar+)
O y;er-sidgr)

Vi = Yk
E\\ikyf\: ¥
L e
e Vs “~.y§*‘\ay\§

e
~ '\'/‘()Z;/vl Vo =YoYs = ¥s
Original zonogon® 61

Setl™ and pointsy; € r-side(l). ¥

Proving that the algorithm produces the expected result Fig- 3: Matching and alignment performed in Algorithm 1.



where 14 (Wi2) « yi(Wip1), and 71&(Wi.i2) & Vo(Wii1) + Unfortunately, it turns out that simple counterexamples

Wi 2. IS is easy to note that can be found (see [17]) to answer both of the above ques-
\ e tions negatively. To conclude, policies that are affine ia th
M= (m(Wki2), To(Wii2)) (19) disturbances are, in generalboptimalfor problems with

ultiple dimensions, and replacing the convex state costs b
grger) affine costs would, in general, result in eferther
eterioration of the objective.

represents yet another zonogon, obtained by projecting t
hyper-rectangle’, , into R?. In this context, the problem d
that remains to be solved is replacing the convex function

hii2(T2(Wis2)) with an affine functionzc »(Wi2), such V. CONCLUSIONS AND FUTURE WORK
that the analogues of (6b) and (6c) are obeyed: We have presented a novel approach for theoretically
handling robust, multi-stage decision problems. The nttho
Zcr2(Wie 2) > hk+2(r@(wk+2))’ VW2 € iz utilized the connections between the geometrical progerti
Jnm = e g’legék , [ T0(Wici-2) + Zy 2(Whii2) + J 2 (TR (Wi 2)) | . of the feasible sets (zonogons), and the objective funstion
+ +

being optimized, so as to prune the set of relevant points and
(20) . : . .

derive properties about the optimal policies for the proble
With the same simplified notation and analysis One immediate direction of research would be to study
as presented for the affine control, we can defindystems with mixed constraints (on both state and control),
r-side(l'l*) gef {VO,V17---,VK+1}1 and introduce the following and to explore extensions of the approach to nonconvex and

algorithm for computing the affine costw): nonlinear cost structures. Another potential area of @der
would be to quantify the performance of affine policies even
Algorithm 2: Compute affine stage costw) in problems where they are known to be suboptimal. This
) could potentially lead to fast approximation algorithm#hw
Require: ﬂl(W)vdtQ(W)vh(')aJ*(')- solid theoretical foundations.
1: Computeyr = (m[vi]+h(v), ®[w]),i=0,...,k+ 1.
2: Compute the seAn- = conv({ys,....¥i,1})- APPENDIX _ _ _
3: Let r-sidgAn-) & {y;m e ,yg(n)}, wheres(1) < 5(2) < Zonogonsare all centrally symmetric, 2-dimensionah-2
... <8(n) € {0,....k+1} are sorted indices. gons, ariging as thg pr_ojection pfcgbes to the plane. An
4. Solve the following system fog;, (j € {0,...,k+1}), exqmple_ is shovyn in Flg.. 1 of Section IV-A. These are Fhe
andKgj, (i €{2,...,n}): main objects of interest in our treatment, and the following
’ Y lemma summarizes their most important properties:
s(i) ) _ Lemma 1.1:Let 4 = [0,1]X be ak-dimensional hyper-
%ZJ =h(vsi), Vg € r-sideAn:) cube,k > 2. For fixeda,b € R¥ andag, by € R, consider the
1= ; ; . ok 2 _|a ap
Zi+a; affine transformationt: R* — R, m(w) = [b,] W {bo}
i T4 ; ; ; .
b; = Ks(i): Vie{si-1)+1,....s(i)}, and the zonogo® C R? given by:
Vie{2,...,n}. O=n(4)Z{0cR?:Iwe 7 s.t. 6 =n(w)}.
21
k+1 (1) If we let Yo denote the set of vertices dd, then the

5 Returnz(w) =7+ 577 - W;. . .
(W) =20+3172 W following properties are true:

. . ) . 1) 30 € O such that® is symmetric aroun® : VXe
The key idea behind Algorithm 2 is exactly the same as 0—=20_xcO.

that in the construction of the affine control law. In partaoy
with the coefficients of the affine cogt, computed as above,
the set{ (7a(w) +z(W), TB(W)), W€ %, }, characterizing
the maximization problem (20) exactly represents zbao-

2) |Ye| = 2p < 2k vertices. Also,p < k if and only if
Ji#je{1,...,k} such that rané[?i EjD <2.

3) If we number the vertices of in cyclic order:

gon hull of the set of points{y,...,¥s.,}, and hence, by Yo =(VM0y. Vi, Vi1, s Vop 1),

Corollary 4.2, the optimal value in (20) is the same as the def

optimal value in (18), namelyiym. To visualize how the (V2p+i = Vizp+i) mod(2p))

algorithm is working, an example is included in Fig. 4 below.

Full details and a complete proof can be found in [17]. = = o vm:y;(m:ysy@u,,,,y;a;ys(s)

— / -
D. Counterexamples for potential extensions. / i //"6 g v
A natural question to ask is whether results similar tc /VS v

Theorem 3.1 could be extended to more general problen P qy},/yjys

such as multi-dimensional linear systems. In particula| <+ Vi, R iy}

whether affine policies in the disturbances remain optima Vo=V Y6 =Yy = Y5 Dy € r-side(M)
Original zonogor1*. U Pointsy’ andy; € r-side(). m

and whether affine relaxations of the stage costs are pessibl
without loss of optimality. Fig. 4: Matching and alignment performed in Algorithm 2.



4)

5)

(1]
(2]
(3]

(4]

(5]
(6]
(7]

(8]

then 20— v, = Vi1, and we have the following repre- [9] J. Léfberg, “Approximations of closed-loop minimax MF Proceed-

sentation for® as a Minkowski sum of line segments:

i —Vi—1

PV

G)":e’0+zi)\i- ~1<A <L
) 2 Y - —
i=

If 3wy o € 7 such thavy = mi(wy) =V, = 1(W5) and

V1o € Yo, thendj e {1,...,k} such thata; = b; =0.
With the same numbering frofiii ) andk = p, for any

i €{0,...,2p— 1}, the vertices of the hypercube that
are projecting tov; andv;_ 1, respectively, are adjacent,
i.e. they only differ in exactly one component.
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