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Online Appendix
Boosting Sales and Customer Welfare from Premade Foods
(Let the Freshest Chicken Fly off the Shelf First)

In this online appendix, we present proofs for all the results in the paper.

EC.1. Notation

Throughout the appendix, we omit the dependency on the demand rate and the replenishment
rate whenever it is clear from the context. We denote the retailer’s policy by the pair (/,7’), where
I € {F, L} denotes the issuance rule and 7 € [0, o) denotes the shelf life, and use superscripts to
denote the dependency of quantities of interest on the policy.

We introduce notations to describe inventory status at a given time. For a given policy (/,T),
we let ztI’T[a,b) denote the level of inventory whose age is in the interval [a,b) at time ¢ and
zf T zf 710, T) denote the total inventory level at time ¢, with the convention z,l Tla,a) =0. When
a batch or a customer arrives at time ¢, we use z,’iT [a, b) to denote the inventory level with age in
[a,b) under policy (I,T) right before a batch or a customer arrives at time 7. For example, if a
batch arrives at time 7, the inventory level with age in [0, x) is updated according to ztl T10,x) =
zt_ [0,x) + B for 0 < x <T; if a customer arrives at time #, the 1nventory level evolves according
to zt’ [0,x) = [zf [0,x) — [1 —z Tlx T)] ] under FIFO andz [0,x) = [z [0,x) — 1] under
LIFO. In order to describe the performance of the inventory system, we introduce notations for long-
run average measures. Suppose all customers who find an item on offer buy it under policy (1, T'). For
a given policy (1,T), we define the following cumulative measures: ZI T a,b) := fot ZI’T [a,b)dt,
StI’T[a, b):=3 N (t) 1 750 and 7T efa b)) and RtI’T = ZN () q( )1 17y - We define notations for
long-run average quantltles as the accumulated quantities durmg tlme perlod [0,¢] divided by ¢ as
the time horizon ¢ goes to co. Specifically, Z'"T [a, b) :=lim;_,e lZ] Ta, b) denotes the inventory
level with age in [a, b), ST [a, b) :=1lim; e %SI’T[a b) denotes the sales of items of age in [a, b)
(which gives SI'T = §I'7[0,T)), and R'"T :=1im; e tR T denotes the total quality of all purchased
items. Note that we may write Q"7 = RIT /ST,

The following table summarizes the main symbols that are used in the proofs.

EC.2. Supporting Lemmas
We start by introducing several lemmas that will enable us to prove the main results. We note

that the lemmas hold regardless of whether customers are homogeneous or heterogeneous.
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Table EC.1 Table of Notation

Notation  Description

B Batch size

I e{F,L} Issuance order

T Shelf life

zf ;T [a,b) Level of inventory whose age is in the interval [a, b) under policy (I,T) at time ¢
zf T Total inventory level under policy (Z,T) at time ¢

Nc(2) Total number of customers who arrive during time period [0, 7]

Ny (1) Total number of items replenished during time period [0, ]

TtI T Age of the item on offer under policy (1,T) at time ¢ if there is any
sL.T Sales under policy (1,T)

RLT Total quality of all purchased items under policy (1,T)

ol.T Purchased quality of an item under policy (Z,T)

wh.T Customer welfare under policy (1,T)

pt.T Inventory disposal under policy (Z,T)

S Maximal sales that can be achieved under issuance /

Tr(S) Unique shelf life that yields sales S under issuance /

RI(S) Total quality of all purchased items under issuance / when the sales is §
yL.T Retailer’s objective under policy (1,7T)

vi(s) Retailer’s objective under issuance / when the sales is §

7/ Optimal shelf life when the retailer does not use timestamps under issuance /
T,(*S Optimal shelf life when the retailer uses timestamps under issuance /
Tl*,ts Optimal shelf life when the retailer uses timestamps under issuance /

The following lemma compares the inventory position under different shelf lives and issuance

rules.

LEMMA EC.1. Suppose all arriving customers purchase the product if it is available. Then, for
any sample path of batch and customer arrivals, the following results hold almost surely:
(a) Under FIFO and for any time t and age x, the inventory level of items of age at least x at time

t is increasing in the shelf life. That is, for any shelf lives T1 < T,
2PN, T < 202 [, ).

(b) Under FIFO, the inventory level of items of age strictly less than x increases with the shelf
life, whereas under LIFO it is independent of the shelf life. That is, for any time t, shelf lives

T) <T, and age level x < Ty,
ZFT0,x) <M [0,x) and 227 [0,x) =257 [0,x) .

(c) For any time t and for any age x € [0, T |, the shelf holds more items of age strictly less than x
under FIFO than under LIFO. That is,

2T 0,x) = 227 [0,x) . (EC.2.1)
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(d) Under LIFO, for any sequences of customer arrivals {t,} C {7}, time t and age x € [0,T],
the shelf holds less items of age strictly less than x with customer arrivals {t,} than with {t, }.

That is,
ZET([0,2); {7 ) = 257 ([0,); {7 ). (EC.2.2)

We remark that Part (b) implies that the inventory level is increasing with the shelf life at any
given time and for any issuance rule. That is, ztI T < zf T2 for any time ¢, shelf lives 71 < 7> and any
Ie{F,L}.

Proof of Lemma EC.1. (a) Because the retailer begins with an empty shelf regardless of the policy
used, the claim holds at # = 0. Note that if the claim holds at some ¢ and there is no further
replenishment or customer arrival during [z,¢’), r < ¢/, the claim continues to hold at ¢’ because only
aging and disposal of existing inventory occur and inventory is disposed of at an older age with
shelf life 7, than T;. Thus, we only need to demonstrate the claim for the sequence of times {, },,>0
at which batches or customers arrive. (Recall that a batch arrives at =0 so tg = 0.) The proof is by
induction on n. Suppose that the claim holds at #,, for some n > 0. If a batch arrives at #,,1, clearly
the claim continues to hold at 7,,; because the items in the batch are of age 0 under both (F,T})

and (F,T,). If a customer arrives at t,,..1, we have

+ +
21 [x, 1) = [Zf:l [x,T) - 1] . [ZZ’TI [x = (ths1 = t0), T1) — 1]

+ +
< [Z,IZ’Tz [x = (tns1 = 12), T2) — 1] = [Zf:f [x,T2) - 1] =2, [x.T).

where the inequality follows from the induction hypothesis. Because the claim continues to hold at
tq+1, the induction principle implies that the claim holds at {z,},>0 and thus, at any 7 > 0.

(b) Using similar arguments as in the proof of Part (a), it can be shown that we only need to
prove the claim for the sequence of times {f, },>0 when batches or customers arrive. The proof is
by induction on n. Suppose that the claim holds at #,, for some n > 0. If a batch arrives at 7,41, by

the induction hypothesis, we have

F.T F.T F.T F.T
Zt,,+11 [O,X) =B +Zt,, ! [O,X - (tn+1 - tn)) <B +Zt,, ? [O,X - (tn+1 - tn)) = Zt,,+12 [O,X)

under FIFO and
22710,x) = B+ 20T [0,x = (tys1 —14)) = B4z [0, = (te1 — 1)) =227 [0, %)
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under LIFO for any x € [0, T]. Suppose a customer arrives at t,,; under FIFO, we obtain

100 = [T 0.0 - [1- LN e[ T
= 20,5 = (taer = 1)) = | 1= 217 “[x—<fn+1-fn>’Tl)]+]+
< [ F10,x = (tge1 —1n)) — [ FT2 [x = (th41 —fn>’T2)]+]+

= [ 100 [1- )| ] = 2 (0.

where (i) follows from observing that the function [x — (1 — y)*]* is increasing in both x and vy,

FT][ FTZ[ FT][

our induction hypothesis that z 0,x—(tye1—12)) <z 0,x—(tys1—1,)),and z X = (tpe1 —

t,),T) < zF T [x = (441 — t4), T») from Part (a); under LIFO, we have

0,0 = [T 10,0 = 1| = [ 10,x = (ter = 1))~ 1|

D [P0, e =) 1] = [ 10,0 - 1] =25 0.0),

where (ii) follows from our induction hypothesis that thn’Tl [0,x—(tys1—1n)) = ZtL T2 [0,x—(ths1—14)).
Because the claim continues to hold at ¢#,;, the induction principle implies that the claim holds at
{tn}n>0 and thus, at any 7 > 0.

(c) As before, let {t,},>0 denote the sequence of times at which either a batch or a customer
arrives with 7o = 0. Note that if the claim holds at time 7 > 0 and no batch or customer arrives during

(z,¢’'], the claim continues to hold at ' because
T10,x) =2/ T[0,x = (' =0) 2z [0,x = (' =1) =27 [0,%).

Thus, it is sufficient to prove that the claim holds at the discrete times {f, },>0. The rest of the proof
is by induction on n. The claim clearly holds at 7y = 0 because the shelf initially holds the same
inventory. Suppose now that the claim holds at ¢, for some n € N U {0}. If a batch arrives at #,,11,

we have:

Zln+l [0 x) Z [O’X - (tn+1 - tn)) +B- l{tn+1—l,,<x}

> 2,70 [0, = (st = 12)) + B - Lipyy gy = 2 [0,)

where the inequality follows from the induction hypothesis. If a customer arrives at #,,,:

10,0 = {7 10,0 = (et = 10)) = (1= 2 Lr= (st =), T = (1w = 1)) |
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- {Zf’T [0,x = (tns1 = 1)) -

:1 — (T 0, T = (tgr1 = 12)) = 25T [0, = (41 — ;,,))): +}+
> {Zf’T [0, x = (tns1 = 1)) =
1= (7 107 = (et = 1)) = 21 [0, = (11 = 1) +}+
_ {ZIL,T [0, = (141 — 1)) — (1 =20 o= (tnat = 1), T = (tns1 = tn)))+}+

+
= (th,T [0,x — (ths1 —1n)) — 1) :Zan;Tl [0,x).

The first inequality follows from the induction hypothesis and because the function
{x—[1-(y—x)]*}" is increasing in both x and y for any x < y; the second inequality follows
because

ZzL’T [x - (tn+1 - tn),T - (tn+l - tn)) 2 0

and the function [x — (1—y)*]" is increasing in y. Therefore, (EC.2.1) holds for all n by the
induction principle and the claim follows. Hence, if the shelf is in stock under LIFO, it is also in
stock under FIFO.

(d) If we let {7, } >0 denote the sequence of times at which a batch arrives, then {z,} := {7, } U {7, }
and {#,,} := {f,} U {7, } are the sequences of times at which either a batch or a customer arrives when
the customer arrival times are {7,} and {7, }, respectively. By a similar argument as in the proof of
Part (b), we only need to prove the claim for the sequence of times {#,}(D {#,}). The rest of the
proof is by induction on n. The claim clearly holds at 7, = 0. Suppose (EC.2.2) holds at 7,. With
either sequence of customer arrivals, the inventory level of items of age strictly less than x evolves

according to

LT . ) ,
Z, [0,x) + B if a batch arrives at 1o

LT _ LT *. . /
. [0,x) = z, [0,x) —1) if a customer arrives at 7, ,,
n+ n

zﬁ’T [0,x) if neither customer nor batch arrives at 77 .

n

From this, one can infer that (EC.2.2) continues to hold at t}’q +1- Therefore, (EC.2.2) holds at all of
{t,} by the induction principle and the claim follows. Q.E.D.

The next result proves that all the relevant long-run average quantities exist and are finite.

LEMMA EC.2. The inventory process is regenerative under any policy (I,T). Furthermore,

ZIT ) SLT and RYT exist and are finite.
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Proof of Lemma EC.2. Let us fix a policy (/,T) and assume that the first batch arrives at =0 to
an empty shelf; the proof can be easily modified for the general case where the shelf is nonempty
at time ¢ = 0 and the first batch arrives at some time ¢ > 0. We define a cycle to start each time
an arriving batch finds an empty shelf. We denote the length of the n-th cycle by X, and consider
the following three types of total reward earned during the n-th cycle: the integral of the inventory
level over the cycle Z,,, the number of items sold during the cycle S, and the total quality purchased
during the cycle R,. We additionally define Y, := R, — q(T)S,, for ease of exposition. Because
batches arrive according to a stochastic point process with independent and identically distributed
interarrival times and customers arrive according to a Poisson process and the two processes are
independent of each other, one can infer that the inventory process is regenerative and the pairs in

each of {(X,, Z,) }us1, {( X, Sp) tn>1 and {( X, Yy) }n>1 are independent and identically distributed.

. —

Figure EC.1 Inventory Level Over Time without Customer Arrivals.

We argue that E X,, < co. Without loss of generality, we consider the first cycle. Clearly, the cycle
would last longer without demand because the shelf would always hold more inventory than with
demand. Thus, it is sufficient to prove that the claim holds when there is no demand. Suppose there
is no demand. Note that the cycle continues if and only if a new batch arrives before the last batch
is disposed since there is no demand. Suppose the cycle ends and a new cycle starts at the m + 1-th
arrival from the batch process for some integer m > 1, in which case the ending cycle has length

i, Gi. This implies that the i-th batch (for each 2 <i < m) arrived within T since the arrival of
the (i — 1)-th batch (i.e., {; < T), whereas the (m + 1)-th batch arrived after T since the m-th batch
(6ms1 > T). It follows that the length of the cycle is bounded by mT (X, ; < mT). Let us denote
the probability that the cycle ends after the first batch by pg= P(£; >T) € (0, 1). Observe that the
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probability that the cycle ends after m replenishments is (1 — po)”~!po. Therefore, the expected
length of the cycle satisfies

[ee)

EAI:ZE

m=1

m
=1

¢;|the cycle ends after the m-th batch]

P (The cycle ends after the m-th batch)

< Z E [mT
m=1

and the claim follows.

N T
the cycle ends after the m-th batch] =T E (1-po)™ 'po=— < o0,
Po
oo

We also claim that E |Z,|, E|S,|, E|Y,| < . Because both sales S, and the average inventory
level during the n-th cycle Z,, are bounded by the number of replenished items during the n-th cycle,
we have ES,,EZ, <E[uBX,] = uB -EX, < co. From the fact that the quality of any purchased
item lies in (¢(T),q(0)], we obtain that ¥, € (0, (g(0) — ¢(T))S,]. Combining this observation
with E S, < co yields E |Y,,| < oo.

Let us denote by N(t) the number of completed cycles up to time ¢ and define ZI T.= ZN(I) Zn,
Z = 2’”?” w87 = T S S= S S VT = 20 Y Bi= S0, and T

N (t) q( )1 LT 0y Because ZII’T, StI’T and Yt]’T are increasing in 7, we have ZII’T < Z{’T < ZtI’T,
S”T < S’T S’T and YT < ¥ <77 Given EX, < 0o, E|Z,| < 00, E|S,| < o and E|Y,| <
oo, the renewal reward theorem (see Theorem 3.6.1 in Ross 1996) implies that lim;_,c tZI T =

im0 127 = B[Z,] /B[ X,], limyeo 18IT = SI7 = E[S,]/E[X,] and lim,_ 1Y = 177 =
E[Y,]/E[X,]. Applying the squeeze theorem gives that

1 E[Z)] 1 E[S)]
ZI,T — 1 ZIT —L=r d SI,T: l _SI,T — ,
z—g}o t E[Xl] an tl,n(}o P E[_Xl]
from which we get
1 1 E[Y T)E
RUT = lim RIT_ hm (YIT+ (T)SIT) [Y1]+q(T)E[S]
t—oo f E[Xl]

The proof of the existence and finiteness of Z/" [a, b) and other long-run average values follows
similar arguments and is omitted for conciseness. Q.E.D.
We make the dependency of functions on the customer arriving rate A and replenishment rate
u explicit whenever it clarifies arguments. For example, S*7 (1, 1), Q"7 (A, 1), RV (A, 1) and
WIT (A, u) denote the sales, purchased quality, the total quality of sold items and customer welfare,
respectively, under policy (/,T) and with customer arriving rate A and replenishment rate y.

The next Lemma provides structural results concerning the sales S™-7.
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LEMMA EC.3. Suppose all arriving customers purchase the product if it is available. Then, the
following results hold:
(a) SUT is continuous and strictly increasing in T for I € {F,L}.
(b) SLT[0,x) =S for any x € [0,T]. Moreover, S©T is concave in T.
(c) SUT(A, u) is increasing in A for I € {F,L}.
(d) SET(A, p) is continuous in (T, A).
(e) 0 < SHT(A, 1) < min(A, uB) for I € {F,L}. Moreover, we have 0 < S := limy_ 7 S'T <
min(A, uB) for [ € {F,L}.

Proof of Lemma EC.3. (a) Fix the initial inventory status and a sample path of batch and customer
arrivals. Recall that N.(¢) denotes the total number of customer arrivals during [0, ¢]. Let us denote
the total number of items replenished during [0,7] by N,(¢). Clearly, both N.(¢) and N,(t) are
counting processes. We first prove that S'7 is strictly increasing in T. Take any two shelf lives
Ty < T;. Recall from Lemma EC.1 that the inventory position is greater under (/,7>) than under
(I1,T) at any given time. Thus, (/,7;) generates greater sales than (7, 7T;) during [0, 7] for any ¢ > 0,
implying that S*7 < §7-72,

We argue that the inequality is indeed strict, i.e., S*7! < S&72, We use the definition of cycle
in the proof of Lemma EC.2. That is, a new cycle starts when a batch arrives to an empty shelf.
Suppose a new cycle starts at # under (/,7>). Then, Lemma EC.1 implies that a new cycle starts at
t under (1, T}), too. Note that there is positive probability that no batch arrives during [z,7+75) (so
that the shelf becomes empty at # + 7> under both policies) and at least one customer arrives during
[t+Ty,t+T;). When this occurs, because no item is sold during [¢,7+T5) under (/,7}) whereas at
least one item is sold during [#+T},¢ +T>) under (/,T3), we see strictly higher sales under (/,73)
than (/,T;) during this cycle. This proves that long-run sales are strictly larger under (/,7>) than
(1,T1).

Next, we prove the continuity of S’7 with respect to T under / € {F,L}. Let T > 0 and € > 0
be given and define ¢ := min{ﬁ,T}. We shall show that we have |S'T" — SI'T| < e for any
T’ € (T - 6,T + 6). First, suppose that 7" € [T, T + 6). Because we have S*I" — ST > 0 by the
argument above, it is sufficient to show that ST — ST < €. It is useful to conceptually divide the
shelf under (7, T”) into two separate blocks: block [0, T) contains items of age less than T and block
[T,T’) contains items of age at least 7. Thus, all items first stay in block [0, T) then if not sold, move
on to the older block [T,T”). Observe that block [0,7") under (I,T’) receives batches at the same

rate under (/,7T) and receives customers at a smaller rate than A (because customers purchase from
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the other block [T, T”) before they reach block [0, T') under FIFO). On the other hand, block [T,T")
under (/,7”) receives batches that are smaller than B because some items in a batch may be sold
while staying in block [0,7) and receives customers at a smaller rate than A (because customers

reach the newer block first under LIFO). Combining these observations, we have
ST = LT10, 1) + ST [T, 7T7) < S™T 4 §ITT < §1T 4§19,

where the last inequality follows from the monotonicity of S’ because 7/ — T < §. Hence, it

remains to show that S’ < €. Note that each batch stays on the shelf for at most § under (I, 5).

Thus, the shelf is in stock for at most 6 N, (¢) during [0, ) considering potential overlaps. Then, the

Strong Law of Large Numbers for renewal theory (see, e.g., Ross 1996) implies that assuming no
SN, (1)

customer arrivals, the shelf is in stock with probability at most == which converges to 6uB as

t — oo almost surely. The PASTA (“Poisson Arrivals See Time Averages™) property then implies
that each arriving customer finds the shelf in stock with probability at most ou < ﬁ M= a7,
yielding S’ < 37 - =5 < €. The proof for the other case 7" € (T — 6, T) is similar and omitted.

(b) Lemma EC.1(b) implies that the dynamics of the inventory system up to age x under (L, T)
is identical to that of (L,x), yielding &[0, x) = S&-~.

For the latter result, let us show that the incremental sales S&-7+€ — gL.T

are decreasing in 7 for
any given € > 0. This can be readily seen from the fact that the demand for an item decreases with
its age because customers buy the youngest item first under LIFO.

(c) Under either FIFO or LIFO, with a higher demand rate, each item has a greater chance to
be presented to a customer before being discarded. Hence, there is less inventory disposal with a
higher demand rate.

(d) We first prove that S©7 (A, u) is Lipschitz continuous in 1. Specifically, we will show that for

any shelf life 7 and demand rates A and A’,
|SET (A, ) = SET (A )| < 14 = Al (EC.2.3)
Due to Part (c), it is sufficient to show the following for 4 < A’:
SET, ) -SET (A p) <AV -2 o a-SET,p) <A -SET Y, ). (EC.2.4)

That is, stockouts occur more frequently with demand rate A’ than with 2. Lemma EC.1(d) implies
that the shelf becomes empty more frequently with demand rate A’ than A. The inequality (EC.2.4)
then follows from the PASTA (“Poisson Arrivals See Time Averages”) property.
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We next show that S&7 (A, ) is continuous in (T, 1). Let (T, 1) be given and take an arbitrary

€ > 0. By Part (a), there exists 0, > 0 such that we have
(SL’T’ () - SET (A, u)‘ < g if [T =T < 6,. (EC.2.5)

Thus, if we define 6 := 5 and 6 :=min(41, 62), for any (77, ") such that [|(T",2") — (T, A)[| < 6 we

have

! , (i) 4 , 4 !
SET () = SET (4, )| < [SET () = SET (4, o)+ [$ET (2, ) - SET (4, )
€ (i) e €

(i)
< I/l’—/l|+§ < =+

2777®

where (i) follows from the triangle inequality and (ii) follows from (EC.2.3) and (EC.2.5) where we
used [T"=T| < ||(T", ") = (T, )|| <6 < 67 and (iii) follows because [A" —A| < |[(T’, ") = (T, )] <
6 <61 = 5. This concludes the proof.

(e) Lastly, we derive the bounds for S*7, I € {F, L}. Obviously, ST is non-negative. It is easy
to see that the number of items sold during [0, 7] cannot exceed the number of customers arriving
during [0,7] (N.(t)) or the number of items replenished during [0,¢] (N,(¢)). Furthermore, we
Ne(1) Ny (1)

— A and === — pB as r — oo from renewal theory (see Proposition 3.3.1 in Ross

have
1996). Therefore, we obtain that the sales is bounded above by min(4, uB). As the shelf life tends
to infinity, the same number of items are sold during any time period under both FIFO and LIFO
because items are never disposed of. Thus, we have the same limiting sales under both issuance
rules, and it is finite and bounded by min(4, uB) by the argument above. Q.E.D.
In view of the one-to-one correspondence between the shelf life 7 and sales S’ established in
Lemma EC.3, we introduce the following definition that is useful subsequently.

DEFINITION EC.1. Assuming that customers buy the product if it is in stock, for any issuance
I and any sales S < S, we define T7(S) as the (unique) shelf life that yields sales S and R’(S)
as the total quality of purchased items when sales are S, i.e., S’ T(S) = § and R! (S) := R'T where
T =T;(S) is the shelf life satisfying S*7 = S.

Obviously, we have T/ (S"T) =T for T >0 and I € {F, L}.

Finally, our last lemma provides additional structural results on the quality of sold items.

LEMMA EC.4. Suppose all arriving customers purchase the product if it is available. Then, we
have the following:

(a) R (S) is continuous in S.
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(b) RL(S) is differentiable and strictly concave in S. Furthermore, its derivative is R*'(S) =
q (TL(9)).

(c) R'(S;A1, 1) < R'(S; 12, 1) for any sales S, customer arriving rates 11 < Aa, batch replenish-
ment rate u and issuance I € {F, L}.

(d) QFT (A, ) increases with A for any shelf life T.

(e) QT (A, p) is continuous in (T, Q).

Proof of Lemma EC.4. (a) Let S be given and let T be the shelf life such that S©7 = S. Take S’ > S
and let 7’ be the shelf life such that &7 = §’. By Lemma EC.3(a), we have T < 7”. We show that
RF(S") — RF(S) as S tends to S from above. Note that when a customer arrives, Lemma EC.1
implies that there are three cases to consider.

Case 1. When both policies (F,T) and (F,T’) have sales, the difference in the purchased quality
between the two policies is at most go + |g(7”)|.

Case 2. When only (F,T’) has a sale, the purchased quality is at most max (|g(7”)|, go) <
qo+1q(T")|.

Case 3. When none of the policies has a sale, the purchased quality is 0.

Hence, combining these observations gives that
IR(S") = R(S)| < (qo+1q(T")])-1S" = SI.

Because limy 7+ ¢(T”) = ¢(T) and limg 7+ |S" — S| = limp/ 7+ |SFT — SFT| = 0, the Squeeze
Theorem implies that limg _,g+ R (S”) = R (S). The proof of limg _,s- RF(S") = R (S) is similar
and thus omitted.

(b) Let S be given and let 7 be the shelf life such that &7t = §. We show that RL(S) is
differentiable with respect to S, and its derivative at S is equal to ¢ (7). Take any shelf life 7, > T}.
Recall that the sale of an item does not affect the dynamics afterwards (i.e., the sales of later items).
This implies that the dynamics of items with age in [77,73) does not affect the dynamics of items
with age in [0,7}). Hence, we have S©2 — §LT1 = SLI2 [Ty T5) and RET2 — RET = RET2 [T, T5).

Because each item that is sold at an age in [T}, 7>) has quality in (g(7>), g(T})], we have
q(Ty)SH [T, Ty) < RM™ — RMT = RE2(TY,Th) < q(T)SH [T, T).

Dividing both sides by SL-72 — SETt = SLI2 [T T5), we obtain

RL(sL,Tz) _ RL(sL,Tl) RL,TZ _ RL,T|

q(T2) < SL.T, _ LTy © SLDL _ QLT

< q(T1)
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Since both ¢(73) and S&2 are continuous in T», sending 75 to T; and applying the Squeeze Theorem
give that R (S) is differentiable at S and the derivative is given as RL'(SLT1) = ¢(Ty). Since ¢(T) is

SET is strictly increasing in T, it follows that R%(S) is strictly concave

strictly decreasing in 7 and
in S.

(c) According to Lemma EC.3, sales is increasing in both shelf life and demand rate. Suppose that
we achieve the same sales S*71 (2, u) = S©"2(A5, u) under issuance I € {F, L} for some customer
arrival rates A; < A, and shelf lives T > T>.

Under FIFO, with the same shelf life 7', each item stays on the shelf for a longer time (until it
is sold to a customer or disposed of) with a smaller demand rate. Further, when customers arrive
at the same rate, each item stays on the shelf for a longer time with a longer shelf life. These two
observations together imply that each customer receives an older item under (F,7;) with rate 4,
than under (F,T») with rate 1,: QFT1(Ay, u) < QF2(A,, u). The claim follows from multiplying
SET2(Qq, u) = SPT1 (A5, 1) on both sides.

Under LIFO, because RL(O;/I,-, u) =0 fori=1,2, it is sufficient to compare the derivatives and
show that RY'(S; A1, 1) < RY'(S; A, ) for any S > 0. Take an arbitrary S and let T} > 75 be shelf
lives such that § = S&T1 (A, u) = SET2 (A5, ). Then, Part (b) implies that RY'(S; 41, 1) = ¢(Th) <
q(T2) = RY'(8: 42, ).

(d) Let a shelf life 7 and customer arriving rates 1; < A, be given. According to Lemma EC.1(c),
the oldest item is always younger when customers arrive with rate A, than with rate 4;. The PASTA
(“Poisson Arrivals See Time Averages”) property then implies that customers on average purchase
a younger item with rate A, than with rate A;.

(e) Because Q5T (A, ) = RET (A, 1) /ST (A, ) and due to Lemma EC.3(d), it remains to show
that R-T (A, u) is continuous in (7', 1). We begin by showing that R%7 (A, ) is Lipschitz continuous
in A. Following the proof of Lemma 3, we let G (x) := ¢(0) — g(x), x > 0. Note that under LIFO,
due to Lemma EC.3(b), (EC.3.3) becomes

T T
RET (A, 1) = (T)SET (A 1) + / SET (x)dG (x) = ¢(T)S™T (A, 1) + / SLYAG ().
0 0

Hence, for demand rates 2 < A’, we have

[RET (A, ) = RET (A, )

- ‘qm (5T () = SHT (4 ) + /O ' (S50 ) = S5 (2, ) ) dG ()
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; T
g1 1847V, ) = ST (4, )+ /0 |5, ) = S5 (A, )| d G (x)
Llg@1-10 A+ (G = GO) - - A1= (gDl +4(0) ~q(D) X -], (EC26)

where (i) follows because G (x) is an increasing function of x and (ii) follows because S (4, u) is
Lipschitz continuous in A (see the proof of Lemma EC.3(d)).

We obtain from Lemma EC.3(b) that R:T = /OT q(x)dSY*. This implies that RET (A, ) is
continuous in 7.

Finally, we prove that RLT (A, u) is continuous in (7, 2). Let (T, 1) be given and take an arbitrary
€ > 0. Because |g(T)| + g(0) — g(T) is non-negative and continuous in 7, there exists §; > 0

such that |¢g(T")| +q(0) — g(T") < |q(T)| +gq(0) —qg(T) + 1 if |T" —T| < &;. We also define &, :=

PIGa] +q((l))—q(T) — - 5. From the continuity of R%7(A, ) with respect to T, there exists 63 > 0
such that |RET' (A, u) — RET(A, )| < 5 if |T" — T| < 63. Therefore, for any (7’,4’) such that
(T, A") = (T, )] <6 :=min(dy, 52, 03), we have

o i) o / ,
IRET (X, ) = RET (A, )| <" IRET (A, ) — RET (A, )| + | RET (A, 1) — RET (A, )]

g +q(0) = g(T)) - 1¥ = A+ IR (A, ) — RET (4, )|

<6+E
— — =€,
2 2

where (iii) follows from the triangle inequality and (iv) follows because |T" T, |2’ —=A| < (T, ") —

(T,)||<6<6,i=1,2,3. QED.

EC.3. Proofs of Results for Base Model

In this section, we provide proofs of the results in §4.

EC.3.1. Proof of Lemma 1
Fix a sample path of batch and customer arrivals, and let 77 < 7 be two shelf lives.
That sales S are continuous and strictly increasing in T follows readily from Lemma EC.3(a).
That purchased quality Q"7 is strictly decreasing in T follows by combining Lemmas EC.3 and EC 4.
We prove the monotonicity of purchased quality with respect to 7. First, we consider FIFO
issuance. According to Lemma EC.1(a), for an item of age x that exists on the shelf under both
policies, (F,Ty) and (F,T3), at the same time, (F,T>) holds more items of age greater than x than
(F,Ty). Thus, for each item that is sold under (F,T5), we have that either: (i) the item was sold

under (F,T}) at an earlier time or (ii) the item was disposed of under (F,77), and it was only
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sold under (F,T3). In the latter case, which occurs with positive probability, the item’s age was
in [T},T>) when it was purchased under (F,T5), so its quality was strictly lower than ¢(7}) and
thus strictly lower than any purchased quality under (F,T;). These observations together imply
that the long-run average purchased quality is strictly lower under (F,T,) than under (F,T;). We
next consider LIFO issuance. According to Lemma EC.3(a), the retailer has greater sales under
(L,T,) than under (L,T;). Lemma EC.1(b) then implies that the incremental sales under (L, 73)
come from selling items with age in [T}, 73), whose quality is strictly lower than that of any items
of age in [0,77). Hence, it follows that the long-run average purchased quality is strictly lower
under (L, T») than under (L, T}). Therefore, if we define T; := sup{T > 0: Q""" > p} for I € {F, L},

constraint (3.3) is satisfied and customers buy the product if it is in stock if and only if T € (0, T;].

EC.3.2. Proof of Lemma 2
Let T < min(7F,T;) be given. We prove ST > S&T first and then prove Q77T < QLT

Let us fix a sample path of replenishment and customer arrivals. According to Lemma EC.1(c),
the shelf holds more items under (F,T) than (L,T) at any given time (i.e., zf T > th’T for any
t > 0). This implies that FIFO issuance yields higher sales than LIFO issuance, i.e., S©-7 > LT,
We next claim that this inequality is indeed strict, i.e., S¥*7 > S&T. To see this, note that during any
renewal cycle (i.e., consecutive times when a batch arrives at an empty shelf), there is a positive
probability that at some time the state of the inventory of different ages under FIFO and LIFO is
different. Let ¢ be the earliest such time during the cycle. By Lemma EC.1(c), the shelf must hold
strictly more items under FIFO than under LIFO at 7. Thus, with positive probability, FIFO can
achieve strictly more sales than LIFO subsequently during the cycle (for example, there is a positive
probability that enough customers arrive to completely clear the shelf under both policies, before
any inventory is disposed of). Because the two policies achieved identical sales during the cycle
up to ¢, it must be that FIFO achieves strictly more sales than LIFO overall during the cycle. And
because this occurs with positive probability during any renewal cycle, we have ST > SE-T,

It follows from our argument above and Lemma EC.3(a) that there exists a shelf life 77 > T
such that S&7" = §©T_ Then, Lemma 3 gives that RF"T = RF (§T) < RL(SFT). Combining these
observations, we obtain

RF,T RL (SF’T) ~ RL (SL,T')

FT _ _ LT LT
0 - SF.T = SF.T - SL.T’ =0 <0,

where the last inequality follows from Lemma 1 because T < T".
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EC.3.3. Proof of Proposition 1
We fix a shelf life T < min(7r, T;) = Tr and compare two policies, (F,T) and (L, T).

(a) For convenience of exposition, let us denote the retailer’s objective (3.4) under policy (1,7
by V!, We obtain the following condition from (4.1) under which the FIFO policy outperforms
the LIFO policy:

VET <vET o (p+d)SET + fWET < (p+d)STT + fwWET

e fWE-WED < (prd)(sTT - $5)

WL,T _ WF,T
s f- <FTSiT <p+d, (EC.3.1)
where we used the fact that S©*7 > S&T (Lemma 2). Because the RHS is strictly positive, it follows

that there exists f > 0 such that FIFO issuance outperforms LIFO issuance if and only if f < f.
(b) To show that f increases with d, we consider the following two cases. When wbT < whT
(i.e., the LHS of (EC.3.1) is negative), the inequality holds for all d > —p, implying that FIFO
issuance dominates LIFO issuance regardless of the value of f. When W51 > WET (ie., the LHS
is strictly positive), the threshold f is given as
SF.T _ gLT
WLT _WF.T’

— e
>0

f=(p+d)-

and it increases with d because S©7 > §&T and WHT > WET | If we let f =1 and solve for
d, we get d = (QLTSLT — QP TSET) /(SET — §ET)  This implies that we have f =1 for d >
(QL’TSL’T _ QF’TSF’T)/(SF’T _ SL’T).

EC.3.4. Proof of Lemma 3

Recalling the definition of R’(S) in Definition EC.1, we argue that it is sufficient to show that
RL(S) > R (S) for any sales S > 0, assuming that customers who find items in stock purchase one.
To see this, first note that the inequality implies that RL(S)/S = QLTt(9) > RF(8)/§ = QFTr (),
This in turn implies that if sales S > 0 satisfies Q>7*(5) > p, then we have Q%7t(5) > p. Hence,
it follows from (4.2) that SLTL > §FTF | Furthermore, the inequality R (S) > RT(S) is equivalent
to WE(S) > WF(S) because W/(S) =S - (Q"T — p) = R'(S) — p - S. Figure EC.2 provides an

illustration.
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Figure EC.2  Comparison between RF (S) and RL(S).

The proof proceeds in five steps. Suppose that we have STt = S&-72 = § for some shelf lives

Ty < Tr and T» < T;.. Note that Lemma 2 implies 71 < 7>.'0 We argue that

RET <« RLT2, (EC.3.2)

Step 1. First, we derive an expression for R'T . For convenience of exposition, we denote the
long-run average sales of inventory of age below x and the long-run average rate at which inventory
reaches age x by S'7 (x) := S'T[0,x) and DT (x) := D'T[0,x), respectively, for each x € [0,T]. In
particular, we have ST (T) = S/'T and D' (T) = D" Then, it can be readily seen that the long-run

average purchased quality can be written as
T T
R = [ qas 7= [ a0~ (@)= g) }as'T

T
~g@"7(1)~ [ (a(0) - g()) a5 ().
0 N———— ———
=G (x)
Let us define G(x) := g(0) — g(x), x > 0. Applying integration by parts to the second term and

using STT(T) = STT yield

T
R = 4(0)s'T - / G (x)dS™T (x)
0

T
=q(0)s"" - (G(T)S’*T(T) - G(0) $™7(0) - / S”T(x>dG<x)) (EC.3.3)
S~—— 0
=0

T
=q(T)S"T + / ST (x)dG (x).
0

10Here, we used the monotonicity result regarding the sales only.
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As each item is either sold prior to reaching age x or displayed on the shelf until it reaches age x for
any x € [0,T], we must have uB = S*T (x) + D' (x) and in particular, uB = ST + DI, Applying
these to (EC.3.3), we get

RIT = 4(T) (,uB - DI’T) + /OT (ﬂB - DI’T(x)) dG (x)

T (EC.3.4)
~ (OB - D' - [ DM (06,
0
Step 2. If we apply (EC.3.4) to both sides of (EC.3.2), the inequality becomes
T
dOuB - (D™ - [T D (a6
0 (EC.3.5)

b3
<q(0)uB-q(T>)D"" - /0 D (x)dG(x).

Note that we have the same inventory disposal under both policies because 77 and 7> were chosen
to be such that STt = SL-72 = §. Let us denote the inventory disposal under both policies by
D =DF1h = pbh (= 4B — §). Rearranging terms, it can be readily seen that (EC.3.5) is equivalent

to
T I
/o DL’TZ(x)dG(x)S/o DT (x)dG (x) + (¢(T1) - ¢(T2))D

T iy
_ / DFT (x)dG (x) + D / dG(x).

0 T

(EC.3.6)

Now, based on the FIFO policy, let us define a “hidden-FIFO” policy”, which we denote by (F'1,T5):
under the hidden-FIFO policy, the retailer sells items of age at most 77 to customers according to
FIFO issuance but only discards items when they reach age 7>, so items of age T € [T}, T>) are kept
on the shelf, but “hidden” from customers. In other words, under this policy, the retailer uses shelf
life 7>, but customers are offered items of ages strictly below 77 according to FIFO. Figure EC.3
illustrates the hidden-FIFO policy graphically along with (L, 7).

The rate at which inventory reaches age x € [0, T;] under policy (F7!,T3) is given as following
because items are not available to customers once they reach age 7.

F.T, .
DFTL’Tz(x): D" (x) if0<x<T,

DEN =D ifT) <x <.

With this notation, we can simplify the RHS of (EC.3.6) and rewrite it as following.

1 1 .
/ DL (x)dG(x) < / DF " (x)dG (x). (EC.3.7)
0 0
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pFlLTz = p DLTz = p

Figure EC.3  An lllustration of Policies (F71,T,) and (L,T3). In the figure, only items of ages less than x that
are in the dashed areas are accessible to customers.

Recall that any convex or concave function is differentiable almost surely. We shall proceed the
remaining analysis under the assumption that ¢(7) is differentiable at all T > 0, and thus so is
G(x) = q(0) — g(x). The proof can be readily modified to include the set of non-differentiable
points which is at most countable. Then, (EC.3.7) can be rewritten as following.

T T -
(=g () DE2(x)dx < | (=¢'(x)) DF "2 (x)dx. (EC.3.8)
0

Step 3. We claim that the following identity holds.

/ DT (1)dt=7"T(x), foranyxe[0,T]and I €{F,FT, L}. (EC.3.9)
0

It is sufficient to prove the following finite-time version of the identity.
L[y (y)d _Lr LT (x)dr, fi M >0andx e [0,7T] EC.3.10
M J, (0.0 y—M A z,” (x)dt, forany M >0 and x T, (EC.3.10)

where df(’)TM) (y) denotes the total number of items that reached age y under (/,T) during time
interval [0, M) and ztl T(x) denotes the inventory level under age x under (/,7') at time ¢. In other

words, df(’{M) (y

To see this, suppose an item is replenished at time ¢ and stays on the shelf for 7 time period where

f(’{M) (y) for each y € [0, 1), it contributes 7 to the

) and z!"" (x) respectively represent the finite-time versions of D*7 (y) and Z*7 (x).

t+71 < M. Because the item contributes 1 to d
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LHS in total. On the other hand, because the item is counted once in zf T (x) foreach t € [t,1 +7),
it contributes % to the RHS. Thus, (EC.3.9) follows and we can rewrite (EC.3.8) as

Tz T2 ~
(=g’ NAZE2(x) < | (=q' (x))dZF "2 (x). (EC.3.11)
0 0

Step 4. We claim that ZL%2 (x) < ZF""2(x) for any x € [0, T>]. That is, on average, (F71,T») holds
more inventory of age below x than (L, T>) does. It is sufficient to show that (F,7>) holds larger

inventory that is younger than age x than (L, 73) does at any given time:
PP (x) <2f B (x), forany >0 and x € [0,T3]. (EC.3.12)

Let {t,},>1 denote the increasing sequence of times at which the retailer replenishes inventory or
customers arrive and let ¢y = 0. Note that if the claim holds at ¢ > 0 and no batch or customer arrives
during time period (¢,], the claim continues to hold until #" because z,, F.T, (x)= zf’Tz (x=('-1) >
ZtL’Tz (x—=(-1)) = zL T2(x). Thus, we only need to prove the claim at discrete times {z,},>0.
Clearly, the claim holds at 7o = 0 when the shelf is empty. Suppose the claim holds until 7, for some
integer n € {0,1,2,...}. Take any x € [0, T5]. If a batch arrived at ¢,,+1, we have

B () = T (— (t41 — 1)) + B
(EC.3.13)

LT LT
>z, (x = (tne1 —1y)) + B=72," 2 (x).

On the other hand, if a customer arrived at ¢,,,1, we have

P00 = (2 P10, min e (=12, 7)) - 1)

[n+l

FO.T. .
+Zt,, ? [mln(x - (tn+1 - tn), Tl)9x - (tn+l - tn))

0/ ,
> (ef P10, min x = (taet = 1), T1)
+
+ 27 min(x = (et = 1), 715X = (et — 1)) — 1)

~ +
= (cf" 10,5 = (s = 1) - 1)

(EC.3.14)

2 (P10~ (st ) - 1) =2E ),

where (i) follows from the inequality (a — 1)*+b > (a+ b — 1)* for a,b > 0 and (ii) follows from
the induction hypothesis. Because x was chosen arbitrarily, it follows that (EC.3.12) continues to
hold at #,,;1. Therefore, by the induction principle, (EC.3.12) holds for all ¢t,, n=0,1,2.. ., and thus
it holds for any ¢ > 0.
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Step 5. Using the fact that —q’(¢) is positive and decreasing in ¢ (because ¢(¢) is convex in r) and

by Step 4, we can apply Lemma EC.6 to obtain inequality (EC.3.11). This proves that
RF(S) < RE(S) for S < min(SF, §H). (EC.3.15)

Furthermore, we argue that the inequality is indeed strict, i.e., RF (§) < RE(S). At any given
time, there is positive probability that there are strictly more than one items with different ages
below 7' under both the hidden-FIFO policy and the forced-LIFO policy. (Imagine multiple batches
arriving in a short period of time while no customer arrives.) In such a case, an arriving customer’s
purchased quality would be strictly larger under the forced-LIFO policy than the hidden-FIFO
policy, i.e., q(T,IjT1 ) < q(TZI;’TZ). This proves the claim.

Lastly, we show that S < S&. Due to the monotonicity of 'Y with respect to T (see
Lemma EC.3(a)), we obtain from the definition of T/ that ' = sup{S > 0: R'(S) > pS},I € {F,L}.

So it remains to show that
sup{S > 0: R (S) > pS} <sup{S>0:RE(S) > pS}.

This inequality holds because for any S that gives RY (S) > pS, we have RE(S) > RF(S) > pS by
(EC.3.15). This concludes the proof.

EC.3.5. Proof of Theorem 1
Recall that under any issuance /, the optimal shelf life is chosen from the interval [0, T! ], without
loss of optimality in maximizing the retailer’s objective.

We first prove that LIFO dominates FIFO. Consider a policy (F,T;) with T} < Tr and define
T, := T (STT") to be the shelf life such that policies (F,T;) and (L,T>) have the same sales,
SET =S4T (Lemma 3 guarantees that 75 exists because the maximal sales achievable with LIFO
are strictly larger than those achievable with FIFO, SLTL 5 gF.Tr , and sales are continuous in the

shelf life by Lemma 1.) Then, it follows from Lemma 3 that
WL,Tz — WL(SL,TZ) — WL(SF’T]) > WF(SF,T]) — WF,T] )

Because the objective is increasing in both S*7 and W/T (see (4.1)), it follows that the optimal
policy must use LIFO issuance.
Next, we solve for the retailer’s optimal shelf life under LIFO. The retailer’s objective under

LIFO can be written as a function of S:

VES):={(1-f)p+d} S+ fR*(S)—duB, 0<S<S§*, (EC.3.16)
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where ST is defined in Lemma EC.3. Because RZ(S) is differentiable and concave in S
from Lemma EC.4, the first-order condition yields the a globally optimal unconstrained solution.

The derivative of the objective with respect to S is

avt dR"
E:(l —f)P+d+f'E:(1 - fp+d+f-q(TL(S)), (EC.3.17)

where the second equality follows from Lemma EC.4(b). Thus, the critical point satisfies 77 (S*) =
g (p — (p+d)/f). This expression is trivially positive from the definition of the function g.
Because T is chosen from the interval [0,77], we readily obtain that the optimal shelf life is
T; =min(g~ (p - (p+d)/f), Th).

Lastly, we prove the comparative statics results. As the product quality degrades faster, the
derivative in (EC.3.17) becomes smaller for each S. Because ¢ is strictly decreasing, this implies
that the critical point 7 (S*) decreases, and therefore the optimal shelf life 7 also decreases. That

T; decreases with f and increases with d follows from its expression.

LEMMA EC.5. Considerany issuance I, shelflife T, and price p such that all customers who find
an item in stock purchase it, and with a slight abuse of notation, let T;(p) = sup{T > 0: Q''T > p}
denote the largest shelf life with issuance I at which all customers purchase the item at price p.

Then:

0" > ¢(T) (EC.3.18a)
T1(p) > g (p). (EC.3.18b)

Proof of Lemma EC.5. 1f I, T, p are such that all customers who find an item in stock purchase one,
then the expression of purchased quality is given by Q"7 in (3.3), irrespective of whether or not
there are timestamps, and the result in Lemma 1 is also applicable for any such 7.

Because ¢(7) is strictly decreasing in 7, it follows that the average purchased quality Q%7 is
strictly larger than the lowest-possible quality of an item on the shelf ¢(T), proving (EC.3.18a).
Because Q7 is continuous and strictly decreasing in 7 (by Lemma 1), we have that Q' Ti(p) = p.

Then, (EC.3.18a) implies that

QM) = p > ¢(Ti(p)) = Ti(p) >4 (p), (EC.3.19)

where the last inequality follows because ¢ is strictly decreasing. Q.E.D.
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EC.3.6. Proof of Proposition 2

Recall that the price p is chosen subject to the constraints
max (0, -d) < p < Q"7 (EC.3.20)

where the latter inequality restates condition (3.3) that guarantees strictly positive sales. With a
slight abuse of notation, let T; (p) denote the value of T; from (4.2) for a given value of p, i.e.,
T (p) =sup{T > 0: Q%" > p}. Note that the feasible range of values for p in (EC.3.20) implies
that any feasible shelf life 7 must satisfy:

05T > max(0,~d) & T <Tp(max(0,-d)) & T <min(T(0),T.(~d)), (EC.3.21)

where the first equivalence follows from the definition of T (p) and the second equivalence follows
because 77 (p) is decreasing in p.

Because Theorem 1 proved the strict dominance of LIFO for any exogeneously fixed price p > —d
and because the objective is continuous in p, it readily follows that LIFO issuance is optimal even
when p is optimally chosen subject to the stated constraints.

To characterize the optimal price and shelf life with LIFO, consider first the case f < 1. For
any T satisfying (EC.3.21), it can be readily checked that the retailer’s objective (3.4) is strictly
increasing in p for any p < Q™T. To maximize the objective, the retailer should therefore charge a
price p = QLT

To determine the optimal shelf life 7, note that with price p = Q%7 the customer welfare is zero

and the retailer’s objective becomes:
oLl . stT _q. DY+ £.0=(QFT +d)SET — duB, (EC.3.22)

which is identical to the objective of a social welfare-maximizing retailer (f = 1). Theorem 1 would
therefore imply that an unconstrained optimal shelf life would be ¢! (-d). To take account of the
constraints (EC.3.21), note that the retailer’s objective is pseudo-concave in the shelf life 7 and
in particular, it is unimodal in T (because the objective is concave in S by Lemma EC.4 and S is

strictly increasing in 7). Therefore, the optimal shelf life is:
T; = min(T;(0), Tr(=d), ¢~' (=d)) =min(7.(0),¢~" (=d)),

where the second equality follows because 77 (—d) > ¢~'(~d) by Lemma EC.5.
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If f =1, the retailer maximizes social welfare. The retailer’s objective (3.4) becomes
Vi = ps!tT —ap™ + 1. W =ds™ + R — duB,

which is equal to (EC.3.22). Hence, a similar line of arguments as above can be used to conclude
that the shelf life is given by 7} = min (7, (0), g (—d)). Because the objective is independent of
price p, any price that satisfies (EC.3.20) for T =7, will be optimal.

EC.3.7. Proof of Proposition 3
(a) Fix the issuance I and a price p. With timestamps, recall that customers observe the quality of
the item on offer before making a purchase decision, so to ensure non-zero sales, the shelf life and
price must satisfy (3.1), or equivalently, T < g~ (p).

For any shelf life T < ¢~ '(p), all customers who find an item in stock purchase it and derive
positive ex-post utility from the purchase. This implies that the purchased quality expression is
given by QT in (3.3) and is the same as in the case without timestamps for shelf life 7. Then,

by Lemma EC.5, at shelf life T = ¢~ (p) we have that 0™4" (") > g(¢™(p)) = p and Ty > ¢~ (p).

(b) The argument above also implies that the feasible set of shelf life values with timestamps,
[0,47"(p)], is strictly contained in the feasible set of shelf life values without timestamps, [0, 7],
so the retailer’s optimal objective value with timestamps is lower than without timestamps.

Finally, we prove that timestamps increase customer welfare under any issuance / (and under the
optimal shelf life corresponding to that issuance).

With LIFO issuance, we first argue that the optimal shelf life with timestamps is exactly g~!(p)
(irrespective of the weight f). This follows because g~!(p) exactly corresponds to the shelf life that
maximizes customer welfare under LIFO (by Theorem 1 for the case f — o), so the sales and the
customer welfare are increasing in T for T < ¢~ (p), which means that T = g~!(p) is optimal for
any f € [0,1]. In turn, because ¢~ (p) actually maximizes customer welfare, this readily implies
that customer welfare with timestamps is always larger than without timestamps.

With FIFO issuance, we distinguish two cases depending on the value of the optimal shelf life
without timestamps, which we denote by 77.. If T < g '(p), then T;. will be the optimal shelf life
with timestamps as well (by Proposition 3 and because T}, would be feasible with timestamps in this
case). In this case, timestamps will not result in any change in customer welfare. If 7. > g ' (p),
then we claim that (i) FIFO issuance with timestamps and a shelf life of ¢! (p) would always lead to

a larger customer welfare than (ii) FIFO issuance without timestamps and a shelf life 7}, > g ' (p).
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To argue this, let us assign a unique identity (ID) to each item that is received by the retailer, as
follows: we number the items with 1 to B in the first batch (with 1 being the first item on offer from
that batch, 2 being the second, etc.), we number the items in the second batch with B+ 1 to 2B (with
B + 1 being the first on offer from the batch), etc. Then, a sample-path argument and induction can
be used to prove the following properties:

1. If both policy (i) and policy (ii) have an item on offer, the item on offer under policy (i) has
higher ID (and therefore lower age) than the item on offer under policy (ii);

2. If an item with a given ID is sold to customers under both policies, it is sold at a lower age
under policy (i) than under policy (ii);

3. If an item with a given ID is sold under policy (ii) but is not sold under policy (i), it must have
been disposed under policy (i) and therefore its age when it was sold under policy (ii) was
strictly larger than ¢~ (p).

With these properties, it can be readily seen that customer welfare is strictly higher under policy (i),
because any item sold under both policies results in higher ex post utility under policy (i), items sold
under policy (i) but not under policy (ii) always result in positive ex-post utility (because policy (i)
uses timestamps), and the only items sold under policy (ii) but not under policy (i) result in strictly
negative ex post utility (because their age strictly is strictly above ¢~ (p) when sold).

To complete the argument, we distinguish two cases. If the optimal shelf life with timestamps
is actually ¢~!(p), then the result is immediate from the argument above. If the optimal shelf
life T with timestamps is strictly smaller than ¢~'(p), we claim that (under FIFO issuance and
with timestamps) the customer welfare achieved with shelf life 7 must be strictly larger than the
customer welfare achieved with shelf life ¢! (p). This follows because if it were not the case, the
latter policy (which achieves strictly higher sales) would be optimal instead. Therefore, in this case,
FIFO issuance with timestamps and shelf life strictly below ¢~!(p) achieves strictly larger customer

welfare than FIFO issuance without timestamps and with shelf life 7. > g ' (p).

EC.3.8. Proof of Proposition 4

(a) By Proposition 3, the shelf life with timestamps must satisfy 7 < ¢! (p) < Ty, under any issuance
1. Without timestamps, the optimal shelf life is given by (4.3), namely 7} = min (77, g (p-(p+
d)/f)). Because p > —d and q is decreasing, we readily have that g~ (p — (p +d)/ f) > ¢~ (p) for
any f € [0, 1]; and because T;, > g~!(p), this implies that the optimal shelf life with timestamps is

strictly smaller than 7.
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(b) Consider first the case f =0, when the retailer maximizes direct profit or, equivalently, sales.
Under any issuance I, because ¢~!(p) < T; and sales strictly increase with the shelf life for T < T;
by Lemma 1, it follows that the shelf life that maximizes sales (and the retailer’s profit) is exactly
T =g '(p). But then, Lemma 2 implies that FIFO achieves strictly larger sales than LIFO for
T =g~ '(p), so FIFO is optimal.

To prove the threshold structure, note that the optimal objective value is continuous in f, so there
exists a threshold f > 0 such that FIFO issuance (with shelf life < ¢~'(p)) is optimal for f < f.
It remains to show that if LIFO is the optimal issuance for some f < 1, it is also optimal for any
f > f. To that end, consider the following facts:

« For any issuance I, sales S’ is strictly increasing and continuous in 7 (Lemma 1), so

optimizing over (I,T) with T < g~!(p) is equivalent to optimizing over (I,S) with S €
[0, ST (P)].
e For I and S € [0, Sl’q_l(l’)], the retailer’s objective in (3.4) is a linear function of the form
a-S+ f-WI!(S), where the coefficient a is independent of f.
« ByLemma3, WZ(S) > WF(S) forany S € [0, SLa™ (P)] and by Lemma EC.4, WX (S) is strictly
concave in S.
Then, a convex analysis argument can be used to show that if LIFO issuance is strictly optimal
for f > 0, it must be strictly optimal for any f > f. For any f and I, let S7(f) denote the sales
and Vy(f) ==a-S;(f)+ [ w! (S3( f)) denote the objective value achieved under the optimal
shelf life choice with issuance /. Also, for any function f(S) defined over a closed, convex subset
D c [0, SF’qfl(p)], let H(f) denote its hypograph, i.e., H( f) ::{(S, 1) 1 t< f(S5),Se D}. Because
FIFO is strictly suboptimal for f = f, we have

HWE) c{(S,t) :a-S+f-t<V; ()}, (EC.3.23)

that is, the hypograph of W (S) is strictly contained in the half-space in the right-hand-side
of (EC.3.23). Consider then the function f(S) defined on [O, SFa™ (P)] as follows:

WEL(S), if S € [0,57% ()]
(—a-S+Vi(D)/f, it Se(Si(f),sFa @]

By construction, this function satisfies the following two properties:

g(8):=

HWF) cH(g) (EC.3.24a)

max (a-S+f-1)= max (a-S+f-1),Vf>f. (EC.3.24b)
(S,)eH(g) (S,))eH(WL)
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Eq. (EC.3.24a) states that the hypograph of W is strictly contained in the hypograph of g(S),
which follows from (EC.3.23) and because W¥ (S) < W (S) for any S € [0, S% (f)]. Eq. (EC.3.24b)
states that maximizing any linear function a - S+ f - ¢ with f > f over the hypograph of WX (S)
yields the same value as maximizing it over the hypograph of g(S5).

But then, consider the problem of maximizing the retailer’s objective for f > . With issuance 1,
the optimal value is the same as the optimal value when maximizing the linear functiona-S+ f -t
over the set H(W'). Therefore, (EC.3.24a) and (EC.3.24b) readily imply that LIFO issuance is
strictly dominant.

For a proof that the optimal shelf life with LIFO and timestamps is ¢~ (p), we direct the reader

to the argument used in the proof of part (b) in Proposition 3.

(c) Proposition 3 implies that the optimal objective without timestamps is larger than the optimal
objective with timestamps. To prove the strict dominance, we distinguish two cases. If the optimal
issuance with timestamps is LIFO, the result follows from part (a) and Proposition 3 (because the
feasible set of shelf lives with timestamps is contained in the feasible set without timestamps). If
the optimal issuance with timestamps is FIFO, the result follows because LIFO issuance without
timestamps delivers a strictly larger optimal objective than FIFO issuance with timestamps (in view
of Theorem 1), which in turn delivers a larger optimal objective that FIFO without timestamps (in

view of Proposition 3).

EC.3.9. Proof of Proposition 5

We first derive the retailer’s optimal policy with timestamps. Recall that with timestamps, each
arriving customer observes the quality of the item on offer ¢(7) and purchases it as long as it gives
positive expected utility ex-ante. Therefore, an age-dependent price p(7) should be chosen subject

to the constraints:
max(0,-d) < p(7) < q(7), (EC.3.25)

where the latter inequality restates the condition that the ex-ante utility is positive. Note that the

pricing constraint (EC.3.25) also implies that any feasible shelf life 7 must satisfy:
q(T) > max(0,-d) & T <q ' (max(0,-d)) © T <min(q~'(0),q~"(~d)), (EC.3.26)

where the equivalences follow because ¢ is decreasing.
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Under any pricing policy that satisfies (EC.3.25) and shelf life that satisfies (EC.3.26), any
arriving customer who finds an item in stock purchases it.

Consider first the case f < 1. It is easy to verify that the retailer’s objective is increasing in
the price values p(7) provided that (EC.3.25) is satisfied. Therefore, the optimal pricing policy is
p(7) = q(7), which implies that each arriving customer who makes a purchase derives zero utility
from that purchase. Because customer welfare is zero, the retailer’s objective becomes equivalent
to that of a social welfare-maximizing retailer (f =1).

In the case f =1, it is easy to verify that the retailer’s objective does not depend on the price
values p(7) — so any pricing policy satisfying (EC.3.25) is optimal — and the objective trivially
corresponds to that of a social welfare-maximizing retailer (f = 1).

Therefore, under the optimal age-dependent pricing, the retailer’s objective is equivalent to
maximizing social welfare (f = 1). Theorem 1 and Proposition 4 would imply that without any other
constraints, the optimal issuance would be LIFO and the optimal shelf life would be T = g~!(-d).
However, the shelf life must satisfy constraint (EC.3.26), so we distinguish two cases, depending
on the value of d:

* If d <0, the optimal shelf life is ! (—d) both with and without timestamps. With timestamps,
this follows because d < 0 implies g~!(=d) < ¢~ (0), which in turn implies that the (uncon-
strained) optimal shelf life T = ¢! (=d) is feasible in (EC.3.25) and is therefore optimal.
Without timestamps, this follows from Proposition 2, because 7} = min(g ™! (=d),T.(0)) and
in this case ¢~ (=d) < ¢~'(0) < T (0) (where the last inequality follows from Lemma EC.5.)
To summarize, in the case d < 0, the optimal issuance and shelf life, and the resulting sales,
purchased quality, and optimal objective value are identical in the case with and in the case
without timestamps.

« If d > 0, note that in the case with timestamps, (EC.3.25) reduces to the constraint 7 < ¢~'(0).
The case therefore becomes equivalent to the case of a social-welfare maximizing retailer who
prices items at p =0 and is forced to used timestamps. The optimal policy is the one described
in Proposition 4: the optimal issuance is LIFO and shelf life ¢~'(0) if and only if f > f
(where the threshold f corresponds to the case p =0) and it is FIFO otherwise. Moreover,
by (EC.3.25), the retailer’s objective is strictly smaller without timestamps, so the optimal

policy is to not timestamp items and use the policy from Proposition 2.
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EC.3.10. Proof of Proposition 6

We consider the case with a fixed price p first and prove both parts (i) and (ii). Recall that
with a fixed price p, the retailer’s optimal policy is to use LIFO issuance and a shelf life 7} =
min(¢~!(p — (p +d)/f), T1), according to Theorem 1. Therefore, a change in the disposal cost
d would impact the quantity and quality of disposed items and the customer welfare (henceforth
referred to as the “quantities of interest” for the rest of this proof) only through changes in the
optimal shelf life 7.

If =0, the optimal shelf life is 7} = T;, which is independent of d. An increase in d would
therefore leave all quantities of interest unchanged.

If £ > 0, then note that the shelf life depends on d if and only if g™ (p — (p +d)/ f) < T1., which
is equivalent to d < d := f - (p — q(T1)) — p. Thus, if d > d, an increase in d leaves the shelf life
and all the quantities of interest unchanged. When d < d, increasing d strictly increases T; because
q is strictly decreasing. An increase in 7, strictly increases the sales SETL (by Lemma 1, which
applies because T; < T; here), which strictly reduces the quantity of items disposed,  — S’ The
increase in 7; also strictly reduces the average quality of discarded items because all discarded
items have strictly lower quality. To see that customer welfare also strictly decreases, note that
customer welfare is maximized at a shelf life 7= ¢~!(p) (by Theorem 1 for the case f — co) and
because the retailer’s objective is pseudoconcave in T and T} > g '(p) (as argued in the proof
of Proposition 4), it follows that the increase in d strictly reduces customer welfare.

For the case with an optimally chosen price, the optimal policy is characterized in Proposition 2.
The shelf life is 7; = min(77(0), ¢~'(=d)) and depends on d if and only if ¢~' (-d) < T (0), which
is equivalent to d < d = —q(TL(O)). Thus, if d > cf, an increase in d leaves all the quantities of
interest unchanged. If d < d, increasing d strictly increases T; because g is strictly decreasing and
therefore strictly reduces the quantity and quality of disposed items. If f < 1, the optimal price is
Q575 so the customer welfare is zero and is not affected by the change in d. If f = 1, the retailer
could in principle use any price value from [max(0,—d) Q%"L] because the price only serves to
allocate the total welfare between the retailer and the customers. Because the total welfare is strictly
lower when d increases, if the retailer uses a price that allocates a fixed or decreasing fraction of

the total welfare to the customers, then the customer welfare will also strictly decrease.

EC.3.11. Technical Lemma
Throughout this section, we fix the initial inventory status and a sample path of batch arrivals,

unless explicitly stated otherwise.
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LEMMA EC.6. Let ¢ : [0,00) — [0, o) be a decreasing function and let F; : [0,00) - R, i=1,2

be two continuous functions such that Fy(0) = F>(0) and Fy(x) < F»(x) for all x > 0. Then, we have

T T
/ ¢(x)dF(x) < / ¢(x)dFy(x), foranyT >0. (EC.3.27)
0 0
Proof of Lemma EC.6. Using integration by parts, we obtain
T T
/ ¢ (x)dFi(x) = ¢(T)F;(T) - ¢(0) F;(0) —/ Fi(x)d¢(x), i=1,2. (EC.3.28)
0 —_ Jo
=0

By plugging in (EC.3.28) into both sides of (EC.3.27) and using F(T) < F,(T), one can see that

it is sufficient to show that

T T
/ Fi(x) (~do(x)) < / Fy(x) (~dé(x)). forany T > 0.
0 0

This holds true because we have Fi(x) < F>(x) for any x > 0 and —¢(x) is an increasing function

of x. This concludes the proof. Q.E.D.

EC.4. Numerical lllustration of Results for Base Model

For the running example, this section illustrates results for the base model in §4. The running
example has price p = 1, customer arrival rate 4 = 1, Poisson replenishment with rate u =1 and
batch size B =1, and quality g(7) =2 —0.57.

Our two main results are that LIFO issuance is optimal and to not timestamp is optimal. Fig-
ure EC.4 helps to quantify the significance of each result. The first three rows of the figure show the
optimal shelf life, the sales S, and the customer welfare W corresponding to several distinct policies
(shown on columns). Specifically, the figure considers: FIFO issuance with an optimal shelf life and
no timestamps (left column), LIFO issuance with an optimal shelf life and no timestamps (middle
column), and an optimal issuance and shelf life when required to timestamp (right column). The
LIFO policy in the middle column corresponds to the optimal policy overall, whereas the policies
in the left and the right columns serve as useful benchmarks for isolating the benefits of using the
optimal policy. To facilitate the discussion, the fourth row of the figure compares these policies: the
middle panel depicts the improvement in the retailer’s objective from using LIFO issuance rather
than FIFO issuance (i.e., comparing the policies in the second and first column), and the right panel
depicts the improvement from not using a timestamp (i.e., comparing the policies in the second and

third column).
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Using LIFO rather than FIFO greatly increases the retailer’s objective, by two different mecha-
nisms. When f is small, the shift from FIFO to LIFO greatly increases the shelf life, which increases
sales and reduces disposals. In particular, at f =0, that shift increases the shelf life by a factor of
3.75 - nearly quadruples the shelf life - which increases sales by 7% and reduces disposals by 27%.
The corresponding improvements in the retailer’s objective are monotonic increasing in the disposal
cost d and can be as high as 12% for d =0.5. When f is larger, the shift from FIFO to LIFO only
slightly increases the optimal shelf life and sales, but substantially increases the customer welfare.
The increase in customer welfare is monotonic decreasing (in both absolute and percentage terms)
in the disposal cost d. For f =1, the shift from FIFO to LIFO increases customer welfare by 13%
at d =—-0.5 and by 18% at d =0.5. The increase in the retailer’s objective is monotonic increasing
(in both absolute and percentage terms) in d and f, to nearly 16% atd =0.5 and f =1.

Not timestamping items also greatly increases the retailer’s objective. This occurs because a
retailer that does not timestamp items can use a significantly larger shelf life: the optimal shelf life
with timestamps is ¢~'(p) = 2, whereas the optimal shelf life without timestamps always strictly
exceeds that value and could be as high as 7'= 15, when maximizing direct profit (f = 0). This also
translates in substantial increases in objective function value, and these increases are decreasing in
the weight f on customer welfare and increasing in the disposal cost d. Specifically, a retailer who
does not use timestamps could gain from 15% to 86% in objective when maximizing direct profit

(f =0) and could gain from 1% to 15% in objective when maximizing social welfare (f =1).

EC.5. Proofs of Results for Model Extensions in §5

In this section, we provide proofs of the results in §5.

EC.5.1. Proof of Proposition 7

(a) The proof follows essentially the same arguments as those in the proof of Proposition 4 (b),
so we omit the details for brevity.

(b) Because timestamps impose a constraint 7 < ¢~'(p), then cannot be strictly optimal. If the
upper bound on shelf life satisfies T < g~!(p), the constraint imposed by timestamps is redundant,
so the retailer would optimally use the same issuance and shelf life with and without timestamps
and achieve the same objective. If T > ¢! (p), timestamps impose a more restrictive upper bound
on shelf life; several cases arise, depending on the value of f:

o If f> fU®, LIFO issuance is optimal without timestamps. Because the retailer’s objective is

pseudoconcave in 7', the optimal shelf life is min(7;,7) > ¢~' (p), where the inequality follows
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Figure EC.4  Optimal shelf life (top row), sales (second row), customer welfare (third row), and improvement
in retailer’s objective (fourth row)

because 7, > g~ '(p) by Proposition 4. Timestamps would strictly reduce the shelf life and
strictly reduce the retailer’s objective.

o If £ =0, sales would be maximized with an optimal shelf life of min(7;,T) > g~'(p), where
the inequality follows because 7; > ¢g~!(p) by Proposition 3. Because sales strictly increase

with 7', timestamps would strictly reduce the sales. Because the optimal objective is continuous
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in f, we readily obtain that there exists a threshold f"® > 0 such that timestamps would strictly
decrease the retailer’s objective if f € [0, f).

* Note that the intermediate case above is only meaningful in its own right if without timestamps,
the retailer optimally uses FIFO at f =0 (otherwise, LIFO would be optimal for all f > 0 and
timestamps would strictly reduce the objective). In this case, the threshold £ corresponds to
the value of f at which the retailer would optimally set a shelf life of exactly g~!(p) without
timestamps. Therefore, with f € [f'®, f"®), the retailer would optimally use FIFO issuance
and use a shelf life 7 < g~!(p) without timestamps, and the presence of timestamps would

have no effect on the optimal policy or on the objective.

EC.5.2. Proof of Proposition 8

The proof is by means of the instance documented in Figure 3.

EC.5.3. Proof of Proposition 9
The proof is by means of the instance documented in Figure 4. (b) Because timestamps translate
into a constraint on the maximum shelf life, 7 < ¢~!(p), they cannot be strictly optimal. That they

can strictly decrease the objective is apparent from the same numeric example in Figure 4.

EC.5.4. Proof of Proposition 10
(a) The result follows from the instance in Figure EC.5.
(b) With timestamps, an arriving customer purchases an item on offer if and only if u(7) >0,

which means that any feasible shelf life 7 must satisfy the constraint
T <u ' (0). (EC.5.1)

(Note that in the model with loss aversion, u~!(0) = g~!(p), exactly like in our base model.)
Without timestamps, for any issuance / and shelf life 7', we can readily define the (long-run)
average utility U"T that customers derive from a purchase and rewrite the condition that should
be met to ensure that all arriving customers purchase an item on offer. Specifically, with issuance
I and shelf life 7', all customers would purchase an item on offer if and only if the average utility

from purchases is positive, i.e.,
u(7y)1 {Zbo}/ $™ >0, (EC.5.2)

where the sales have the same expression as in (3.2).
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Moreover, technical results mirroring those in Lemma EC.4 can be used to argue that U’ is
continuous and strictly decreasing in 7', which allows us to define the maximum shelf life at which

customers would purchase an item on offer with issuance / and without timestamps, Tf ,as:
50 . _ . 7T
T; ==sup{T' >0 : U™ >0}. (EC.5.3)

We claim that, mirroring our base model, the maximum shelf life without timestamps is strictly
larger than with timestamps, 7} > u~'(0). This follows because U"" is continuous and strictly
decreasing in T and every purchase of an item with age T < u~!(0) leads to positive ex-ante utility,
so the shelf life T can be slightly extended beyond u~!(0) while still ensuring that the average
utility U7 is positive (albeit at the expense of generating strictly negative ex-post utility for some
customers).

In this context, we can mirror the arguments from Proposition 3 to conclude that timestamps are
never strictly optimal. Timestamps would require a choice of shelf life satisfying (EC.5.1), which
strictly reduces the retailer’s feasible options because u~!(0) < Tf.

Timestamps would strictly reduce the retailer’s objective if f = 0. Without timestamps, that
retailer would optimally set the maximum possible shelf life Tf under the optimal issuance /. By
continuity of the optimal objectives in f, we can see that there exists a threshold f¢ > 0 such that
a policy without timestamps is strictly better for any f < f¢. For a sufficiently large f, it may be
optimal to set a shelf life without timestamps that satisfies 7 < Tf and at such a value of f, the

policy with timestamps would achieve exactly the same objective as without timestamps.

EC.5.5. Proof of Theorem 2

First, consider an exogeneous price p satisfying u(6j, ¢(0)) > p > max(0, —d). For the case without
timestamps, introduce notation to formalize the equilibrium concept and we then prove that multiple
equilibria exist and identify the Pareto-dominant equilibrium.

With heterogeneous customers, multiple rational equilibria could arise depending on the rate at
which customers purchase items in stock and the resulting quality of the purchased items. Intuitively,
the purchase rate and the purchased quality are positively related in equilibrium, because a higher
purchased quality leads to a higher purchase rate, which in turn helps maintain a high purchased
quality by preventing items from aging on the shelf.

To formalize this, we will define the rate with which items in stock are purchased and relate this

to the minimum acceptable quality level that supports the demand. Note that when the purchased
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quality of items takes value Q, only those customers with type @ satisfying 6 > (Q) := inf{6 :
u(6,Q) > p} will buy an item on offer. This means that the rate at which customers arrive at the shelf
and purchase an item on offer is A := 1g(6(Q)). We subsequently refer to A as the demand rate,
to distinguish it from the original arrival rate A of customers. Additionally, note that the minimum
quality level needed to ensure a demand rate of A is Q(A) :=inf{Q € (=e0,¢(0)] : 1g(8(Q)) > A}.

These definitions allow us to formalize our equilibrium definition. An equilibrium is characterized
by an equilibrium demand rate Aeq and an equilibrium purchased quality Qcq that satisfy one
of the following mutually exclusive conditions: (i) Aeq =4 and Qeq > Q (Aeg), or (ii) 0 < Aeq =
28(0(Qeq) <A and Qeq = Q(Aeq), or (iii) Aeq = 0. Case (i) occurs when the purchased quality is
sufficiently high that all arriving customers purchase items on offer. Case (ii) occurs when only
those customers with sufficiently high 6 purchase. Case (iii) occurs when no customers purchase
items.

A few observations will allow us to leverage results derived in §4.1 in our analysis. First, note
that for any policy n that the retailer follows, if the demand rate is A, then the stochastic process
that governs the arrival of customers who purchase an item on offer is Poisson with rate A. So to
characterize the sales and the purchased quality in the model with heterogeneous customers, we
can replace the Poisson arrival process from our base model (with rate 1) with the Poisson arrival
process of purchasing customers (with rate A) and assume that all customers who arrive according
to this modified process purchase items on offer. This allows expressing the sales and purchased
quality as a function of the retailer’s policy x for any hypothetical demand rate A (including demand
rates that may not occur in equilibrium). Specifically, if we considered a fixed demand rate A,
the sales S”(A) and purchased quality Q" (A) under policy 7 would be given by (3.2) and (3.3),
respectively, where customer arrivals occur according to a Poisson process with rate A rather than
rate A as in our base model. Moreover, results analogous to Lemmas 1-3 and Proposition 1 are
directly applicable under the hypothetical demand rate A. To ensure self-consistency and that these
results correspond to an equilibrium outcome with policy r, it then suffices to double check that
the resulting purchased quality Q™ (A) and the demand rate A satisfy one of the cases (i)-(iii).

Let us fix a policy 7 = (I, T) and show that an equilibrium exists. Because Q" (A) and Y] (A) are
continuous functions of f\, one of the following three cases must arise:

« IfQ"(A) > [ (A) forall A € (0, 1], all customers would buy an item in stock and an equilibrium

corresponding to Case (i) exists, i.e., Aeq =4 and Qeq = Q" ().
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« IfQO"(A) < Y] (A) for all A € (0, 1], no customer would buy and an equilibrium corresponding
to Case (ii1) exists, i.e., Aeg =0.
o If 07(A) = g([\) for some A € (0,4], then only customers of types 6 > 6(Q”(A)) would
buy and we have an equilibrium that corresponds to either Case (i) or (ii), i.e., Aeq = A and
Qeq =07 (1) or Aeg=A and Qeq = 0" (A), 0< A < A.
Next, we argue that in case of multiple equilibria, the one with the largest demand rate yields the
greatest objective for the retailer. Suppose there exist multiple equilibria (A;, Q;),i=1,...,m, with
0<A1 <A< <Ay <Aand Q; =Q(A;). We claim that sales and purchased quality increase

with the demand rate, i.e.,

ST(A;) < S™(A,) for any A; < A, (EC.5.4a)
0" (A;) < Q" (Aj) for any A; < Aj. (EC.5.4b)

(EC.5.4b) follows because Q" (A;) = Q; = Q(A) and Q(A) is increasing in A in the domain [0, 1]
because 1g(A(Q)) is increasing in Q. Hence, Q1 < Q> < --- < Q,,. (EC.5.4a) follows from a result
that parallels Lemma EC.3(c). Therefore, (EC.5.4a) and (EC.5.4b) imply that higher sales and
higher purchased quality are achieved in an equilibrium with a higher demand rate. This observation

lets us characterize the Pareto-optimal equilibrium (Aé’qT, Qé;lT) under policy (1,7):

AG =sup{Ae[0,4]:0"T(A) > Q(A)} and QL =" (AY). (EC.5.5)

That the retailer’s objective is highest in the Pareto-dominant equilibrium follows because the rate
at which customer welfare is generated, W™ =Ey[u(6,Q) — p] - S, is increasing in both purchased
quality Q and sales S.

The retailer’s problem then involves choosing a policy (/,7) to maximize the objective:
VT (d) = pS"™T(AL) —d(uB - S"T(AL])) + FWHT(AL]), (EC.5.6)
where
WIT(AG) =Bolu(0.05) — - 8™ (Agy) (EC.5.7)

is the rate of welfare generation for customers in equilibrium.
Finally, to show that LIFO dominates FIFO without timestamps, we prove that for any equilibrium

under FIFO issuance, there exists an equilibrium with LIFO wherein the retailer achieves strictly
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higher objective value. Consider any shelf life 7 with FIFO and let (A, orT (A)) denote a pair of
equilibrium demand rate and purchased quality values. By Lemma 3 applied with a fixed demand
rate A, there exists a shelf life 77 > T such that LIFO issuance with shelf life 7’ achieves the same
sales as FIFO issuance with shelf life 7' but strictly higher customer welfare, i.e., S©7" (A) =SFT(A)
and WET'(A) > WET'(A). Because sales are identical, this also implies that purchased quality is
strictly higher with LIFO and 77, i.e., Q%7 (A) > QF"T(A), and in particular, that the retailer’s
objective is strictly higher with (L, T”) than with (F,T). To complete our proof, it remains to show
that (A, Q%" (A)) is an equilibrium with policy (L,T”). Two cases arise:

o If A=A, then (A, QLT (A)) is indeed an equilibrium according to case (i), because:

0"T'(1) > 0FT(1)=Q(1).

« If A < A, we construct another policy with LIFO that leads to an equilibrium with strictly
larger objective than (L,T”). Recall that Q™7 (A) is continuous and strictly decreasing in
T (by Lemma 1). This implies that there exists a shelf life 7”7 > T” such that Q%7" (A) =
0 (A), which implies that (A, Q57" (A)) is a valid equilibrium corresponding to case (ii).
Furthermore, because sales are strictly increasing in 7 with a fixed demand rate (by Lemma 1),
we have that S&T7(A) > SF7"(A). And because purchased quality is the same, this implies
that customer welfare is strictly larger, which in turn implies that the retailer’s objective with
(L,T”) is strictly larger than with (L,T’) and therefore strictly larger than (F,T), which
completes our argument.

Finally, because we proved that the objective is strictly larger with LIFO (and an optimal shelf

life) for any exogenously fixed p > —d, the continuity of the optimal objective value implies that

LIFO would be optimal even when the price p is optimally chosen.

EC.5.6. Proof of Proposition 11

(a) We compare the optimal policy with timestamps with the optimal policy without timestamps.
The policy with timestamps cannot screen agents based on type so it will always use a shelf life
of ¢~'(p — ;), corresponding to the largest age at which a high-type customer would purchase
an item knowing its age. Without timestamps, the retailer has a choice of strategy: selling to both
customer types or selling only to the high type. Therefore, we consider each case separately and
then derive the necessary and sufficient conditions under which the optimal policy with timestamps

dominates each of the options.



e-companion to Iancu, Park, and Plambeck: Boosting Sales and Customer Welfare from Premade Food ec37

Case 1. Assume that, without timestamps, the retailer optimally sells to both customer types. For
the retailer to make any sales to low-type customers, it must be that a low-type customer is willing
to purchase a new item. To that end, recall our standing assumption that (6, ¢(0)) > 0, which in

this case implies that:
0<qgo+0r—p & ¢ ' (p—6¢)>0. (EC.5.8)

This also implies that a high-type customer would purchase the item, i.e., ¢~'(p — 6;) > 0.
The expected purchased quality without timestamps and with LIFO and shelf life T is:

fOT Ae Y (qo— bt)dt b bT

LT
T — =qgo——+ :
¢ [—e T W=7 e

(EC.5.9)

It can be checked that:

00t b(1 +etl (AT - 1))

5T - T 1) <0, forAT >0
aoLT 1 1
:bT( ) 0, for AT > 0,
oA (/IT)2+2—ZCosh/lT Z B doral =

so quality is strictly decreasing in 7" and strictly increasing in 4. As the shelf life gets very large,
the purchased quality converges to the finite limit limzy_,., QX7 = g — %, i.e., the quality derived
from an expected customer arrival.

The shelf life without timestamps 7" is the largest T such that Q7 +6, > p. Because the quality

converges to a finite limit as 7 — oo, the shelf life would actually be infinite if:
b
qo—z+952p. (EC.5.10)

Our subsequent expression will allow for this (although we will also show that the shelf life cannot
be infinite if timestamps are strictly optimal).

When the optimal shelf life is finite, it is the solution to the equation:

b bT b—/l(qO+9[—p)_ AT

W= AT ar TP b el _ |

(BC.5.11)

Consider the function 7 appearing in the right-hand-side of this equation. On the domain [0, c0),
this takes values in the range [0, 1], with lim,_,o 7 =1 and lim,_,c o= =0, and the function

is continuous and strictly decreasing in x. Then, let us define the function g : (—o0, 1] — R, such

that g(x) equals the inverse of the function —*~ for x > 0 and g(x) = +oo for x < 0. Note also that

e*—1
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the limit of the inverse of = as x — 0 is +o0, s0 g(x) is continuous. Then, the optimal shelf life

without timestamps is:

_ 1 —
T[’h:—g(l——/l(qo-'-g[ p)). (EC.5.12)

b
Importantly, this expression is also valid when the condition in (EC.5.10) holds, because in that

case the argument for g would be negative and we would obtain 7" = co.

Case 2. Consider now the case that, without timestamps, the retailer only sells to high type customers.
The relevant arrival process is a Poisson process with rate A, corresponding to the high types. The
corresponding expected purchased quality with LIFO and shelf life 7' can be obtained by replacing
A with g4 in (EC.5.9):

b bT

LT _

The shelf life without timestamps 7" is then generally expressed as:

Fho L (1—ﬁﬂ(q°+9”_p)). (EC.5.13)

~ 8% b
As before, we do not require the shelf life to be finite: if [M > 1, the shelf life would become

infinite, 7" = +oo.

(b) To express the gains in sales from using timestamps, it can be readily verified that g~! (p — 6,) :=
W < T%" holds and that g~!(p — 6),) = W < T". The condition T%" < ¢~ '(p — 6} is not
automatically satisfied, but it will be implied by our subsequent requirement that timestamps strictly
improve sales. It can also be readily checked

In Case 1, the difference in sales with timestamps and without timestamps 1is:

Al = S(L7q71(p_9h)’ts) — S(L,T[’h,}’lts)

_ (e—/lT"’h 3 e—/l(]_l(p—eh)) - (e—/lq"(p—ef) _ e—/lT"’h) (1-p)
—— ———
type H

type L

first arrival between 74> and g~ (p — o) first arrival between ¢ ~! (p — ;) and TC.h

=T gL om0 (=00 _ (] _ g). =40 (p=b0)

_ﬂ(qo+9f—1’)) _ Agp+,-p) _ Aqp+0¢—p)
b

:e_g(l —ﬁ-e T_(]_ﬁ).e b
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In Case 2, the difference in sales with timestamps and without timestamps is:

Ay = S(L,q"(p—eh),ts) _ S(L,Th,nls)

= (1 - e—/lq_](l’—gf)) (1-B)- (e—/lq‘l(p—eh) _ e—/lT”) . B
type L

type H

first arrival between 0 and ¢~ ! (p — Or) first arrival between ¢! (p — 6y,) and Th

= 1=f—(1-p)e (P00 _ go=2a"" (p=bn) 4 ,=AT"

A(qo+0p-p) _ Aqp+p—p)

S 1B (1P T g T g pepel!

_ BA(gp+6p—p) )
b

For timestamps to result in strictly larger sales than the optimal policy without timestamps, it
must be that timestamps yield strictly larger sales than the retailer’s policy without timestamps in
each of the two cases. Therefore, we can conclude that the gains in sales from using timestamps are

strictly positive if A; > 0 and A, > 0, in which case the gains have the expression min(Aj, Aj).

(c) Consider again the necessary and sufficient conditions rewritten for convenience:

0<Ap:=e T — ge=1a7 (p=6) _ (1 — g)4a"" (P=00) (EC.5.14a)

0<Ayi=1—B+Be " — et (P=00) _ (] _ g)p=1a" (p=b0) (EC.5.14b)
Because ﬁe‘ﬁh > 0, a set of sufficient conditions is obtained by imposing that:

min(e_’w’h, 1-p) _Ige—M"'(P—Hh) —(1 _ﬁ)e—/lq"(p—ez) >0 o

min(e—g(l—ﬂq_'(P—ef)), 1-5) _ﬁe—ﬂq_'(p—Gh) -1 _ﬁ)e—ﬂq_'(P—Qf) > 0. (EC.5.15)
Consider the first term appearing in the expression and note that:

1-B<e 81 (=00) o g(1- g7 (p—0/)) < —In(1-p)

(because g7' (x) = e"x——l) o 1-1g7"(p-6)>— lnl(l -B)
-
R e
oo, < 2 A LA 2P +p = qo. (EC.5.16)

A B

The function w

is continuous and increasing and takes values in [0, 1] for 8 € [0, 1]
(with limit 0 as 8 — 0 and limit 1 as § — 1). Therefore, (EC.5.16) implies that 6, < % +p—qo (and

therefore g~! (p — ;) < o) and that we must require 8 > 0 to ensure that 8, > p — qq is feasible.
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Then, for any 8 > 0 and 6, satisfying (EC.5.16), condition (EC.5.15) is equivalent to:

) .

_ Aqp+bp-p)
b

_ _ o—Aq7 (p-0y) _ _
ot oy =B e 0T0) 1 (1=B)(1—e

EC.5.17
Vi 1 ; ( )

Importantly, the latter condition cannot hold if 8 =1, so we must require 8 € (0, 1). With this
requirement, a sufficiently high 6, that satisfies (EC.5.17) can always be found.

To summarize, the sufficient conditions that must be imposed are:

B<€(0,1)
b 1-8)In(1 -
bo<p-qos LELIAIU D
_ Ag0+9¢-p)
9h>—lln(l_ﬁ)(1_e ’ ),
Z B

which exactly correspond to the conditions in the statement.

To conclude, we verify one additional premise. Recall that all the instances we consider require
that the interarrival time of batches should satisfy £, > ﬂ% g(1- w). To allow a finite
interarrival time, it is necessary and sufficient to ensure that 81g~'(p —6)) < 1. The concern is that
the upper bound on 6, from (EC.5.17) may make it infeasible to satisfy this additional constraint (if
we chose to). We show that this is not the case by proving that, under any feasible 5 and any feasible
0, in the system above, we can find 6, satisfying the requirement. To that end, note that (EC.5.17)
and (EC.5.16) imply:

_ — =g (p—0y)
—ﬁﬂq‘l(p—eh)<ﬁln(1 plze )

B

+(1-8) In(1-)

| (1—,8)(1—6_'8( £)int B)

(from (EC.5.16), for any feasible 6;) < BIn 5 =
B+(1-5) In(1-p)
pag (p-p) > g LU T
—6)) > —
B

The function appearing in the right-hand-side is increasing on the interval S8 € [0, 1] and takes
values in [0, 4]. Therefore, we readily have that this does not impose any constraint on the left-hand-
side, which is positive. In particular, this shows that if we want to explicitly impose a requirement
that ¢, be finite, this can be done by just adding the requirement S1g~!(p — 6;,) < 1, and we will

still recover feasible instances.
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EC.6. Numerical lllustration of Results for Risk Aversion Extension

In the running example, this section illustrates the results for the extension with customer risk-
aversion in §5.4. The running example has price p = 1, customer arrival rate A = 1, Poisson
replenishment with rate 4 = 1 and batch size B = 1, and quality g(7) =2 — 0.57%. As illustrated
in Figure EC.5, higher risk-aversion among customers favors FIFO because customers purchase
the freshest item with FIFO, hence they have lower probability of getting old items that have

significantly lower quality.

X Lower Risk Aversion a = 4.5 Higher Risk Aversion a = 5.0
1
o g
& 08 & 08
- .- Liro
ob & NOT.S. o &
T O 04 T O 04
= § = ‘§
g g NOT.S.
0 NOT.S. 0
-0.5 0 0.5 -0.5 0 0.5
disposal cost d disposal cost d

Figure EC.5  Effect of risk aversion on optimal issuance and timestamp policy with () =2-0.57¢.

EC.7. Numerical Experiments with Heterogeneous Customers

In all our numerical experiments with heterogeneous customers, we observe that LIFO is optimal,
even in parameter regions where timestamps become strictly optimal. We numerically calculated
the optimal policy (issuance, shelf life and whether to timestamp items) in the following settings. We
considered two forms of heterogeneity in customer utility. In the first, u(6, g(7)) = 6+¢(7) and 6 has
a uniform distribution on [0, €]. In the second, u(6, g(7)) = 6¢q(7) and 8 has a uniform distribution
on [1,1 + €]. To favor FIFO, we consider linear quality degradation schedules ¢(7) = go — bt
(recall that strict convexity in ¢(7) would favor LIFO). To further favor FIFO, we consider a range
of disposal cost values d that includes extremely high disposal cost, up to 50% greater than the
initial quality ¢(0) of an item. We consider Poisson replenishment with rate ¢ = 1 and batch size
B =1. We consider all possible combinations of the parameter levels characterized by Table EC.2.
For each parameter, we consider the number of levels specified in Table EC.2, ranging in equal
increments from the minimum to the maximum in the table. This amounts to 101, 088 experiments.
In each problem instance, we compare the performance of three policies: LIFO issuance without

timestamps, LIFO issuance with timestamps, and FIFO issuance with timestamps. (We do not
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include FIFO issuance without timestamps because it is always strictly dominated by LIFO without

timestamps). The results are summarized in Figure EC.6 and Figure EC.7.

Table EC.2 Table of Parameters

Parameter Number of Levels Minimum Maximum Increment Size

weight on customer welfare f 3 0 1 0.5
customer heterogeneity € 7 0 3 0.5
initial quality gg 3 1 3 1
quality degradation rate b 6 0.25 1.5 0.25
customer arrival rate A 5 0.5 1 0.1
disposal cost d 5 -0.5 1.5 0.5
price p 2to7 max(—d,0) q0 0.5

Figure EC.6, which depicts histograms that compare the three policies, shows that LIFO issuance
is optimal in all our experiments. The first row shows that with required timestamps, either LIFO or
FIFO issuance could be dominant, which is consistent with Proposition 4. With required timestamps,
the gains from using the correct issuance can be as high as 40% with additive utility and 40%
with multiplicative utility. The second row of Figure EC.6 shows to not timestamp is optimal in
the majority of problem instances and that losses from requiring timestamps could be very high
(535% with additive utility and 565% with multiplicative utility). The third row considers only
those instances where timestamps are optimal (46 in a model with additive utility and 3 in a model
with multiplicative utility) and shows that LIFO issuance (with timestamps) is preferred to FIFO
issuance (with timestamps) in every such instance. Thus, LIFO issuance is optimal in all our tests.

Figure EC.7 allows examining how the gains from using the optimal issuance or from using
timestamps depend on the retailer’s objective and on the degree of customer heterogeneity. The first
row shows that with required timestamps, LIFO issuance leads to larger gains than FIFO issuance
when the retailer places more weight on customer welfare (i.e., under a larger f). This is consistent
with Proposition 4(b), which states that LIFO dominates FIFO at sufficiently large f. With required
timestamps, the gains from using the optimal issuance are more pronounced if customers have
homogeneous preferences. The second row of the figure shows that losses from timestamps are
larger when the retailer prioritizes direct profit/sales; losses decrease as the retailer places more
weight on customer welfare (i.e., higher f), which is consistent with our findings in Proposition 3(b)
that timestamps improve customer welfare. Interestingly, although timestamps may become optimal

in the presence of customer heterogeneity (which is consistent with the results in Section 35.5),
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Percentage Improvement in Retailer’s Objective

From Using LIFO with Timestamps Rather Than FIFO with Timestamps
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In all cases, the retailer optimizes the shelf life. As is evident from the last row, LIFO is optimal

in all cases where timestamps are optimal.
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Percentage Improvement in Retailer’s Objective

From Using LIFO with Timestamps Rather Than FIFO with Timestamps
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Figure EC.7  Blue, red, and yellow indicate cases with f =0, f =0.5, and f = 1. In all cases the retailer
optimizes the shelf life.

larger heterogeneity does not necessarily lead to increased gains from using timestamps; in fact, the
largest gains occur with a small degree of heterogeneity (e = 0.5), whereas with large heterogeneity,

timestamps only create gains in few problem instances and can lead to substantial losses.

EC.8. Pure vs. Mixed Strategy Equilibrium

This section analyzes mixed strategy equilibria and shows that the pure-strategy equilibrium
discussed in the main body of the paper is Pareto-dominant: the retailer achieves a strictly larger
objective and customers achieve a strictly larger welfare than in any other mixed-strategy equilib-
rium. Subsequently, we also discuss practical ways in which retailers could induce this (preferred)
Pareto-dominant equilibrium.

With no timestamps, a customer cannot observe the quality of the items currently on the shelf.
Hence, we focus on mixed strategy equilibria wherein the long-run average purchased quality
Q > p, an arriving customer purchases the item on offer with probability n € (0, 1], and if Q > p
then n = 1. This equilibrium concept is adopted from the literature on unobserved queues with

strategic customers (Hassin and Haviv 2003).
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Lemma EC.7 establishes an upper bound on the optimal shelf life that a retailer should use.
The rationale developed in Part (a) is that purchased quality decreases with the shelf life, for any
fixed probability r that an arriving customer that finds an item on offer makes a purchase. Part (b)
establishes that an equilibrium with 7 =1 exists if and only if the retailer sets the shelf life at or
below the threshold specified in (EC.8.1). Furthermore, sales and customer welfare, and hence the
retailer’s optimal objective value, are higher in an equilibrium with 7 =1 than in any equilibrium
with 7 < 1.

Our notation Q77 (nA, i) serves to emphasize the dependence of purchased quality Q on the

issuance I, shelf life 7', arrival rate A and purchase probability 7.

LEMMA EC.7. Under either FIFO (I = F) or LIFO (I = L) issuance:
(a) Purchased quality Q"1 (nA, ) strictly decreases with the shelf life T for any n € [0, 1].
(b) At each shelflife T € (0,T;] where

Ty :=sup{T >0: 0" (A, u) > p}, (EC.8.1)

an equilibrium exists wherein every customer that finds an item on the shelf makes a purchase
(n=1). In that equilibrium with n = 1, both sales and customer welfare are higher than in any
equilibrium with n € [0,1) at the same shelf life T. At each shelf life T > T;, only equilibria
withn < 1 may exist wherein both sales and customer welfare are lower than in the equilibrium

with =1 with shelf life T;.

The lemma implies that the retailer may only consider pure strategies because the retailer can
achieve higher sales and customer welfare than mixed strategies for a given shelf life. In practice,
to induce this preferred equilibrium, a retailer could offer free samples or discounts to maximize
the demand rate and corresponding quality that customers experience and come to expect. Many
grocery retailers, such as Walmart, Costco, and Whole Foods Market offer free samples, temporary
price discounts, or other promotions (e.g., “buy one get one free”) as a way to attract customers,
make them familiar with the product, and eventually lock them in. Once customers buy the product
at the maximum demand rate and become acquainted with the purchased quality, the preferred
equilibrium would be sustained even after the promotions end.

Proof of Lemma EC.7. Let us fix a sample path of batch and customer arrivals, and let 71 and 75 be
two shelf lives with T} < T5.

(a) Let us consider FIFO issuance first. According to Lemma EC.1(a), for an item that exists on

the shelf under both policies at the same time, there are more older items on the shelf under (F,T3)
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than under (F,T). Thus, for each item that is sold under (F,T>), we have that either: (i) the item
was sold under (F,T) at an earlier time or (ii) the item was disposed of under (F,T}), and it was
only sold under (F,T>). In the latter event, which occurs with positive probability, the item had an
age in [T7,T;) when it was purchased under (F,T3), so its quality was strictly lower than ¢(77) and
thus strictly lower than any purchased quality under (F, 7). These observations together imply that
the long-run average purchased quality is strictly lower under (F,T>) than under (F,T7).

Next, we consider LIFO issuance. According to Lemma EC.3(a), the retailer has greater sales
under (L, 73) than under (L, 7). Lemma EC.1(b) implies that the incremental sales under (L, 7>)
come from the sales of items of age in [77,7>), whose quality is strictly lower than that of any
items of age in [0, 77). Hence, it follows that the long-run average purchased quality is strictly lower
under (L, T,) than under (L,T}).

(b) For convenience, let us refer to the equilibrium where each customer purchases with proba-
bility n as “equilibrium n”.

Suppose that we have T € (0,77] for I € {F, L}. We first establish that a pure strategy equilibrium
n =1 (wherein all customers buy the product when it is in stock) exists. Suppose all customers buy
the product when it is offered, i.e., 7 = 1. By the definition of 7/ and Part (a), we have Q"7 (4, 1) > p,
which implies that the expected utility from a purchase is non-negative. This proves the existence
of a pure strategy equilibrium.

We next treat the case where T > T; for I € {F, L}. Suppose that there exists a mixed strategy
n € (0,1) in which customers purchase the product with probability  when it is offered and the
average quality of purchased items is equal to the price p (so that customers are indifferent between
a purchase and no purchase). Note that the expected utility from a purchase is lower with this mixed
strategy than with the pure strategy (7 = 1) because Q"7 (nA, 1) — p =0 < QT (A, ) — p where the
inequality follows because 7 < 7. In addition, Lemma EC.3(c) implies that sales are lower with
the mixed strategy than with the pure strategy. Combining these observations, we obtain that both
the sales and the customer welfare (Q"T (yA, 1) — p)S™T (yA, 1) are higher with the pure strategy
equilibrium.

Finally, we show that a pure strategy equilibrium cannot exist in this case. We first consider
FIFO issuance. Suppose that there exists a mixed or pure strategy equilibrium 7 € (0, 1]. Then,
Lemma EC.4(d) gives that "7 (na, u) < QT (A, ) < p where the last inequality follows because
T > Tr. This implies that the expected utility from a purchase is negative and customers would not

buy the product, and thus no such equilibrium can exist. We next examine LIFO issuance. It is
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straightforward to see that the pure strategy 7 = 1 cannot be an equilibrium because Q%7 (1, i) < p
for T > T; . Suppose there exists an equilibrium 77 < 1. Because it is a mixed strategy equilibrium,
customers expect zero utility from a purchase (and hence zero customer welfare). Hence, it remains
to show that the retailer can achieve strictly higher sales while keeping the customers’ expected
utility from a purchase equal to zero by reducing the shelf life from T to 77 . Consider the equilibrium
wherein the retailer uses shelf life 7; and customers play the pure strategy n = 1. Using parts (b-c)
of Lemma EC.4 and the fact that RZ(0; 4, 1) = R (0; A, i) = 0, we obtain that the (unique) solution
S >0to RL(S) — pS =0 (at which customers expect zero utility from a purchase) is greater in the
pure strategy with shelf life 7; than in the mixed strategy n with shelf life 7. This proves that the

retailer achieves higher sales in the pure strategy equilibrium than in the mixed strategy equilibrium

n.

EC.9. Extension: Endogenous Production
In this extension, we consider a setting where the retailer chooses the production rate u and the
integer batch size B, in addition to the issuance rule, shelf life, and whether or not to timestamp, to

maximize
pST—dD™ + fW* —cuB=|(1- f)p+d|S"+ fS"Q" - (c +d)Bp,

where S, D™, and W™ are the corresponding sales, disposal, and customer welfare, respectively,
and c is the unit production cost. Notice that we may regard that the retailer solves the optimization
problem in two stages: first, she decides the production rate u and the batch size B (outer opti-
mization); second, she chooses the issuance rule, shelf life, and whether or not to timestamp items

(inner optimization). We address the following four claims.

EC.9.1. LIFO is optimal

It is sufficient to show that LIFO dominates FIFO when the retailer does not provide a timestamp.
(With a timestamp customers to pick the newest item first, i.e., LIFO.)

Let us denote the optimal objective under issuance [ in the absence of a timestamp when the
production rate is ¢ and the batch size is B by V/(u, B). We establish in the proof of Theorem 2
that V¥ (4, B) < VE(4, B) for any /i and B. Hence, it follows that V" (i, B) < sup,, 5 V*(u, B) for

any /i and B, which in turn implies that sup,, 5 V¥ (u, B) < sup,, 5 VE(u, B). This proves the claim.
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EC.9.2. The retailer does not timestamp items with homogeneous customers

When customers are homogeneous, Proposition 4 suggests that the retailer’s optimal objective
strictly decreases with the introduction of a timestamp for any given (u, B). That is, if we denote
the optimal objective with and without a timestamp when the production rate is ¢ and the batch
size is B by Vis(u, B) and V (u, B), respectively, we have Vis(fi, B) < V (i, B) for any /i and B. This
gives that Vis(4, B) < sup,, g V(u, B) for any /i and B, and hence sup,, g Vis(1t, B) < sup, 5 V(u, B).

Therefore, the retailer will choose not to timestamp items.

EC.9.3. The retailer timestamps items when the disposal cost d is sufficiently low with
heterogeneous customers

When customers are heterogeneous, we establish in the proof of Theorem 2 that in the limit where
d tends to —p the retailer maximizes customer welfare and is strictly better off with a timestamp
than without a timestamp for each choice of (u, B). That is, if we denote the optimal objective with
and without a timestamp when the disposal cost is d, the production rate is u and the batch size is
B by Vis(u, B;d) and V(u, B; d), respectively, we have V (i, B;—p) < Vis(f1, B; —p) for any i and
B. This holds true in a non-strict sense after taking supremum over (u, B):

Sﬂl’lgV(ﬂ,B;—p) < sup Vis(u, B;=p).

Recall from the proof of Theorem 2 that V(u, B; d) is convex and decreasing in d and Vis(u, B; d)
is linear and decreasing in d for each (u, B). Because the supremum of convex functions is convex
and a convex function defined on R is continuous, both sup, z V(u, B;d) and sup, 5 Vis(u, B; d)
are continuous in d. Thus, by the Intermediate Value Theorem, there exists a threshold d such that

sup V(u, B;d) < sup Vis(u, B3 d)
w.B u.B

for d < d. That is, the retailer uses a timestamp for d < d.

EC.10. Extension: Mixed Issuance

This section extends our base model by relaxing the assumption that, without timestamps,
customers perfectly adhere to the retailer’s issuance. We consider two more general settings where
some fraction of customers deviate from the retailer’s issuance, and confirm that LIFO issuance is
remains optimal.
Cherry-Pickers. When the retailer uses a shelf design that induces FIFO issuance, some customers

might learn that they could get fresher items if they exerted some effort to reach for lower (or deeper)
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on the shelf. To formalize this behavior, we assume that when the retailer imposes FIFO, a fraction
of customers deviate and search through items of several ages looking for a fresher item, instead of
taking the oldest item. We take the maximum number of age layers through which customers search
as an exogenous parameter, which could be random and independently given among customers. We
also assume that customers would not deviate from LIFO because doing so would be irrational, as
LIFO already maximizes their expected utility.

It can be readily argued that Lemmas 1 and 2 hold in this setting. Specifically, increasing the shelf
life T strictly reduces purchased quality Q'-T and strictly increases sales S”” under any issuance 1, so
customers purchase items if and only if the shelf life does not exceed an issuance-specific threshold
T;. The threshold is again larger with LIFO than FIFO, i.e., T; > Tr, and for shelf lives below
the threshold, FIFO guarantees strictly lower quality, but strictly larger sales, than LIFO, which
immediately implies a result analogous to Proposition 1: for any fixed T < Tr, FIFO dominates
LIFO if and only if the retailer does not value customer welfare much relative to immediate profits,
ie, f<f.

We claim that an analogous result to Lemma 3 also holds, as formalized next.

LEMMA EC.8. For the setting with cherry-pickers and any shelf lives Tr < Ty and Ty < Ty,
satisfying STTF = SLIL = § | LIFO issuance with shelf life Ty, achieves a higher total quality of sold
items than FIFO issuance with shelf life Tr, i.e., RT(S) < RE(S). Moreover, the maximal sales

possible under LIFO exceed those under FIFO, i.e., S¥ Tr < L1,

Proof sketch. Following the same steps in the proof of Lemma 3, suppose that we obtain the
same sales S under (F,Tr) and (L,T;) with 0 < Tp < Ty, ie., STTF = SLTt = §. We define a
hidden-FIFO policy analogously: the retailer offers items of age at most 7 to customers and only
discards items of age strictly above 7. The results presented in Steps 1-3 in the proof of Lemma 3
follow from analogous arguments. Therefore, it suffices to argue that Equation (EC.3.12) holds. As
in the proof of Lemma 3, we can prove this by induction, showing that the inequality holds after
every arrival (of a batch or a customer). Obviously, the inequality holds at 7y = 0. Suppose that it
holds until time ¢, and consider any x € [0, 7 ]. If a batch arrived at #,,1, we have (EC.3.13). If a
customer arrived at t,41, (EC.3.14) still holds because customers only have access to items below
age Tr under the hidden-FIFO policy (regardless of how many layers they dig through), whereas
they have access to all items on the shelf under the forced-LIFO policy. The argument then follows

from the same steps as in the proof of Lemma 3.



ec50 e-companion to Iancu, Park, and Plambeck: Boosting Sales and Customer Welfare from Premade Food

This result immediately implies Theorem 1, which means that LIFO dominates FIFO even in

this setting with cherry-pickers. At an intuitive level, this finding should not be too surprising given
our original result on LIFO’s dominance, because the FIFO issuance with cherry-picking behavior
would still preserve a consistent dynamic of age groups on the shelf, which is sufficient for the
results.
Random Pickers. Here, we assume that a fixed fraction of customers deviate from the retailer’s
issuance and instead pick an item randomly among all the items on the shelf. In reality, such
behavior could occur without timestamps, when all items are displayed with the same level of
accessibility, e.g., on a single flat shelf.

Unfortunately, this setting is more difficult to analyze because the evolution of the inventory of
items with distinct age groups does not follow a consistent pattern under either issuance, which
make it challenging to compare LIFO and FIFO analytically. However, we conduct a detailed set of
numerical experiments and show some representative results in Figure EC.8. The figure plots the
difference in the retailer’s optimal objectives with LIFO and FIFO as a function of the fraction of
random pickers, for a linear and a logarithmic quality depreciation schedule ¢ (7). Note that LIFO
continues to be optimal and, as expected, the gains from implementing LIFO versus FIFO increase

when the quality of items drops faster with age, but decrease as more customers pick randomly.
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Figure EC.8  The difference in the retailer’s optimal objective under LIFO and FIFO as a function of the
fraction of customers who pick items randomly, under a linear schedule ¢(7) =2 - b7 (left) and under a
logarithmic schedule ¢(7) =2 —1log(1 + b7) (right). In this example, the price is p = 1, customer arrival rate is
A1=1.0, replenishment is Poisson with rate = 1.1 and batch size B = 1, the disposal cost is d =0, and the weight
on customer welfare is f =0.7.
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