MAT205a, Fall 2019 Part IV: Lebesgue spaces
Lecture 11, Following Folland, ch 5.1, 6.1

1. BASIC THEORY OF LEBESGE SPACES
1.1. Banach spaces. Let V be a vector space over R (or C).

Definition 1.1. A function from V to [0,400), such that x — ||x|| is called a norm
on V if

(i) ||z|| = 0 implies that x = 0,

(11) ||cz|| = |c|||z]|, for allx € V and ¢ € R (or C),

(i) |z + yll < [lzll + [yl for all z,y € V.

A vector space V with a norm || - || is called a normed space. A norm defines a
metric on the space V.

Definition 1.2. A normed space (V, || -||) is called a Banach space if it is complete

with respect to the metric defined by the norm.

It means that V' is a Banach space if any sequence of vectors {v;} that is a Cauchy
sequence, i.e., for any € > 0 there is n(e) such that ||v, — v,| < € for n,m > n(e),
converges in V to some w € V.

Lemma 1.1. A normed space (V,|| - ||) is a Banach space if and only if for any

sequence {v;}; in V with 3, [lv;]| < oo the series ), v; converges in V.

Proof. If V' is a Bancah space and ), [|v;|| < oo, we define S, = 3} v;. Then
150 = Sl <32, cjcm lvill and {S,} is a Cauchy sequence. It has a limit, so >, v;
converges in V.

Assume now that each absolutely convergent series converges in V. We want to
prove that V' is a Banach space. Let {z;}; be a Cauchy sequence in V. We can find a
subsequence {x;, } such that ||z; —z;| <27 when k,1 > m. Define v, = z;, , —z;,,
then > |lv,|| < co. Thus z;, converges in V' to some xz,, and since {z,} is a Cauchy

sequence, the whole sequence converges to x*. ([l

1.2. Definition of the Lebesgue spaces. We assume that (X, M, ) is a measure
space and that 1 < p < ocoon the set of all measurable functions, we define

1/p
1l = (/X|f|pdﬂ> .

The Lebesgue space LP is defined as

LP(p) = {f : f measurable, | f]|, < oo}.
1
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Where we identify functions that differ p-almost everywhere.
One can define the spaces for p € (0, 1), but we will work with the case p > 1.
Our first aim is to show that (L”(u),| - ||,) is a normed space. We know that
| fll, = 0 implies that f = 0 p-a.e. and it is identified with the zero element in L?,
also ||cf|l, = |||l ||, since the integral is linear. We can also check that if f,g € L?
then f 4+ g € LP since |f + gP < (2max]|f],|g])? < 2P(|f|” + |g|") point-wise, and

integrating this inequality we obtain

1+ glly < 201 + Ig1)7 < 20111l + llgllp).

We want to prove the inequality without the extra factor 2 on the right hand side.
1.3. Useful inequalities. We start with an inequality for real numbers.

Lemma 1.2. Let a,b >0 and X € (0, 1), then
(1) a*b'™* < Aa+ (1 — )b,
and the equality holds if and only if a = b.

Proof. If b = 0 the inequality holds and equality is true only for a = 0, If b # 0, we
divide both sides by b and denote a/b = t, then the inequality reads

<A+ (1= N).

It becomes an equality when ¢t = 1 and for f(t) = t* — M\t we have f'(t) = A\(t* 1 —1).
Since A — 1 < 0, f increases when ¢t € (0,1) and decreases when ¢ € (1,00). Thus
fO) < f)=1-x 0

Theorem 1.1 (Hoélder’s inequality). Let 1p,q < oo be such that 1/p+1/q = 1. If
f, g are measurable functions on (X, M, pn) then |[fglli < ||fllxllgllq-

Proof. The inequality holds if ||f|l, = 0 and f = 0 almost everywhere or when
| fll, = oo, similarly for g. Now if || f||, # 0,400 and ||g||, # 0,00, we may assume
that || fll, = 1 and g

¢ = 1 by multiplying f and g by suitable constants. Consider x € X, we apply
inequality toa = |[f(z)P, b =|g(z)|? and A = 1/p. Then 1 — X\ = 1/q, and we
obtain

[f(@)g(@)] < p~ (@) +a  g(a)]".

Now, integrating this inequality over X with respect to the measure u, we get

I£glle < oM IAI +a gl = 1= 1 £l llglle.
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Corollary 1.1 (Cauchy-Schwarz inequality). When p = ¢ = 2 we obtain the following

Jiralan=( | |f!2du>1/2 (19 a) "

It also follows from Theorem that in f € L? and g € LY then fg € L'. The
exponent ¢ such that p~t 4+ ¢~ = 1 is called the conjugate exponent to p.

Theorem 1.2 (Minkowski’s inequality). If 1 < p < oo and f,g € LP then

1+ glle < [1fllp + llgllp-

Proof. When p = 1 the inequality follows from the properties of integral. Assume
that p > 1. We have

1f+ gl < (F1+1gDIf +glP~ = [FILf +glP~ + gl f + 9P~

Now we apply the Holder inequality twice,

/\f+9!p di < |IflIpI(f + 9"l + Nglla | (f + )7 -

We know that ¢ = p/(p — 1) and the inequality becomes

1f =+ gllp < (£l + gl ILf + gl
Now if |||f 4 gll, # 0 we divide both sides by | f + g[|>~" and obtain the required
inequality. When || f + g||, = 0 the inequality also holds. O
Theorem 1.3. For 1 < p < oo the Lebesgue space LP(u) is a Banach space.

Proof. We want to show that an absolutely convergent series converges, using Lemma
. Let {f;}; be a sequence in LP(u) and >, [|fjll, = B < co. We define G,, =

20 filand Fy =377 fi. Then [[Fofl, < IGallp < 327 [fjllp- Let G = 327 1f5]- By
the monotone convergence theorem [ GP < BP. Thus |G| < co a.e. and we can

define F' = ) f; a.e. We also have |F| < G and F' € LP(u). Using the dominated
convergence theorem we see that

1F =3 5l = [ 1F =3 fiP =50
1 1

sinee |[F — 7 fiF < (2G)° € L'(u), 0
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2. THE DUAL OF LP(u)

2.1. The dual of a normed space. We remind that if V' is a normed space that
its dual, denoted by V*, is the space of of continuous linear functionals on V',

V*={T:V — C linear, |T(x)| < C|z|.}.

The norm of the functional T" is defined as ||T'|| = sup{|T'z| : ||z|| = 1}. Then V* is
a normed space. Clearly ||T'|| = 0 if and only if "= 0 and ||T'¢|| = |c|||T|| since T" is

linear. The triangle inequality follows from the linearity as well,
Ti(z) + Ta(z)| < [Ti(2)] + |To()] < [|T7 + [T,

for any z € V with ||z|| = 1. Then, taking the supremum, we obtain ||T} + T|| <
T3]+ 1T

2.2. The space L*™. Let (X, M, pu) be a measure space and let f be a measurable
function, we say that f € L>(X) if there exists C' < oo such that |f| < C p-a.e. And
we define

[ fllo = inf{C > 0 p({|f] > C}) = 0}.
Note also that if ||f|le = C then pu({|f] > C}) = lim,oo p({|f| > C + 1/n}) = 0.
Clearly L>(p) is a linear space and || f + glloo < ||fllco + [|9]]oo-

When p(X) < oo we see that L>(u) C LP(u) for any p > 1. Without the assump-
tion that p is finite the conclusion does not hold. The space L™ is also a Banach
space (see your problem set).

The following version of the Holder inequality holds. If f € L>®(u) and g € L' ()

then fg € L'(p) and || fglly < [ fllcllglls-

2.3. Functionals on L?(u). Let 1/p+ 1/¢ = 1, where 1 < p,q < oo, for each
g € L(u) we define the functional

T,: LP(p) = C, T,(f)= / fadu.
X
Clearly Ty is linear and by Holder’s inequality

Tol < flpllglles e 7ol < llglly-

Proposition 2.1. Suppose that 1 < g < oo then ||Ty|| = ||gll4-
If ¢ = o0 and p is semifinite, then ||T,]| = ||g||co-
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Proof. Suppose first that 1 < ¢ < oo. We already know that ||T,|| < ||g||,, now

we consider the function f(z) = |g(x)|9?g(x), such that |f(x)| = |g(z)]9"'. Then
IfII12 = [ |g[P1= dpu = [|g]|2. We also have

T,f| = /X gl7du = gl

Therefore
1Tl = Ngllelfl,t = Nglla® = llgll,.
If g =1 welet f(x) = g(z)|g(x)|~" such that |f(x)] = 1 and f(x)g(z) = |g(x)|, then

| Tof| = infx |g(z)| dp = |lg]l and [|f]| = 1.

Finally, when ¢ = oo, consider a set £ C X such that 0 < p(E) < oo and take
f(x) = g(x)|g(x)| "xp(z). So that |f(z)| =1 when = € E and |f(z)| = 0 otherwise,
then || f|ly = u(E). Moreover,

761 = [ lota)ldu = mjn o) (E).

Now since g € L*(u) we have that u({|g(z)| > ||g9]lcc —¢}) > 0 and since the measure
is semifinal, there exists E C {|g(x)| > ||g|lcc — €} With 0 < u(E) < co. We obtain

ITyll = llglloe — &

for any positive ¢, and then by taking ¢ — 0 the conclusion of the proposition
follows. O

We want to show that all functionals on LP(u), when 1 < p < oo are defined in
that way. First we prove a weaker statement. Let Sy(u) denote the family of simple
functions ¢ on (X, M, u) such that u({¢ # 0}) < occ.

Theorem 2.1. Let 1/p+1/g =1, 1 < p,q < co. Suppose that g is a measurable
function on (X, M, p) such that E; = {g # 0} is (u) o-finite and gp € L*(u) for any
¢ € So(p) with

M,(g) = sup {‘/¢gdﬂ' , &€ 8o, |9, = 1} < 0.
Then g € L(p) and My = ||g|[4.

Proof. Suppose that f is a measurable function with u({f # 0}) < co and f € L”(u).
We claim that fg € L' and || fg|l1 < M,(g)]|f|,- Indeed, there is a sequence of simple
functions ¢,, such that ¢, — f pointwise and |¢,| < |f|. Moreover, |¢,g| < |xrg|,
where E = {f # 0} and ygg € L'(11). Then by the dominated convergence theorem

@) \ [ s

tin [ énadu] < My(a) i [l < M )11
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We want to show that g € L(u). Assume first that 1 < ¢ < oo and let E, = U,,,E,,
such that F,, C E,, 1 and u(FE,,) < co. There exists a sequence of simple functions
¥ that converges to g and such that [¢,,| < |g|, we define g,, = ¥, xE,,. Then g,, is
also a sequence of simple functions converging to g, |g,| < |g|, and p({g., # 0}) < 0.
Define ¢, = ’gm|q_2g_m‘|9m“é_q then ¢, € Sp. Moreover |¢,,| = lgm\q_lflgmHl_q and
|G [P = [gm|?|lgml|;P- Hence |[¢p,|l, = 1. By the Fatou lemma

1/q
</Ig|qdu) Sliminfllgmllq=1iminf/!¢mgm|duSliminf/|¢mg|du§Mq(g)~
m—0o0 m—o0 m—o0

In the last inequality we used that |¢,,g| = fg, where f satisfies |f| = |¢| and
therefore f € LP, ||f|l, = ll¢mll, = 1, so we can use the first part of the proof.
The last inequality implies that g € L(p) and ||g|, < M,(g). We know also that
M,(g) < lgllq by the Holder inequality. Thus ||g|l, = M,(g). For ¢ = 1 we repeat the
argument taking ¢, = gm/|gml, clearly ||¢m|w = 1.

For the case ¢ = oo, assume that [|g]|c > M (g) then p({|lg| > My (g) +¢}) >0
for some ¢ > 0. Since E, is o-finite, there exists B C {|g| > Mux(g) + €} with
0 < p(B) < oo. Let f =glg|~"xp, then [|f]; = p(B) and

/ fodu= / 191> (Molg) + )1l

This contradicts the inequality (2)) above. Thus g € L™ and ||g]/cc < M(g). On the
other hand, clearly M. (9) < ||9||oo- O

Theorem 2.2. Let 1 < p < oo and 1/p+1/q=1. Then for any T € (LP(u))* there

is g € LU(p) such that T(f) =T,(f) = [ fgdu.
If u is o-finite then for any T € (L*(u))* there is g € L>®(u) such that T(f) =

Tg(f):ffgd#-

Proof. First assume that u(X) < oco. Then for any measurable £ we have xp €
LP(dp). Define v(E) = T(xg). We claim that it is a measure and v < p. To show
that v is countably additive consider a sequence of disjoint sets {E;}. We claim that
if ¢ = > 7 xg, and ¢ = xu,g, then ¢, — ¢ in L and then v(U;E;) = > v(E)).
Then applying the Radon-Nikodym theorem we get a function g such that v(E) =
Jzgdu. Then we see that for all simple functions ¢ we have t(¢) = [ ¢gdu and
U bg du‘ < |IT||/|¢]lp- Applying the previous theorem we see that g € L(u).

Next, we assume that p is o-finite. Then X = U, X,, with u(X,) < co and X,, C
Xnt+1. We know that for each n there exists g, € LY(X,,, 1) such that T'(f) = [ fgdu
when f € LP(X,pn), f =0 on X¢ and ||gslly < || 7). Moreover g, is unique. If g,
and ¢/, define the same functional on LP(X,,, 1) then we know that || g, — ¢.|l, = 0.
Thus ¢, = gm p-a.e. on X, when m > n and we can define function g on X such
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that ¢ = ¢, on X,,. By the monotone convergence theorem ||g||, < ||7||. For any
f € LP(u) we have fxx, — f in L” by the dominated convergence and

T(f) = lim fng /fgdu

n—oo

Finally, assume that p is arbitrary and 1 < p < 0. For each set F C X that has
a o-finite measure we can find gp € LY(E, p) such that T(f) = [ fgdu when f =0
on E° and ||gglly < ||T||. Let

M = sup{||grl||, : E is o — finite}.

There is a sequence E,, such that |gg,|, = M, let E = U, E, then g5 = gg, a.e. on
E, and thus ||gg||;, = M. Then for any o-finite set B such that £ N B = () we have
g = 0, here we use that ¢ < co. Let f € LP(u) then F' = {f # 0} is a o-finite set.
We have

Thus T(f) = [ g/ d. 0
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3. SOME OPERATORS BETWEEN LP? SPACES

3.1. Norm of an operator. Now we will consider linear operators between two
normed spaces (V|| - ||v) and (W, || - ||lw). Let T': V. — W, T is linear, i.e.,

T(avy 4 bvy) = aT (vy) + bT (vs),

we say that T is bounded if
T
IT) = sup [[Toflw = sup 1200w
lolly =1 w0 vllv

We will study linear operators between some LP spaces.

3.2. Boundedness of integral operators. Let (X, M, u) and (Y,N,v) be two
measure spaces with o-finite measures. Suppose that K : X xY — Cisa M QN
measurable function. Under some additional assumption K we want to define the

m—AK@wmwm»

Theorem 3.1. Suppose that there exists C such that [ |K(z,y)|du(z) < C for v-
a.e. y €Y and [|K(z,y)|dv(y) < C for p-a.e. x € X. Then for any f € LP(v),
1 < p < oo the integral T f(x) converges absolutely for p-a.e. © € X. Moreover
TfeLr(p) and |Tfl, < Clfl,.

integral operator

Proof. Consider first p € (1,00) and let ¢ be such that 1/p+ 1/¢ = 1. We write
|K(z,y)f(y)] = | K (z,y)|Y9(| K (z,y)|"/?| f(y)|) and apply the Hélder inequality:

[ sy (/mmymV) (/mxywuwmow,

where the first factor is bounded by C/7 for a.e € X. Now we apply the Tonelli

theorem

/ (/ K (z,y)f(y)| dv(y ))pdu(x) <
CP/Q/Y/X K (2, 9)|| f(y) Pdp(z)dv (y) < CP/7 f2.

Then we know that K (z,y)f(y) € L*(v) for a.e. x, thus T f(z) is well-defined for a.e.
v € X and |[Tf[ly < CYe2||f]l, = C £,



For p = 1 we have by the Tonelli theorem

|| K@ swlauine <o [ 1516 =l

and the rest of the proof is the same as above. In this case we used only one condition,
S 1K (@, y)ldu(a) < C.

Similarly, for p = oo, [ |K(x.y)f()ldv(y) < [flle fy 1K (@.p)ldv(y) < C)f]
and ||7f]lc < C||f]loo, and we used only one bound on K, [ |K(z,y)ldv(y) < C. O

3.3. Minkowski inequality. Next, we generalize the triangle inequality || fi+ f2]|, <
|| fill, + || f2ll, by replacing the sum by the integral.

Theorem 3.2. Let (X, M, ) and (Y,N,v) be two measure measure spaces with o-
finite measures and let f : X xY — C be a M @ N measurable function, f > 0.
Then for 1 < p < oo

(/X (Af(xay)dV(y))pdu(x))l/pS/Y</X f(x,y)pdu(x)>1/pdu(y).

Proof. For p =1 this is the Tonelli theorem. Let 1 < p < oo and let 1/p+1/q = 1.

We define
/ f(z,y)dv(y

and we want to estimate ||F Hp in LP(u). By the result of the previous lecture (The-
orem [2 , it is equivalent to estimating the norm of the corresponding functional on
Li(p). Let g € L(p), applying the Tonelli theorem and then the Holder inequality,

we obtain
séﬁmwmwwmm@g

[ F@lgte) dute)
/Y (/X f(x,y)pdu(x)>l/p (/X g(x)qdu(x)>1/q dv(y) =
K(é“ﬁwwwﬂww@wm

the required inequality follows. 0

Corollary 3.1. Let 1 < p < oo, f(-,y) € LP(u) for v-a.e. y € Y and the function
y — ||f( )||p is in L'(v) then f(x,:) € L'(v) for pu-a.e. x € X, the function
= [, f(z,y) dv(y) is in LP(p) and

171 < [ 176 0) b do)

If we replace f by |f|, the corollary (for p < o0) follows from the theorem. It is
clear when p = oo.
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3.4. Hardy’s inequality. We first describe another class of bounded integral oper-
ators on LP(0, 00).

Theorem 3.3. Let K be a Lebesgue measurable function on (0,00) x (0,00) and
1 < p < oo such that K(\x, \y) = A" K (x,y) for all A > 0 and

/000 |K (x,1)|z"YPdm(z) = C < oo.
Then the operator T defined by
17 = [ Ko dnio)
is bounded on L(0,00), |Tf]l, < C||fll,

Proof. Consider f,(y) = f(ty) for t > 0, then || fi|l, = t~Y?||f|l,- We fix y, and

introduce a new variable ¢t = x/y, then

/ K (2,9)f(2)| dm(z) = / K (8, 1) i(y)] dm(t).
0 0
Then, by Minkowski’s inequality, (see the corollary above)
I, < / K& Dl folly dm(t) = [1£1], / YR (8, 1) dm(t) = O
0 0
]

Corollary 3.2 (Hardy’s inequality). Let 1 < p < 0o and
)
rfw) =y [ fa)ds
0

Then ||Tfll, < plp— 1)~ fllp.
Proof. We apply the theorem above for K(z,y) = y 'Xu<y. Then K(\z,\y) =
A 1K (x,y) and

0 1
/ |K (z, 1)|z"YPdm(z) = / e~ YP dm(z) = P
0 0 p—1

4. DISTRIBUTION FUNCTION

4.1. Chebyshev inequality and the distribution function. Suppose that f €
LP(p), 1 < p < oo, and t > 0 then

u({1F1>83) <t
It follows by integrating the inequality |f(x)| > txg,, where By = {|f]| > t}.



For a measurable function f on (X, M, u), we define the distribution function of
[ by
Ap(t) = p({[f] >t}

Clearly Ay = Ay, if [f| < |g] a.e. then Af < A,

Lemma 4.1. The distribution function has the following properties
(1) Ay id decreasing and right continuous,
(i1) if {fn} is a sequence of measurable functions such that {|f,|} is increasing and

(i) Apig(t) < Ap(t/2) + Ag(t/2).

Proof. (i) It is clear that X is increasing, we also hav that {|f| > t} = U, {|f| >
t+1/n} and by the properties of measure p, A(t) = lim, oo A(t + 1/n). (ii) Here we
have {|f| > t} = U, {|f.| > t} and the sets on the right side of the equality form an
increasing sequence, since |f,| < |fn41]. Thus A (¢) = lim, 0 Ay, ().

(iii) We have {|f + g| >t} C {|f| > t/2} U{|g| > t/2}, then computing the measure
w, we get Api (1) < Ap(t/2) + Ay (t/2). O

4.2. Distribution function and LP-norms. We will show that it is enough to know
the distribution function to compute the LP-norms of the function.

Theorem 4.1. Suppose that h : [0,00) — [0,00) is an increasing continuous function,
h(0) = 0, and h is absolutely continuous on each bounded interval [0,T]. Then for
any measurable function f on (X, M, u) we have

/X B f(@)]) du(z) = / WA () dm().

Proof. Assume that f = axp, where E € M and pu(E) < co. Then A\;(t) = u(E)
when 0 < t < |a| and A\¢(t) = 0 when ¢ > |a|. The integral on the left hand side equals
h(la|)u(E) and the integral on the right hand side is u(E) 0'“‘ R (t)dm(t) = p(E)h(|al])
since h is absolutely continuous function on [0, |al].

Now let f = > cjxg, is a simple function and assume that E; N £, = () when
j# k. Then Ap(t) = >, Ay, with f; = a;xp, and

| wista Z/ (1)) du(a).

Thus the equality holds for simple functions by the linearity of both sides.
Finally if f is measurable, there is a sequence f, of simple functions such that
|ful < |fos1 and f, — f. Then the sequence Ay, increases and converges to Ay and
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h(fn(x)) = h(fn(z)) since h is continuous, moreover hA(f,) < h(fn+1). We apply the
monotone convergence theorem to the both sides and conclude that

[ rts@hdute) = [ w0 amn
for any measurable function f. OJ

Corollary 4.1. Let f be a measurable function on (X, M, u) then

1l = / "t A ()dm(o)
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5. RIESZ-THORIN INTERPOLATION THEOREM

5.1. A lemma from complex analysis. We need a result from introductory com-
plex analysis. First we remind that if F'(z) is a holomorphic function on a bounded
domain €2 such that F' is continuous on the closure of {2 then by the maximum
principle

F(2)] < max|F(2)].
sup | F(2)] < max |F(2)]

This maximum principle implies the following result.

Lemma 5.1 (Three line inequality). Suppose that F' is holomorphic bounded function
on the strip P = {z : 0 < Re(z) < 1} and F is continuous on the closure of P.
Suppose that |F(z)| < My when Re(z) = 0 and |F(z)| < My when Re(z) = 1. Then
|F(2)] < My "M} when Re(z) = t.

Proof. Let z € S, z = z + iy, then z(z — 1) = z(z — 1) — y* + i(2zy — y) and
Re(z) = z(z — 1) — y* < 0 and it goes to —oo when |y| — oco. Let G(z) =
F(2)M{ ' M * exp(ez(z—1)). Then G is holomorphic in P, continuous on the closure
of P, |G(z)| tends to zero when Im(z) — 400 and |G(z)| < 1 when Re(z) € {0,1}.
Then, applying the maximum principle to truncated strips

Pr={z:0<Re(z) <1, =R <Im(2) < R},
we conclude that |G(z)| < 1 for all z € P. Note that if z =t + is, then
|G (t +is)| = |F(t +is)|[ MM exp(e(t(t — 1) — s2)).

Thus |F(t +is)| < My "M}exp(e(t(1 —t) + s%)). The last inequality holds for any
€ > 0 then the conclusion of the theorem follows. O

5.2. Two auxiliary results. We prove two lemmas before formulating the first
interpolation theorem.

Lemma 5.2. If 1 < p < oo then the set Sy(u) of simple functions ¢ such that
u({o # 0}) < oo is dense in LP().

Proof. We want to show that for any f € LP(u) there exists a sequence {¢, } such that
¢n € So(p) and lim,, o0 | f — @nllp, = 0. Let ¢,, be simple functions such that ¢, — f
a.e. and |¢,| < |pni1|, then |[@n|l, < || f]lp- Since |¢,| takes only finitely many values,
we have inf{|¢,(x)| : ¢n(x) # 0} = ¢ > 0. Then u({p, # 0}) < cP||p,||P < 00, so
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On € So(p). Moreover, |f — ¢,|P < 2P|f|P point-wise. The dominated convergence
theorem implies that || f — ¢,||, — 0. O

Lemma 5.3. Suppose that a linear operator T' is defined on LP*(p) + LP?(u) and T f
is a measurable function on (Y,N,v) such that | T flle < Mollfllp, and [Tl <
My||fl,- Suppose also that for some p € [po,pi], Tl < Cllgll, when 6 € Soln).
Then for f € LP(u) we have T'f € Li(v) and ||Tf|l; < C| fll,-

Proof. Let f € LP(u) and E = {|f| > 1}. There is a sequence ¢, — f such that
On € So(p) and |p,| < |ppi1. We define ¢, = ¢pxp and w, = ¢,xge. Suppose
that py < p; then ¢, € LP° and w,, € LP', moreover if g = fxg and h = fypg- then
lg — ¥nllpy = 0 and || f — wyl|p, = 0. Then {T'g — T, } and {Th — Tw,} converge
to zero in L% (v) and in L9 (v) respectively, and thus converges to zero in v-measure,
therefore we can find a subsequence ¢,, = 1, + w,, such that T%,, — T'g a.e. and
Twy, — Th a.e. Then T'¢,, — T f a.e. and by the Fatou lemma

17 fllg < liminf [T, [, < liminf Cllgn, I, < CllFl,-
—00 k—o0

O

5.3. Riesz — Thorin interpolation. Let (X, M, u) and (Y, N, v) be two measure
spaces. We know that if r € [py,po] then L"(u) C LP*(u) + LP?(p) (see homework
assignment). We consider a linear operator 7" defined on both LP'(x) and LP?(u) and
conclude that T is defined on L™ () when r € [py, pa].

Theorem 5.1. Suppose that 1 < pg, p1,qo, 1 < 00 and that if qo = q1 = oo then v is
o-finite. Suppose that T is a linear operator from LP'(u) +1P2(p) to L% (v) + L7 (v)
such that | T fllq < Mollfllpo and [T fllgg < Mil|fllp,- Then for p; and g defined by

1 11—t 1 1 1—1 t
= —I— =

e wo omoa @ q-1
T is a bounded operator from LPt(pu) to L% (u) and | Tf|q < My~ "ME||f]lp,--

Proof. First if py = p, we estimate ||T'f||,, applying the Hélder inequality to |7 f|% =
|T f|A=He| T f|' with exponents r = qoq; (1 —t)~! and ' = qq; 't7'. We get
1T fllge < 1T fllgy NT A, -

Now assume that p; # p,. We want to show that [|Tf|, < My "M{||fll,- By
Lemma it suffices to prove the inequality for the case f € Sy(p). Furthermore,

we note that by Theorem , ITfllq = sup{|[(Tf)gdv|: g € L%(v), |9l = 1}
Applying Lemma we may take the supremum over the functions g € Sy(v) only.

Let f(z) =3_;¢ixg,(x) and g € So(v) be g(y) = >, dixF, (y), where both sums are
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finite and ¢;,dy, € C, ¢; = |¢j|e" and d; = |dje®. We also assume that ||f]|,, =
lgll¢ = 1. We have

/(Tf)g dv = chdk/ Txg; dv = chdkC’jk.
Y

gk Fi .k
Our aim is to construct a holomorphic function in the strip P and apply the three
line inequality. We define
1=z oz 1=z oz

a(z) = +—, b(z) = :
) Po P 2 % @

Such that a(0) = py*,a(t) = p; ', a(l) = p;' and b(0) = g5 ", b(t) = ¢, ", b(1) = ¢, ".

Now we fix ¢t and let

fa(x) = Z e |* P e x g, (), and  g.(y) = Z || % e x g (y).
J k

Clearly f; = f and ¢; = ¢g. Furthermore, let

F(z) _ /(sz)gz dy = E :|cj|a(z)17t|dk|b(z)qzei(7j+5k)0jk'
Y -
Ji.k

Then F(z) is a holomorphic function of z. When Re(z) € [0,1], we know that

Re(a(z)) and Re(b(z)) are bounded and therefore F'(z) is bounded. When Re(z) =0
we have a(is) = py' +is(pr' —py') and b(s) = (g5) " +1is((q1) ™" — () ") Then

| fis| = |f|pt/p07 |gis| = |g|q£/q6'
Then we can estimate |F'(is)| = U(Tfisgis du‘ applying the Holder inequality
[F(is)] < T fisllaol9isll g < Moll fisllpo ll9isllag = Moll fllpe llgllg; = Mo.

Similarly, when z = 1 + ¢s we have

| freisl = [P gugas| = |g| %/

Then |F(1+is)| < M;. Then

/Y (Tf)gdv| = |F(t)] < MIM.

0

Using the Riesz—Thorin interpolation theorem we can simplify the prove of the
boundedness of an integral operator in Theorem [3.1]
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5.4. An application. Let f, g be measurable functions on (R, £, m). Suppose that
for some y € R we have [; |f(2)g(y — z)|dm(z) < co then we define

(f % 9)(y) = / F(@)g(y — 2)dm(2).

The function f * g is called the convolution of f and g. A simple change of variables
x —y — y shows that f * g = g * f. The Holder inequality implies that if f € LP
and g € L? then f * g is defined everywhere and ||f * gllco < || f]l,/lgll,r- We use the

interpolation theorem to give a generalization of this inequality.

Proposition 5.1 (Young’s inequality). Suppose that1 < p,q,7r < oo andp ' +q¢ ' =
1+r~t If f € LP and g € L? then f * g is defined and f * g € L". Moreover

1+ gllr < I fllpllglle-

Proof. We fix ¢ € L7 and consider a linear operator T'f = f *x g, we know that
it is defined on L? and |Tf|le < |Ifll¢llgllq Now suppose that f € L' then by
Minkowski’s inequality

(L (Lretste - y>ldm<x>)qdm<y>)1/q < [ @lglydm(e) = 1l

Thus T': LY — L>® and T : L' — L9 with estimates ||Tf|lo < || flly and | Tf]l, <
|| flli- We apply the Riesz—Thorin theorem to 7" and obtain that | 7f||, < ||f]|, when
1 <p<qandl/r=(1-t)/oo+t/q while 1/p = (1 —1t)/¢ +t. We see that
I/p=t/qg+1/¢d =1/r+1/¢ and 1/p+ 1/q =1+ 1/r. Moreover we can obtain the

inequality for any p € [1,¢'] by choosing ¢ appropriately. O
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6. MARCINKIEWICZ INTERPOLATION THEOREM

6.1. Weak LP spaces. The Chebyshev inequality implies that when f € LP(u), we
have Ay(t) < 7] 1]

Definition 6.1. Let f be a measurable function on (X, M, u) and let \¢(t) be its
distribution function, \¢(t) = p({|f| > t}). We say that f belongs to weak LP(u)-
space if
1/p
fly = (suptp)\f(t))
>0

is finite.

Clearly if f € LP(p) then f in weak LP and [f], < ||f]|,- Moreover if f and
g are in weak LP(u) then f + ¢ is also in weak LP(u). However [f + g, is not a
norm. A standard example of a function in weak LP(R,m) that is not in LP(R, m) is
f(z) =a~lP,

We will not distinguish between L>*° and weak L*°. In terms of the distribution
function, f € L*> if A\;(t) = 0 for ¢ > ¢, and the smallest such ¢, is the norm || | .

Definition 6.2. We say that a map T which sends measurable functions on (X, M, 1)
to measurable functions on (Y,N,v) is of weak type (p,q) if for any f € LP(u) the
image T f is in weak LY(v) and [T fl, < C||f|l,-

6.2. Marcinkiewicz interpolation. We will now prove our second interpolation
theorem. It can be applied to a large class of maps and not only to linear operators,
however there are additional restrictions on the order of p and ¢ in this result.

Definition 6.3. Let F be a linear subset of measurable functions on (X, M, ) such
that F contains all finite linear combinations of characteristic functions of sets of
finite measure and also if f € F and C > 0 then min{f,C} is also in F. We say
that a map T from F to measurable functions on (Y, N,v) is sublinear if

(@) [T(af) W) = al Tl @IT+ L)) <|THG)]+ T F9)]-

Theorem 6.1. Suppose that T is a sublinear map such that

[Tf]Qj < CJ'HfHPj
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for fe LPi(X)NF and j = 0,1, where qo # q1 and p; < q;. Then || T fllq, < Cellfllp.
for any f € FNIP (), where 0 <t <1 and
1 1—t ¢t 1 1—t t
J— + —

P P & Q@

We will prove it for the case po = ¢ and p; = ¢;. In the proof we work with
distribution functions on two spaces (X, M, u) and (Y, N,v) we continue to denote
the first distribution function of f on X (corresponding to the measure ;) by Ay and
denote the second one (of a function g on Y corresponding to the measure v) by k.

Proof. Let f € FNLP, we want to estimate the distribution function rrs(t). Assume
that py < p1 (for the case we consider py # p;) and let first p; < oo.
We fix t > 0 and decompose f into sum of two functions f = fy + fi, where

0, [f| < At [ Ifl < At
f(): 3 flz
[ 1fl> At 0, |f]> At

By our assumption fi, fo € F and |T'f| < |T fi| + |T f2|. Then
rrp(t) < frpy(t/2) + kg, (8/2).
We note that f; € LP* N F and f; € LP* N F since py < p; < p;. Further,

/\f(At), s < At )\f(S) — )\f(At), s < At
)‘f0(5> = ) )\fl(s) =

Af(s), s> At 0, s> At
Applying the weak estimate for T in L we get
kg (6/2) < CEP27t || follpy = (200)”075_”0/ Pos? ™ Apy(s)ds.
0

Using the formula for Ag, we get

HTfO(t/Q) < (Qco)potipo ((At)po)\f(At) + /Oopospolkf(s)d‘?) .

At
On the other hand for f; € LP* we get

At
g (£/2) < (20,7 / prs? A () ds.
0

Thus for any ¢t > 0 we obtain

krp(t) < (2Cp)Petr° ((At)po/\f(At) + /OO pospo_lx\f(s)ds)

At

At
—l—(QC’l)plt_pl/ P18 I\ p(s)ds.
0
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We forget about our decomposition f = fy+ f; after we obtained this inequality and
start to vary ¢.
Now we mulpily the last inequality by pt?~! and integrate it,

/ pt? ke (t)dt < (QCOA)pOAp/ psP I\ (s)ds
0 0

n (QOo)poApo—p (QCl)PlApl—p

/ psP I\ (s)ds +
p—DPo 0 pr—p

/ psP I\ (s)ds.
0

This implies ||Tf||r@) < C||f]lLr(n)- To minimize the constant we should choose A
in an appropriate way. We see that C' blows up when p approaches py or p;, this is
natural as we assumed only weak inequalities at the end points.

Let us now consider the case p; = oo then we choose A < 1/2 and conclude that
with decomposition f = fi + f2 as above, we have rpp, (t/2) = 0. Thus we still get
the estimate ||T'f||, < C| f]|, for some C. O

6.3. An application: Maximal function. We remind that for f € L] (R") we
defined the maximal function M f by

r>0 1M

1
fo:sup—/ fly)|dm(y).
( ) (B(ZL',T)) B(az,r)| ( )| ( )
We claim that f — M f is a sublinear map. Clearly M(cf) = |c|M(f), also

MU +9)0) < s0p e

If f e L>®(R" m) then Mf(z) < | f|le and as we proved earlier for f € L*(m) we
have

/B W) dm(y) < M)+ Mo(a).

m({Mf > t}) < Ct7 f].

Then the Marcinkiewicz interpolation theorem implies that for f € LP(R"™) with
1 < p<oowehave Mf € L? and ||[Mf]|, < Cpl/fll,- Examining the proof of the
interpolation ytheorem above, we see that C, < C(n)p/(p — 1).

6.4. Fractional integration. Let f on R™, we define the convolution of f and

|z|*™ with 0 < o < m as

I f(z) = / & — 5™ F (y)dy,

when the integral of the absolute value is finite.
Such operators appear naturally. For example, when @ = 2, m > 3 and f is a
bounded function with compact support, we have A(lyf) = ¢, f.
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Theorem 6.2. Let p > 1 and o < m/p, then the following inequality holds
1 1 «
Haflly < Clflly, when — ==~ 2.
Proof. By the Marcinkiewicz interpolation theorem, to prove the inequality for all
p > 1 and ¢ such that 1/q = 1/p—a/m, it is enough to prove the weak type inequality
for such p and ¢ for two different p; and p, and then interpolate. Fix A > 0 and let
= |z|*™ when |z| < R = R()\) and zero otherwise and ko(z) = |z|*™™ when
|z| > R and zero otherwise. We have I,f = ky x f + ko * f. First we estimate
||k2 * f||oo, applying the Holder inequality.

[k # f ()] < [ fllpllRallpr-
We have
/ ko P dx = / prttammp g — cgmtlammp — o gmtla=m)p’
if m < (m — a)p/, that follows from the condition o« < m/p. We choose R = R(\)
such that
cR™MPH fll, = RO £, = A2

Then ||f * k2|lo < A/2. Now we look at the set {|f * ki| > A\/2}. If we show that
f*ky is in LP we would estimate the measure of this set by (2/A)?||f * k||P. Indeed,

R
uwwwwfm:c/‘wbwwﬂuzcﬁmﬂm
0

Thus [{[Lof| > A} < CATPRP| f]P. We have
oo = (Remip)pie/@amm) _ oypatpocm)| || ~pe/(pem),

ks = 1, < Dl 1, =

|z|<R

Finally, we obtain
|{|]a * f| > )\}| < C/\—Pm/(m—ap)“ngm/(m_pa)
and recall that ¢ = (1/p — Oz/m)*l = pm/(m — ap). Therefore [I,f], < C|fll,- O
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