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Abstract
Two key features describe ideological differences in society: (i) individuals persistently
disagree about objective facts; (ii) individuals also disagree about which sources can be trusted
to provide reliable information about those facts. We develop a model in which these patterns
arise endogenously as the result of Bayesian learning with small biases. Individuals learn the
accuracy of information sources by comparing the sources’ reports about a sequence of states to
noisy feedback the individuals observe about the truth. Arbitrarily small biases in this feedback
can lead them to trust biased sources more than unbiased sources, create persistent divergence
in beliefs, and cause them to become overconfident in their own judgment. Increasing the
number of available sources can deepen rather than mitigate ideological divergence. All of
these patterns can be similar whether agents see only ideologically aligned sources or see a
diverse range of sources.
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Introduction

Ideological divisions in society often seem intractable, with those on either side persistently disagreeing about objective facts. In recent years, for example, fervent debates over the validity of
global warming, evolution, and vaccination have persisted long after the establishment of a scientific consensus. Partisans also disagree about which sources can be trusted to provide reliable
information about such facts. In the United States, for instance, 88 percent of consistent conservatives say they trust news and information from Fox News, while 81 percent of consistent liberals
say they distrust it; 56 percent of consistent liberals say they trust CNN, while 61 percent of consistent conservatives say they distrust it (Pew 2014). Such divisions have persisted or deepened even
as new media technologies have made information more widely and cheaply available than ever
before. The information age has, paradoxically, produced what has been dubbed a “post-truth” era
(Keyes 2004).
Such patterns seem at odds with the prediction of many Bayesian (e.g., Blackwell and Dubins
1962) and non-Bayesian (e.g., DeGroot 1974) learning models in which widespread availability
and distribution of information leads all agents’ beliefs to converge to the truth. Many possible
alternatives have been proposed, including models with psychological biases that give individuals
a taste for cognitive consistency or confirmation (e.g., Lord Ross and Lepper 1979; Cotton 1985).
To explain the patterns we observe, such accounts require the magnitude of biases to be large, so
that individuals effectively place limited weight on learning the truth relative to other explicit or
implicit objectives.
In this paper, we explore a different possibility, which is that rational Bayesian inference may
magnify the influence of even small biases when agents are uncertain which sources they can
trust. Building on recent insights by Acemoglu et al. (2016) and Sethi and Yildiz (2014), among
others, we show that arbitrarily small biases in information processing may lead to substantial and
persistent divergence in both trust in information sources and beliefs about facts, with partisans
on each side trusting unreliable ideologically aligned sources more than accurate neutral sources,
and also becoming overconfident in their own judgment. We show that increasing the number
of available information sources in such a setting may deepen rather than mitigate ideological
differences. Consistent with recent evidence suggesting that the magnitude of selective exposure
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has generally been limited (Gentzkow and Shapiro 2011; Flaxman et al. 2016), we show that these
patterns arise whether agents selectively view only ideologically aligned sources or are exposed to
a diverse range of sources.
An agent in our model wishes to learn about a sequence of unobserved states ωt ∼ N (0, 1),
which are drawn independently in each period t. Each period she observes a normally distributed
signal s jt from one or more information sources j which are correlated with ωt . This correlation
α j , which we refer to as the accuracy of source j, is ex ante uncertain. The agent never learns the
true value of ωt , but she observes some feedback xt by direct observation that is correlated with ωt .
The key features of xt are that it is noisy (in the sense that its correlation with ωt is low) and that
the agent believes it to be independent (in the sense that errors in xt are independent of errors in
the s jt ). Over time, therefore, comparing this feedback to the reports s jt allows the agent to learn
which information sources she can trust.
We think of the states ωt as individual items discussed in the news: facts about global warming,
the fitness of a presidential candidate, risks from vaccines, and so on. The information sources
could be traditional or digital media outlets, as well as other sources such as word of mouth from
particular friends. The feedback xt captures whatever individuals can learn themselves through
direct observation, such as information about global warming from observing local weather events,
or information about vaccine risk from observing which children in one’s social network have
developed autism. The key properties we impose on xt are natural in such examples, as direct
observation of weather or children’s outcomes is a noisy signal of the true state, but the agent may
pay attention to it nevertheless because they believe it to be independent of the distortions that may
plague other information sources.
Bias in the model takes the form of systematic ideological errors in the agent’s feedback xt .
We introduce an unobserved ideological state rt each period, where rt is the belief about ωt that
would be held by a conservative ideologue, and −rt is the belief that would be held by a liberal
ideologue. We allow the agent’s feedback to be distorted either toward or away from rt , and refer
to the correlation of xt and rt as the agent’s bias. When the reports of sources are also biased, this
causes the assumed independence of xt and the s jt to be violated, and so implies that the true data
generating process lies outside the support of the agent’s priors. Our primary interest is in the case
where the magnitude of this bias is small, but on a similar scale to the accuracy of xt . Such bias
3

would not significantly impact beliefs in a model where agents know the accuracies of the sources,
but its effects are amplified when agents must learn which sources to trust.
Our main objects of interest are the agent’s beliefs about the accuracies α j of the sources and
her beliefs about the states ωt , both in the limit as t → ∞. Assuming that the agent has full support
priors on the parameters θ characterizing the model, we show that the limiting distribution of her
posterior beliefs on θ has support in an identified set, and is distributed within this set according
to the conditional distribution of the prior. The fact that this set is always non-empty shows that
even when the agent is biased the data never invalidate her model of the world. To obtain a sharper
characterization, we then focus on a special case in which the agent’s priors on the accuracy of xt
are concentrated at the true value, and show that in this case her beliefs about the accuracies of
information sources eventually place probability one on a single vector α ∗ , which we define as the
agent’s asymptotic trust in the respective sources. Under this limiting posterior on θ , the agent’s
belief about ωt after observing signals st has a mean ω t , and we refer to the correlation between
ω t and rt as the asymptotic polarization of the agent’s beliefs.
We analyze two scenarios, one in which the observes exactly one source j in each period (i.e.,
she “single homes” in the language of Rochet and Tirole 2003), and another in which she observes
all j in each period (i.e., she “multi homes”). We begin with the benchmark case in which the
agent has no ideological bias. In this case, her trust α ∗ is equal to the true accuracies α0 of the
information sources. This is true under either single- or multi-homing. The agent is also not
overconfident, in the sense that she has correct beliefs about the accuracy of her own feedback.
Consequently, the agent’s asymptotic beliefs are the same as if she knew the true data generating
process. If the accuracy of the information sources is sufficiently high, there is no polarization of
beliefs and agents with different biases will agree on the value of ωt in each period.
The benchmark case allows us to isolate an amplification mechanism that will be the key reason
small biases have outsized effects in this model. An agent’s trust in source j will be higher the
greater is the correlation between the source’s signal s jt and the agent’s direct observations xt .
When the accuracy of xt is low, this correlation will be small even if s jt is perfectly informative.
Thus, small differences in observed correlation (as will be produced by small ideological biases in
both xt and s jt ) are rationally interpreted to imply large differences in accuracy.
Our main results show that introducing arbitrarily small biases in the agent’s feedback changes
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the results of the benchmark case dramatically. Single-homing agents come to trust biased sources
more than unbiased sources, and partisans’ beliefs about ωt and trust in outlets become polarized.
Biased agents believe like-minded sources are highly accurate, unbiased sources are less-accurate,
and opposite-minded sources are perverse, in the sense that their reports are negatively correlated
with the state. The entry of partisan media thus reduces trust in unbiased sources. Moreover, all
biased agents become overconfident, in the sense that they believe the accuracy of their feedback is
greater than it is. If the bias of the agent’s feedback is on a similar scale to its accuracy, the polarization of the agent’s beliefs will be large in magnitude whenever the sources also have significant
bias. Thus, when two agents with opposite biases observe their respective trust-maximizing source,
they have large disagreements about ωt .
One might expect these results to be quite different under multi-homing, as an agent in that case
can compare results from diverse sources and so moderate her beliefs. While this force is present
in our model, we show that multi-homing does not in general reduce polarization and divergent
trust, and may in fact make them worse. We focus on two main cases, one in which the market
contains the agent’s trust maximizing source, and the other in which it contains a sufficiently large
set of sources that she can combine their signals to approximate her trust maximizing source. We
show in both cases that our main results from the single-homing case continue to hold, and that
polarization may actually be greater under multi-homing than under single-homing. The driving
force is that the agent endogenously comes to believe that unbiased (or less biased) sources in the
market are essentially noisier versions of her preferred biased source, and so ignores their reports
in updating her beliefs.
Our paper is closely related to the literature on Bayesian asymptotics. In a seminal contribution, Blackwell and Dubins (1962) show that Bayesian agents observing signals with increasing
information eventually agree on the distribution of future signals. However, beliefs about payoffrelevant states need not converge. Berk (1966) shows that limiting posteriors have nonzero support
on the set of all identifiable values. Acemoglu, Chernozhukov, and Yildiz (2016) show that asymptotic agreement is fragile in that arbitrarily small differences in beliefs about the interpretation of
signals can generate large disagreements about an underlying state. Our contribution follows a
similar logic. We study a setting with multiple states and multiple information sources, and show
that arbitrarily small misspecification in the agent’s model of the signal generation process gen5

erates significantly divergent trust of information sources. We derive a simple characterization of
the extent of disagreements between agents, and apply this theoretical framework to the analysis
of media markets.
Our theory contrasts with a large literature on observational learning in social networks. One
strand of this literature considers opinion dynamics in social networks with non-Bayesian learning
rules, beginning with DeGroot (1974). DeMarzo, Vayanos, and Zwiebel (2003) and Golub and
Jackson (2010, 2012) are state of the art models that characterize conditions under which disagreements may persist in groups. Another strand of this literature considers Bayesian learning, and
begins with Banerjee (1992) and Bikhchandani, Hirshleifer, and Welch (1992). In these models,
Bayesian individuals only observe posterior beliefs or actions of other individuals, and may fail to
learn underlying states because they are able only to recall or communicate coarse information. For
instance, Sethi and Yildiz (2012; 2016) examine disagreements between individuals with heterogeneous priors who communicate posterior beliefs. By contrast, our model assumes no coarseness of
information. Disagreements arise due to small deviations from Bayesian information processing,
and persist even when individuals have access to the same set of signals.
Our work relates to a growing literature on models of opinion polarization. Dixit and Weibull
(2007) show how the beliefs of Bayesians with different priors can polarize when new information
arrives. Benoit and Dubra (2015) argue that findings of group attitude polarization in psychological studies (e.g., Lord, Ross, and Lepper 1979) can be rationalized using purely Bayesian models.
Fryer, Harms, and Jackson (2015) show that opinion polarization can persist when Bayesian agents
have limited memory. Ortoleva and Snowberg (2015) explore how overconfidence drives polarization and affects political behavior.
Finally, our work relates to the literature on media bias (Mullainathan and Shleifer 2005;
Gentzkow, Shapiro and Stone 2016). The mechanism by which agents in our model come to
trust like-minded sources is closely related to the one explored by Gentzkow and Shapiro (2006).
That model is essentially static, however, and does not provide a mechanism by which diverging
beliefs or trust can persist over time. A large empirical literature studies the link between media
markets and political polarization (Glaeser and Ward 2006; McCarty, Poole, and Rosenthal 2006;
Campante and Hojman 2013; Prior 2013).
The paper proceeds as follows. Section 2 describes the model. Section 3 characterizes the
6

asymptotic distribution of beliefs. Section 4 presents our main results for the single-homing case.
Section 5 presents our main results for the multi-homing case. Section 6 concludes.

2

Model

2.1

Setup

An agent wishes to learn about a sequence of states ωt ∼ N (0, 1), which are independently distributed over time periods t = 1, 2, . . . ∞. The agent learns about ωt by observing signals s jt ∼
N (0, 1) from some subset of the available information sources j = 1, ..., J. In each period, with
some independent probability strictly between zero and one, she also observes direct feedback
xt ∼ N (0, 1) about ωt based on her personal experience. Our main focus will be the limit of the
agent’s beliefs as t → ∞.
Signals and feedback are given by
s jt = α j ωt + ε jt

(1)

xt = aωt + ηt ,
where α j ∈ [−1, 1] and a ∈ (0, 1]. We let st , εt , and α denote the J-vectors of s jt , ε jt , and α j
respectively. We assume that the vector of errors (εt , ηt ) is jointly normal with marginal distribu


tions ε jt ∼ N 0, 1 − α 2j and ηt ∼ N 0, 1 − a2 , and is drawn i.i.d. across periods. We denote the

correlation matrix of st by Σ = αα 0 + E (εt εt0 ) and the vector of correlations between the st and xt

by ρ, where the j-th element ρ j = α j a + E ε jt ηt .1 Note that α j is the correlation of s jt with ωt ,
and a is the correlation of xt with ωt . The joint distribution of signals st , feedback xt , and states ωt
is fully parameterized by θ := (a, α, ρ, Σ).2
We refer to α j as the accuracy of information source j, and to a as the accuracy of the agent’s

feedback. We will refer to the agent’s limiting belief about α j as her trust in source j and her
1 We assume that ρ
0
0 j < 1 for all j and that Σ0 j j0 < 1 for any j 6= j, so none of the observed signals or feedback
are perfectly correlated.
2 As will become clear below, it is convenient to parameterize the covariances of the error terms by Σ and ρ rather
than directly by E (εt εt0 ) and E (ε jt ηt ). The two formulations are equivalent, however, since given a and α there is a
one-to-one correspondence between (Σ, ρ) and (E (εt εt0 ) , E (ε jt ηt )).
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limiting belief about a as her confidence. Both of these limits are defined precisely below. As
discussed above, we think of feedback in most settings as noisy, so we focus on the case where a is
close to zero. Note that we allow for the possibility that sources may be highly accurate (α j ≈ 1),
inaccurate (α j positive but close to zero), or even perverse, in the sense that they tend to report the
opposite of the truth (α j < 0).
We will focus on two scenarios. Under single-homing, the agent observes the signal s jt of
exactly one source j in each period, and each source is observed infinitely many times as t → ∞.
Under multi-homing, the agent observes the signals of all J sources in each period.
While we describe the model from the perspective of a representative agent, the model can
also be interpreted as describing a population of heterogeneous agents each of which solves the
problem we describe.

2.2

Prior Beliefs

Agents in the model are initially uncertain not only about the states ωt , but also about the parameters θ that govern the distribution of feedback and signals. We let Θ denote the set of all such
parameter values.3 We let θ0 denote the true value of θ , and where it adds clarity we will use a0 ,
α j0 , Σ0 , and ρ0 to refer to the true values of the individual components.
At the beginning of the first period, the agent has a prior belief on Θ with a continuous density
which we denote µ0 . The agent correctly believes that each ωt is distributed i.i.d. N (0, 1).
The central assumption of our model is that the agent believes the direct feedback xt she observes is independent evidence about ωt , in the sense that the errors in xt are uncorrelated with the
errors in the s jt . For θ in the set Θ prior ⊂ Θ consistent with this restriction, ρ j = aα j . We assume
that the agent’s prior has full support on this set.

Assumption 1. The support of µ0 is the set Θ prior ⊂ Θ of all values of θ such that E ε jt ηt = 0.
We will be mainly interested in the case where the agent’s beliefs about the accuracy of her
own signal are concentrated at the true value a0 . However, we do not assume that the agent places
2

is the set of all θ ∈ RJ +2J+1 that satisfy the following conditions: (1) a ∈ (0, 1], (2) α ∈ [−1, 1]J , (3)



0
Σ ρ
α
α
is nonsingular and is the sum of
and a positive-semidefinite matrix with diagonal elρ0 1
a
a

ements equal to 1 − α12 , ..., 1 − αJ2 , 1 − a2 .
3Θ
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prior probability one on this value because, as will become clear below, there will be cases where
data the agent observes cannot be rationalized by an element of Θ prior with a = a0 . In these cases,
we want to allow the agent to adjust her belief about a to rationalize the data. We will thus focus
on the limit of a sequence of priors that become increasingly concentrated at values close to a0
while maintaining the property of full support on Θ prior .

Definition 1. Let µ0,n

∞
n=1

be a sequence of prior beliefs with full support on Θ prior . We say that

such a sequence becomes concentrated at a0 if for any θ , θ 0 ∈ Θ prior such that the associated a and

a0 satisfy |a0 − a0 | > |a − a0 |, we have

µ0,n (θ 0 )
= 0.
n→∞ µ0,n (θ )
lim

This definition implies that µ0,n converges pointwise to a distribution degenerate at a = a0 . It
is stronger than this, however, because it also requires that for any values a and a0 away from a0
such that a is closer to a0 than a0 , the prior eventually places arbitrarily more weight on a than on
a0 .
Our characterization of asymptotic beliefs below will focus on the limiting posterior as priors
become concentrated at a0 in this sense. If the distribution of the data is in fact inconsistent with
a0 , this posterior will place arbitrarily high weight on the value of a closest to a0 that is consistent
with the data.

2.3

Ideological Bias

The final component of the model allows for the possibility that the agent may be subject to ideological bias that leads her feedback xt to be systematically distorted in either a conservative or
a liberal direction. Underlying this could be a range of well-studied psychological phenomena
including the availability heuristic (Tversky and Kahneman 1973), salience (Bordalo et al. 2012),
confirmation bias (Lord Ross and Lepper 1979), and motivated reasoning (Kunda 1990). The result
will be that the true θ0 may fall outside Θ prior .
To model such bias, we introduce an unobserved ideological state rt ∼ N (0, 1) that is independent of ωt and drawn independently each period. We think of rt as representing the conservative
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position on issue ωt (that is, the belief that a conservative ideologue would hold) and −rt as representing the liberal position.
We define the agent’s bias b ∈ [−1, 1] to be the correlation of her feedback xt with rt . That is,
we assume the error term that enters xt in equation (1) is given by:
ηt = brt + η̃t ,
where η̃t is independent of both ωt and rt as well as all other errors in the model, and its marginal

distribution is N 0, 1 − a2 − b2 . We restrict attention to biases b satisfying b2 ≤ 1 − a2 . Positive
values of b represent conservative bias, while negative values represent liberal bias.
We also allow for the possibility that information sources may be biased. We define the slant
β j ∈ [−1, 1] of outlet j to be the correlation of s jt with rt . That is, we assume the error term that
enters s jt in equation (1) is given by:
ε jt = β j rt + ε̃ jt ,
where ε̃ jt is independent of both ωt and rt as well as all other errors in the model, and its marginal


distribution is N 0, 1 − α 2j − β j2 . We restrict attention to slants β j satisfying β j2 ≤ 1 − α 2j . Positive values of β j represent conservative slant, while negative values represent liberal slant. We
say the agent and source j are like-minded if b and β j are non-zero and have the same sign and
opposite-minded if they are non-zero and have opposite signs.
We refer to sources that satisfy the condition α 2j + β j2 ≤ 1 as feasible. We refer to sources that
satisfy this condition with equality as frontier sources. Note that the feasibility condition—which
follows from our assumption that all signals are marginally distributed N (0, 1)—builds into the
model an inherent tradeoff between accuracy and bias.
The form of bias and slant we have introduced here is fully consistent with the model of
Section 2.1. It simply represents a particular parameterization of the covariance of the errors
(ε1t , ..., εJt , ηt ). Moreover, if either (i) b = 0 or (ii) β j = 0 for all j, this parameterization is consistent with the agent’s prior beliefs defined in Section 2.2. The main case of interest, however, is
where both the agent and the outlets may be biased, and so neither (i) nor (ii) hold. In this case,
the true correlation of the errors violates the agent’s assumption that xt is independent information,
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and so the true θ0 lies in a region of the parameter space outside the support Θ prior of her prior. It
is in this sense that we refer to b 6= 0 as a bias.

3

Asymptotic Beliefs

3.1

Beliefs about θ

In the case where both the agent and at least some sources are biased, our model is an example
of Bayesian learning under misspecification (Lian 2009). Characterizing the evolution of beliefs
in such cases—when the observed data generating process lies outside the support of the agent’s
prior—is complicated in general, and can lead to instability or lack of convergence in the limit
(Berk 1966). In the context of our model, however, we show that the data the agent observes can
always be rationalized by some θ ∈ Θ prior that does fall within the support of her prior. Thus, the
data will never violate her model of the world, and we show that her beliefs will be well behaved
asymptotically as a result.
Let F be the set of all mean zero joint normal distributions on RJ+1 with a non-degenerate
covariance matrix all of whose diagonal elements are equal to one. For any θ (including those not
in Θ prior ), the implied distribution of (st , xt ) is an element of F which we denote Fθ . Note that
this mapping is many to one, so we may have Fθ = Fθ 0 for θ 6= θ 0 . In this section, we characterize

the agent’s asymptotic beliefs when the data are generated by an arbitrary F ∈ F . In the following
section, we consider the implications for the specific F generated by the model of ideological bias
in Section 2.3.
Given F ∈ F , let the vector ρF denote the correlation of xt with st under F, and let ΣF denote
the correlation matrix of st under F. Note that F is fully characterized by ρF and ΣF . We say that
a parameter θ is consistent with a statistic such as ρF or ΣF if that statistic is the same under Fθ .
We first show that any element of F can be rationalized by some θ that falls within the support
Θ prior of the agent’s prior. We then characterize, for any F, the subset of Θ prior that is (i) consistent
with the correlations ρF and (ii) consistent with both ρF and ΣF . The former will define the set
of parameters a single-homing agent will come to believe are possible, and the latter will define
the set of parameters a multi-homing agent will come to believe are possible. With these building
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blocks in place, we then characterize the limit as t → ∞ of both single-homing and multi-homing
agents’ beliefs under any F ∈ F .

Lemma 1. For any F ∈ F , there exists θ ∈ Θ prior such that Fθ = F.
Proof. Choose θ with a = 1, α = ρF , ρ = ρF , and Σ = ΣF .
In order for a value of the parameter θ ∈ Θ prior to be consistent with the observed correlations
ρF , it must be the case that the a associated with θ satisfies a ≥ ρF j for all j. This is the case
because the correlation of xt and s jt under the independence assumption is aα j , and we have both
a ≥ 0 and α j ≤ 1. We denote the resulting lower bound on the possible values of a for a given

F ∈ F by aF = max j ρF j .
For θ to also be consistent with the covariances ΣF observed by a multi-homing agent, it must
q
also be the case that the a associated with θ satisfies a ≥ (ρF )0 (ΣF )−1 ρF . This is the case be-

cause under the independence assumption the R2 of a population regression
x on the full vector

 of
qt
0
−1
2
4
st cannot exceed a . We denote this tighter lower bound by aF = max aF , (ρF ) (ΣF ) ρF .
Lemma 2. The set Θρprior
of θ ∈ Θ prior consistent with ρF is the set of all (a, α, ρ, Σ) ∈ Θ with (i)
F
a ∈ [aF , 1], (ii) α j =

ρF j
a

∀ j, and (iii) ρ = ρF .

Proof. See appendix.
prior consistent with both ρ and Σ is the set of all (a, α, ρ, Σ) ∈
Lemma 3. The set Θρprior
F
F
,ΣF of θ ∈ Θ
F
h
i
ρF j
Θ with (i) a ∈ aF , 1 , (ii) α j = a ∀ j, (iii) ρ = ρF , and (iv) Σ = ΣF .

Proof. See appendix.
Note that for any F both Θρprior
and Θρprior
are non-empty by Lemma 1.
F
F ,ΣF
Proposition 1. Suppose the distribution of (st , xt ) is F = Fθ0 for some θ0 . Then as t → ∞, the
agent’s posterior beliefs on θ converge in distribution to a limit with density µ∞ . Under singlehoming, µ∞ is equal to zero for any θ ∈
/ Θρprior
and proportional to µ0 for any θ ∈ Θρprior
. Under
F
F
multi-homing, µ∞ is equal to zero for any θ ∈
/ Θρprior
and proportional to µ0 for any θ ∈ Θρprior
.
F ,ΣF
F ,ΣF

R2 from this population regression is (ρF )0 (ΣF )−1 ρF . Since the variance of xt is one and the variance of the
predictable component aωt of xt is a2 , this R2 cannot exceed a2 . Thus, (ρF )0 (ΣF )−1 ρF ≤ a2 .
4 The
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Proof. See appendix.
Thus, the agent’s beliefs converge asymptotically to an identified set consistent with the observed distribution F. They place probability zero on parameter values outside this set. Because
all parameters in the identified set imply the same distribution of observed data, beliefs within the
set remain proportional to the prior.
The structure of the identified set makes clear that lack of identification of the accuracy a of
the agent’s own signal and of the accuracy α of the information sources go hand-in-hand. All a
single-homing agent can ever learn is the correlations between xt and the elements of st . A given
vector of correlations ρF could result from a high value of a and relatively low values of the α j ,
or a low value of a and relatively high values of the α j ; these will never be distinguished by the
observed data. There is a one-to-one correspondence between values of a and values of α within
the identified set.
As discussed above, we are mainly interested in the case where the agent’s prior becomes
concentrated at the true value a0 . We show that in this case the agent’s posterior on a converges to
a unique value—either a0 if this is included in the identified set, or the closest value that is included
(either aF or aF ) if not. The agent’s posterior on α converges to the unique value associated with
that a.

Definition 2. Let µ0,n

∞
n=1

be a sequence of prior beliefs that becomes concentrated at a0 , and let

µ∞,n be the asymptotic posterior distribution defined by Proposition 1 when the prior is µ0,n . Then
the agent’s limiting posterior is µ∞∗ = limn→∞ µ∞,n .
Proposition 2. Suppose the distribution of (st , xt ) is F = Fθ0 for some θ0 . Then the limiting posterior µ∞∗ exists.
• In the single-homing case, its support contains a unique value of a given by a∗F = max {a0 , aF },
a unique value of α with elements given by αF∗ j =
ρF∗ = ρF , and all values of Σ consistent with

ρF j
a∗ ∀ j,
(a∗F , αF∗ , ρF∗ ).

a unique value of ρ given by

o
n
• In the multi-homing case, its support contains a unique value of a given by a∗F = max a0 , aF ,
a unique value of α with elements given by αF∗ j =

ρF∗ = ρF , and a unique value of Σ given by Σ∗F = ΣF .
13

ρF j
a∗

∀ j, a unique value of ρ given by

Proof. See appendix.
The values a∗ and α ∗ will be one of the main focuses of our analysis. We refer to a∗ as the
agent’s confidence and to α ∗j as the agent’s trust in source j. It will turn out that for a biased agent
both a∗ and α ∗ may be different from the true values a0 and α0 . If a∗ > a0 , the agent overestimates
the accuracy of her own feedback and we say she is overconfident.

3.2

Beliefs about ωt

We define the agent’s asymptotic distribution of beliefs about ωt to be the distribution of her posterior mean ω t about ωt given that her beliefs about θ are given by the limiting posterior µ∞∗ . For
a single-homing agent this is defined separately for each source j she might observe. For a multihoming agent it is defined for a period in which she observes all sources. For simplicity, we define
it for all agents assuming we are in a period when she observes no feedback xt , so we capture only
the influence of the information source(s) she observes. The following characterization follows
from standard conjugate prior results for the normal distribution.
Proposition 3. Suppose the agent’s beliefs about θ are the limiting posterior µ∞∗ associated with
F ∈ F . If a single-homing agent observes source j and no feedback in period t, her posterior
belief about ωt will be a normal distribution with mean ω t = αF∗ j s jt and variance vt = 1 − αF∗2j .

If a multi-homing agent observes the vector of realizations st and no feedback in period t, her
0

posterior belief about ωt will be a normal distribution with mean ω t = αF∗ (Σ∗F )−1 st and variance
0

vt = 1 − αF∗ (Σ∗F )−1 αF∗ .
Proof. See appendix.
In both the single-homing and multi-homing cases, ω t is a linear function of the observed
signals and so the asymptotic distribution of beliefs about ωt follows immediately from the known
distribution N (0, ΣF ) of the signals. Note that because a biased agent’s limiting posterior may be
incorrect, her beliefs need not satisfy the martingale property and so her expected posterior mean
of ωt given the ideological state rt may be significantly different from zero. When we consider
multiple agents, this will also lead to systematic disagreement, and even the possibility that two
agents may both be certain about the value of ωt but differ in what they think is the true value.
14

When we focus below on the case where F is determined by our model of ideological bias,
we will define the agent’s polarization in a given period to be π ∗ = |Corr (ω t , rt )|. One way to

motivate this definition is to imagine there are two agents who both have polarization π ∗ , one

of whom has right-biased beliefs ω tR with Corr ω tR , rt > 0 and one of whom has left-biased

beliefs ω tL with Corr ω tL , rt < 0. Define the expected disagreement between these agents to be
h
 i  1
R
L 2
∈ 0, 4 . It is straightforward to show that holding constant the correlation of the
E ωt − ωt
agents’ beliefs with ωt , their expected disagreement will be proportional to π ∗ and will achieve the
maximal value

4

1
4

when π ∗ = 1.

Main Results: Single Homing

The previous section characterized the agent’s asymptotic beliefs when the data are generated by
an arbitrary distribution F. We now consider the implications in the case where that distribution
is the one defined by our model of ideological bias in Section 2.3. We denote the distribution that
results from that case by F0 , and we continue to use ρ0 and Σ0 to denote the associated ρ and Σ.
We consider outcomes for a single-homing agent here, and turn to outcomes under multi-homing
in the next section. All results in this section are straightforward implications of Proposition 2, and
so we state them as corollaries. To simplify the exposition, we focus without loss of generality on
the case of b ≥ 0.
A useful starting point is to note that the observed correlation ρ0 j between the agent’s feedback
xt and the signal of source j will be given by the value a0 α0 j that an unbiased agent would observe,
plus the product of the agent’s and the source’s biases. The correlation will thus be higher than an
unbiased agent would observe when the source is like-minded, and lower than an unbiased agent
would observe when the source is opposite-minded.
Remark 1. The observed correlation with a source that has accuracy and bias (α, β ) is:
ρ0 j = a0 α + bβ .
It will also be useful to define the source that would maximize this correlation for a given
accuracy a0 and bias b. Because we show below that a source with this (α, β ) will also lead to the
15

highest possible trust on the part of the agent, we refer to it as her trust-maximizing source. Recall
that a combination (α, β ) is feasible if β 2 ≤ 1 − α 2 . It is straightforward to show that the values
which maximize ρ0 j subject to this constraint are those given in the following remark.
Remark 2. The agent’s trust-maximizing source is one with accuracy and slant




b
a0
.
,q
(α max , β max ) =  q
2
2
2
2
a0 + b
a0 + b
Finally, note that when the agent is unbiased, we recover the standard result that her beliefs
converge to the truth (Blackwell and Dubins 1962). She will observe correlation ρ0 j = a0 α0 j with

any source j. Because a0 ≥ aF = max j ρ0 j , she will not be overconfident (a∗ = a0 ). We then
have α ∗j =

4.1

ρ0 j
a0

= α0 j , so her trust in source j matches its true accuracy.

Overconfidence

We begin by considering the determinants of the agent’s confidence a∗ . It is immediate that when
all information sources are unbiased, the agent will not be overconfident, since in this case all ρ0 j
are weakly less than a0 , and so a∗ = a0 .
Suppose, now, that we add at least one biased source to the market. The agent is overconfident

if max j ρF j > a0 . If the biases of all sources are sufficiently small, we will have ρ0 j =
a0 α0 j + bβ j ≤ a0 for all j and so a∗ = a0 . Otherwise, we will have a∗ > a0 and the agent will
be overconfident. This will occur regardless of the size of her bias b > 0, provided that a0 is
sufficiently small. Note that this will be true even if the only biased source has β j < 0—even if
the source’s bias is the opposite of the agent’s bias, the negative correlation she observes with its
signal could be enough to convince her that her own feedback is more accurate than she expected.
Finally, suppose that at least one source in the market is the agent’s trust-maximizing source.
q
The observed correlation with such a source will be ρ0 j = a20 + b2 > a0 . The agent will therefore
be overconfident for any b > 0 regardless of the value of a0 . By continuity of a∗ , this will also be
true if there is at least one source with (α, β ) sufficiently close to the trust-maximizing values.
Corollary 1. Suppose b > 0 and the agent is single-homing. If all sources are unbiased, the agent
will not be overconfident. Adding at least one biased source to the market will lead the agent to
16

be overconfident provided a0 is sufficiently small. If at least one source is her trust-maximizing
q
∗
source, she will be overconfident regardless of the value of a0 , with a = a20 + b2 .

4.2

Trust

We can apply Proposition 2 to derive the agent’s trust as a function of her confidence a∗ .
Remark 3. The agent’s trust in information source j is
α ∗j =

a0
b
α0 j + ∗ β j .
∗
a
a

This expression shows two key forces that will drive our main results. First, small differences
in bias b will have a large effect on trust whenever the agent believes her own feedback to be noisy
(a∗ ≈ 0). To see the intuition for this, note that when xt is noisy its correlation with even a perfectly
accurate signal s jt will be small. Its correlation with a completely inaccurate signal will be zero.
Thus, small differences in observed correlation lead a rational agent to infer large differences in
the accuracy of s jt . This amplification mechanism is the reason why even small amounts of bias in
our model can translate into large differences in trust and substantial polarization.
Second, as the agent becomes more overconfident (a∗ increases), she will trust all like-minded
or unbiased sources less. In particular, henever an agent is overconfident she will end up believing
unbiased sources are less accurate than they really are (α ∗j < α0 j ). This provides the mechanism
by which the introduction of biased sources into a market can lead agents to trust unbiased sources
less. Note that this would not be possible if the agent’s confidence a∗ were fixed exogenously; in
this case, trust in source j is solely determined by the observed correlation ρ0 j , and so trust in an
unbiased source cannot be affected by the set of other sources available in the market.
Figure 1 provides a graphical illustration of the forces that determine trust in our model. The
gray shaded area shows the set of all feasible signals—i.e., the (α, β ) satisfying the constraint that
α 2 + β 2 ≤ 1. The curved boundary of this area is the set of frontier sources which have maximum
possible accuracy given their bias. The blue lines in the figure plot the set of iso-trust curves:
combinations of α and β that yield the same level of asymptotic trust. The slope of these lines is
− ab0 . Sources that fall on higher iso-trust curves are trusted more.

From this graphical analysis, it is immediately apparent that the trust-maximizing source (α max , β max )
17

will be the point on the frontier tangent to the iso-trust curves. For an unbiased agent (b = 0), the
curves are horizontal and this point will lie on the y axis—such agents’ trust will be maximized
by an unbiased source with accuracy α = 1. As bias increases the trust-maximizing source shifts
to the right as the agent effectively trades off accuracy in favor of bias. If b is sufficiently high
relative to a0 , the agent will prefer a source with bias close to one and accuracy close to zero—a
source that essentially just reports the ideological state rt . Here again we can see the amplification
mechanism at work: when a0 is small, small changes in bias b translate into large changes in the
agent’s trust-maximizing source.
We can then derive the way trust depends on the set of sources available. If all sources are
unbiased (β j = 0), we know from above that a∗ = a0 and so α ∗j = α0 j . Thus, the agent’s trust in
these sources is accurate. Suppose, now, that we add at least one biased source to the market. A
key question of interest is how this changes her trust in unbiased sources. If all sources’ biases are
sufficiently small relative to a0 and b, the agent will still not be overconfident and so her trust in
unbiased sources will not change. It follows from Corollary 1 and Remark 3, however, that in our
main case of interest where a0 is small, her trust in such sources will fall. The agent will also tend
to trust like-minded sources excessively (in the sense that α ∗j > α0 j ). She may not do so if their
biases β j are very small, because the continuity of the problem implies her trust in such a source
must be close to her trust in an unbiased source (for which α ∗j < α0 j ). But it is easy to see that she
will trust a source j excessively provided its bias β j is sufficiently large.
Finally, suppose that at least one source in the market is the agent’s trust-maximizing source.
We know from Corollary 1 that the agent will be overconfident in this case, and so she will unq
derestimate the accuracy of unbiased sources. Moreover, plugging her confidence a∗ = a20 + b2
and the values of (α max , β max ) from Remark 2 into Remark 3 shows that her confidence in a trust
maximizing source will in fact be α ∗j = 1. She will come to believe that a trust maximizing source
is perfectly accurate, reporting s jt = ωt with probability one.
Corollary 2. Suppose b > 0 and the agent is single-homing. If all sources are unbiased, the agent’s
trust in all sources will be equal to their true accuracies (α ∗j = α0 j ). Provided a0 is sufficiently
small, adding at least one biased source to the market will lead the agent to underestimate the
accuracy of unbiased sources (α ∗j < α0 j ), and to overestimate the accuracy of sufficiently biased
like-minded sources (α ∗j > α0 j ). Regardless of the value of a0 , if at least one source is her trust18

maximizing source, she will underestimate the accuracy of unbiased sources and believe the trustmaximizing source is perfectly accurate (α ∗j = 1).

4.3

Polarization

In any period where an agent observes a source with accuracy and bias (α, β ) for whom her trust
is α ∗j , her posterior mean will be given by ω t = α ∗j (αωt + β rt ). This implies that her polarization
will be π ∗ = α ∗j β .
Polarization in any period when she observes an unbiased source will therefore be zero. Since
the agent’s trust in a like-minded source must be strictly positive, her polarization in any period
when she observes such a source must be strictly positive as well.
The main question of interest is whether polarization can be large even when the agent’s bias
b is small. It turns out that this will be the case whenever the agent observes a trust-maximizing
source, provided that a0 is also small. To see this, recall that the bias of a trust maximizing source
q
is β max = b/ a20 + b2 and the agent’s trust in such a source is α ∗j = 1 by Corollary 2. Thus, her
q
∗
polarization will be equal to the absolute value of the source’s bias: π = |b| / a20 + b2 . This will
√
be at least 1/ 2 provided that a0 ≤ b, and it will approach one in the limit as a0 becomes small.
Corollary 3. Suppose b > 0 and the agent is single-homing. In any period in which the agent
observes an unbiased source, her polarization will be π ∗ = 0. In any period in which she observes
a like-minded source, her polarization will be strictly positive. If at least one source is her trustmaximizing source, her polarization in periods where she observes that source will be at least
if a0 ≤ b, and will approach π ∗ = 1 in the limit as a0 → 0.

π∗ =

√1
2

5

Main Results: Multi-Homing

A common intuition is that polarization and divergent trust could be reduced or eliminated if agents
were exposed to an ideologically diverse set of information sources. In any given period, agents
might observe both biased and unbiased sources and so have less extreme beliefs than if they
observed their preferred biased source alone. Over time, the ability to compare the reports of
different outlets might help them more accurately identify trustworthy sources.
19

Both of these forces are present in our model. First, suppose we focus for simplicity on a case
where the agent’s trust is α ∗ and she has come to believe that all of the ε jt of all the sources in
0

the market are independent (i.e., her belief about Σ converged to a value Σ∗ = α ∗ α ∗ ). Suppose all
sources are on the frontier and that under single-homing she would only observe the most biased
source. Then, because we can see from Proposition 3 that her posterior beliefs will be a weighted
average of the signals she observes, it is correct that her beliefs under multi-homing will be more
correlated with ωt and less correlated with rt than under single-homing.
Second, consider how asymptotic trust will vary with the correlation she observes among the
signals over time. Intuitively, we might expect her to trust a set of sources more if their reports are
positively correlated with each other, and less if they are uncorrelated or even negatively correlated
with each other. This is indeed what Proposition 2 implies. Note that the agent’s confidence a∗
q
will be greater under multi-homing than under single-homing if and only if (ρ0 )0 (Σ0 )−1 ρ0 >

max j ρF j . It is straightforward to show that this condition will not hold if the elements of
Σ0 are sufficiently positive, but will hold if they are all sufficiently small or negative. This in
turn means that an agent’s trust in all sources will be unchanged under multi-homing when she
observes sufficiently positive correlation among sources (because a∗ is unchanged), but may fall
under multi-homing if she sees sufficient disagreement among sources (because a∗ increases and
trust is decreasing in a∗ ).
In spite of these forces being present, however, we can show that multi-homing does not in
general reduce polarization and divergent trust, and may in fact make them worse. We begin with
four lemmas that together will provide the proof of our main result in this section.
The first lemma follows from observing that when at least one source is the agent’s trust maxq

imizing source, we must have (ρ0 )0 (Σ0 )−1 ρ0 ≤ max j ρF j , which implies the agent’s confidence and trust under multi-homing is the same as under single-homing. In essence, a trustmaximizing source already makes the agent sufficiently over-confident under single-homing that
also observing the correlations among the different s jt does not force any change in her beliefs
about her own accuracy.
Lemma 4. Suppose at least one source is the agent’s trust-maximizing source. Then the agent’s
asymptotic confidence a∗ and asymptotic trust in all sources α ∗ is the same under single–homing
and under multi-homing.
20

Proof. See appendix.
The second lemma is then an immediate implication of the result in Corollary 2 that an agent’s
trust in her trust maximizing source must be α ∗j = 1. Because she believes her trust-maximizing
source is perfectly accurate, her posterior belief about ωt is simply a point mass on the report of
her trust-maximizing source.
Lemma 5. Suppose at least one source is the agent’s trust-maximizing source. Then the distribution of the agent’s beliefs about ωt under multi-homing is invariant to what other sources are in
the market, and in every period her posterior belief about ωt is degenerate at the value equal to
the signal of her trust-maximizing source.
Proof. See appendix.
The third lemma shows that observing any two distinct sources on the frontier is equivalent
for a multi-homing agent to observing her trust-maximizing source. This perhaps surprising result
follows from showing that for any two frontier signals s jt and skt , there exists a linear combination
of the two that is equal to the trust-maximizing signal with probability one. This is easy to see in
the event where j is an unbiased source (s jt = ωt ) and k is a perfectly biased source (skt = rt ); in
this case we can take the linear combination α max s jt + β max skt . The proof of the lemma shows that
such a linear combination always exists. Note that this holds even if the biases of sources j and k
are both opposite to that of the agent.
Lemma 6. Suppose the market contains at least two frontier sources with distinct biases. Then the
confidence, trust, and distribution of beliefs of a multi-homing agent are the same as in the case
where the market contains the agent’s trust-maximizing source.
Proof. See appendix.
The fourth lemma addresses the case in which sources are not necessarily located on the frontier. We show that provided the number of sources is large, and provided there is a minimal amount
of diversity in their slants, this case is also equivalent to observing her trust-maximizing source.
We formalize this notion of a “large and diverse” set of information as follows.
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Definition 3. Let dαα := ∑Jj=1 α 2j /κ 2j , dβ β := ∑Jj=1 β j2 /κ 2j , and dαβ := ∑Jj=1 α j β j /κ 2j where κ 2j =
1 − α 2j − β j2 . The limit where there are many and diverse information sources is any situation in

2
2
2 /d d
which (i) J → ∞, (ii) dαα → ∞, dβ β → ∞, and dαβ
αα β β → 0 as J → ∞, and (iii) 0 < α j +β j < 1

for all j.
The proof of the lemma shows that in this case, too, the agent can construct a linear combination
of the sources’ signals whose value will be equal to the signal of the agent’s trust-maximizing
source in the limit as the number of sources grows large.
Lemma 7. In the limit where there are many and diverse information sources, the confidence,
trust, and distribution of beliefs of a multi-homing agent approach those in the case where the
market contains the agent’s trust-maximizing source.
Proof. See appendix.
The following proposition is then immediate.
Proposition 4. Suppose one of the following is true: (i) one of the sources is the agent’s trustmaximizing source; (ii) the market contains at least two frontier sources with distinct biases; (iii)
we take the limit as there are many and diverse sources. Then a multi-homing agent with any
b > 0:
• Is overconfident with a∗ =

q
a20 + b2

• Underestimates the accuracy of unbiased sources
• Believes her trust-maximizing source (if it exists) is perfectly accurate
• Holds a posterior belief about ωt in each period degenerate at the value α max ωt + β max rt .
Under condition (i), the agent’s confidence, trust, and beliefs about ωt are the same under multihoming and under single-homing. If conditions (ii) or (iii) but not (i) hold, an agent under multihoming, relative to the same agent under single-homing, is more overconfident, less trusting in
source j if ρ j > 0, and more trusting if ρ j < 0. If additionally both the accuracies α j are sufficiently large and the biases β j are sufficiently small for all sources j, then the agent is more
polarized under multi-homing than under single-homing.
22

6

Conclusion

We present a model in which agents learn about policy-relevant states through observing signals
from multiple information sources over time. In the model, agents learn about the accuracies of the
information sources based on feedback that they assume to be independent. However, arbitrarily
small biases in the feedback result in persistent divergence in both trust in information sources and
beliefs about facts. Partisans end up trusting unreliable ideologically aligned sources more than
accurate neutral sources, and also becoming overconfident in their own feedback. Increasing the
number of available information sources can deepen rather than mitigate ideological disagreement.
Perhaps most surprisingly, divergent trust and beliefs can arise to a similar extent whether
agents selectively view only ideologically aligned sources or are exposed to a diverse range of
sources. These predictions of the model are consistent with recent evidence suggesting that the
magnitude of selective exposure has generally been limited, even while individuals persistently
disagree about both objective facts and which sources can be trusted to provide reliable information
about those facts.
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Appendices
A

Proofs

A.1

Proof of Lemma 2

Suppose θ ∈ Θρprior
. Because θ is consistent with ρF , we must have ρ j = ρF j for all j, which
F

implies (iii). Because θ is in Θ prior , it must satisfy E ε jt ηt = 0 and therefore ρ j = α j a for all
j, which implies (ii). Because a ∈ (0, 1] and α j ≤ 1 by assumption, this in turn implies (i).
Conversely, suppose that a tuple (a, α, ρ, Σ) ∈ Θ satisfies (i)-(iii). Because α j =

tuple satisfies E ε jt ηt = 0. Thus θ ∈ Θ prior . By (iii), θ is consistent with ρF .

A.2

ρj
a

for all j, this

Proof of Lemma 3

, Lemma 2 implies that θ satisfies (ii)-(iii). Because
Suppose θ ∈ Θρprior
. Because Θρprior
⊂ Θρprior
F
F ,ΣF
F ,ΣF
θ is consistent with ΣF , it must satisfy (iv). To see that it must satisfy (i), note that the R2 from a

population regression of ωt on st when the data are generated by θ is α 0 Σ−1 α ≤ 1. This implies
p
that ρ 0 Σ−1 ρ = (a ⊗ α)0 Σ−1 (a ⊗ α) ≤ a2 , and so a ≥ ρ 0 Σ−1 ρ. This combined with the fact that
Lemma 2 implies a ≥ aF implies that (i) must hold.

A.3

Proof of Proposition 1

Define Dt as the sequence of signal and feedback realizations that an agent has observed by the
end of period t. Let µ (Dt | θ ) denote the probability distribution function over Dt under Fθ . We

are interested in the limit of the agent’s posterior µ (θ | Dt ) given prior µ0 (θ ) as t → ∞.

We partition θ into two component vectors θ obs and θ unobs , which denote the parameters the

agent can or cannot learn about from observing Dt . Under single-homing, θ obs = ρ and θ unobs =
(a, α, Σ). Furthermore, under single-homing, we define θFobs = ρF and ΘFprior = Θρprior
. Under
F
multi-homing, θ obs = (ρ, Σ) and θ unobs = (a, α). Analogously, under multi-homing, we define

obs be the marginal prior
θ
θFobs = (ρF , ΣF ) and ΘFprior = Θρprior
.
Slightly
abusing
notating,
let
µ
0
F ,ΣF

obs
obs
distribution over θ and µ θ | Dt be the conditional marginal distribution of θ obs given Dt .5
5 More

 R

precisely, let µ0 θ obs = Θunobs µ θ obs , θ unobs dθ unobs and so on.
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Let µ̃0 θ unobs | θ obs = µ0 (θ ) /µ0 θ obs .


Lemma A1. µ (θ | Dt ) = µ̃0 θ unobs | θ obs µ θ obs | Dt for any realized Dt .

Proof. We first show that under both single- and multi-homing, µ (Dt | θ ) = µ Dt | θ obs . Under


single-homing, the agent observes xt , s jt for some j in each period. Each element in xt , s jt is
i.i.d. normal with mean zero and variance one, and their covariance is ρ j . Therefore, µ (Dt | θ ) =

µ (Dt | ρ) under single-homing. Under multi-homing,
 the agent
 observes (xt , st ) in every pe
1 ρ0
. This implies that µ (Dt | θ ) =
riod. The vector (xt , st ) is i.i.d. N 0, Σ̄ , where Σ̄ = 
ρ Σ
t
µ (D | ρ, Σ) under multi-homing.
We can then conclude that
µ θ | Dt





= µ Dt | θ µ0 (θ ) /µ Dt



= µ Dt | θ obs µ0 (θ ) /µ Dt

 
 


= µ Dt | θ obs µ̃0 θ unobs | θ obs µ0 θ obs /µ Dt

 

= µ̃0 θ unobs | θ obs µ θ obs | Dt

where the first equality follows from Bayes rule, the second follows from the preceding paragraph,
the third follows from the definition of µ̃, and the fourth is another application of Bayes rule.

Lemma A2. In the limit as t → ∞, µ θ obs | Dt converges uniformly to a point mass at θ obs = θFobs
where F = Fθ0 .
Proof. Let Pθ obs denote the distribution of the signal(s) and feedback observed by an agent in a
given period, indexed by parameter θ obs ∈ Θobs . By assumption, as t → ∞, the multi-homing
agent observes realizations (st , xt ) infinitely many times, and this vector is i.i.d. over time with
a distribution parameterized by (ρ, Σ). Similarly, the single-homing agent observes realizations

s jt , xt for each j infinitely many times, and this vector is i.i.d. over time with a distribution
parameterized by ρ j . For the multi-homing agent, we take the limit as t → ∞ once; for the singlehoming agent, we take the limit as t → ∞ separately for each j.

Note that (1) the maps θ obs 7→ Pθ obs are continuous in total variation norm (due to unit-

normality); (2) Pθ obs is differentiable in quadratic mean (due to unit-normality); (3) Θobs is σ 29

compact (since Θobs is compact); (4) Pθ obs has a nonsingular information matrix at θFobs (since

θFobs = θ0obs ∈ int Θobs ); (5) the agent’s prior µ0 is absolutely continuous in a neighborhood
of θFobs with continuous positive density (by continuity assumption); and (6) Pθ obs 6= Pθ obs0 if

θ obs 6= θ obs0 , i.e. the model is identified. Therefore, by the Bernstein-von Mises theorem (van

der Vaart 1998, Theorem 10.1 and Lemma 10.6), there exists a sequence of estimators that is uniformly consistent on Θobs for estimating θ obs . Since uniform consistency is defined to be uniform
convergence in distribution to the point mass at the true value, this proves the lemma.
Together, the above two lemmas imply that µ (θ | D) converges uniformly to a limit

µ∞ (θ ) =




µ̃0 θ unobs | θ obs if θ obs = θ obs
F

0

otherwise

for any θ ∈ Θ prior , which completes the proof.

A.4

Proof of Proposition 2

Define θ obs , θ unobs , θFobs , and ΘFprior as in the second paragraph of the proof of Proposition 1. Take

any θ ∈ ΘFprior . From the proof of proposition 1, we have that µ∞,n (θ ) = µ̃0,n θ unobs | θ obs =
µ0,n (θ ) /

R

prior

ΘF

µ0,n (θ ) dθ . First, observe that it is not possible for a < a∗F by lemma 2 and 3.

Second, observe that if a > a∗F , we have |a − a0 | > |a∗F − a0 |. By proposition 1, there exists θ 0 ∈

ΘFprior with a0 = a∗F . Therefore, limn→∞ µ0,n (θ ) = 0 by the definition of µ0,n . It follows that

µ∞∗ (θ ) := limn→∞ µ∞,n (θ ) is equal to limn→∞ µ̃0,n θ unobs | θ obs if both θ obs = θFobs and a = a∗F
and is equal to zero otherwise, where the limit exists due to the continuity of µ0,n and the fact
that µ0,n has full support over Θ prior . The uniqueness of α in the support of µ∞∗ follows from the
uniqueness of a in the support of µ∞∗ , since all θ ∈ ΘFprior satisfies α = ρ/a. The uniqueness of ρ

(and Σ in the multi-homing case) follows from the condition that θ obs = θFobs .
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A.5

Proof of Proposition 3

Suppose a single-homing agent observes source j and no feedback in period t. Under the limiting
posterior µ∞∗ associated with F ∈ F , the state ωt and signal s jt are joint distributed



ωt


s jt

 

 ∼ N 0, 

1

αF∗ j

αF∗ j

1


 .

By the properties of the multivariate normal distribution, the conditional distribution of ωt given


s jt is therefore N αF∗ j s jt , 1 − αF∗2j , proving the first part of the proposition.
Now suppose a multi-homing agent observes the vector of realizations st and no feedback in
period t. Under the limiting posterior µ∞∗ associated with F ∈ F , the state ωt and signals st are
joint distributed



ωt



st

 

 ∼ N 0, 

1

αF∗0

αF∗

ΣF


 .

By the properties of the multivariate normal distribution, the conditional distribution of ωt given st
 0

0
is therefore N αF∗ (Σ∗F )−1 st , 1 − αF∗ (Σ∗F )−1 αF∗ , confirming the second part of the proposition.

A.6

Proof of Lemma 4
h

i0

Suppose the distribution of (st , xt ), denoted by F ∈ F , is parameterized by y = a0 b and
h
i0
zj = αj βj
for each j. Let Z be the 2 × J matrix where the jth column is z j . Let PZ :=

−1
Z ZT Z
Z 0 be the projection onto the column space of Z.
Lemma A3. Under single-homing, if there exists j that is the agent’s trust-maximizing source, then
q
h q

the agent’s confidence is a∗ = a20 + b2 ; otherwise, a∗ ∈ a0 , a20 + b2 . Under multi-homing, if
q
y ∈ span (Z), then the agent’s confidence is a∗ = a20 + b2 .
Proof. First consider a single-homing agent. If there exists a source j which maximizes the
agent’s trust among all feasible sources, it follows that for any j0 6= j, ρF j0 ≤ ρF j = z0j y =



 q
q

a
b
0
a0 √ 2 2 + b √ 2 2 = a20 + b2 . It follows that aF = max j ρF j = a20 + b2 . If there
a0 +b
a0 +b
q
does not exist a trust-maximizing source, then ρF j0 < ρF j = a20 + b2 for all j0 . Therefore,
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q
a20 + b2 . Now consider a multi-homing agent. Suppose y ∈ span (Z). Then y = PZ y.
q
q
√
√
0
0
Note that ρF = Z y and ΣF = Z Z. Therefore, (ρF )0 (ΣF )−1 ρF = y0 PZ y = y0 y = a20 + b2 .
q
Furthermore, for any j, ρ j ≤ a2i + b2i by the same logic as in the previous paragraph. Therefore,
 q
 q
0
−1
aF = max aF , (ρF ) (ΣF ) ρF = a20 + b2 . Lemma A3 follows by proposition 2.
a0 ≤ aF <

By remark 2, y ∈ span (Z) if at least one source is the agent’s trust-maximizing source. Lemma
4 then follows from applying lemma A3 and proposition 2.

A.7

Proof of Lemma 5

First, consider single-homing. If a single-homing agent observes her trust-maximizing source j
q
and no feedback in period t, her confidence is a∗ = a20 + b2 by lemma A3. Furthermore, her
trust for that source is α ∗j = 1 by proposition 2. By proposition 3, her posterior belief about ωt
is therefore a point mass at ω t = α max ωt + β max rt . The multi-homing case proceeds in the same
manner and yields the equivalent posterior belief about ωt , since confidence a∗ and hence trust for
the trust-maximizing source are unaffected by the addition of sources.

A.8

Proof of Lemma 6

Lemma A4. Suppose a multi-homing agent observes the vector of realizations st and no feedback
in period t. Under the limiting posterior µ∞∗ associated with F ∈ F , the conditional distribution
of the state ωt given signals st is N (ω t , v), where
−1 0

1 0
y Z Z0Z + K
Z wt + εt
∗
a
−1 T
1
v := 1 − ∗2 y0 Z Z 0 Z + K
Z y
a

ω t :=

h
i0
, Z is the 2 × J matrix where the jth column is α j β j , K is a diagonal
h
i0
matrix such that the jth diagonal is κ 2j = 1 − α 2j − β j2 and wt = ωt rt .

where y =

h

a0 b

i0

Proof. By proposition 3, ω t = a1∗ ρF0 ΣF−1 st and v = 1− a1∗2 ρF0 Σ−1
F ρF . In our special parameterization
of ideological bias, we have that ρF = Z 0 y and ΣF = Z 0 Z + K. The lemma follows from noting that
st = Z 0 wt + εt .
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Now suppose the market contains exactly two frontier sources with distinct biases. This means
q
√
∗
that y ∈ span (Z). Hence, y = PZ y. By lemma A3, the agent’s confidence is a = a20 + b2 = y0 y.

Her trust is ρ0 /a∗ by proposition 2. Note that K = 0 since both sources are frontier. Thus by lemma
A4, ω t = a1∗ y0 PZ wt = a1∗ y0 wt = α max ωt +β max rt . Similarly, v = 1− a1∗2 y0 PZ y = 1− a1∗2 y0 y = 0. These
confidence, trust, and distribution of beliefs are the same as those in the case where the market
contains the agent’s trust-maximizing source. The generalization to at least two such sources is
immediate, because the addition of sources does not affect confidence a∗ nor trust α ∗ for those two
sources and hence does not affect inference about ωt .

A.9

Proof of Lemma 7

Lemma A5. Suppose conditions (ii) and (iii) in definition 3 holds. Let Z be the 2 × J matrix where
h
i0
the jth column is z j = α j β j . Then span (Z) = R2 for a sufficiently large J.


Proof. Suppose span (Z) 6= R2 . Then the set of vectors z j are linearly dependent, so α j , β j =

c j α, c j β for α ∈ (−1, 1), β ∈ (−1, 1), and some c j ∈ (0, 1) for each j. If α 6= 0 and β 6= 0, then
 
 
2 /d d
dαβ = αβ dαα = αβ dβ β and dαβ
αα β β = 1 for all J. This contradicts the assumption for a
sufficiently large J. If α = 0 or β = 0, then either dαα = 0 or dβ β = 0, which also contradicts the
assumption.
We now show that, in the limit where there are many and diverse sources, the multi-homing
q
q
agent’s confidence converges to a20 + b2 , the agent’s trust to ρ0 / a20 + b2 , and the agent’s posterior belief about ωt converges in distribution to a point mass at ω t = α max ωt + β max rt .
By Woodbury’s matrix identity,
we can 
write Z (Z 0 Z + K)−1 = (I − R) ZK −1 , where R :=

dαα dαβ
 . It is easy to check that
Q (I + Q)−1 and Q := ZK −1 Z 0 = 
dαβ dβ β


R=

2
dαα +dαα dβ β −dαβ

2
1+dαα +dβ β +dαα dβ β −dαβ

−dαβ
2
1+dαα +dβ β +dαα dβ β −dαβ

−dαβ
2
1+dαα +dβ β +dαα dβ β −dαβ
2
dβ β +dαα dβ β −dαβ



.

2
1+dαα +dβ β +dαα dβ β −dαβ

It is also easy to check that Z (Z 0 Z + K)−1 Z 0 = (I − R) Q = R. By assumption dαα → ∞, dβ β → ∞,
−1 0
2 /d d
0
and dαβ
αα β β → 0 as J → ∞. Therefore, lim R = I. This proves that lim Z (Z Z + K) Z = I.
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Furthermore, note that lim Z (Z 0 Z + K)−1 = lim ZK −1 − RZK −1 = 0. We can then conclude, by
the weak law of large numbers (since ~εt is a vector of independent random variables with zero
−1
mean and bounded variance), that Z Z T Z + K ~εt → p 0.
q
2
∗
By lemma A5, Z spans R for sufficiently large J. Therefore lim a = a20 + b2 by lemma
A3. Her trust is ρ0 / lim a∗ by proposition 2. It follows from lemma A4 and derivations in the
previous paragraph that
ωt =

−1 0

1 0
y0 wt
0
y
Z
Z
Z
+
K
Z
w
+
ε
→
= α max ωt + β max rt
t
t
p
∗
∗
a
lim a

and
v = 1−

−1 T
1 0
y0 y
0
y
Z
Z
Z
+
K
Z
y
→
1
−
= 0,
p
a∗2
lim a∗2

which completes the proof.

A.10

Proof of Proposition 4

Everything except the two last sentences of the proposition is immediate from lemmas 4, 5, 6,
and 7. The first part of the second to last sentence follows from lemma A3. The second part is
a straightforward application of proposition 2. The final sentence can be proved by noting that as
α j → 1 and as β j → 0 for all j, the single-homing agent has confidence a∗ → a0 , trust α j → α0 j ,

and posterior mean ω t → ωt , whereas the multihoming agent has ω t → p α max ωt + β max rt by
lemma 7.
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