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EXTENSIONS OF THE QUEUEING RELATIONS L = XW AND H = XG 
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This paper extends the fundamental queueing relations L = X Wand H = XG that relate customer averages (the customer- 
average waiting time W or cost G) to associated time averages (the time-average queue length L or cost H) given an 
arrival process with arrival rate X. These relations can be established by focusing on a two-dimensional cumulative input 
process that has the two one-dimensional cumulative input processes of interest as marginals. Relations between the 
marginal averages are established for cumulative input processes that may not be representable as integrals or sums. The 
general framework includes the continuous versions of L = X Wand H = XG due to T. Rolski and S. Stidham as well as 
the standard version of H = XG, and can be extended to higher dimensions. Inequalities are also established when some 
of the conditions for equality do not hold. Moreover, central limit theorem versions of H = XG are established, extending 
our recent results for L = X W. 

The fundamental queueing formula L = XW 
(Little's law) states that the time-average queue 

length (number in the system) L is equal to the product 
of the arrival rate X and the customer-average waiting 
time (time spent in the system) W. This formula is 
valid in great generality, as was shown by Little (1961), 
Stidham (1974) and others. Stidham (1972), Brumelle 
(1971, 1972), Maxwell (1970), and Heyman and 
Stidham (1980) showed that similar relations 
exist between more general customer-averages and 
time-averages, which is represented by the formula 
H = XG. Rolski and Stidham (1983) also established 
continuous analogs of L = XW and H = XG for input- 
output models with general, nondecreasing cumula- 
tive input, such as occur in reservoirs and other storage 
systems. 

The purpose of this paper is to present a more 
general version of H = XG, which includes the contin- 
uous version of Rolski and Stidham as well as the 
standard version of Heyman and Stidham as special 
cases. We are motivated to consider further abstrac- 
tion by examples not covered by any of the previous 
versions and by the desire to better understand what 
is essential. To see what we have in mind, consider 
the following example: Salmon migrate up river, 
jumping through a salmon ladder. The river narrows, 
creating a queue. The amount of food consumed by 
each fish while in the salmon ladder is modeled as a 
stochastic process with nondecreasing sample paths. 

(This single fish consumption process may be quite 
complicated, depending upon the current position and 
past consumption of all fish.) We wish to relate the 
average amount of food consumed per fish in the 
ladder among the first n fish (throughout all time) to 
the average amount of food consumed per time in the 
ladder by time t (by all fish). For further motivation, 
see Sections 1.4-1.7. 

The analysis of L = XW and H = XG leads to the 
consideration of two-dimensional cumulative input 
processes (on the positive quadrant of the plane). In 
all previous versions of L = XW and H = XG, the 
cumulative processes considered involve integrals of 
nonnegative functions. A key idea here is to consider 
general, nondecreasing cumulative processes, which 
need not be absolutely continuous with respect to 
Lebesgue or counting measures (expressible as an 
integral or a sum). This new representation is sym- 
metric in the arguments, showing that applications 
need not be limited to time and a customer index. 
Essentially, there is just a two-dimensional cumulative 
input process which, loosely speaking, has its region 
of primary increase along some ray. We develop a 
version of H = XG in this general framework in Section 
2. It leads to an easily proved statement, with condi- 
tions that in turn are verified easily in the previous 
settings. 

Even for the standard version of L = XW, we obtain 
some useful new results. All previous versions show 
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that the existence of limits for X and W imply the 
existence of a limit for L. We show how to go the 
other way (from X and L to W), with appropriate 
conditions. This reverse implication is also established 
in Theorem 2 of Glynn and Whitt (1986), but the 
proof here is different and adds additional insight. We 
also establish inequalities in situations where equality 
does not hold. 

We follow Stidham (1974, 1982); Heyman and 
Stidham; Rolski and Stidham; and Glynn and Whitt 
(1986) by exploiting sample path methods. Our analy- 
sis in the first four sections is deterministic, so that in 
the usual stochastic model context, the functions here 
correspond to sample paths of stochastic processes, 
and the results hold with probability one; e.g., see 
p. 988 of Heyman and Stidham. 

In the usual stochastic settings, the limits for the 
averages considered here correspond to strong laws of 
large numbers. In Glynn and Whitt (1986), we estab- 
lished corresponding relations among other classical 
limit theorems for L = XW, such as central limit 
theorems, weak laws of large numbers and laws of 
the iterated logarithm. The central limit theorems 
are particularly useful for statistical estimation of 
queueing parameters; see Glynn and Whitt (1989). 
Similar results hold for H = XG, as will be shown here 
in Section 5. 

The rest of this paper is organized as follows. We 
introduce the general framework and show how it 
incorporates interesting special cases in Section 1. We 
establish the main theorem in Section 2. We treat the 
special case in which one variable is discrete and 
introduce new conditions that are verified more read- 
ily in applications in Section 3; i.e., we show that these 
new conditions imply the conditions in Section 2. In 
Section 4, we treat several special cases of Section 3, 
including the standard versions of L = XWin Stidham 
(1974) and H = XG in Heyman and Stidham. In 
Section 4, we also treat the continuous analog covering 
the recent results of Rolski and Stidham. Finally, in 
Section 5 we present central limit theorem versions of 
H = XG, which extend Theorems 3 and 4 of Glynn 
and Whitt (1986). 

1. A GENERAL FRAMEWORK FOR H = XG 

We begin with a cumulative input function F(s, t), 
which is defined to be a real-valued function on 
[0, oo) X [0, oo) that is nondecreasing in both s and t, 
and has finite limits F(s, oo) as t -00o and F(oo, t) as 
s -* oo. Typically, F(s, t) is a cumulative distribution 
function associated with a positive measure on 

[0, oCo) X [0, oo), i.e., F(s, t) is the measure of the 
rectangle [0, s] x [0, t], so that 

F(sl, t2) - F(s-, t) - F(s,, t2) + F(sl, t,) > 0 

for all 0 - s, < s, and 0 : ti ! t2, but we do not 
assume that F has this property. For example, in 
the classical L = XWsetting we let F(s, t) represent the 
total time spent in the system in the time interval 
[0, t] by the first [s] arriving customers, where [s] is 
the greatest integer less than or equal to s; see (5) and 
(7). In applications, F(s, t) is one sample path of a 
bivariate cumulative input stochastic process associ- 
ated with a random measure. 

Let G(s) and H(t) represent the associated marginal 
averages, defined by 

G(s) = s-'F(s, oo) and H(t) = t-'F(oo, t). (1) 

Our object is to relate the limit of G(s) as s -* oo to 
the limit of H(t) as t -> oo. However, we cannot do so 
without further assumptions. Loosely speaking, the 
essential idea is that the cumulative input function 
F(s, t) should have its primary region of increase about 
a line s = Xt in the positive quadrant where X > 0. A 
simple example illustrating this imprecise notion is a 
cumulative input function F(s, t) satisfying F(s, oo) = 
F(s, t) for t > X-'s + x for some fixed positive x and 
all positive s, and F(oo, t) = F(s, t) for s > Xt + Xx for 
this same x and all positive t. (Think of a positive 
measure on [0, oo) x [0, oo) with support on the set 
{(s, t): X(t - x) - s - X(t + x)}.) For this example, 
it is easy to see that G(s) -* G as s -* oo if and only if 
H(t) -> H as t -> co, in which case H = XG, for 
example 

G(s) = s-'F(s, cc) - s'F(s, X's + x) 

s-'F(s + 2Xx, ?'s + x) 

= s-'F(oo, X-'s + x) 

-(X-' + xs-l)H(X-'s + x) 

and similarly in the other direction. 
To treat more interesting examples, we assume that 

G(s) and H(t) are related approximately by 

G sH(T, (s)) tG(S, (t)) G(s) T(s) 
and H(t) S(t) (2) 

with T, (s) being a nonnegative, nondecreasing, right- 
continuous real-valued function on [0, co) such that 
T,(s) < oo for all sand T (s) -> oo ass -> oo, and S(t) 
being the right-continuous inverse of T (s), defined 
by 

S,(t) = inf{s > 0: T,(s) > t} t > 0. (3) 
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The functions T, (s) and S, (t) in (2) and (3) are time- 
change functions relating the growth of F(s, t) in the 
two variables s and t. When F(s, t) is one sample path 
of a cumulative input stochastic process, T, (s) and 
S, (t) are single sample paths of associated random 
time-change stochastic processes. The idea is that 
s-'T,(s) -> XV', H(t) - > H and G(s) -> G, where 
H = XG. Our goal is to show that some of these limits 
imply others and, when they hold, we indeed have the 
relation H = XG. In Section 2, we give more precise 
expressions for (2) (see (14) and (15) there) and prove 
a theorem. We consider some examples next. 

1.1. One Discrete Variable 

In the usual setting, we start with a sequence of 
nonnegative, nondecreasing real-valued functions 
{[F,;t): t :,: 0]: k = 1, 2, ...I on [0, oo) and a non- 
decreasing sequence of numbers {T,;: k > 0} with 
To = 0 and TI, < oo for all k and TI, - oo. We are 
interested in the limiting behavior of 

G(n) = n-' F,l(oo) and 
k\=, 

H(t)= t-' E F,;(t)A (4) 
A;=, 

We fit this into the general framework above by letting 

F(s, t) = , F,;(t) and T,(s) = T[,,, s - 0 (5) 

where [s] is the greatest integer less than or equal to 
s. The inverse process S (t) defined in (3) is thus 
N(t) + 1, where 

N(t) = max{k > 0: TI, t}, t > . (6) 

1.2. L = XW 

For the standard version of L = XWin Stidham (1974) 
and Section 2 of Glynn and Whitt (1986), let T,, be 
the arrival epoch and D,, the departure epoch of the 
nth customer for n > 1, so that the waiting time (time 
spent in the system) is W,, = D,- T,,. (To = 0 without 
there being a 0th customer.) We assume that T,7 j D,, 
0 = T( - T,, - T,+ < oo for all n and T,, - > oo as 
n -> oo. To obtain a special case of Section 1.1, set 

I 

F,;(t) = I[ k,Dk](s) ds, t , 0 (7) 

where I (t) is the indicator function of set A, defined 
by I,(t) = l if t E A and I,(t) = 0 otherwise 

Figure 1 shows a natural picture associated with 
L = XW. The customer number appears on the hori- 

fQ (s)ds 

Di - ~~~~~~0 
6 

k1= 

T2 - ~~~~~~~~F (6, to) 

Tz 

1 2 3 4 5 6 7 8 9 10 11 

CUSTOMER NUMBER 

Figure 1. Cumulative processes associated with Q(t) 
and WI,. 

zontal axis and time appears on the vertical axis. A 
unit density f(s, t) is defined over a subset of the 
positive orthantby assigningthe value 1 to each rectangle 
[k - 1, k] x [TA, D,;] for k , 1. This represents 
customer k being in the system from T, until D,k. The 
cumulative process F(s, t) is the integral of this density 
over [0, s] x [0, t]. Also depicted in Figure 1 are the 
two marginal cumulative processes, the sum of the 
first six waiting times, Z'_ W,;, and the integral of 
the queue length process (number in the system) from 
O to t(,, fo Q(s) ds. From this picture, it is easy to see 
that the two marginal cumulative processes count 
essentially the same thing for large s and t, so that we 
should be able to relate the marginal averages. 

1.3. H =XG 

To obtain the version of H = XG in Heyman and 
Stidham, let f;(t) be a cost rate associated with the 
kth customer at time t. Assume that f(t) is nonne- 
gative and integrable. This becomes a special case of 
Section 1.1 by letting 

F,l(t) = ff(s) ds, t - 0. (8) 

Then G(n) = n-' Z".1 F,(oo) is the average cost 
associated with the first n customers and H(t) = 

r- /z=1 F,;(t) is the average cost incurred over the 
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interval [0, t]. As a special case, we might have cost 
rates in the L = XW setting of Section 1.2. We might 
start with the (integrable) cost rate c,;(t) associated 
with the kth customer t time units after his arrival, 
when he is in the system. Paralleling (7), we have 

f;(t) = c,(t -T,,)I[Tk,D)k](t), t ; 0, (9) 

1.4. Nonintegral Formulation: Lump Costs Plus 
Cost Rate 

In the setting of Section 1.3, suppose that a lump cost 
C,; is incurred at the instant (if it occurs) that the 
waiting time of the kth customer exceeds x. (For 
x = 0, this represents a lump cost per customer upon 
arrival.) If 

F,,(t)= f;(s) ds 

+ C1I1. ')(WJV)I[T+X.-)(t) t ; 0 (10) 

where I,(t) is the indicator function of A as before, 
then G,, = n-' Ell. F,j(oo) is the average cost for the 
first n customers and H(t) = t-' ,= F,(t) is the 
average cost incurred in the interval [0, t]. This exam- 
ple is not covered by any of the previous versions of 
H = XG because F,(t) in (10) as a function of t is not 
absolutely continuous with respect to the Lebesgue 
measure, i.e., (10) is not of the form (8). 

Remark 1. We should not overemphasize this point 
because we can transform (10) into the integral form 
(8). To see this, recall that if B is a cdf (cumulative 
distribution function) and U is a random variable 
uniformly distributed on [0, 1], then B-'(U) has 
cdf B where B-'(s) = influ 3 0: B(u) > sI as in (3). 
Hence, if B is any nondecreasing right-continuous 
function with B(O) = 0 andfis integrable with respect 
to B, then 

f(s) dB(s) = f(B-'(s)) ds 

= f f(B [ B(t) B(t) ds 

by a change of variables. However, the integrand is 
quite different when we make this transformation, 
and this can significantly complicate subsequent 
analysis. 

1.5. Other Nonintegral Formulations: General 
Cost Processes 

In the spirit of (9), there might be a general cumulative 
cost function C,(t) associated with the kth customer 

t time units after arrival at TI., when the customer 
is in the system. In the original stochastic setting, 
{[C,dt): t 2 0]: k , l} might be a sequence (indexed 
by k) of independent and identically distributed sto- 
chastic processes with nondecreasing sample paths. 
(Of course, we do not require these stochastic assump- 
tions.) This is fit into the setting of Section 1.1 by 
setting 

F,(t)-CM (- Tk)t'k,Dk1*.(t), t >~ ? 11 

Example 1. Customers enter a store at time I T, I and 
leave at times {Dk, . The cumulative amount pur- 
chased by customer k is modeled by a stochastic 
process {C,;(t): t 2 01 where t represents the time after 
entering the store. The amount purchased by the kth 
customer by time t is then F,(t) in (11). (Dk and 
IC,.(t): t > 01 might be highly dependent.) The average 
amount purchased per customer throughout all time 
by the first n customers is G(n); the average amount 
purchased per time by all customers up to time t is 
H(t). 

Example 2. Shipments of a perishable commodity 
(e.g., blood) enter a storage facility at times {T,J. 
The total amount lost from shipment k by t time 
units after arrival is modeled as a stochastic process 
{C,(t): t 3 01. The amount lost from shipment k by 
time t is then F,(t) in (1 1), where D,k represents a time 
after all of shipment k perishes. The average amount 
eventually lost per shipment among the first n ship- 
ments is G(n); the average amount lost per time in all 
shipments by time t is H(t). 

1.6. Continuous Analogs 

A continuous analog of Section 1.1 is obtained by 
starting with a continuous family of nonnegative, 
nondecreasing real-valued functions {[Fj(t): t > 0]: 
u > 01 and a nondecreasing right-continuous function 
IT,(s): s 3 01 with T,(s) < oo for all s and T,(s) -> cc 
as s oo. We are interested in the limiting behavior 
of 

G(s) =s-' f F(oo) du 

and (12) 

H(t) t-1 F,(t) du. 

For (12) to be well defined we assume that F(t) is 
integrable in u for each t. We fit this in the general 
framework by letting F(s, t)-f =(' F1(t) du for s 3 0 
and t 2 0. We obtain the special cases considered by 
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Rolski and Stidham when F(t) is an integral 

F,,(t) = f'f(u, v) dv (13) 

wheref(u, v) is a nonnegative integrable function on 
[0, oo) x [0, oo). 

1.7. Stochastic Integrals 

Let IS, (t): t - 01 be a stochastic process with nonde- 
creasing sample paths; let IB(s, t): s , 0, t - 01 be a 
stochastic process with sample paths that are nonde- 
creasing in t for each s; and let F(s, t) be the stochastic 
integral 

F(s, t)-= B(u, t - u)S,(du) 

which we assume is well defined. 

Example 3. Water contaminated with radioactive ele- 
ments pours into a river. Let S1 (t) represent the total 
amount of water that pours into the river by time t, 
and let B(s, t - s)S, (ds) represent the amount of 
radioactivity emitted by time t by water that arrives 
in the interval [s, s + ds). Then F(s, t) is the stochastic 
integral, F(s, oo) is the total radioactivity that will be 
emitted by water that arrives by time s, and F(oo, t) 
F(t, t) is the total radioactivity emitted by time t. 

To further develop the example, suppose that 
B(s, t - s) = c(s)b(t - s) where b(t) -* b(oo)as t -* oo. 
(We probably cannot assume that B(s, t - s) = 

a((l - e'x's)) because, typically, there will be many 
different radioactive elements in the water, each with 
different decay rates.) If we let SI (du) = c(u)S1 (du), 
then F(s, t) = fs b(t - u)SI(du), F(s, oo) = b(oo)S (s) 
and F(oo, t) = fJ b(t - u)SI(du). If s Si s) -* X as 
s -*00, then G(s) = s-'F(s, oo) -* Xb(oo) as s -* oo. 
The results in this paper could be applied to establish 
convergence of H(t) = t-'F(oo, t). 

1.8. Multivariate Extensions 

The general framework can be generalized to more 
than two dimensions. Here is the idea: Consider the 
nondecreasing function F(t,, ..., tl,) defined on 
[0, oo)', the k-fold product of [0, oo) with itself. Let 
Fi(t,) = F(tj, .., t,k) with tj = oo for all j $ i. 
Under appropriate conditions, the limit G, of Gi(t1) = 
ty-'F,(t,) as t, oo for one i determines the limit for 
all i and G, = (ca,/aj)Gj. The idea is that F(ti, . .., t,) 
has its primary region of increase along some ray. For 
example, the domain could be made five-dimensional 
by adding three spatial variables. (Imagine a queue 
inside a spaceship heading toward outer space in a 

straight line at constant velocity, and ask for the 
average number in queue per distance along a partic- 
ular spatial coordinate, over all customers, all time 
and all values of the other spatial coordinates.) The 
symmetry in our general framework makes this exten- 
sion apparent. It is not difficult to extend Sections 2 
and 5 to this setting. 

2. THE MAIN THEOREM 

Recall the general framework for H = XG introduced 
at the beginning of Section 1 with the cumulative 
input function F(s, t) and the time-change function 
T, (s). We actually consider two nonnegative, non- 
decreasing, right-continuous real-valued functions on 
[0, oo), T,(s) and T2(s), with inverses S,(t) and S2(t) 
defined by (3). We could, of course, have T (s) = 
T,(s) for all s, so that there really is only one function, 
but we usually do not. We will make assumptions 
equivalent to requiring that T (s)/T2(s) -1 I as s -* 

oo. (In the standard L = XW framework, T1 (s) = Tf,] 
where T,; is the arrival epoch of the kth customer and 
we could have T2(s) = T[,] + U[,] where U,; is the 
maximum waiting time among the first k customers; 
see (19) and Section 4.1.) 

We use the following familiar elementary lemma 
relating the limits of the averages (the strong laws of 
large numbers in the stochastic setting) for Ti(s) and 
S,(t), e.g., see Theorem 2(a) of Glynn and Whitt 
(1986). 

Lemma 1. t-'Si(t) -* X, 0 < X < oo, as t > oo if and 
onlyifs`'T,(s)-*X',0<X- <oo,ass oo. 

We use the following elementary composition prop- 
erty. Let f(t-) be the left limit off(s) as s approaches 
t from below. 

Lemma 2. For al t 2 0, T,(S,(t)) 2 t 2 T, (S(t)-). 

To establish our result, we use two approximation 
conditions: 

lim s-'[F(s, T, (s-)) - F(oo, T, (s-))] = 0 (14) 

and 

lim s'-[F(s, oo) - F(s, T7(s))] = 0. (15) 
x fC1 

We rely heavily on (14) and (15) for our results. 
Roughly speaking, together they imply that 

G(s) - H(T,(s-)) = o(s) as s -* ?o (16) 
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provided that T2(s) T, (s-) because G(s) = F(s, oo) 
and H(T, (s-)) = F(oo, T, (s-)). 

Our main result gives inequalities for lim infs (lim) 
and lim sups (lim) as well as statements closer to the 
previous versions of H = XG. 

Theorem 1. (a) If s-'T(s) - ', 0 < X' < oo, and 
(14) holds, then 

lim G [SI (t)] < lim X -'H(t) 

and 

lim G(s) < lim G [Si (t)] < lim ) -'H(t). 
.S%OC /-C ,00 

(b) Ifs-'T(s)-X-1,0< X-' <o, and(15) holds, 
then 

lim H(t) lim XG[,S^(t)] < lim XG(s) 
/-cc I-'CC V, 00 

and 

lim H(t) lim XG[S(jt)]. 

(c) If the conditions of both (a) and (b) hold, then 

lim H(t) = lim XG(s) and lim H(t) = lim XG(s). 
I-o O C M ,S'Ci00 ,'>O 

(d) Under the conditions of (a), if either H(t) H 
as t -* oo or G(s) -j G as s -- oo, then 

lim H(t) >- lim XG(s). 

(e) Under the conditions of (b), if either H(t) H 
as t -* oo or G(s) -* G as s -- oo, then 

lim H(t) -< lim XG(s). 

(f ) If the conditions of both (a) and (b) hold, then 
H(t) -- H as t -- oc if and only ifG(s) -- Gas s -- oo, 
in which case H = XG. 

Proof. We need to provide details for only (a) and (b). 
(a) Apply Lemma 1 to get t-'S, (t) -* X. Since 
t > T, [Si (t)-J by Lemma 2 

tH(t) ?_ F(SI (t), T, (Sj (t)-)) >- G (Si (t)) 
Si(t) SI(t) 

F(SI (t), T (Si (t)-) - F(oo, T1 (Si (t)-) 
+ 

~~~~~S,(t) 

so that under (14) 

lrn H(t) > lim XG(S (t)) 
/r 01. f tR>0 

and 

lim H(t) >, lim XG(S (t)). 
/-CC /-oC 

Since S, f T (s)] > s by Lemma 2 

G(SI [ T, (s)]) >, G(s)(slS, [ T, (s)]). 

By Lemma 2, s-'S[T(s)] --*1 as s -oo Hence, 
lim,c G(S, (t)) >, lim,-, G(s). 

(b) Apply Lemma I to get t-'S2(t) X as t -* oo. 
Since t ? T2[S2(t)] by Lemma 2 

tH(t) F(S(t), oo) + F(S2(t), t) - F(S2(t), oo) 
So(t) s2(t) 

G(, t)+F(S2,(t), 
Tjj S2,(t)] - F(S2,(t), oo) 

S (t) 

so that by (15) 

lim H(t) l tim XG(S2(t)) 
/-cc , cc 

and 

lim H(t) lim XG(S2(t)). 

Since S2(T2(s-)) < s by Lemma 2, G(S2 [T2(s-)]) ? 
G(s)(s/S1[T2 (s-)]). By Lemma 1, s-'Sj7[T(s-)] -- 1 
as s -* oo. Hence, lim,O. G(S2(t)) ? limx. G(s). 

Remark 2. Parts a and b of Theorem 1 are important 
as separate statements because sometimes only one of 
(14) and (15) holds; see Example 1 of Glynn and 
Whitt (1986). 

Remark 3. The standard versions of H = XG in the 
literature establish the limit for H(t) given the limit 
for G(s). Our Theorem 1 goes both ways. In fact, to a 
large extent, the formulation in this section is sym- 
metric in the two variables s and t. We thus can 
replace conditions (14) and (15) with 

lim t-v[F(S (t-), t) - F(S,(t-), oo)] = 0 

and 

lim r'[F(oo, t) - F(S(t), t)] = 0 

and obtain corresponding results. However, note that 
(14) and (15) are not symmetric. 

Remark 4. Theorem 1 remains valid with weaker 
conditions than (14) and (15). As easily seen from 
the proof, it suffices to have, for each e > 0, 
functions T,(s) and T2(s), such that s-'T,(s) - I 
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O < x-1 < oo, and 

lim s-'[F(oo, T, (s-) - F(s, T, (s-))] < e (1 4') 

and 

lim s-'[F(s, oo) - F(s, T7(s))] < e. (15') 

Equivalently, we can work with sequences {[T1,(s): 
s 3 0]: n 3 1}, e.g., (15') is equivalent to a sequence 
{T2,,(s)} such that 

lim lim s' -[F(s, oo) - F(s, T2,,(s))] = 0. (15") 

This extension of ( 15), but not ( 14), is used in Section 
4.5 to cover conditions III and III' of Rolski and 
Stidham for the continuous versions of L = XW and 
H= XG. 

3. RESULTS WITH ONE DISCRETE VARIABLE 

In the setting of Section 1.1, we use the following 
assumptions. 

cc 

(i) n-' E F,(T,,) -* 0 as n -? oo. (17) 

(ii) There exists a nonnegative finite sequence 
{S,,: k >} 0 such that 

T'O and n- E [F,;(oo)-F,;(T+SI)]--0 
',, k=1 

as n -oo. (18) 

Remark 5. Condition ii in (18) is a slight generaliza- 
tion of the assumption (i and ii) on p. 985 of Heyman 
and Stidham. 

We define T2(s) in terms of TI, + SI, by T7(s) 
TJ, + U[,], s 0, where 

U,, = maxISk,: 1 - k - n}. (19) 

Thus S2(t) = M(t) + 1, where 

M(t) = maxfk > 0: T,; + U,- - t}, t > 0. (20) 

The next two theorems show that Theorem 1 applies 
here. We simply relate conditions (17) and (18) to (14) 
and (15). 

Theorem 2. In the setting of Section 1.1, (17) is equiv- 
alent to (14). 

Proof. For n < s <n + 1, 

n- > E F,j(T,,) 
k=,,+1 

= n- F,;(T,) - F,(T,,) 
_k-= 1 ki= I 

= ([s])-'[F(oo, TI(s-)) - F(s, TI(s-))] 

while, for s = n, since T, (s-) is left-continuous 

n-' Y, Fl,(T,,-,) k 

= n [ F,;(T,,) - I Fk;(Tn 1) 
/;=1 /;=1 

= s[-'F(oo, T (s-)) -F(s, T (s-))]. 

Hence, (17) and (14) are equivalent. 

We need the following lemma for relating (18) to 
(15). 

Lemma 3. If S,,I/T, - 0, then U,,I/T,, -O 0 for U,, 
in (19). 

Proof. For arbitrary E > 0, let n(E) be such that 
S,,I/T, < E for n > n(E). Then, for n > n(E) 

U,,/T,, = U,,()/T,, + max{S,/T,,: n(E) < k < n} 

s U,,/T,, + maxIS,J/Tk.: n(E) < k - n} 

U,,(,)IT,, + E ->E as n --oo. 

Since E was arbitrary, the proof is complete. 

Theorem 3. In the setting of Section 1.1, (18) implies 
(15) with lim,. s-'T2(s) = lim,,. n-'T,, whenever 
the latter limit exists. 

Proof. Using U,, in (15), we have for n s < n + 1 
/I 

n X, [F/,,(oco) - Fig(T1, + Sig)] 

n-' , [F, (oo)- F,(T,, + US,)] 
k = 

> [F, (oo) - F,(T,, + U,)] 
k = 

s '[F(s, oo) - F(s, T2 (s))] 

with T (n) = T,, + U,,. By Lemma 3, U,,/TI,, 0 as 
n -* oo, so that s-i T2(s) has the same limiting behavior 
as s -* oo as n-T,, as n -* oo. 
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The next result is an immediate consequence of 
Theorems 1 through 3. 

Theorem 4. Consider the setting of Section 1.1 with 
one discrete variable. 

(a) Suppose that n-'T,, -' X', 0 < X-' < oc, and 
G(n) -* G as n -* oo. 

(i) If (17) holds, then lim,O H(t) 3 XG. 
(ii) If(18) holds, then lim,O H(t) - XG. 

(iii) If (17) and (18) both hold, then lim,O H(t) 
= H= XG. 

(b) Suppose that t-'N(t) -A X, 0 < X < oo, and 
H(t)- H as t-* oo. 

(i) If(17) holds, then lim, G(n) - --XH- 
(ii) If(18) holds, then lim,1 G(n) ? X-'H. 

(iii) If(1 7) and (18) both hold, then 

lim G(n) = G = X-'H. 

4. SPECIAL CASES 

In this section, we discuss the special cases in Sections 
1.2-1.5. 

4.1. L = XW 

In the setting of Section 1.2, G(n) = n-' ,k-= F,.(oo) 
is the customer-average waiting time and H(t) = 
t-' Z,I F,(t) is the time-average queue length (num- 
ber in the system). This gives us a special case of 
Section 3 with L and W playing the roles of H and G, 
respectively. 

To establish conditions for L = XW, for (18) let 
S,, = W,, n 3, 1. Note that 

F,( T,, )=0 for all k 3 n (21) 

and 

F, (oo) -FA(TI, + S,;) = 0 for all k (22) 

so that (17) always holds and (18) holds if and only if 
WV/T, -*> 0. When n-'T,, -> -', 0 < X` < 00 (18) 
reduces to n - 'W,, -- 0. Just as in Theorem 2 of Glynn 
and Whitt (1986), if n-' k= W,I I Was n oo, we 
automatically get n-' W, -O0; otherwise it needs to be 
assumed; see Example 1 of Glynn and Whitt (1986). 
Here we obtain a new result from Theorem 4b (ii). 
We summarize all implications starting from the lim- 
its for the time averages t-'S, (t) and H(t) to X and L. 
Let Q(t) be the queue length (number in the system) 
at time t, defined by Q(t) = I I[ k,D](t). 

Theorem 5. (a) In the L = XWframework of Section 
1.2, if the time-averages t-'Sl (t) and H(t) converge to 

X and L as t -* oo where 0 < X < oo, then 
,, 

limrn n' W,, X-'L. 
,, ) 00 

k i=, 

(b) If in addition, there exists an increasing se- 
quence It,k: k I Il with tI, > oo such that Q(t,) = O for 
all k, then 

,, 

limn -' > W, X= -'. 
,, tOC k \=I 

(c) If n-' W,, -0 as n -*oo in addition to the other 
assumptions of (a), then 

,, 

lim n-' i W,;= X-'L. 
, , 00 k\ = I 

Proof. Part a follows directly from Theorem 4b (ii). 
Part b follows from Corollary 1.1 of Glynn and Whitt 
(1986). Given the time-average limit for X and Lemma 
1, the assumption in c is just what is needed to have 
both (17) and (18), so that we can apply Theorem 4b 
(iii). 

Remark 6. Theorem 5 is illustrated by Example 1 of 
Glynn and Whitt (1986). The conditions of Theorem 
5a and b hold, but not c. There 

limn' n W,~ 

=2> 1 = lim n-1 W,-=X-'H 
,-00 

k I=, 

as can be shown directly. 

4.2. H = XG 

Consider the setting of Section 1.3. Usually, fJ(t) = 0 
for t 4 [Tln, DI.]. Then we set S,, = W,, as in Section 
4.1. Otherwise, conditions (17) and (18) can be applied 
directly. For example, they are implied by assump- 
tions i and ii on p. 985 of Heyman and Stidham. In 
contrast to Theorem 1 of Heyman and Stidham, we 
do not require that G < oo or 0 f (t) dt < oo. 

4.3. A Nonintegral Formulation 

Consider the new examples in Sections 1.4 and 1.5. 
As in Sections 4.1 and 4.2, iff(t) = 0 for t 4 [T,, D,J 
as in (9), then we can set S,, = WIi, so that condi- 
tions (17) and (18) are satisfied for F,,(t) in (10) if 
W,,T,, -> 0 as n -* oo. Similarly, (17) and (18) are 
satisfied for F,;(t) in (11) if W,,I/T, - 0 as n -* oo. 
Otherwise apply conditions (17) and (18) directly. 
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4.4 Continuous Analogs 

Now consider the setting of Section 1.6. Paralleling 
Section 3, we use two assumptions: 

(i) s- F1(T,(s)) du -O 0 as s -? oo (23) 

and 

(ii) there exists a nondecreasing right-continuous func- 
tion T2(s) such that 

T2(s)/T,(s) -3 1 

and 
(24) 

s-f [F(oo)-F,(T2(u))]du--0 ass-*oo. 

The results of Section 3 and the examples in Sec- 
tion 4 easily carry over to this setting. In particular, 
the analog of Theorem 4 is immediate. 

With the additional integral representation (13), 
condition (23) holds by the assumption thatf(u, v) = 
0 for v < T, (u). As in Sections 4.1 and 4.2, the second 
part of (24) holds by assuming that f(u, v) = 0 for 
v > T2(u), but satisfying (24) can be nontrivial. We 
first discuss the standard elementary case and then a 
generalization. 

In the L = XW setting in Section 2 of Rolski and 
Stidham 

fu, V) = I[ ,),(,,)+(,,]V) (25) 

where w(u) is the waiting time at the u-arrival epoch 
T, (u), which we assume is right-continuous. Then, 
paralleling Section 3, the second, nondecreasing right- 
continuous function T,(s) can be defined by 

T2(s)= T,(s)+ sup w(u). (26) 

The function T2 (s) corresponds to the sequence 
IT,, + U,,: n O0} in Section 3. 

As in Sections 4.1 and 4.2, conditions (23) and (24) 
reduce to the requirement that T2(s)/T (s) -- 1 as 
s -0oo for T2(u) such that F1(oo) -F1,(T,(u)) = 0 for 
all u. Instead of the rather complex condition (III) 
on p. 212 of Rolski and Stidham, we simply use 
lim,- s-' w(s) = 0. We summarize our results for 
the continuous L = XWcase in the following theorem. 

Theorem 6. In the continuous L = XW setting, i.e., 
under (13) and (25), assume that s-'T, (s) -- 2` and 
s'w(s) -* 0 as s -* oo. Then lim,-. G(n) = G W 
if and only if lim,O H(t) = H L, in which case 
L = XW. 

Proof. The conditions imply, first, that 

s1 supo'I",, w(u) -> 

and, second, that T2(s)/T, (s) -- 1 as s -- oo with T2(s) 
defined by (26). Hence, both conditions (23) and (24) 
hold. Then apply the analog of Theorem 4a (iii) and 
b (iii). 

Remark 7. Unlike the discrete case in Section 4.1, the 
convergence t-' f w(u) du w as t -> oo with w < oo 
does not imply that t w(t) 0 as t -* oo; see Example 
2 of Rolski and Stidham. 

Remark 8. Theorem 6 does not cover the rather path- 
ological Example 1 of Rolski and Stidham in which 
T, (s) = s and w(s) = nI[(2' 1)/'12,,-I](s), but it is easy to 
verify (23) and (24) directly using T7(s) = T, (s) = s, 
s 3 0. The condition t'w(t) -> in Theorem 6 seems 
more natural than III in Rolski and Stidham. More 
generally, note that condition (24), extended as indi- 
cated in Remark 4, actually coincides with condition 
III in Rolski and Stidham in the special case of (26). 
To see this, observe that 

F,,(T7j(U))) 

7,2(11' 

()100,101 { ,11,+ (u () du 

=min w(u) [1T( (u) - T, (u)])+ 

= min w(u), d(u)} 

where d(u) = supo , , [T2(v) - T1 (v)] +. It is easy to 
see that d(u) is nondecreasing and u-'d(u) -O 0 be- 
cause T2(u)/T, (u) -- 1. As indicated by Rolski and 
Stidham, their more general condition III has appeal 
because it is satisfied w.p. 1 whenever Iw(t)): t > O} is 
the sample path of a nonnegative ergodic stationary 
stochastic process with finite mean. 

5. CENTRAL LIMIT THEOREM VERSIONS 
OF H = XG 

Glynn and Whitt (1986) show that in the L = XW 
framework, relations exist between other classical 
limit theorems for the averages besides the standard 
strong laws of large numbers. This is also true for the 
more general framework here, as we illustrate with the 
central limit theorem (CLT). Our CLT version of 
H XG is a generalization of Theorem 3 of Glynn 
and Whitt (1986). Since the methods are similar, we 
will not state analogs of the other theorems there and 
we will omit much of the proof here. These extensions 
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are important for identifying efficient statistical esti- 
mators, as shown in Glynn and Whitt (1989). 

We actually establish a relation among functional 
central limit theorems (FCLTs). As in Section 3 of 
Glynn and Whitt (1986), we consider random ele- 
ments of the function space D D[0, oo), the space of 
all real-valued right-continuous functions on [0, oo) 
with left limits, endowed with the usual Skorohod (JI) 
topology; see Whitt (1980). Let C C[0, co) be the 
subset of continuous functions. Let denote weak 
convergence. 

In this section, we abandon the purely deterministic 
treatment employed so far. We now regard {F(s, t): 
s > 0, t > 0} as a stochastic process with a two- 
dimensional time parameter; e.g., Straf (1972). How- 
ever, as in Whitt, and Glynn and Whitt (1986), the 
proof here also can be done deterministically by 
sample-path methods. 

We define the following random elements of D. 

G,(t) = n/92[G(nt) - gnt] 

H,(t) = n 4- IH(nt) - hnt] 

T'1(t) = n-1`[T(nt) - X-lnt] (27) 

S',(t) = n-'2[Si(nt) - Xnt] 

6(t)=0 and e(t) =t t > 0 

where X, h and g are positive real numbers. We assume 
that Gj(t) and H,j(t) are legitimate random elements 
of D. Let R), and R' be remainder processes in D, 
based on (14) and (15), that is 

RJ(t) lim sup nf'2Ri(ns) 

RI (t) = F(oo, T1 (t-)) - F(t, T (t-)) 1 (28) 

R2(t) = F(t, oo), - F(t, T2(t)) 

for t > 0. 

Remark 9. The supremum is included in R; above 
to ensure that R, is an element of D. Otherwise, it 
entails no extra conditions, because if X,, X in D 
with P(X E C) = 1, then f(X,,) = f(X) by the contin- 
uous mapping theorem where f: D -* D is the map- 
pingf(x)(t) = sup(-,,+, x(s) for x E D. 

Theorem 7. Suppose that h = Xg and R o 0 for i = 

1, 2. Then (G,, T, Th) TS (G TI, T) with P(T E C) = 
1 and only if (H,,, Sl, S-) (H, S, S) with 
P(S E C) 1, in which case 

where 

S(t) = -XT(Xt) - 312T(t) 

H(t) = G(Xt) - hT(Xt) (30) 

= X 1/92(G(t) - hT(t)), t - 0. 

Proof The idea is to apply the continuous mapping 
theorem and related arguments, as for Theorem 3 of 
Glynn and Whitt (1986). Paralleling Lemma 1 here, 
T' * T with P(T E C) if and only if S/-, S with 
P(S E C), in which case (T', S') (T, S); where S 
and T are related as in (30); see Theorem 7.3 plus 
the corollary to Lemma 7.6 of Whitt. Let T'J- 
CJ,(t) = n-'S (nt), t > 0. Suppose that (G,,, Tk, T 2 

=> (G, T, T). Then 

(G, V, T-2 SI, S29 4t1, 2) 

(G, T, T, S, S, Xe, Xe) in D7. 

Following the proof of Theorem 1, we obtain 

G(SI (nt))- RI (Si (nt)) 

S H(nt) < G(S (nt)) + R2(S2(nt)) (31) 

for all t > 0. Hence, as in the proof of Theorem 3 of 
Glynn and Whitt (1986), H,, has the same weak con- 
vergence limit as the random function 

(GS1),(t) = n12[G(S,(nt)) - Xgnt], t ; O 

which is G,, modified by a random time transforma- 
tion, with a limit as described in (30). 

A similar argument applies the other way, starting 
with convergence of (H,,, Sh, Sn). From the proof of 
Theorem 1 

(s`S2[T (s-)])[H(T7(s-)) - R(S[T(s-)])- 

(s-'SJ7T^(s-)])G(S2[7!(s-)]) 

G(s) <, Ws-S, [ Tl (s)I)G(SI [ T, (s)]) 

(s (I'SI [Tl (s)])[H(T, (s)) + R (SI [T, (s)])]. (32) 

We complete the proof by substituting nt for s in (32) 
and reasoning as with (31), once again exploiting 
random time transformations. Since 

Supo ,)T I nSJ[T, (nt)] - t I I O 0 

sup(,IzT {I (nt)-'SJT(nt)] - I I 0 too. 

Remark 10. More processes can be put in the final 
joint limit (30), as in Theorems 3 and 4 of Glynn and 
Whitt (1986). More description of the limit process is 
also given there; it is usually multivariate Brownian 
motion, which has multivariate normal marginal dis- 
tributions. (The component Brownian motions are 
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typically dependent; i.e., the covariance matrix typi- 
cally has nonzero off-diagonal elements.) 

As in Sections 4.1 and 4.2 here, in some settings the 
remainder terms drop out automatically, e.g., Ri, = O. 
In the standard H = XG setting of Section 1.3, suppose 
that {Jf (t): t , 0j is a nonnegative integrable stochastic 
process for each k, with 

f (t) = O, t s? [Tk, T,k + Sk (33) 

where TI, is the random arrival epoch of the kth 
customer and 

S,/T,->0 w.p.1 ask- > oo. (34) 

Let the random functions be as in (27) with T, (s) = 
T[,], s : 0. The following result is an elementary 
consequence of Theorem 7. 

Theorem 8. Suppose that h = Xg in the standard 
H = XG framework of Section 1.3 satisfying (33) and 
(34). Then (G,,, T,ll) ;> (G, T) with P(T E C) if and 
only if (H,,, S,,) (H, S) with P(S E C), in which 
case the joint convergence (29) holds with the limit 
processes related by (30). 

Remark 11. If (33) holds with S,; - W,;, then (G,,, T1) 
=* (G, T) implies (34) and thus also (H,,, S,)= 

(H, S). 

Remark 12. An application of the CLT version of 
H = XG to determine the asymptotic efficiency of 
statistical estimators of queueing parameters is illus- 
trated in Section 11 of Glynn and Whitt (1989). 

ACKNOWLEDGMENT 

This work was done while Peter Glynn was in the 
Department of Industrial Engineering at the Univer- 
sity of Wisconsin-Madison, supported by the National 

Science Foundation under grant ECS-8404809 and by 
the U.S. Army under contract DAAG 29-80-C-0041. 

REFERENCES 

BRUMELLE, S. L. 1971. On the Relation Between Cus- 
tomer and Time Averages in Queues. J. Appl. Prob. 
8, 508-520. 

BRUMELLE, S. L. 1972. A Generalization of L = XW to 
Moments of Queue Length and Waiting Times. 
Opns. Res. 20, 1127-1136. 

GLYNN, P. W., AND W. WHITT. 1986. A Central-Limit- 
Theorem Version of L = XW. Queueing Syst. Theory 
Appl. 1, 191-215. 

GLYNN, P. W., AND W. WHITT. 1989. Indirect Estimation 
via L = XW. Opns. Res. 37, 82-103. 

HEYMAN, D. P., AND S. STIDHAM, JR. 1980. The Relation 
Between Customer and Time Averages in Queues. 
Opns. Res. 28, 983-994. 

LITTLE, J. D. C. 1961. A Proof of the Queueing Formula: 
L = XW. Opns. Res. 9, 383-387. 

MAXWELL, W. L. 1970. On the Generality of the Equa- 
tion L = XW. Opns. Res. 18, 172-174. 

ROLSKI, T., AND S. STIDHAM, JR. 1983. Continuous 
Versions of the Queueing Formulas L = XW and 
H = XG. Opns. Res. Lett. 2, 211-215. 

STIDHAM, S., JR. 1972. Regenerative Processes in the 
Theory of Queues, With Applications to the Alter- 
nating-Priority Queue. Adv. Appl. Prob. 4, 542-577. 

STIDHAM, S., JR. 1974. A Last Word on L = XW. Opns. 
Res. 22, 417-421. 

STIDHAM, S., JR., 1982. Sample-Path Analysis of Queues. 
In Applied Probability-Computer Science: The In- 
terface, R. Disney and T. J. Ott (eds.). Birkhauser, 
Boston. 

STRAF, M. L. 1972. Weak Convergence of Stochastic 
Processes with Several Parameters. In Proceedings 
Sixth Berkeley Symposium on Mathematical Statis- 
tics and Probability, Vol. II, pp. 187-221. University 
of California Press, Berkeley Calif. 

WHITT, W. 1980. Some Useful Functions for Functional 
Limit Theorems. Math. Opns. Res. 5, 67-85. 


	Article Contents
	p. 634
	p. 635
	p. 636
	p. 637
	p. 638
	p. 639
	p. 640
	p. 641
	p. 642
	p. 643
	p. 644

	Issue Table of Contents
	Operations Research, Vol. 37, No. 4 (Jul. - Aug., 1989), pp. 513-683
	Front Matter [pp. 513-513]
	In This Issue [pp. 514-516+676]
	OR Practice
	A Scenario Approach to Capacity Planning [pp. 517-527]

	Ex Ante Equity in Public Risk [pp. 528-530]
	Methods for Designing Communications Networks with Certain Two-Connected Survivability Constraints [pp. 531-541]
	New Sharpness Properties, Algorithms and Complexity Bounds for Partitioning Shortest Path Procedures [pp. 542-546]
	Tradeoff Curves, Targeting and Balancing in Manufacturing Queueing Networks [pp. 547-564]
	Optimal Inventory Policies for Assembly Systems under Random Demands [pp. 565-579]
	Dynamic Process Improvement [pp. 580-591]
	Simultaneous Resource Scheduling to Minimize Weighted Flow Times [pp. 592-600]
	Approximate Analysis of Queues in Series with Phase-Type Service Times and Blocking [pp. 601-610]
	Monotonic and Insensitive Optimal Policies for Control of Queues with Undiscounted Costs [pp. 611-625]
	Average Cost Optimal Stationary Policies in Infinite State Markov Decision Processes with Unbounded Costs [pp. 626-633]
	Extensions of the Queueing Relations L=λ W and H=λ G [pp. 634-644]
	A Simple Proof of the Equivalence of Input and Output Intervals in Jackson Networks of Single Server Nodes [pp. 645-647]
	Technical Notes
	The Stochastic Queue Median Over a Finite Discrete Set [pp. 648-652]
	A Generalized Bounding Method for Multifacility Location Models [pp. 653-657]
	An Improved Dual Based Algorithm for the Generalized Assignment Problem [pp. 658-663]

	OR Forum
	The Next Decade in Operations Research: Comments on the Condor Report [pp. 664-672]

	Errata: Restricted Subset Selection Procedures for Simulation [p. 673]
	Back Matter [pp. 674-683]



