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onsider a computer system

having a CPU that feeds

jobs to two input/output

(I/0) devices having differ-

ent speeds. Let 8 be the

fraction of jobs routed to
the first I/O device, so that 1 — 0 is
the fraction routed to the second.
Suppose that a = a(8) is the steady-
sate amount of time that a job
spends in the system. Given that 8 is
a decision variable, a designer
might wish to minimize a(6) over 6.
Since a(-) is typically difficult to
evaluate analytically, Monte Carlo
optimization is an attractive meth-
odology. By analogy with determin-
istic mathematical programming,
efficient Monte Carlo gradient esti-
mation is an important ingredient
of simulation-based optimization
algorithms. As a consequence, gra-
dient estimation has recently at-
tracted considerable attention in
the simulation community. It is our
goal, in this article, to describe one
efficient method for estimating
gradients in the Monte Carlo set-
ting, namely the Ukelihood ratio
method (also known as the efficient
score method). This technique has
been previously described (in less
general settings than those devel-
oped in this article) in [6, 16, 18,
21]. An alternative gradient estima-
tion procedure is infinitesimal pertur-
bation analysis; see [11, 12] for an
introduction. While it is typically
more difficult to apply to a given
application than the likelihood ratio
technique of interest here, it often
turns out to be statistically more
accurate.

In this article, we first describe
two important problems which
motivate our study of efficient gra-
dient estimation algorithms. Next,
we will present the likelihood ratio
gradient estimator in a general set-
ting in which the essential idea is
most transparent. The section that
follows then specializes the estima-
tor to discrete-time stochastic pro-
cesses. We derive likelihood-ratio-
gradient estimators for both time-
homogeneous and non-time homo-
geneous  discrete-time  Markov
chains. Later, we discuss likelihood
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ratio gradient estimation in contin-
uous time. As examples of our anal-
ysis, we present the gradient esti-
mators for time-homogeneous
continuous-time Markov chains;
non-time homogeneous contin-
uous-time Markov chains; semi-
Markov processes; and generalized
semi-Markov processes. (The anal-
ysis throughout these sections as-
sumes the performance measure
that defines a(6) corresponds to a
terminating simulation.) Finally, we
conclude the article with a brief dis-
cussion of the basic issues that arise
in extending the likelihood ratio
gradient estimator to steady-state
performance measures.

Efficilent Gradient
Estimation: Motivating
Applications

As we have indicated, one motiva-
tion for studying Monte Carlo gra-
dient estimation is to be able to op-
timize complex stochastic systems.
More precisely, consider a stochas-
tic system depending on d decision
variables 8y, 6, ..., 6; Let a(f)
(8 =1(0y, ..., 0) be the expected
“cost” of running the system at pa-
rameter choice 8.

A powerful method for comput-
ing the value 6* which minimizes
a() is the Robbins-Monro algo-
rithm. This technique recognizes
that, under suitable regularity on
a*), 6% must be a 6-root of the
equation

Va(9) = 0,
(2.1)

where Va(6) is the gradient of a()
evaluated at 6. The idea then is to
construct a stochastic recursion
which has the root 8% as its limit
point.

This approach is most clearly il-
lustrated when d = 1. In this case,
such a recursion is given by

a
0n+1 =6, - _Vn+l
n

(2.2)

(@ > 0) where the V,’s mimic a’(*) in
expectation. More precisely, one is

required to compute V,’s with the

property that

E{Vn+l|v()9 00) e ety Vm On} = a’(on)
a.s.

(2.3)

(Throughout this article, a.s. is our
shorthand for “almost surely,”
otherwise known as “with probabil-
ity one”). Under appropriate addi-
tional hypotheses, it then follows
that there exists a finite constant
such that o

6,— 6* a.s.
n'2(9, — 8*) > aN(0,1)
(2.4)

as n— %, where N(0,1) is a standard
normal r.v. and = denotes “weak
convergence” (also known as “con-
vergence in distribution”). The key
result in (2.4) is the central limit
theorem which asserts that 6, con-
verges to 6% at rate n~'2, in the
number n of V/s generated. Since
the convergence rate n~2 is typi-
cally the best that one can expect of
a Monte Carlo algorithm (because
of central limit effects), this sug-
gests that recursive algorithms of
the form (2.2) should lead to rea-
sonably efficient procedures for
calculating 6*. Of course, the criti-
cal component of such an algorithm
is the sequence of gradient esti-
mates (derivative estimates when
d=1) {V,:n=0} appearing in
(2.3). Thus, efficient stochastic op-
timization is one setting which re-
quires gradient estimation.

A second problem context which
leads naturally to gradient estima-
tion is statistical estimation for com-
plex stochastic systems. As an ex-
ample, consider a single-server
infinite capacity queue in which the
inter-arrival distribution F, and ser-
vice distribution F; are unknown.
Suppose that one is given data X,
Xs, ..., X, for the inter-arrival
times and observations Yy, ..., Y,
for the service times, with the goal
of estimating the steady-state
queue-length a. The parameter o
may then be regarded as a function
of the inter-arrival and service time
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distributions, i.e., a = a(F,.F,). If
F¥ and F¥ are respectively the

Typically, the vector § — 6* will be a |
mean zero multivariate normal,

“true” inter-arrival and service time
distributions, our goal here is to es-
timate o* = o(F*¥ F¥) from the data.

Assume that F¥, F¥ are elements
of one—parameter families of distri-

butions  {F,(8,)},{F(02)}, respec-
tively, such that F¥=F (9*) F¥ =
F{8:). We can then reduce the

problem of estimating a* to that
of determining &(67,65), where
@(01,69) = a(Fo(61), F(B2)). For ex-
ample, if F,(6;) and F,(6s) are both
exponential and the performance
measure is steady-state mean
mmena_lanath the
queue-length, the
is an M/M/1 queue with (&
calculated analytically here):

resulting
resuiling s

r(91792) , .
i(UMU?)U = (6:/62)) ", 6, < 6q
o, 6 = 0o.

On the other hand, if F,(:) and
F(-) are Weibull with scale parame-
ters @, and 8, respectively, and non-
unit- -shape parameter, & is not

available Monte

abl:iding Monie

in r‘]ncPr“ form

Carlo evaluation may then be nec-
essary.

The natural estimate for a* is
& = &(91,92), where 0, is an estimate
for 6F calculated from X, . .., X,
and 8, is an estimate for 6§ derived
from Yy, ..., Y,; &(-) is a Monte
Carlo estimate for @(-). To calculate
the error in & as an estimate for a*,

note that

>
|

o
(44

The first term on the right-hand
side of (2.5) is error incurred from
the Monte Carlo estimation of
&@(8,,05); the second term, which is
(conditionally) independent of the
first, reflects the intrinsic error in
C!* aue {0 ullceltal‘l‘lty lll l.IlC Udl,d
sets. The error in the first term can
be estimated from conventional
output analysis procedures. For the
second, note that if a(-) is differen-

tiable, then

&(1,80) — a(67,0%) ~
Va(0%)(0 — 6%).
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with a covariance matrix that can be
easily estimated from the data sets.
(This occurs, for example, if the 8;s
are maximum likelihood estimators
for the 6s; see, for example, [13].)
To calculate the distribution of the
second term, it therefore remains
to compuie Va(6*) or, more pre-
cisely, its estimator Va(8). For ana-
lytically intractable models (such as
the single-server infinite capacity
queue with uniform interarrival
and service time distributions), this
entails calculating a gradient via
Monte Carlo

The situation we have just de-
scribed in the single-server queue-
ing context is typical of many statis-
tical problems that arise in the
analysis of complex stochastic sys-
tems. To fully resolve the statistical

cenerally
sliiCiauy

Carlo estimation of an appropriate
gradient. Of course, one approach
to estimating a gradient is to use a
finite-difference  approximation.
However, when this is implemented
in a Monte Carlo setting, it tends to
be quite inefficient; see [3] for de-
talls. Likelihood ratio gradlem esti-
mation offers a (much) more effi-
cient alternative.

From a mathematical viewpoint
l.} 1€1¢€ lb no lUbb Ul gCllCl dllly lll bPC‘
cializing our gradient estimation
discussion to the one-dimensional
setting in which d = 1. We shall
therefore make this simplification,
in order to clarify the notation. The
derivative formulas that appear in
the remainder of this article can be
easily translated into statements
about the partial derivatives that
comprise the components of the
gradient vector.
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Likelihood Ratio
Derivative Estimotion
Here, we provide a brief introduc-
tion to the basic ideas underlying
likelihood ratio derivative estima-
tion. To set the stage, consider a
ldllllly Ul BLULlldbllL bybl.cll is
indexed by a scalar decision param-
eter 6. For example, in a queuing

context, § might correspond to the
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service rate at a particular station.
Given the sample space , let X(6,w)
be the sample performance mea-
sure observed at sampie outcome @

and decision parameter 6; we per-
mit X(8.o) to denend exnlic

mit X(8,0) to depend explic
in order to encompass situations in
which the “cost” of running the sto-
chastic system (as measured
through X(O)) depends on the pa-
rameter §. (However, in many esti-
mation settings, X(6) is independent
of 8 and therefore depends only on
w.) For example, in the “load-
balancing” problem mentioned ear-
lier (involving a single CPU and two
I/O units), the performance mea-
sure A\U} described is 'p‘rec:se;y the
long-run sample average of the job
“waiting times” experienced by the
system, so that X(6,w) is a function
solely of the sample trajectory, w,

e., X(8,w) = X(w). On the other
hand suppose that if a large frac-
Lion ux Juua is 1Uuu,d 'L'hi"OuSu one
I/0O unit, there is a high propensity
for the unit to fail, thereby increas-
ing maintenance costs. To force the
system to spread the load around,
one might consider minimizing the
performance measure X(0,0) =
X(w) + [8(1 — 817!, where X(w) is
the performance measure de-
scribed above. In this case, X(6,w)
depends explicitly on 6.

In addition, the probability dis-
tribution Py on {} typically depends
on 6; Py then reflects the manner in
which the random environment is
affected by the decision parameter.
The performance measure a(6) as-
sociated with parameter value 8 is
then defined as the expectation

itlv on A

mwyongy

ull’l ere



Our goal is to describe an estima-
tion methodology for calculating
a'(8p).

The likelihood ratic method for
derivative estimation is based on
the following idea: Suppose there
exists a measure u (not necessarily a
probability measure) such that
Py(dw) = f(8,0)u(dw) i.¢., f(0,") is the
density of P, with respect to u. For
example, suppose that 0 =R and
that u(dw) = dw. Then, the assump-
tion that Pydw) = f(8,w)u(dw)
merely asserts that f(6,w) is the
(Lebesgue) density of the distribu-
tion Py. On the other hand, if u is
the distribution that assigns prob-
ability mass 27* to the point x;, then
requiring that Pg(dw) be represent-
able as f(8,w)u(dw) asserts that Py as-
signs all its probability to some sub-
set of the x,’s, and that the
probability assigned to x, is f(6,x,)2*.

Under our density assumption
on Py,

a(f) = LX(B,w)ﬂ(),w)p(dw).

(We note that if p is a continuous
distribution, then the above expres-
sion is an integral, whereas it re-
duces to a summation when p is a
discrete distribution.) Assuming the
derivative and integral can be inter-
changed, we obtain

a'(6o) = LX'(Go,w)f(%,w)#(dw)

+ f X(80,0)f (B0,0)u(dw).
O
(3.1)

(For a generic r.v. i(f,w) depending
on both 8 and w, the r.v. A'(8y,w) de-
notes the derivative of h(6,w) with
respect to 6, evaluated at 6 = 6o.)
We note that the first term on the
right-hand side of (3.1) is just
Eq¢X'(80) (where Eq(-) denotes the
expectation operator associated
with Pg). Since this term can be rep-
resented as the expectation of ar.v.,
standard Monte Carlo methods
may be applied to estimate it. Spe-
cifically, suppose that one simulates
i.i.d. replicates of X'(6y) under dis-
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tribution Py ; the sample mean of
these observations then converges
(at rate n="2 in the number n of
observations) to the first term.

To handle the second term using
Monte Carlo methods, we need to
represent it as the expectation of a
r.v. To accomplish this, suppose
that g(w) is a non-negative function
that

L gwp(dw) = 1.
(3.2)

Then, the measure P(dw)=
g(w)u(dw) is a probability distribu-
tion on ). If g has the additional
property that

[X(Bo.w)f" (B0, @) > 0
implies that g(w) > 0,

(3.3)

then we can represent the second
term as

| x000 2 gy
(9] g(w)
= EX(60)H (6o)

(3.4)

where H(0p,w) = f'(0p,w)/g(w) and
E(-) denotes expectation relative to
the probability P. (Note that (3.3) is
required to avoid dividing by zero
in (3.4).) Given the representation
(3.4) of the second term as an ex-
pectation, we can now easily apply
Monte Carlo methods to estimate it
(in the same way as for the first
term).

We now turn to the question of
selecting the sampling density g.
The theory of importance sampling
asserts that the choice of g which
minimizes the variance of the ob-
servations of X(8o)H(8y) is

g*(w) _ |X(00’w)f’(00yw)|

"~ JalX(80,0)f" (80, 0)|p(dw)’
(8.5)

see [9,10], for further details. (In
fact, if X(8p,w)f"(6p,w) = 0, using g*
results in an estimator having zero
vartance.) Unfortunately, the opti-

mal sampling density g* basically
requires knowledge of the integral
(appearing in the second term in
(3.1)) that we are trying to estimate.
Therefore, the choice of g* as de-
fined by (3.5) is typically impractical
to implement.

We now describe a popular alter-
native to g*. Suppose that the den-
sities f(8,w) are such that for 6 in an
open neighborhood of 6,

A(6) = {w:f(6,w) > 0}
is independent of 6.
(3.6)

To gain an understanding of the
condition, suppose that {) = R and
that the distribution u is supported
on xy, X9, . . . . Condition (3.6) states
that the set of values x[, xo, ...
which have positive probability
under Py must be independent of 6
in some neighborhood of 6. Note
that the support of the distribution
Pg cannot depend on 6, so that, in
particular, a situation in which Py
assigns positive probability to the
point 8 is disallowed by (3.6).

Then, f(6p,w) =0 implies that
f(6,w) vanishes in a neighborhood
of 8, from which it follows that
[ (Bp,0) =0, SO that
['(80,0)X(6p,w) = 0. Thus, glw)=
[f(0p,w)p(dw) satisfies both (3.2) and
(3.3). In this case,

_ [(60,0)
ﬂe(),(l))

(= Liog fitn0)):

H(O()rw)

(3.7)

the right-hand side of (3.7) is
known as the likelihood ratio de-

rivative (because H(6y,w) =
d fe, . .
%?];(T:))— is the derivative of the

quantity known in the statistics lit-
erature as the likelihood ratio of Py
with respect to Py ).

This choice of g has an impor-
tant advantage. Note that if we
sample outcomes ® according to
f(0g,w)u(dw), we can use the r.v.’s
X(80), X'(60), and X(60)H (8y) to esti-
mate a(6y) and both the terms ap-
pearing on the right-hand side of
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(3.1) simultaneously. Thus, with
this choice of g, we may estimate
a(fy) and a'(8y) using the original
sampling distribution associated
with parameter 6,. At the same
time, it should be noted that there
are important problem classes (e.g.,
rare event simulations) in which
much better choices of g can be
made (better in the sense of smaller
variance). For example, in reliabil-
ity systems that are modelled as
continuous-time Markov chains,
one needs to “failure bias” (i.e.,
choose a g which forces the system
to fail more frequently) the estima-
tor X(68p)H(6p) in order to obtain
reasonable statistical efficiency (see
[14]).

We will conclude by recalling that
to derive (3.1), an interchange of
the differentiation and expectation
operators was required. In virtually
all practical examples, the inter-
change is valid under mild addi-
tional regularity assumptions on
the problem (see, [4,], p. 485). Con-
sequently, we shall disregard this
interchange issue throughout the
remainder of this article.

Likellhood Ratio
Derivative Estimation In
Discrete Time

Here, we specialize the previous
discussion to the case where X(6,w)
is a sample performance measure
associated with a discrete-time se-
quence Y = (Y,:n = 0) taking val-
ues in a discrete state space S. Spe-
cifically, we suppose that = § x

S X ...and that Y, is the coordi-
nate rv. Y w)=w, for w=
(wg,w1, . . .) € . We assume that

X(6) takes the form
X(0) = h8,Yy,Yy, .. .),

for some real-valued function .
Since § is discrete, there exist joint
probability mass functions pg,p;,

. such that
PG{Y() = }’0, O 9yn = yn} = Pn(OS"’n)
4.1
where 3, = (yo, . . . ,ya). Letting

pn(oy}_’;lﬂl;yn) = PG{Yn = yn|
Yo =90 - - - sYuo1 = Y1},
we can write (4.1) as the product
PG{Y() =Y - .. 7Yn = yn} =
(4.2)

n—1
Po(6,50) kﬂo PrOFisyis1)

Suppose now that X(8) is a function
of Y up to some finite (determinis-
tic) time horizon m, so that X(6) =
n6,Y,) where ¥,, = (Yo, . . .,Y,). To
apply the idea of Section 3, we need
to obtain a representation Py(dw) =

[(0,0)pu(dw) for some  mea-
sure u. But observe that for
w € Q,,

m—1
Py(dw) = pO(O;wO)kl:ka(a’Bk;wk+])

* m(dw)

where &, = (wy, . . . ,0) and u,, is
counting measure on }, =S X
S X+ X S(m + 1 times), i.e., u,, as-
signs unit mass to each point in Q,,.
Hence, we may take

m—1
flw) = po<o,wo)gpk<o,ak;wk+l),

so that

m—1

'(B0,0) = pi(B0,w0) kHO Pr(B0, B 0hs 1),

m—1

+ po(8o,w0) 2 Pi(60, 0k wp4 1)
k=0

: H[Z,’(Gnﬁj;wjﬂ)-
=k (4.3)

We can simplify this formula some-
what. We claim that if
Pi(B0,@p,w441) # 0, it must follow
that p(8,@,wi+) > 0. For suppose
that pk(OO,E)’k;wkH) = 0. Then it fol-
lows that

P00 + hBpwps) =
Pr(B0,Bp;wp+ )0 + o(h)
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as b | 0, from which it is evident
that p,(8y + h,Wy;we+1) < 0 for some
h. But p,(0,&;w;+1) is a mass func-
tion and hence must be non-nega-
tive. This contradiction guarantees
that pu(60,@p;05+1) > 0. A similar
argument shows that po(6o,we) > 0
whenever po(8p,wp) # 0. Hence, we
may write (4.3) as

: _ Po(80,w0)
7600) = fi00.0)] YO
. '”“p,:(eo,aik;wm]

k=0 Pi(60,Bp;wp+1)

Suppose we choose a g such that
fo,8(@)n(dw) = 1 and f(fo,w) > 0
implies that g(w) > 0; then (3.3) is
automatically in force. (In particu-
lar, setting g(w) = f(65,w) works.)
Hence, we find that

a'(60) = E¢ X' (60) + E X(60)H (8p)
(4.4)

where E,(-) denotes the expectation
operator associated with the prob-
ability Pgdw) = g(w)u,(dw), Ee()
denotes expectation relative to Py,
and

[(60.Y.) [ pt(B0,Yo)
g, Lﬁo(ooyyo)
m—1
P80, VY is 1)
" kg() D400,V Y s 1) ]

H(6o) =

The same argument can be ex-
tended to a certain class of random
time horizons. In particular, sup-
pose that T is a stopping time with
respect to Y i.e., for each m= 0,
KT = m) = k,(Y,) for some func-
tion k,. For example, T is a stop-
ping time if it can be represented as
the first time that ¥ hits some speci-



fied subset; for further discussion,
see [2]. We assume the perfor-
mance measure X(6) is a function of
the path of Y up to the random time
horizon T i.e., there exists a family
of functions hg,hi, . . . such that

X(0) = 2 ha(0,Y (T = m)
m=0

= h{(0,YDI(T < ).
(4.5)

As in the derivation of (4.4), we
need to represent Py as Py(dw) =
fOomdo).  Let  Qr= U
B € Q1 k(@) = 1} (basically, Qp
is the restriction of the sample
space for Y in which T <) and
note that for w = (wy,wy, . . . ,@0y) E
Qr,

T-1
Po(aw) = po(6.00) 1 pubaiians

- pr{dw)
(4.6)

where uz is counting measure on
Q7. Suppose that g is chosen as a
non-negative function on (7 having
the property that [qg(w)u(dw) = 1
and po(80,00)11{Zd il 80,@k; w44 1) > O
implies that g(w) > 0 for w € Qr.
By combining (4.5) and (4.6) and
proceeding as in the derivation of
(4.4), we obtain the following stop-
ping time generalization of (4.4):

a'(6) = Eq,X'(60) + EX(60)H (60)
4.7)

where
po(60,Yo)I] =4 pk(o()y?ldylw 1)
g(7r)

T_]ﬁfz(ao,?lz;ykﬂ ]
v P}:(Bo,Vk;YH 1)

H(By) =

) [176(90,)’0) +
Ppo(80,Y0)

As in the case of (4.4), one possible

choice of g is f(6;), in which event

(4.7) simplifies to:

a'(60) = Eq,[X'(60) + X(60)H(60)]
(4.8)

where

H(6y) = p6(00_,_Y__(Q
Po(60,Y0)
& Pl'e(ao;?k;)ﬂ
5=0 P80, Y i Y ka1
(4.9)

A few examples illustrate (4.7) and
(4.8).

EXAMPLE. Suppose that under
distribution Py,Y is a time-homoge-
neous Markov chain with inital dis-
tribution p(6) and transition matrix
P(6). Assume that X(6) =
hr(YI(T < ») (with T a stopping
time), so that a(6) = Ee{hp(Y1);T <
o}. Then, (4.8) yields

a'(80) = Eo {hr(Yr)H(80);T < =0},
(4.10)

where H(6) = p'(80,Y)/{60,Y0) +
EZ;()IP’(B(),Yk,Yk+1)/P(00,Yk,yk+l). In
certain settings, the estimator sug-
gested by (4.10) may have a large
variance (e.g., rare event simula-
tion). For such problems, suppose
that we select g to satisfy the positiv-
ity conditions stated earlier. Then

a'(80) = Efhr(Vr)H(80);T < =0},
4.11)

where

H(6o) =

1(B0,Y )IE=4 (P(80,Y 1, Y+ 1)/g(Vr) -
(1 (00, Y o) pe(00,Y ) +

-1

kzOP,(GO;Yk,YIMl)/P(007yk’Yk+l)]'

In a “rare event” setting, one would
typically choose g so as to bias the
system to force the occurence of
more rare events.

EXAMPLE. In this example, we
assume that under Py, Y is a Markov
chain with non-stationary transition
probabilities, so that Pe{¥.; =
e 1|Ye = 3} = Pi(0,ysy4+1)- Then, if
a(0) = Eolh (Y 1);T < oo}, (4.8) yields

a'(8g) = Eg {h(Vr)H(80); T < w0}

where H(8) = p'(80,Y0)m(60,Y0) +
SIZ0 P60, Y i, Yie 1)/Pi(00.Y 1Y k1 1)
the obvious analog of (4.11) can
also be written down.

Likellhood Ratio
Derivative Estimation in
Continuous Time

We will now generalize the ideas of
the previous section to continuous-
time discrete-event dynamical sys-
tems. We view X(8,w) as a sample
performance measure associated
with a continuous-time process
(Y = Y(t):t = 0) taking values in a
discrete state space S. The process Y
is assumed to be piece-wise constant
with jump times §,5y, . . . (§,—>®
as n— ). Hence, if So=0 and
Y, = Y(S,), we may write

Y(O) = 2 YIS, << S,0)).

n=0

Let A, =S,+1 — S, and put Zl’ =
(AY,,,A,,). We suppose that Q =§ X
$x ... where § =5 x [0,%) and

that Z, is the co-ordinate r.v.
Z,(w) = w, for o= (wyw, ...)E
Q.

In order to proceed in parallel
with the development of Section 4,
we shall require that the distribu-
tions Py on {1 have the property
that there exist measures o, iy, - - -
such that

Po{Zy € dzo} = po(8,z0)10(dz0)
P9{Zn+l € dzn+l|Zn = —Z—:,}
= prx(e,f;nzn+ l)/“'n(f:ndzn-* l)

where Zz =(Zy, ... ,Z, and Z.=
(z0,... 2 )0ESx ... x8§=0Q,
((n + 1) times). Then, analogously
to (4.2), we may write

PG{ZH € dz)n} = pO(O’ZO)

n—-1

. Hﬁk(e,ﬂ;lkﬂ)ﬂn(dﬂ)
k=0

(5.1)

where

n—1

1a(dZy) = poldzo) [ Zodziry).
k=1

Suppose now that we consider a
performance measure X(6) that is a
function of the path up to horizon
T; this obviously includes any per-
formance measure that depends on
Y up to time S74;. As in the previ-
ous section, we require that T be a
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stopping time with respect to Z =
(Z,:mn=0) ie., for each m=0,
T =m)= k. (Z,) for some func-
tion k,. Then, the performance
measure X(8) may be written in the
form

X(0) = X h(8.Z)I(T =

k=0
= hZ)I(T < ).

Let QT = U::=0{Zn € Qm:km(wm)
=1} and note that for z¥=
(zo0, - . - ,27) € 7, we may extend
(5.1) to
PoiZr € dzr} =

T-1

po(:20) [ pr0.7052041)

k=0
- ur(dzr)
5.2)
where
T-1
pr(der) = poldzo) kHO p(Zdzir ).

By arguing identically as in the pre-
vious section, we obtain the follow-
ing continuous-time generalization of
(4.7). Suppose g is chosen as a non-
negative function on Qr having the
property that [qg(@Zn)ur(dzr) = 1
and  po(00,20)I11 =0 pu(Bo,Zhrzk+ 1) > 0
implies that g(?T) > 0 for zr € Qr.
Then, if E ) is the expectation
operator associated with P(dzr)
g(zr)p(dzl) we obtain the derivative
representation

a'(60) = Eg,X'(60) + EgX(80)H (6)

for a(0) = Eo{h(8,Z7);T < =}, where

T-1

H(6y) = po(00.Zo) I1 Pe00.Z45Z411)!
k=0

14 (ZT) .

[p(,)(OO,ZO) N
po(60,Z0)

'S 00,2525 1) ]
=0 P00, 2k Zrse 1) A

As mentioned earlier, one pos-
sible choice for g is g(@r) =

T-1

Po(B0z0) L1 pu(80,z5244 1),
k=0

in which

case P is identical to Py, yielding

a'(0g) = Eg [X'(0y) + X(80)H (60)]
(5.3)
where
H(By) = P0(60,20)
Po(60,20)

T-1,,
pk(ﬂoZk;Zﬂ 1)
K20 0100, 2 Z11)

These formulas are illustrated by
the following examples:
EXAMPLE. Suppose that under
Py.Y is a continuous-time Markov
chain with initial distribution u(8)
and generator (). Assume that
X(6) = h(Y(s):0 =s =1¢). Then, X(6)
can be represented as X(f) =
MZoZ\, ... Z7) where T is the
stopping time T =inf{n =
0:20-0A¢ = t}. Set z, = (Yptp)(recall
that z, € § = § X [0,%)). Then,

Po{Zy € dzo} = po(0,20) po(dzo)

where  py(0,y0.L0) = 1(6,50)9(8,30)
- exp(—q(8,y0)t0).9(0,y) = —Q(8:3,9),
and po(dz) 1s the product of count-
ing measure and Lebesgue mea-
sure. We note that po(6,y0,t0) is a
product of two terms, the first
being a contribution of u(8,y,) from
the distribution of the initial state
and the second being the exponen-
tial holding time density of the time
spent in the initial state. Further-
more,

PB{Zn+I € dzn+1|7n = Z;z}
=pn(eyf;z;zn+ l)l‘l'n(f;udzn-*- 1)

where pn(OaZ:z;Zn*-l) = Q(eryn,yn+l)
‘q(e’ynv‘ l)exp(‘(](&yw Din+ 1)/11(9:}’»1)
and u,(Z),dz,+1) is again the prod-
uct of counting measure and
Lebesgue measure. Again,
(0,752, +1) 1s the product of a state
transition term (Q(8.y,,Y,+1)/9(0,y.))
and an exponential holding time
density. Formula (5.3) now be-
comes
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a’'(fy) = Eg [A(Y(s):0 =5 =< )H(6,)]
(5.4)
where
I-‘«’(B(»YO)
H(6y) = ———
(60) #(90’),0)

=1 .,
Q'(06,Y 1, Y1)
k=0 Q(00,Y,Y 1 1)

q'(60,Y7)

-
- ! Y, .
260.Y7) Zq (00,Y A

k=0

EXAMPLE. Suppose that under Py,
Y is a semi-Markov process with ini-
tial distribution w(6), jump matrix
R(#), and holding-time distribu-
tions (F(0,x,df):x € §). Suppose that
for each x, F(8,x,dt) = f(6,x,0)u(x,dt)
for some measure u. Assuming that
X(6) = h(Y(s):0 =s =1), we again
put T = inf{n = 0:2}_0A, = t}. For-
mula (5.3) becomes

a'(6p) = Eq [MY(5):0 = 5 = H)H(60)]
(5.5)
where
' (60,Y0)
H(6y) =
o) = 60 ¥o)

SR (80,YaYie1)
k=0 R(60,Yi,Yis1)

E L [(00,Y 1A
k=0 f(B0,YiBp)

EXAMPLE. In this example, we
show that (5.3) easily handles the
case where the process is time-
inhomogeneous. In particular, sup-
pose that under PyY is a time-
homogeneous continuous-time
Markov chain with initial distribu-
tion w(#) and time-dependent gen-
erator Q(6,t). Then,



P9{YII+1 = y’An+l € dtlzn} =

Q(09sn+11yn’y)
VP EEEETE O:Sn + ¢,
10,5, O T

!
‘exp(_f qusm 1 + u,y)du)dt
0
(5.6)

where g(8t,y) = —Q(0,t,y,y). Sup-
pose that X(0) = h(Y(s):0 = s =< 1). If
we put T =inf{n = 0:3}-0A, = ¢},
then (5.3) takes the form

a' (o) = Eg [A(Y(5):0 = s = )H(60)]
6.7

where

/"’,(OO)YO)
H(By) = ————=
60 = 6or0)

. ’i‘ Q' (00,Sk+ 1, Y Yir 1)

i=0 Q(00,Sk+1,Yr.Yi+1)
q'(80,57—1.Y7)

q(00,S7+1,Y7)
T

Sk+1
- EJ’ q,(OOvtvyk)dt'
h=0"S;

EXAMPLE. We now suppose that Y
is a generalized semi-Markov pro-
cess (GSMP) under Pg. A GSMP is a
mathematical description of a very
general class of discrete-event sto-
chastic systems. Roughly speaking,
any discrete event simulation can be
viewed as a GSMP; see [5] for fur-
ther details on GSMPs. In what fol-
lows, we describe a GSMP by char-
acterizing both the stochastic
behavior of the sequence of discrete
states visited and that of certain
clocks that govern the amount of
time spent in each successive state.
To be specific, let E be the event set
of the GSMP. The initial state of the
GSMP is chosen according to the
distribution u(6), whereas the initial
clock readings are chosen from the
distributions F(8,e,4t), for ¢ EE.
When clock ¢ initiates a transition
from state y, the next state is chosen
from the mass function p(6;y,e).
Typically, when the GSMP enters a
new state, certain clocks need to be
stochastically reset. We assume that
the distribution used to reset clock
¢’ in state y' when a transition just

occurred from state y with clock ¢ as
triggering event is given by
F(0,e'y' e,y,dt). We require that
there exist measures u(e,di),
(e’ y' e,y,dt) such that

F(0,e'y' ,e,y,dt) = (5.8)

f(Be"y ey.0),ule’ y e.y,d0)
F(0,e.dt) = f(0,e,t)u(e.dt).

In a strict sense, the analysis of this
section does not apply to GSMPs,
since the appropriate state descrip-
tor for a GSMP includes the value
of all the clock readings. Such a
state descriptor cannot typically be
encoded as an element of § = § x
[0,). However, a close examination
of the analysis given earlier shows
that the essential feature was that
(Y,A,) be representable as a simple
function of the process z,; z, need
have no structure beyond (5.1). In
particular, z, need not be an ele-
ment of S. In the GSMP setting, the
natural candidate for Z is the tuple
z, = (Y,,,C,), where C, is the vector
that describes the residual amount
of time left on each of the clocks
that are active in state Y,. Clearly,
A, is a simple function of z, (in a
GSMP with unit speeds, A, is just
the minimal element in C,); fur-
thermore, under (5.8), the distribu-
tion P, for 7;1 can be written in the
form (5.1).

Let N(y';y,e) be the set of clocks
active in y’ that need to be stochasti-
cally re-set when a transition from y
just occurred with event e as the
trigger. We further define ¢*(c) to
be the index of the triggering event
associated with clock vector ¢; we
assume e* is uniquely defined for
each ¢. Suppose X(8) = h(Y(5):0 =
s=t). If we put T=inf{n=
0:Zf_oAr = ¢}, it is easily verified
that (5.3) takes the form

a'(8o) = Eg [A(Y(5):0 = 5 = T)H(60)]
where

_ 1'(60,Y0)
#(60,Yy)

'S P (B0, Yhs ;Y "(Ch)

k=0 P(00,Y i+ 1;Y 1,e*(Cy))

H(6o)

S (80,6,Co)
e f(g(be)cﬂp)

;
+
k=1

= N(Yk;YkE 5Ch1))
-1

S (60,6,Y1,e¥(Cy=1),Ys—1,Ce)
f(e(),e,Yk,e*(Ck_ l)’Yk— 1 ;Cke) '

The first sum over k£ is the contribu-
tion to the likelihood ratio gradient
from the sequence of discrete states
visited, whereas the second sum
over k is the contribution from the
successive clocks that are set (the
remaining sums are contributed by
randomness in the initial condi-
tion).

These examples serve to illus-
trate the great variety of stochastic
processes to which likelihood ratio
derivative estimation may be ap-
plied.

Steady-State Gradient
Estimation

The discussion of the previous sec-
tions of this article basically pertains
to the case in which the perfor-
mance measure depends on the
process up to some (finite-valued)
stopping time T (see, for example,
(3.6)). Hence, the material de-
scribed thus far is principally moti-
vated by terminating simulations.
Here, we will briefly discuss some
of the basic issues that arise in deal-
ing with steady-state performance
measures.

Most of the technical difficulties
associated with the likelihood ratio
approach to steady-state gradient
estimation stem from an assump-
tion made in the section on Likeli-
hood Ratio Derivatives Estimation
that asserts existence of a smooth
likelihood ratio—that there exists a
measure u and a function f(6,0)
(smooth in ) such that Py(dw) =
fB.w)u(dw).

Now, a steady-state performance
measures X (for a discrete-time
process Y) typically can be ex-
pressed in the form
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n—1
X = lim~3 fYy)
0

n—>w =

for some real-valued f, so that X de-
pends on the infinite history of Y.
Now, if Y is ergodic under Py, it fol-
lows that there exists a (determinis-
tic) constant a(f) such that

n-1

‘I‘Zf(yk)—) a(f) Pg a.s.
N =0

6.1)

Hence, Po(A(8)) = 1, where A(8) =
{w:X(w) = a(h)}. Therefore, unless
a(6) = a(8p), Pe(A(6p)) =0 for 6
arbitrarily close to 6, whereas
Py (A(8p)) = 1. It follows that f{6,")
has a support that is disjoint from
that of f(fy,), regardless of how
close 0 is to 8y. This, of course, is
incompatible with f(6,») being dif-
ferentiable in 6 at the point 6.
Thus, f cannot be smooth in 6.

Since smooth likelihood ratios do
not exist over infinite time hori-
zons, this suggests one ought to try
to reduce the infinite horizon
steady-state estimation problem to a
finite horizon problem before ap-
plying likelihood ratio techniques.
(Recall that finite horizon problems
can be treated by earlier tech-
niques.)

One class of stochastic systems
that is perfectly suited to such a
reduction is the class of regenera-
tive stochastic processes (see [2] for
a definition). Assume that Y is a
nondelayed regenerative process
with regeneration times Ty = 0 <
T, <Ty<--. (For example, in a
Markov process setting, the regen-
eration times would typically corre-
spond to successive hitting times of
some fixed state.) Then, under suit-
able moment conditions, it can be
shown that

n—1

1
— D (V) > w(6)/€(B) Py as.
N =0

(6.2)
as n — %, where
Ti—~1
u(6) = Eo 2 (Y9
(0) = EoT).

Hence, the steady-state of a regen-
erative process can be expressed as
a ratio of two expectations, in which
both expected values correspond to
performance measures that depend
on Y only up to a stopping time,
namely T. Intuitively, in a regener-
ative process, the infinite horizon
steady-state behavior is faithfully
represented by the behavior of the
process over the “regenerative
cycle” [0, T1) (which, of course, con-
stitutes a finite horizon).

The relation (6.2) asserts that the
steady-state mean () can be ex-
pressed as a(8) = w(6)/€(6). Thus,
via the quotient rule of differen-
tial  calculus (i.e., «a'(0) =
KO)Y~2[u' (8)€(0) — I'(B)u(B)]), it fol-
lows that derivative estimation for
a(-) can be reduced to that for u(:)
and /(). But the derivatives of the
performance measures u(-) and (")
can be estimated via the likelihood
ratio methods described in Sections
2 through 5. For details on this ap-
proach, see 6, 16).

In the non-regenerative setting,
likelihood ratio gradient estimation
of steady-state performance mea-
sures is more problematic. One
approach that holds some promise
is to observe that if the process Y is
ergodic (i.e., (6.1) holds), then it
typically follows that

n—1

1
Ee[;gofm)] > a(0)
(6.3)

as n— o, Since the left-hand side
depends on Y only up to the (finite)
time horizon =, likelihood ratio gra-
dient estimation techniques can be
applied. In [7], this approach is dis-
cussed in more detail. Related tech-
niques are described in (1, 3]. One
difficulty is that since (6.3) is only
an approximation for any finite n,
the corresponding gradient estima-
tor will be biased. This induces
statistical inefficiencies in the esti-
mator (i.e., a slower rate of conver-
gence than that obtained in the
regenerative setting). The develop-
ment of more efficient likelihood
ratio gradient estimators for
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steady-state nonregenerative per-
formance measures continues to be
an active research area.
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