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BIAS PROPERTIES OF BUDGET CONSTRAINED SIMULATIONS 

PETER W. GLYNN 
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(Received March 1988; revision received April 1989; accepted July 1989) 

This paper addresses the bias characteristics of estimators produced from Monte Carlo simulations. If the computer time 
allocated to the simulation is t, then N(t), the number of replications completed by time t, is a renewal process. The 
simulation implications of a known exact expression for the expected value of a sample mean based on N(t) replications 
are explored and a similar exact expression for a sample mean based on N(t) + 1 replications is derived. Bias expansions 
for a sample mean based on N(t) or N(t) + I replications are obtained. The bias in the sample mean based on N(t) 
replications is at most of order o( il/t). Under suitable moment conditions, the bias decreases at a much faster rate than 
o( l/t); on the other hand, the estimator based on N(t) + 1 replications has bias of order l/t. The exact expressions also 
lead to simple and totally unbiased estimators. Using Taylor series, the bias expansions of a general function of means 
based on N(t) or N(t) + 1 replications are determined. The leading terms in these expansions are of order lIt, although 
the coefficients are different. Based on these expansions, a Tin-style adjusted estimator is proposed to reduce the bias. 
These expansions are specialized to the case of ratio estimation in regenerative simulation. Due to a cancellation effect, 
the ratio estimator based on N(t) + I cycles is biased only to order o(flt) providing confirmation and reinterpretation 
of a result of M. Meketon and P. Heidelberger. 

This paper is concerned with the problems of 
analyzing and producing low bias estimates from 

Monte Carlo simulations. Initially, we consider the 
problem of estimating , = E[X] given a budget con- 
straint t that represents the maximum amount of 
computer time to be used. This estimation problem 
arises, for example, in the analysis of transient simu- 
lations, in which case X is a performance measure 
(i.e., real-valued random variable) that depends on 
simulating the stochastic system under study up to 
some stopping time for the process. Given the budget 
constraint, the number of replications N(t) completed 
by time t will be a random variable. As a consequence, 
the sample mean XN(,) based on the N(t) observations 
available at time t is a ratio estimator which, in 
general, is biased; the study of this and related bias 
issues is the main topic of this paper. 

This bias presents a serious potential problem to the 
simulation analyst in two different applications set- 
tings. First, if the time required to generate independ- 
ent and identically distributed (i.i.d.) copies of X is 
large (relative to t), then N(t) will be small and the 
bias could seriously degrade the performance of the 
estimator XN(l). We believe this to be particularly 

relevant to simulations of large-scale systems, such as 
those arising in manufacturing, computer and com- 
munications systems, which are typically modeled by 
networks of queues. As these systems, and hence 
their corresponding simulation models, increase in 
complexity, we expect the computational require- 
ments of such Monte Carlo simulations to become 
ever greater. 

A second motivation for studying the bias problem 
concerns estimation of transient performance meas- 
ures by running independent replications of the sim- 
ulation, in parallel, on a multiple processor computer. 
As Heidelberger (1988) has shown, the effects of any 
bias get magnified and, unless one is very careful, 
convergence to the wrong quantity can occur. In 
contrast to the single processor computing environ- 
ment just discussed, the bias issue is relevant here even 
if the time required to generate a copy of X is small. 
A full description of the parallel simulation implica- 
tions of the results derived here will be treated 
elsewhere. 

Note that alternative stopping rules are also possible. 
For example, one could run the simulation for a fixed 
number of replications. In this case, there is no bias 
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problem in estimating a simple mean, but the com- 
pletion time is a random variable. Alternatively, 
sequential stopping procedures could be applied (see, 
e.g., Lavenberg and Sauer 1975) in which one runs 
until an accuracy criterion is satisfied. In this case, 
both the number of replications and the completion 
time are random variables. 

1. OVERVIEW OF RESULTS 

In this paper, we will show that the bias of XN(t) is 
surprisingly small (at most o(l/t)). We also consider 
stopping rules that allow the simulation to extend 
somewhat beyond time t. For example, if one always 
completes the replication in progress at time t, then 
resulting estimate, XN(t)+1, has relatively high bias (of 
order l /t). However, if one extends the simulation 
beyond time t only if no replications have yet been 
completed (if N(t) = 0), and otherwise stops at time 
t, then a totally unbiased estimate can be formed. This 
unbiased estimate is Xmax(N(t),1), i.e., it is XN(t) if 
N(t) > 0 and X1 if N(t) = 0 (in which case, the 
simulation must be extended beyond time t until the 
time that the replication completes). 

We will more formally describe the mathematical 
setup and overview the main results of the paper. Let 
Tk> 0 be the amount of computer time required to 
generate Xk, the kth copy of the random variable X. 
We make the (reasonable) assumption that the 
sequence of pairs $(Xk, Tk), k > 1 I is i.i.d. The number 
of observations N(t) completed under the budget con- 
straint t constitutes a renewal process with interevent 
times Tk (see, e.g., Smith 1955, 1958, 1959, Cox 1962, 
Karlin and Taylor 1975). The goal of the simulation 
is to estimate ,u = E[Xk]. Note that while we think of 
Tk as computer time and t as a time constraint, other 
interpretations for these variables are possible. For 
example, t could denote the CPU budget (in dollars) 
and Tk could denote the CPU cost of an observation. 
In the regenerative simulation setting (see, e.g., Crane 
and Iglehart 1975), t could be the total length (in 
simulated time) of the run and Tk could correspond to 
the length (again in simulated time) of the kth regen- 
erative cycle. 

Define XO 0 and for any n > 1 let 

In 

X = - E Xk. 
n k=1 

In a simulation of length t, the obvious estimate of 
E[X1 ] iS XN(t)- 

Moment expansions are available for both the 

numerator 
NQ) 

SN(t) X 
k=1 

and the denominator, N(t), of XN(t) (see Smith 1955, 
1958, 1959, Brown and Solomon 1975 and Murthy 
1974). Under certain technical assumptions, these 
expressions state that 

E[SN(t)I = AtE[X,] + c, + o(1) 

and 

E[N(t)] =Xt + c2+ o(l) as t -*oo 

where X = 1/E[Tr ]. This suggests that E[XN(t) = 

E[X1] + clt + o( l/t) with c $ 0. However, we show 
in Section 2 that, under minimal moment assump- 
tions, the bias of XN(t) is at most o(l/t). This result is 
based on a simple expression for E[XN(t) 

E[XN(t) = E[X1; TI ? t] 

=E[X1]-E[X1; 1 > t] (1) 

where, for a real-valued random variable, Y, E[ Y; A] 
denotes E[ YI(A)] and I(A) denotes the indicator of an 
arbitrary event A. Equation 1 has previously appeared 
in several references, although it does not seem to be 
well known (indeed we became aware of these refer- 
ences only after deriving the results of this paper 
ourselves). Pathak (1976) and Kremers (1986) derive 
a similar result in the context of survey sampling from 
a finite population. Kremers states without proof that 
the result also holds in the so-called infinite population 
case, which corresponds to the probabilistic setting 
here. In the survey sampling setting, Tk could corre- 
spond to the cost of performing a sample and t could 
be the total amount of money available for the survey. 
Ross (1983, p. 94) contains this result for the special 
case that Xk = Tk. 

From Equation 1, it may be concluded that 

1. Under suitable moment conditions, I E[XN(t)- 
E[X1 ]I goes to zero at a rate much faster than 
o(1 /t). For example, if E[ I X1 earl I ] < oo for some 
a > O, then I E[XN(t)]-E[Xl]I =o(e-at). 

2. If the Tk's are uniformly bounded, that is, if there 
exists a constant B such that Tk ? B a.s., and if 
t > B, then E[XN(t) ] = E[X1] exactly. 

3. If Xk > 0 a.s., then E[XN(t) 6 E[X1] and E[XN(t) 
increases monotonically to E[X1 ]. This is true no 
matter what correlation structure exists between Xk 
and Tk- 

4. An unbiased estimator for E[X1 ], XN(t), can always 
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be formed by setting XN(,) = XN(t) if N(t) > 0 and 
XN(t) = XI if N(t) = 0 (note that XN(t) - 

Xrax(1,N(t)))- 

The unbiased estimator XN(t) described shows that 
,u = E[X1] can be estimated without bias, provided 
the simulator agrees to complete the observation in 
progress at time t if no observations have yet been 
completed. 

In Section 3, we turn to bias theory for XN(t)+l. 
Here, Wald's equality (see, e.g., p. 186 of Karlin and 
Taylor) states that, since N(t) + 1 is a stopping 
time, E[SN(t)+l] = E[N(t) + 1]E[XJ]. Given that 
E[N(t) + 1] is the expected value of the denominator 
of XN(t)+l, one might expect that E[XN(t)+l ] = E[X1 ] + 

o(1lt) as t -* oo. This type of reasoning is valid in the 
steady-state regenerative simulation setting in which 
Meketon and Heidelberger (1982) showed that by 
completing the regenerative cycle in progress at time 
t and averaging over the resulting N(t) + 1 cycles, the 
bias of the regenerative ratio estimator is reduced from 
cit (for N(t) cycles) to o( l/t). In this setting, the 
denominator of the ratio estimator is the sum (to 
either N(t) or N(t) + 1) of the Tk's rather than the 
number of cycles completed. However, this reasoning 
fails in the current setting. In particular we show that 

E[XN(t)+ I = E[X1] + 
E[XjNjQ1) + 1j] (2) 

from which it may be shown that E[XN(t)+l , 

E[X1] + cit + o(1/t) where the constant c - 

Cov[Xk, Trk]. Based on Equation 2, XN(t)+ may also be 
adjusted to yield an unbiased estimator XN(t)+l for 
E[X1 ] which, interestingly, does not involve XN(t)+1 at 
all unless N(t) = 0. Furthermore, Var[XN(t) ] - 

Var[XN(t)+ l ]. For the finite sample case, Kremers 
shows that a different, more complicated, estimator is 
UMVUE (uniform minimum variance unbiased esti- 
mator) for E[X1 ] and he states, without conditions or 
proof, that this estimator is also UMVUE in the 
infinite population setting. Because Kremers' esti- 
mator always requires completing the (N(t) + 1)st 
replication as well as storing and postprocessing 
J(Xk, Tk), 1 < k < N(t) + 1}, we shall not further 
consider it here (Kremers also recommends XN(,) for 
sample surveys based on its simplicity). 

In Section 4 we consider estimation of a nonlinear 
function of means. Associated now with replication 
(cycle) k is a d-dimensional random vector Xk = 
(Xk(l), ..., Xk(d)). Let A = (gA, . . ., Ud) where Aui = 

E[Xk(i)]. The goal of the simulation is now to estimate 

g(I,) where g is a mapping from Rdto R'. For example, 
if Xk(1) is the sum of the response times at a particular 
queue in the kth regenerative cycle and if Xk(2) is the 
number of customers served at that queue during the 
cycle, then g(g1, g2) = AL/g2 is the stationary mean 
response time at the queue. 

Even in the case when the number of cycles is a 
constant N, if the function g is nonlinear and if 

N 

XN = (1/N) E Xk 
k=l 

then g(XN) is a biased estimate of g(It). In this 
case, the bias expansion is typically of the form 
E[g(XN)] = g(A) + c/N + o(I/N) for some constant 
c (see, e.g., p. 354 of Cramer 1946 or Section 2.8 of 
Lehmann 1983). A variety of techniques are available 
to reduce the bias, most notably jackknifing (see Miller 
1974 for a survey on the jackknife) or corrections 
based on Taylor series expansions of the function g 
(see Beale 1962 and Tin 1965). These techniques, as 
typically applied, eliminate the 1/N term in the bias 
expansion although higher order methods are avail- 
able. Iglehart (1975) discusses these and other esti- 
mators in the context of ratio estimation in 
regenerative simulation. 

Using Taylor series arguments, central limit theo- 
rems for g(XN(t), g(XN(t) and g(XN(t)+l) are stated 
and their bias expansions derived. In particular, if 

Cij = Cov[Xk(i), Xk(I)] 

and 

ijaxiaxj X=,J 

then 

E[g(XN(t))] 

= ~ + E[TkId d 
g(JA) + [k]E E Gij C, + ?)(3) 2t i= j C1, o 

(the above expansion is also valid for E[g(XN())]). To 
order l /t, this bias expansion is the same as would be 
obtained if the number of cycles were a constant equal 
to t/E[Trk]. For the case of g(XN(t)+l) if 

a c = tgn 
aXi I X=AA 

and Ci = Cov[Xk(i), -rk] (the term of order I It in the 
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bias expansion of XN,Q)+ 1 (i)), then 

E[g(XN(t)+l)] 

I 
d 

-g(t) +t, giCi 
i=l 

+ E[ E iC( t) * (4) 

There are two bias terms of order 1/t in Equa- 
tion 4. The first term is due to the bias in the sample 
mean XN(t)+ that arises because the number of obser- 
vations is random, while the second term is due to the 
nonlinearity of the function g. In Equation 3, the only 
bias of order Ilt in E[g(XN(t))] and E[g(XN(t)] is due 
to the nonlinearity of the function g. A Tin-style 
adjustment based on these Taylor series is proposed 
as a bias reducing technique. 

In Section 5, the case of ratio estimators is reexam- 
ined and the results of Meketon and Heidelberger are 
verified and reinterpreted. As mentioned, Meketon 
and Heidelberger showed, using different methods, 
that if g(,ul, g2) = MI//2 and Xk(2) = Tk, then, under 
suitable technical conditions, E[g(XN(t))] = ,I/g2 + 

cit + O(1/t2) where the constant c was explicitly 
calculated and E[g(XN(t)+I)] = Al/A2 + O(I/t2). This 
case corresponds to the steady-state estimation prob- 
lem in regenerative simulation for which t is measured 
in units of simulated time, as opposed to real com- 
puter time. This reduction in bias was seen to come 
about as a result of Wald's Equation, the fact that, 
because t is simulated time, the denominator in the 
ratio cannot differ greatly from t and, not so obviously, 
the particular form of the function g. When viewed as 
a special case of the results of Section 4, we show that 
the two terms of order 1/t in Equation 4 for this 
particular function g (perhaps luckily) cancel each 
other out, resulting in the bias reduction. Thus, the 
order of magnitude advantage that the ratio estimator 
enjoys by completing the cycle in progress at time t 
disappears for general functions g. Glynn (1987) dis- 
cusses an alternative bias reducing technique for this 
case as well. Glynn's method does not require com- 
pletion of the cycle in progress at time t, although we 
emphasize that in that setting t must also be equal to, 
or proportional to, simulated time rather than com- 
puter time. Finally, Section 6 summarizes the results 
of this paper. 

2. THE SAMPLE MEAN WITH N(t) 
OBSERVATIONS 

In this section we consider XN(t). Throughout, we 
assume that the pairs {(Xk, Tk), k > 1} are i.i.d. and 

that 0< Tk < oo a.s. We let => denote weak convergence 
or convergence in distribution (Billingsley 1968). 

The results of this paper depend upon the observa- 
tion that given N(t) > 1, the pairs of random variables 
(X 1),TI ... ., r TN(,)) are exchangeable (see p. 349 
of Chung 1974, Pathak, p. 94 of Ross or Kremers); 
we call this conditional exchangeability. To see this, 
let Zk = (Xk, Tk) and let o(1), ..., a(k) be any 
permutation of the integers 1, . . ., k. Then 

PI(Zl,.. ., Zk) G A I N(t) = k} 

P(ZI, ... Zk) GE A; 
Trl + ...+ frk ?-,t < -rl + ***+ -rk+l} 

P{Tl + *+ +Tk 
? t < Tl + ..+ Tk + Tk+1 } 

P(z,,(,)5 . . , Zu(k)) GE A; Tr(I) + * * . + T(k) 
?t < TZJ{1) + ...+ T,>(k) + Tk+I 

P{T-r(1) + * + T,(k) 

?t < -r,( 1) + ...+ tr,(k) + f k+ I 

PI(Z'J(1),.. , Z,(k)) E A; 
Tl + . .. rTk S t< T1 +...+**Tk+-k+l} 

PrT1 +... + k 
,<t<T 1 +. ..+Tk+Tk+ 1} 

=PI(Zo(l), . . , 5 Z(k) GEA I N(t) =k } (5) 

where the second equality follows because I(Xi, Ti), 
i > 1} are i.i.d. and the third equality relies on 
Tl + * * * + Tk = T,(I) + . . . + T,(k). Using this 
conditional exchangeability, the exact expression for 
E[XN(t)] is easy to derive (see p. 94 of Ross): By 
conditional exchangeability 

E[Xj I N(t) = k] = E[XI I N(t) = k] 

for each 1 < j ? k and therefore 

E[XN(t) I N(t) = k] = E[X1 I N(t) k]. 

Multiplying this equation by PlN(t) = k} and sum- 
ming over k 3 1 yields the following theorem. 

Theorem 1. IfE[ I Xi I] < oo, then 

E[XN(j) = [XI I ? tJ 

= E[XI] - E[XI; Ti > t]. (6) 

While quantities such as E[X1 I N(t) = k] and 
E[Xi; r1 ? t] cannot usually be evaluated analytically, 
it is a straightforward exercise to verify Theorem 1 by 
direct calculation in a particular case: computation of 

E[TN(t - ] B= Ep ~ N!t ) ; k 
E4TN(t)] I L N(t) N Ii 
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for a Poisson process (since, for example, in this case 
E[TI I N(t) = k] = t/(k + 1)). 

From Theorem 1, we have the following corollaries 
which establish convergence rates of E[XN(t) ] to E[X, ] 
under a variety of moment assumptions on Xk and Tk. 

We begin by observing that if the Tk's are bounded, 
and if t is larger than the bound, then there is abso- 
lutely no sampling bias whatsoever in the estimator 
XN(l), i.e., E[XN(t) ] = E[X, ] exactly. 

Corollary 1. If E[ I XI I ] < oo and there exists a con- 
stant B > O such that Tk < B a.s., then for any t > B, 
E[XN(t)I] E[X1I. 

Corollary 2. If E[ I X I ] -< oo and Xk - 0 a.s., then 
E[XN(,)] < E[X1 ] and E[XN(t)] increases monotonically 
to E[X1]. 

Corollary 3. If E[ I XI I < o and Xk > 0 a.s., then 
00 

J IE[XN(t)I-E[XlII dt= E[XIri]- 

Proof. By Theorem 1 and Fubini's theorem 
00 

I IE[XN(,) - E[XJI dt 

-J f E[X; T- > t] dt 

- E[J' XII(TI > t) dtl = E[X r ]. (7) 

Corollary 4. If E[ I XI ] < oo, then 
00 

JI E[XN(t) -E[X1]I dt ? E[ I Xi T I] 

Corollary 5. If E[ I Xl I ]< oo and E[ I X Tp] < oo for 
some p > 0, then 

E[XN(t)I = E[XI] + o(t P). 

PrQof. For t > 0, 1 < rIlt on the set {Ti > t} and 
therefore 

E[XAN(t)] - E[XI S E[ IAXI I; ri > t] 

E[ IXITlP ; i> t] 
[XtTpI;i>I(8) 

tp~~~~~~ 
By the dominated convergence theorem, E[ I X, rI; 
mr > t] --O and thus tP I E[XN()] - E[X1]I ? . 

Thus, under the minimal moment assumptions 
E[IXI 1] c< o and E[IXirI] < oo, then E[XN(,)] = 

E[X1 ] + o( 1 /t). A similar proof to Corollary 5 estab- 
lishes that E[XN(t)] can converge exponentially fast to 
E[X, ] under the appropriate moment condition. 

Corollary 6. If E[ I XI ecT I ] < oo for some a > 0, then 
E[XN(t)I = E[X,] + o(e-a'). 

By Cauchy-Schwarz the conditions of Corollary 5 
will be satisfied if E[X, ] < oo and E[r12] < oo and 
the conditions of Corollary 6 will be satisfied if 
E[Xj2] <oo and E[e2a1] <oo. 

Based on Theorem 1, there is a simple adjustment 
to XN(t) that results in a totally unbiased estimator for 
E[X1 ]. Define XN(t) = XN(t) if N(t) > 0 and XN(t,) = Xi 

if N(t) = 0. 

Corollary 7. If E[ I X, I ] < oo then E[XN(t)] = E[X1]. 

Note that if E[ I XI] < oo, then 

lim XN(t) = lim XN(t) E[X1] a.s. 
t-*oo t-coo 

In addition, since 

Vt(XN(t) - XN(t)) = vtX1I(N(t) = 0) O 0 

then XN(t) obeys the same well known central 
limit theorems as XN(t) (see, e.g., Theorem 17.1 of 
Billingsley): if U2 = Var[X1 ] and 0 < E[T1 ] < oo, then 

ANt) (XN(t) - E[X1 ]) X oN(O, 1) 

Vt(XN(t) - E[X1 ]) f aE[Tr ]11/2 N(O, 1) (9) 

where N(a, b) denotes a normally distributed random 
variable with mean a and variance b. To apply these 
central limit theorems for the purpose of generating 
confidence intervals for E[X1 ] requires estimating the 
standard deviation term a. Note that if E[Xj2] < 00, 

then 
JM2t)= (72 lim 52(t)= S2 a.s. 

where we define a2(t) = 0 if N(t) s 1 and 

N(t) 

(t) = E (Xk - XN(Q))2/(N(t) - 1) if N(t) > 2. 
k=l 

Thus, the estimator 2(t), in conjunction with the first 
central limit theorem of Equation 9, can be used to 
obtain confidence intervals for E[X1 ]. 

The estimator XN(t) only requires completing the 
replication in progress at time t if there are no obser- 
vations by time t, i.e., if N(t) = 0. Otherwise, if 
N(t) > 0, the simulation stops at exactly time t. 
Letting Tt denote the completion time, then Tt = 
tI(ri t) + riI(Tr > t) and therefore lim, Tt/t = 1 
a.s. Furthermore, E[TJ] = tP{Tri tj + E[r;rl > t]. 
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Thus 

E[Tj - t= E[-r,; -ri > t] -tPi-r, > ti. (10) 

A similar argument to that given in Corollary 5 can 
be used to bound the right-hand side of Equation 10. 
For example, we get the following corollary. 

Corollary 8. If E[-r P] < oo for some p > 0, then 
E[Tt] - t = o(t-P). 

Proof. By Exercise 15 on p. 49 of Chung 
tP+I'P{r > tj = o(1) and thus tPTri > t} = o(t-P). 

Applying Corollary 5 with Xl = r shows that 
tpE[-ri; -ri > t] O-> . 

The fact that the bias in XN(t) is at most o(l/t) can 
also be established by using a multidimensional cen- 
tral limit theorem for cumulative processes followed 
by an application of uniform integrability. Indeed, we 
originally observed and established that E[XN(t)] = 

E[X1] + o(l/t) by using these arguments. Since this 
alternative approach is more in keeping with conven- 
tional methods for proving bias expansions (see 
Cramer), and because of the surprising o( l/t) magni- 
tude of the bias, we offer the following proof. Define 
Xk = Xk - E[XI ] andSn = k Xk. Then 

XN(t) - E[X1 ] = -E[Xi1 if N(t) = 0 

and 

XN(t) - E[X1 ] = SN(t) if N(t) > 0. 

Thus 

E[XN(t)] -E[X1] 

=-E[X1]P{N(t) =O 

+ E[I(N(t) > O)SN(t)/N(t)]. (1 1) 

But P{N(t) = 0} = PI r > t} < E[r1/t2 t o(1/t), so 
the first term in Equation 11 can be ignored. Let X = 

l/E[rI]. Since 

I(N(t )>O)= I(N(t) > 1) + 
N(t) ~~Xt N(t) X 

the second term in Equation 11 can be written as 
bj(t) + b2(t) where 

bi(t ) =E[Bi(t )] 

B1(t) = 
I(N(t) > O)SN(t) 

xt 

and 

B2(t)= I(N(t) O)SN ( t 

I(N(t) > 0) SN(t) Xt - N(t) (12) 
XN(t) -Itj _1 

Because the denominator of B1 (t) is deterministic, 
existing bias expansions for SN(t) can be used to obtain 
b1(t) = -Cov[Xk, TkI/t + o(l/t) (see for example, 
Lemma 1 of Brown and Solomon). Using a multivar- 
iate central limit theorem and uniform integrability, 
it will be shown that b2(t) = Cov[Xk, Tk]/t + o(1/t) 
and thus bi(t) + b2(t) = o(l/t). By the multidimen- 
sional central limit theorem for cumulative processes 
(e.g., apply the Cramer-Wold device (p. 49 of 
Billingsley) to either the central limit theorem in Smith 
(1958) or Theorem 17.1 of Billingsley) 

Xt -N()) N N(O, XA) 

where N(O, XA) = (N1, N2) is a bivariate normal 
distribution with means 0 and covariance matrix XA 
with All = Var[Xk], A22 = Var[XTk] and A12 = A21 = 

X Cov[Xk, -k]. Thus, tB2(t) ( (l/X2)NIN2 and, assum- 
ing uniform integrability, tb2(t) -- Cov[Xk, rk]. The 
uniform integrability of tB2(t) can be established 
under suitable moment conditions using the results 
of Chow, Hsiung and Lai (1979), but higher mo- 
ments must be assumed finite than those given in 
Corollary 5). Such uniform integrability will be con- 
sidered in Section 4. 

3. THE SAMPLE MEAN WITH N(t) + 1 
OBSERVATIONS 

In this section, we consider XN(t)+ 1. We begin with the 
analog of Theorem 1, a simple expression for 
E[XN(t)+I I 

Theorem 2. IfE[ I XI I ] < oo, then 

E[XN(t)+I I 

= E[X,] + E[4jt ] - E[Nf)+ N]E (13) 

Proof. The proof uses a conditioning argument 
similar to that used in Theorem 1. Let Sn = 

XI + . . . + X, and note that 

-v SN(t) + XN(t)+l 114A N(t)+ 1 N(t) + I (14 
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Then, for any k 2 0 

E[ SNv"' - N(t) = k] 

k+ 1 E[X, I N(t) + k] 

= E[XI N(t) = k] 

- E[N(t N(t) =]j (15) 

and the result follows by multiplying Equation 15 by 
PIN(t) = k} and summing over k > 0. 

We next consider the uniform integrability of XN(t) 

and XN(t)+,. These results will be used to obtain the 
bias expansion of E[XN(t)+I ]. 

Lemma 1. If E[ X 11+6] < oo for some a > 0, then 
E[XN(t) I ] and E[XN(t)+l I] are boundedfunctions of t. 

Proof. Consider XN(t)+1 

IXN(t)+1I 
s 
sup . 

(16) 
N(t) + 1 n- I n 

By Exercise 1 1 on p. 356 of Chung, the expected value 
of the right-hand side of (16) is finite provided 
that E[ I X, I log+( I XI )] < oo where log+(x) = 
max(log(x), 0). But this expectation is finite provided 
that E[ I XI I 1+6] < oo for some 6 > 0. The proof for 
XN(t,) is similar. 

Corollary 9. If E[IXI I,+6] < o for some, 1 and 
6>0, then E[I XN(t) '] andE[I XN(t,+I I:] are bounded 
functions of t. 

Proof. By the convexity of h(x) = x:3 for ,B 1 and 
xB O 

k(t)+1 I Xk l 
IXN(t)+ll (N(t) + 1) 

and the result follows directly from Lemma 1 (identify 
Xk appearing in Lemma 1 with I Xk here). 

Corollary 10. If E[ I XI1I,+6] < oo for some ,B ? 1 and 
6 > 0, then 

lim E[ I XN(t) | ] = lim E[ | XN(t)+l I1] 
t?o-.0 too-.0 

= E[X1I] . (17) 

Proof. Since, for example, I XN(t,+ 1 K I E[X,] 1 , the 
result is true provided the family {I XN(t)+1 I '} is 

uniformly integrable which is true provided that 

E[ I XN(t+I +] is bounded for some E > 0. By 
Corollary 9, these expectations are bounded if E < 6. 

Corollary 1 1. If E[r +6 ] < oo for some f 1 and 
6 > 0, then E[(t/N(t))3; N(t) > 0] is a bounded 
function of t. 

Proof. If N(t) > 0, then 

___ N(t) XN(t)+lk Tk -<- 2i (18) 
N(t) N () N(t) + 1 (18) 

and the result follows from Corollary 9. 

Corollary 12. If E[,r:6] < oo for some ,B 1 and 
6 > 0, then 

lim E[Nt) ; N(t) > 0 = E[rl]. 

We now use the above results to analyze the remain- 
der terms in Theorem 2. 

Lemma 2. If E[Tr,] < oo, then 

lim A l = E[rI]XI a.s. (19) 

tX.N(O)+ 1 

tN(t) + I =* E[rl]X* as t -? 00 (20) 

where P{X* E A I = E[Tr ; XI E A]/E[Tr ]. 

Proof. Since lim,O t/(N(t) + 1) = E[ri ] a.s., the 
proof is complete provided that XN(t)+ 1 X*. The 
proof of this result is standard if mr has a nonlattice 
distribution (see, e.g., Exercise 3.20 on p. 97 of Ross). 
For completeness, we provide the entire proof includ- 
ing the lattice case. Let a(t) = P{XN(t)+1 E Al. Then, 
by conditioning on -r, a = b + F*a where F is the 
distribution function of T1, * denotes convolution and 
b(t) = P{X, E A; -r > t }. Note that b(t) is monotone, 
nonincreasing and integrable and, hence, directly 
Riemann integrable. They key renewal theorem then 
shows that 

lim a(t) b(t) dt E[ri] 

if r I has a nonlattice distribution. By Fubini's theorem 

b(t) dt = E[ri; XI E Al 

completing the argument in the nonlattice case. If T 



808 / GLYNN AND HEIDELBERGER 

has a lattice distribution with span h, then 

h 
c 

lim a(nh) = , PITl > kh; XI E Al 
n-3-oo E[rj ] k=O 

_ E[rl; XI E A] (21) 
E[T(2 ] 

Furthermore, a(t) = a(nh) for nh < t < (n + 1)h. 
Thus, even in the lattice case a(t) -* P(X* E AI and 
therefore XN(I)+1 : X* as t -- oo. 

Lemma 3. If E[ I X1 2+61] < oo and E[T_2+6] < oo for 
some 6 > 0, then 

lim E[N(f) ] l-E[TI]E[XIJ (22) 

Proof. By Lemma 2, we need only show that 
tX1/(N(t) + 1) is uniformly integrable. By Cauchy- 
Schwarz 

N(t)+ I1 1 

< E[ I I 2+e]1/2E[ 1 +1] (23) 

which is bounded by Corollary 11 provided that 
,E < 6. 

Lemma 4. If E[ I Xl 12+?_r ] < oc and E[T2+6] < oo for 
some 6 > 0, then 

im E tXN(t) + 1 E[TI]E[X*] = E[XITI]. (24) t--)0 [N(t) + 1I 

Proof. We need to show that tXN(t)+l/(IN(t) + 1) is 
uniformly integrable, which by the same reasoning as 
in Lemma 3 reduces to showing that E[ l XN(t)+l 1 2+e] 

is bounded. However, by expressing a(t) = 

EI XN(t1 ) 2+, as the solution to a renewal equation, 
we can apply the same argument as in Lemma 2 to 
conclude that 

lim E[ I XN(t)+l 12+ -] E[IXlI2+ETl for <X. 
E[,r 1] 

Combining the above results yields the leading term 
in the bias expansion of XN(t)+l. 

Theorem 3. If E[IXI2+61 < x, E[1X12+6T1 < X 

and E[_r 2+] < oo for some 6 > 0, then 

E[XN(t)+ I] E[X1] + Cov[X1, Ti] + (1) (25) 

Proof. Since Cov[Xi, rTi = E[X1, r I - E[XI E[r I, 
the result follows immediately from Theorem 2 and 
Lemmas 3 and 4. 

Notice that if Xk and -r k are positively correlated, 
then E[XVN(t)+l J > E[XI J for large values of t. However, 
the analog of Corollary 2 is not true. 

The expansion of E[XN(t)+l ] can also be established 
using Wald's Equation, the central limit theorem 
and uniform integrability. As in Section 2, write 
E[XN(t)+lI - E[X11 = E[CI (t)] + E[C2(t)] where 
C,(t) = SN(t)+l/(Xt) and 

CAO =-\ 
I SN(t)+I Xt - (N(t) + 1) (26) 

=X(N(t) + 1).~ 

By Wald's Equation E[CI (t)] = 0. The multidimen- 
sional central limit theorem is still valid when 
N(t) + 1 replaces N(t). Thus, provided that tC2(t) is 
uniformly integrable 

E[tC2(t)] -->COV[Xk, 'rk] 

The necessary uniform integrability can be established 
using the results of Chow, Hsiung and Lai. 

Theorem 2 suggests an unbiased adjustment to 
XN(t)+l. Define 

~~~~~X _ X XN(t )+ I 
XN(t)+1 = XN(t)+1 + N(t) + 1 

By Theorem 2, if E[ I X11 < oo, then E[XN(t)+1 ] 
E[X, I. If N(t) = 0, then XN(t)+l = XN(I) = XI while if 
N(t) > 0, then 

XI + + XN(t) XI 

N(t) +1 N(t) + 1 

N(t) XI_ 
_N(t)+1 N)+NXN+, (27) 

Notice that (27) does not involve XN(t)+?, and 
thus, in contrast to XN(t)+ 1, XN(t)+I can be formed at 
time t provided that N(t) > 0. Equation 29 has the 
following interpretation: by Theorem 2, the term 
XN(t)N(t)/(N(t) + 1) is too small, to produce an un- 
biased estimate, by a factor of N(t )/(N(t) + 1). There- 
fore, it needs to be adjusted by adding in a typical 
term XI /(N(t) + 1), and X1 is thus counted twice. 
Using conditional exchangeability, any Xk for 1 I 
k - N(t) could be added as the compensating term. 
Let XN(t)+,(k) denote the estimator of this form 
when Xk is the compensating term. Notice that if 
N(t) > 0, then 

%E k-t?XN(t + I (k) 
XN(t) - N(t) (28) 
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Equation 28 and the asymmetry of XN(t)+l suggest that 
XN(t) is a more efficient estimator for E[X1] than 
XN(t)+1. The following theorem establishes that this is 
indeed the case. 

Theorem 4. If E[X1] < o, then Var[XN(t)I < 
Var[XN(t)+l I. 

Proof. Since XN(t) and XN(t)+1 are both unbiased for 
E[X1], it suffices to prove that E[XM(U)] E E[XN(t)+l]I 

Write XN(t)+ I as 

2 2 _ 

XN(t)+I = XN() + 2XN(I)(XN(t)+1 - XN(t) 

+ (XN(t)+1 - XN(0)) (29) 

and note that each of the terms on the right-hand side 
of (29) is bounded by a multiple of 

(N(t)+l1 2 

k=l 

Wald's second moment equality (p. 24 of Chow, 
Robbins and Siegmund 1971), can be applied, since 
E[N(t)k] < 0 for all k 2 0, to conclude that all three 
terms have finite expectations, and hence 

E[Xk(t)+I] E[XfN(t)] 

+ 2E[XN(t)(XN(t)+- XN(tU)) 

+ E[(XN(t)+l - XN(t))]. (30) 

Thus, we are done if 

E[XN(t)(XN(t)+1 
- 

XN(t))] 0. 

Note that 

- k = 
(XI - XN(t))I(N(t) 2 1) 

XN(t)+1 - XN(t) N(t) + 1) 

and thus 

E[XN(I)(XN(t)+1 -NXN(t))] 

[N(t) + 1] [N( (31) 

(Wald's second moment equality again asserts 
that both terms on the right-hand side are finite.) 
We now compute the conditional expectation of 

XN(I)/(N(t) + 1) 

E [NN 1 N(t)1 

E E E[XAj0 N(t)]I(N(t) max(i,j)) 
I= j= I 

= E[X2 I N(t)] (N(t) + 1)N(t) 

I(N(t) + 2)()(t)-1 

+ E[X1 X2 I N(t)] I(N(t) > 2)(N(t)-1) 

E[X ~~ I(N(t) ~, 1) 
=[X1 E Xi (N(t) + I)N(t) N(t)j 

= E[jI7(t) N(t)1. (32) 

To ensure that all relevant conditional expectations 
make sense, we can first assume that Xk 2 0 a.s. and 
then deal with the general case in the usual fashion. 
By taking expectations of Equation 32, we find that 

E[XN() (Xi - XN(t) )/(N(t) + 1)] = 0 

which, by (31), completes the proof. 

On the basis of Theorem 4, we therefore recommend 
the estimator XN(t) over XN(t)+ 1 - 

Finally, consider the stopping time associated with 
implementing the estimator XN(t)+1. The simulation 
stops at time TN(t)+1 = T1 + . . . + TN(t)+1 which requires 
completing the replication in progress at time t. The 
difference TN(t+ I- t is the excess life in a renewal 
process which, under appropriate technical condi- 
tions, converges in distribution to a finite random 
variable with mean E[j2 ]/(2E[T ]) (see, e.g., p. 195 of 
Karlin and Taylor). Thus, whereas E[TI-t] = o(t -P) 
(see Corollary 8), lim,00E[TN(t)+l - t] > 0. Indeed, in 
the limit, the expected length of the cycle in progress 
at time t is always greater than or equal to the expected 
length of a typical cycle; this, of course, is just a 
statement of the so-called "inspection paradox." For 
example, Meketon and Heidelberger showed that in 
the M/M/1 queue with p 0.9, E[TI ] = 10 but that 
liml,t0 E[TN(t)+l] = 1W1 (here 'Tk iS the number of 
customers served during a regenerative cycle). Thus, 
not only are XN(t) and XN(t) preferable to XN(t)+1 from 
a statistical viewpoint, they are computationally more 
efficient as well. 
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4. GENERAL FUNCTIONS OF MEANS 

In this section, we consider the problem of estimating 
a general function of means, g(,u). For completeness, 
we begin by stating, without detailed proof, a strong 
law and central limit theorem for g(XN(,)); this theo- 
rem is undoubtedly well known and its method of 
proof is straightforward. A similar central limit theo- 
rem for the case of a constant number of observations 
has, for example, been considered in Section 28.4 of 
Cramer, and the discussion in Miller points to other 
references for this technique as well. 

Theorem 5. 

1. If E[ J Xk(i) I ] < oo for each i and g is continuous in 
a neighborhood of IA, then 

lim g(XN(t)) = g(,u) a.s. 
t -- 00 

2. If E[Xk(i)2] < oo for each i, E[rkI < ??, g is contin- 
uously differentiable in a neighborhood of , and 

d d 

Or2= E[ k] E E gi gj Cij 
i=1 j=1 

then 

Vt (g(XN)) - g(,u)) => N(O, v.2). 

The proof of the central limit theorem relies on two 
observations. First, if t is large enough, then XN(t) is 
close enough to u so that 

g(XNV(t)) )-g(JU) 

d 

= E adg (t(t))(XN(t)(i) - Ai) (33) 

where (t) lies on the line segment joining p and 
XN(t) and (dg/dxi)(t(t)) => gi for each i. Furthermore, 
a straightforward application of the Cramer-Wold 
device to Theorem 17.1 of Billingsley yields the mul- 
tidimensional central limit theorem 

Vlt(XN(t) - uL) => N(O, E[Tk]C). 

Standard weak convergence arguments complete the 
proof. 

Note that the above theorem is also valid for both 
g(XN(t)) and g(XN(t)+,) under the identical set of hy- 
potheses. We next turn to the bias expectation of 
g(XN(t)). We begin by establishing uniform integrabil- 
ity and moment convergence of I Vt(XN(,)(i) - ;i) 

In what follows, we are not looking for minimal 
moment conditions, but rather simplicity of 
arguments. 

Theorem 6. IfE[IXk(i)12P+1+6] < oo and E[TrkP] <00 

for some p 2 0 and 6 > 0, then 

lim E[I /t(XN1(i) - P 

= E[IN(O, E[rkCii)II P. 

Proof. As in Section 2, we can ignore the contribution 
on the set {N(t) = 01. Let 

N(t) 

SN(t)(= E (Xk(i) - ). 
k=I 

By Cauchy-Schwarz 

E[I(N(t) > 0) I -Vt(XN(t)(i) - Ai) 

E I(N(t) > O)t SN(t)(i) + (34) N(t) ~ 

|I(N(t) > 0)t |2p+2E 1/2 2p+2E 1/2 
E I(Nt) >O)t 1 SN(t(I 

By Corollary 11, the first term on the right-hand 
side of Inequality 34 is bounded provided that 
E[ 2p+1] < 0 and 2E < &. By Theorem 2 of Chow, 
Hsiung and Lai, the second term on the right-hand 
side of Inequality 34 is bounded provided that 
E[ 2lp+1] < oo, E[IX1(i)j2p+1+b] < oo and 2E < b. 

Theorem 6 is also valid for XN(t)+j (i) and XN(t)(i) 

under the same hypotheses (actually, by Theorem 2 
of Chow, Hsiung and Lai; for XN(t)+1 (i) we only need 
Et XIk(i) j 2p+a] < oo since N(t) + 1 is a stopping time). 

Theorem 7. If E[IXk(i)I5'+] < oo for each i, 
E[Trk+'] < 00 for some a > 0, g is bounded with 
probability one and twice continuously differentiable 
in a neighborhood of u, then 

E[g(XN(t))] 

g(Z) + k] E Gij Cij + 

Proof. Since g is twice continuously differentiable, if 

lix - pIA = maxlxi - ui 6 

then 

a2 g(x) | B, for some B, < oo. 
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Let 1(t) be the indicator of the event {I| - XNQ 

E l. Then 

E[g(XN(tI)] = 

E[g(XN(t))r(t)J + E[g(XN(t)(1 - r(t))] 

If r(t) = 0, then I g(XN(t)) - g(6) I s 2A (the constant 
A is a global bound on g). Thus 

I E[(9(XN(t)) - g(JUl- r(t))] I 
d 

2A PI IXN(t)(i) -I > E 
i=l 

d 

- 2A E PIVtIXN(t)(i) - yI > V'7E} 
i=lI 

2A d 

s >ti E E[( I XN(t)(i W i I )'f I 

(t) (35) 

by Theorem 6 provided that 2f < 3. Thus, we only 
have to worry about the contribution of the term 
when r(t) = 1. However, on this set we have the 
Taylor series expansion 

g(XN(t)) 

d 

- g6s) + 9 gV(XN(t)(i) -i) 

d d 

2=1 j=1 

* (XNI)(1) - Ai)GYN(t)(j) -j ) (36) 

where 

a2 
Gij(t(t))= a g(M(t)) 

and t(t) is on the line segment joining XN(1) and 1t. 

From Corollary 5 

E[IXN(t)(i) - AiIP(t)] 

< E[ IXN(t) (i) - AI] = o(l/t). 

Furthermore, since 

F(t)Gij(e(t))t(XN()(i) - i)(XN(1)(j) - ) 

==> G,jNiNj 

where Ni and Nj are jointly normal (with means 
zero and covariance E[NiNj ] = E[rk]Cii) and 
IGij (t(t)) I B, when P(t) = 1, we have only to es- 
tablish the uniform integrability of r(t)t(XN(t)(i) - 

1AN-XN(t)(j) pj. By Cauchy-Schwarz, it suffices to 
show that 

sup E[T(t)I .vt(XN(I)(i) - 1i)12+0] < X 

for some F3> 0 and each i. 

But this follows directly from Theorem 6. 

Combining the analysis techniques above with 
Corollary 7 and Theorem 3 yields the following bias 
expansions for g(XN(t)) and g(XN(t+1), which are 
stated without proofs. 

Theorem 8. If E[IXk(i)I5+1] < 00 for each i, 
E[Tr4k+] < oo for some 3 > 0, g is bounded with 
probability one and twice continuously differentiable 
in a neighborhood of u, then 

E[g(XN(l))] 

=g,)+E[-k]I 
d d 

g 6 g) + [ Gij Cij + ? 0 
2t t 

Theorem 9. If E[IXk(i)I4+^] < oo for each i, 
E[T47+-] < oo for some 3 > 0, g is bounded with 
probability one and twice continuously differentiable 
in a neighborhood of u, then 

E[g(XN(t)+ 1 )] 

d 

=g(') + gici 
t i=1 

E[Tk] 
d G 

+ 2~ Y, f Gi, C, + 0tJ 2t i=1 j=1 

The condition that g be bounded can be replaced 
by other regularity conditions, for example, bounded 
second derivatives as seen in Equation 36. In the case 
of ratio estimation, the boundedness conditions can 
be removed entirely by assuming that E[ I Xk(i) 1 4] < 

0o, E[Tk] <oo andP Tk e} = 1 for some e > 0 (see 
Meketon and Heidelberger). In the case of ratios, the 
condition that g be bounded will be satisfied if 

Xk(i) = I f(Zs) ds 

for a bounded functionf , as often arises in the analysis 
of a regenerative process Z = Zs, s 2 01. 

The bias expansions for g(XN(t)) and g(XN(t)) 
suggest that l/t term can be removed by estimating 
E[Tk, Gij and Cij. If we expand the dimensionality of 
Iu to include E[TkI E[Xk(i)Xk(j)] and E[rkXk(i)}, then 
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estimation of 

Ek 
d d 

h( 2 ET] E E G, C, 
i=l j=l 

is a special case of estimation of a nonlinear function 
of means. In particular, under suitable regularity con- 
ditions, e.g., if the assumptions of, say, Theorem 8 are 
satisfied for this expanded h(,), then E[h(XN(t))] = 

h(,u) + o(l/t). Thus, E[h(XN(t))I/t = h(M)/t + o(l/t) 
and therefore 

E[g(XN(t))] -tE[h(XN(t))] = g() + t (37) 

This Taylor series adjusted estimator is entirely anal- 
ogous to the Tin estimator (Tin 1965). While it is not 
necessarily reasonable to assume that the function h 
satisfies the boundedness condition of Theorem 8, 
general regularity conditions under which the bias 
expansion of Equation 37 is valid will not be pursued 
here. 

While this Taylor series adjusted estimator poten- 
tially reduces the bias from o(l/t) to o(l/t), its per- 
formance in practical applications is unclear, even in 
the case of a constant number of observations (see, 
e.g., Miller and Iglehart). Furthermore, note that since 

hXN() ) /t= 0 

by Theorem 4.1 of Billingsley, the Taylor series ad- 
justed estimator g(XN)) - h(XN(t))/t obeys the same 
central limit theorem (Theorem 5) as g(XN(t)). 

5. RATIO ESTIMATION 

In this section, we apply the results of Section 4 to the 
case of ratio estimation in regenerative simulations to 
verify and reinterpret the bias expansions in Meketon 
and Heidelberger, which were derived using somewhat 
different methods. We assume that we are interested 
in estimating a ratio g(,u) = E[Xk(l)]/E[Tk](Xk(2) = 

7k). As mentioned before, this corresponds to the case 
where both t and Tk are in units of simulated time. 
Using the notation of the previous sections, differen- 
tiation of g yields 

1I E[Xk(l)I 
= E[-k] g2- E[7k12 

G 0, G22 - 2E[Xk(1)] 

and 

1 
G12 -=G2. =_ 

Furthermore, C11 = Var[Xk(l)], C22 = Var[Tk] and 
C12 = C21 = Cov[Xk(l), Tk Thus, from Theorem 7, 
the bias expansion of g(XN(t)) is 

E[g(XN(t))] 

E[Xk(l)] 

E[rk] 

E d d( ) 
+ E[k d d (j l)j+ 

E[Xk(1)] 

E[Tk] 

1 /E[Xk(1)]Var[TkI Cov[Xk(0), Tk]\ 

t E[Tk]2 E[TkI / 

(t) (38) 

which agrees with Meketon and Heidelberger. In ad- 
dition, c1 = Cov[Xk(l), Tk] and c2 = Var[TkI so that 

d 
Cov[Xk(1), Tk] E[Xk(1)]Var[-rk] 

Egixi = E[k2(39) g11= 
E[7TkI E[rkf] 

which exactly cancels the l/t term involving second 
derivatives when computing the bias expansion of 
g(XN(t)+,), as given by Theorem 9, i.e., in this partic- 
ular case 

d E[tk ] d d 

E gic, = -2 E Gi, C,. (40) 
i=l1 j=l j=l 

Thus, E[g(XN(l)+l)] = E[Xk()]I/E[Tk I+ o(1 /t) which 
also agrees with Meketon and Heidelberger. 

As seen from these Taylor series expansions, the 
bias reduction, when using N(t) + 1 cycles in the ratio 
estimator, depends critically upon: 

1. Since X2(k) = Tk, the ci's and the Cij's are related. 
More specifically, c1 = C12 = C21 = Cov[Xk(1), TkJ 
and c2 = C22 = Var[TkI. 

2. The very particular form of the ratio function g as 
represented by the relationships G11 = 0, gl = 

-(E[Tk]/2)(G12 + G21 ) and g2 = -(E[Tk]/2)G22. 

Without these special relationships, cancellation of 
the first and second derivative terms of order l/t 
in the bias expansion of g(XN()+,) as expressed in 
Equation 40 would not, in general, occur. 

6. SUMMARY 

This paper has examined the bias characteristics 
of estimates that typically arise in Monte Carlo 
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simulations. If there is a budget constraint t that 
represents the maximum amount of computer time 
available for the simulation, then the number of ob- 
servations (replications) N(t), completed by time t is 
a random variable. This randomness can introduce 
bias, even in the case of estimating a simple sample 
mean. However, this bias was, surprisingly, shown to 
be of at most order o( l/t) rather than of order l/t as 
we had originally thought, i.e., E[XN(t) ] = E[X1 ] + 
o(l/t). Under suitable moment conditions, E[XN(t)] 

approaches E[X I] at a much faster rate than l/t. 
Furthermore, if the replication lengths are bounded 
and if t is greater than the bound, then XN(t) is un- 
biased. In addition, the exact expression for E[XN(t) 
suggests a simple adjustment to XN(t) that results in an 
unbiased estimator. This adjusted estimator, XN(t), is 
the sample mean of max(1, N(t)) replications and 
requires completing the replication in progress at time 
t only if no replications have yet been completed. 

On the other hand, the bias of the sample mean 
using N(t) + 1 observations, which is obtained by 
always completing simulation of the replication in 
progress at time t, was shown to be of order l/t, i.e., 
E[XN()+l ] = E[X, ] + cit + o(l/t) where the constant 
c was explicitly identified. In contrast to E[XN(t)], 

E[XN(t + I] always approaches E[Xi] at rate l/t, no 
matter how many additional moments are assumed 
finite. 

Bias expressions for estimating a general function 
of means, g(I,), were then obtained for both N(t) and 
N(t) + 1 replications. The leading term in these bias 
expansions, which are based on Taylor series expan- 
sions, are in general of order l /t where the coefficients 
of l/t are explicitly identified. To order l/t, the bias 
in g(XN(t)) (or g(XN(,))) is entirely due to the nonlin- 
earity of the function g. The bias expansion of 
g(XN(t+1 ) contains an extra term representing the l/t 
bias in the sample means XN(t)+1 due to the random 
number of observations. A Tin-style adjustment to 
the estimator g(XN(,)) based on the Taylor series ex- 
pansion was proposed to reduce the bias. 

These results were then applied to the case of ratio 
estimation in regenerative simulation. For this case, a 
previously proposed bias reducing technique of using 
the ratio estimator with N(t) + 1 cycles eliminates the 
bias of order 1It. Using the Taylor series bias expan- 
sions, it was shown that this bias reduction comes 
about because of very special circumstances and can- 
not be expected in more general situations. 

The results of this paper form the bias for estimation 
procedures when independent replications are run in 
parallel on multiple processor computers. A partial 
treatment may be found in Heidelberger, and a 

more complete treatment is contained in Glynn and 
Heidelberger (1990). 
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