
POISSON'S EQUATIONFOR THE RECURRENT M/G/1 QUEUEPeter W. GlynnDepartment of Operations ResearchStanford University, Stanford, CA 94305-4022ABSTRACT:This paper shows how to calculate solutions to Poisson's equation for the waiting timesequence of the recurrent M/G/1 queue. The solutions are used to construct martingalesthat permit us to study additive functionals associated with the waiting time sequence.These martingales provide asymptotic expressions, for the mean of additive functionals,that reect dependence on the initial state of the process. In addition, we show howto explicitly calculate the scaling constants that appear in the central limit theorems foradditive functionals of the waiting time sequence.KEYWORDS:Additive functional, Poisson's equation, martingales, central limit theorems
Research was supported by the U.S. Army Research O�ce under Contract DAAL-03-88-K-0063, and a grant of the Natural Sciences of Engineering Research Council ofCanada. 1



1. INTRODUCTIONFor an M/G/1 queue, let Wn be the amount of time that the nth customer is requiredto wait until his service is initiated. It is well-known that the sequence W = fWn : n � 0gsatis�es the recursion(1:1) Wn+1 = [Wn +Bn �An+1]+for n � 0 ([x]+ = max(x; 0)), where Bn is the service time of the nth customer and An+1is the inter-arrival time for the (n+1)st customer. (See, for example, p. 493 of Karlin andTaylor [1981]).Of course, for the M/G/1 queue, it is assumed that A = fAn : n � 1g and B =fBn : n � 0g are independent sequences of i.i.d. r.v.'s, in which the An's are exponentialwith parameter � > 0, and the Bn's are non-negative r.v.'s with �nite positive mean. Oneimportant consequence of this assumption is that W is then a Markov chain taking valuesin the state space <+ = [0;1).Our primary objective in this paper is to use Markov chain methods to analyze thebehavior of time averages of the form(1:2) rn(f) = 1n n�1Xk=0 f(Wk);where f is a real-valued (Borel-measurable) function de�ned on <+. When � � �EB1 < 1,rn(f) has a limit r(f) as n ! 1, and the Pollaczek-Khintchine formula identi�es thislimit. In practice, this limit is used as an approximation to the distribution of rn(f),and, consequently, it is of some interest to obtain results giving the rate at which rn(f)converges to r(f).In this paper, we derive formula which describe the uctuations of rn(f) about itslimit. One way to do this is to obtain asymptotic relations of the form(1:3) Ern(f) = r(f) + 1nc(f) + o(1=n):A second possibility is to develop central limit theorems (CLT's) of the form(1:4) n1=2(rn(f) � r(f)) =) �(f)N(0; 1)as n!1; in (1.4), =) denotes weak convergence, and N(0; 1) is a standard normal r.v.2



Our approach is to express the process Sn(f) = nrn(f), in terms of a martingalesequence. The martingale is constructed by solving an integral equation known, in theMarkov chain literature, as Poisson's equation. Using theory of random walk, we are ableto solve Poisson's equation explicitly. The martingale structure of Sn(f) then easily leadsto limit theorems of the form (1.3) and (1.4).This paper is organized as follows. In Section 2, we review the basic structure of theM/G/1 waiting time sequence. Section 3 constructs a probabilistic solution to Poisson'sequation by using the regenerative structure of the recurrent M/G/1 queue, and analyzesthe uniqueness properties of the solution. Section 4 continues the analysis of Poisson'sequation, by using random walk theory to explicitly derive closed-form analytical expres-sions for the probabilistically-expressed solution kernel discussed in Section 3. In Section5, the martingale structure obtained from Poisson's equation is used to derive asymptoticexpressions of the form (1.3). This analysis generalizes, to arbitrary f , results due toHeathcote and Winer [1969] for the case f(x) = x. Section 6 concludes with a discussionof the central limit behavior of Sn(f). The martingale central limit theorem permits usto obtain central limit theorems of the form (1.4), together with explicit expressions forr(f) and �2(f). The explicit expressions derived in this section generalize results due toBlomqvist [1967], Daley [1968], and Pagurek and Woodside [1979], in which these con-stants were calculated for f(x) = x. A more recent, related paper is that of Asmussen andBladt [1993], in which Poisson's equation is solved for the virtual waiting time process ofa certain class of queues having dependent input streams.2. BASIC PROPERTIES OF THE M/G/1 WAITING TIME SEQUENCEAs discussed in Section 1, the sequence W is a Markov chain on <+. To describe thetransition kernel of W , set Xn+1 = Bn �An+1 and observe thatPfXn+1 � xg = Z 10 PfBn � x + yg�e��y dy = Z 10 �e��(z�x)G(z) dzwhere G(�) is the distribution function of Bn. The r.v. Xn+1 therefore has a Lebesguedensity k(�) given by(2:1) k(x) = Z 10 �2(G(z) �G(x))e��(z�x) dz:It follows from the recursion (1.1) that the transition kernel P (x;A) � PfWn+1�AjWn = xghas the form(2:2) P (x;A) = pe��x�0(A) + ZA I(0;1)(y)k(y � x) dy3



where �z(�) is a unit point mass measure at z, IA(y) is a function which is 1 or 0 dependingon whether or not y 2 A and p = Z 10 �e��zG(z) dz:The transition kernel P has a certain smoothness property which we shall later need toexploit.(2.3) LEMMA. If 0 � x � y, thenP (x; dz) � exp(�(y � x))P (y; dz):PROOF. Let h = y � x and note that for any u, (2.1) yields the inequalityk(u+ h) = Z 1u+h �2[G(z) �G(u+ h)]e��(z�u�h)dz(2:4) � Z 1u+h �2[G(z) �G(u)]e��(z�u�h)dz� e�h Z 1u �2[G(z) �G(u)]e��(z�u)dz= e�hk(u):Relation (2.4), when substituted in (2.2), proves the result.If � � 1, the processW visits the state 0 in�nitely often (see Karlin and Taylor [1981],p. 496), and it follows immediately that W is then a Harris recurrent Markov chain (seeAthreya and Ney [1978]). For a measure � on <+ and a function f : <+ ! <, set�f = Z[0;1) f(y)�(dy)(�Pn)(�) = Z[0;1) �(dy)Pn(y; �)(Pnf)(�) = Z[0;1) f(y)Pn(�; dy)where Pn(x;A) � PfWn 2 A j W0 = xg. Finally, let Px(�) and Ex(�) denote, respectively,probability and expectation taken with respect to the measure PfW 2 � j W0 = xg.The theory of Harris chains dictates the existence of a non-trivial �-in�nite measure�, which is unique up to a multiplicative constant, such that � is invariant for P in the4



sense that � = �P (see Athreya and Ney [1978]and Orey [1971]). Furthermore, � has therepresentation(2:5) �(�) = E0(T�1Xk=0 I(Wk� � ))where T = inffn � 1 : Wn = 0g, and I(A) is the indicator r.v. of the event A. IfS(0) =W0 and S(k) = X1 + : : :+Xk for k � 1, observe that S(k) =Wk for k < T , so(2:6) �(�) = �0(�) + 1Xk=1P0fS(k)� � ; S(1) > 0; : : : ; S(k) > 0g:As is well-known in random walk theory, the exchangeability of the Xk's implies that(2.6) can be re-written as�(�) = �0(�) + 1Xk=1P0fS(k)� � � � ; S(k) > S(k � 1); : : : ; S(k) > 0g(2:7) = 1Xk=0P0fS(Nk)� � gwhere the Nk's are the ascending ladder epochs for S(�) de�ned by N0 = 0, Nk+1 =inffn > Nk : S(n) > S(Nk)g. Since Xn has an exponential tail for x < 0 (see (2.1)),the occupation measure (2.7) for the process S(Nk) can be calculated, using Wiener-Hopftheory, and one �nds that(2:8) �(dx) = 1Xk=0 �kH(k)(dx);where H(k)(�) is the kth convolution of the probability distribution H(�) with density h(�)de�ned by h(�) = �G(�)=EB1, and �G(�) = 1�G(�) (see Feller [1971], p. 405). Note that by(2.5), �(<+) = E0T , so (2.8) shows that E0T = (1 � �)�1 for � < 1, whereas E0T = 1for � = 1.When �(�) is �nite, it is more convenient to work with the normalized version of �.Thus, if � < 1, we let �(�) = (1 � �)�(�), and if � = 1, we set �(�) = �(�). Equation (2.8)is just a statement that the Pollaczek-Khintchine formula, which is well-known for � < 1,also de�nes an invariant measure for P when � = 1.The following result is a statement of the strong law of large numbers for Harris chains(see Theorem 4.3 of Revuz [1984]). It can also be proved by standard regenerative processarguments. 5



(2.9) THEOREM. If � � 1 and �jf j <1, then rn(f)! �f Px a.s. as n!1.Thus, if � � 1, the limit �(f) discussed in Section 1 is given by �f . We will later needthe following result.(2.10) LEMMA. For � � 1, the measure � has the form(2:11) �(dx) = �0(dx) + I[0;1)(x)r(x) dxwhere r(�) is bounded away from zero on compact sets.PROOF. Since H has a density h, the convolution H(n) has a density h(n), so (2.8)yields all the assertions of the lemma with the exception of the positivity of r. Since h isdecreasing and G(0) < 1, there exists � > 0 such that h(x) � h(�) > 0 for 0 � x � �. Weshall show inductively that h(n)(x) is bounded away from zero on 2�1[�n; �(n + 1)]. Thisis immediate for n = 1 and for n � 1,h(n)(x) = Z x0 h(n�1)(x � y)h(y)dy� h(�)Z �0 h(n�1)(x � y)dy� h(�)Z2�1�[n�1;n�1] h(n�1)(z)dz > 0;this provides the required positivity of r.3. A SOLUTION KERNEL FOR POISSON'S EQUATIONOur goal here is to �nd a solution kernel � to the equation(3:1) (I � P )g = f:In other words, we shall construct a family of �-�nite measures f�(x; �) : x 2 <+g by whichwe may represent solutions g to Poisson's equation in the formg(x) = (�f)(x) � Z[0;1) f(y)�(x; dy):Before stating our result, it is worth noting that if g is a �-integrable solution toPoisson's equation, then f is �-integrable, and �f = �(I � P )g = 0; in our theorem, we6



will therefore consider the question of solvability of Poisson's equation only when �f = 0.Our candidate solution kernel is(3:2) �(x; �) = Ex(T�1Xk=0 I(Wk� �)):While most of the conclusions of our next theorem follow from the general theory forPoisson's equation for Markov chains (see Neveu [1972] and Nummelin [1985]), we o�er adirect proof in the belief that readers will �nd it instructive.(3.3)THEOREM. The set function G(x; �) de�ned by (3.2) is a �-�nite measure; for� < 1, �(x; �) is a �nite measure. Furthermore, if �jf j < 1, then (�jf j)(x) < 1 for allx � 0. If �f = 0, then g(x) = (�f)(x) solves Poisson's equation (I � P )g = f .PROOF. Suppose �(A) <1. Then, by (2.5),(3:4) �(A) = E0(T�1Xk=0 I(Wk�A)) <1:Fix x � 0 and set T (x) = inffn � 0 : Wn > xg. By Lemma 2.10, �((x;1)) > 0, so that(2.5) proves that P0fT (x) < Tg > 0. By (3.4) and the strong Markov property at T (x),1 > �(A) � E0( T�1Xk=T (x)I(Wk�A))(3:5) = Z(x;1)�(y;A)P0fWT (x)� dy; T (x) < Tg:Hence, there exists y > x such that1 > �(y;A) � Ey(T�1Xk=1 I(Wk�A)) = Z(0;1)P (y; dz)�(z;A):Lemma 2.3 therefore implies that(3:6) �(x;A) � 1 + e�(y�x) Z(0;1)P (y; dz)�(z;A) <1:Since � is �-�nite, it follows that there exists Ak % <+ such that �(x;Ak) <1 for all k.A straightforward veri�cation then proves that �(x; �) is a �-�nite measure. Of course, if� < 1, then �(<+) <1 so the measure �(x; �) is then �nite.7



Since �(x; �) is a �-�nite measure, a standard argument, based on approximating fby simple functions, shows that �f is representable as(3:7) (�f)(x) = Ex(T�1Xk=0 f(Wk))provided (�jf j)(x) < 1. Setting x = 0 and using (2.5), we conclude that if �jf j < 1,then(3:8) E0(T�1Xk=0 jf(Wk)j) <1:Based on (3.8), an argument similar to that yielding (3.6) shows that (�jf j)(x) < 1, forall x � 0.Suppose now that �f = 0. If g(x) = (�f)(x), observe thatg(x) = Ex(T�1Xk=0 f(Wk))= f(x) +Exf(�f)(W1); T > 1g= f(x) +Exg(W1)�Exfg(W1); T = 1g= f(x) + (Pg)(x) � (�f)(0) � PxfT = 1g= f(x) + (Pg)(x) � �f � PxfT = 1g= f(x) + (Pg)(x)so that g solves Poisson's equation.We have therefore shown that if �f = 0, then Poisson's equation is solvable. Wenow turn to the uniqueness problem for Poisson's equation. First, observe that if g solvesPoisson's equation, then so does ĝ(�) = g(�) + c where c is an arbitrary constant. Thus,the most that one can hope for is that the solution g to Poisson's equation is unique, upto an additive constant.(3.9) THEOREM. Let g be a �-integrable solution to Poisson's equation. Then �f = 0,and g(�) = (�f)(�) + c, for some constant c.The proof of this theorem will depend on the martingale structure for Sn(f), to whichwe alluded in Section 1. Note that (I � P )g = f , thenSn(f) = nXk=0g(Wk)� (Pg)(Wk)= n+1Xk=1Dk + g(W0)� g(Wn+1)8



where Dk = g(Wk)�(Pg)(Wk�1). Thus, if the g(Wk)'s are Px-integrable, ExfDk+1jFkg =0 Px a.s. where Fk is the �-�eld generated by W0; : : : ;Wk. In this case,(3:11) Mn = nXk=1Dk + g(W0)will be a Px-martingale; alternatively, (3.10) allows us to write Mn+1 as(3:12) Mn+1 = Sn(f) + g(Wn+1)so that Sn(f) is \almost" a martingale.PROOF OF THEOREM 3.9. Since g is �-integrable, so is Pg, and it follows fromTheorem 3.3 that (�jgj)(x) <1 and (�jPgj)(x) <1. Hence,Exjg(WT^n)j � (�jgj)(x) + jg(0)j <1for all n � 0, where a ^ b � min(a; b). Thus, MT^n is a Px-martingale (see Proposition5.26 of Breiman [1968]), so(3:13) ExMT^n +ExM0 = g(x):Of course, as n!1, MT^n !MT Px a.s. Also,jMT^nj � T�1Xk=0 jg(Wk)j + (jPgj)(Wk) + jg(0)jand the dominating r.v. is Px-integrable since (�jgj)(x) + (�jPgj)(x) < 1. By the dom-inated convergence theorem, (3.13) then yields ExMT = g(x), which can be rewritten by(3.12) as Ex(T�1Xk=0 f(Wk)) + g(0) = g(x);setting c = g(0) we obtain the theorem.This uniqueness theorem will be used later to obtain certain necessity conditions.Note also that if g1; g2 are any two solutions to Poisson's equation, then u = g1� g2 solves(3:14) u = Pu;a function u satisfying (3.14) is said to be harmonic. Conversely, if g is a solution toPoisson's equation, then so is ĝ = g + u, where u is harmonic. The study of harmonicfunctions is central to the potential theory for W .9



SinceW is a Harris chain, a classical result states that all bounded harmonic functionsare constants (see Revuz [1984]). Setting f = 0 in Theorem 3.9, we obtain the strongerresult (stronger when � < 1) that all �-integrable harmonic functions are constants. Inthe Appendix, we further strengthen the result for the M/M/1 waiting time sequence.(3.15) THEOREM. If G(x) = 1� exp(��x) for x � 0, with � < �, then all �nite-valuedharmonic functions are constants.4. EXPLICIT CALCULATION OF THE SOLUTION KERNELIn this section, we use the special structure of W to explicitly calculate�(x; �) = Ex(T�1Xk=0 I(Wk� �)):Let �0 = 0, �n+1 = inffk > �n : S(k) < S(�n)g be the sequence of strict descending ladderepochs for the random walk S(�), and put N = inffn � 0 : S(�n) � 0g, so that T = �N .(4.1) PROPOSITION. The measure �(x; �) has the representation�(x;A)Z(0;1) �(A � y)Ux(dy)where Ux(�) = Ex( 1Xk=0 I(S(�k)� �)):PROOF. Note that �(x; �) = Ex(N�1Xk=0 �k+1�1Xj=�k I(S(j)� �))(4:2) = 1Xk=0Ex(�k+1�1Xj=�k I(S(j)� �); N > k):But by the strong Markov property applied at time �k, and the spatial homogeneity ofrandom walk, Ex(�k+1�1Xj=�k I(S(j)�A); N > k)= Exf�(0; A � S(�k)); N > kg10



so (4.2) yields �(x; �) = 1Xk=0Exf�(0; A� S(�k)); S(�k) � 0g(4:3) = Z[0;1) �(A� y)Ux(dy):We now turn to calculation of Ux(�); for x < 0, (2.1) shows thatPfXn� dxg = p�e�x dx:As a consequence, we obtain the following lemma.(4.4) LEMMA. The ladder increments fS(�k+1) � S(�k) : k � 0g form an i.i.d.sequence with common distribution given by(4:5) PyfS(�k+1)� S(�k)� dxg = I(�1;0](x)�e�x dx:The i.i.d. r.v. structure of the descending ladder increments is, of course, a well-knownproperty of random walk with negative drift (see, for example, Feller [1971], p. 193). Theexponential distribution (4.5) can be obtained from Wiener-Hopf theory (see Feller [1971]p. 403). As an alternative, one can determine (4.5) by straightforward calculation, usingthe \memoryless" property of the exponential left tail of Xn; for a similar argument, seeTheorem 24.4 of Billingsley [1979].(4.6) PROPOSITION. For x � 0,Ux(dy) = I(�1;x)(y)� dy + �x(dy):PROOF. By spatial homogeneity of the random walk S(�k),Ux(A) = ( 1Xk=0 I(S(�k)�A))(4:7) = E0( 1Xk=0 I(S(�k)�A � x))= E0( 1Xk=0 I(�S(�k)�x �A)):11



Under P0, Lemma 4.4 implies that �S(�k) is the sum of k i.i.d. exponentials with param-eter � so the last line of (4.7) is the Poisson renewal measure of the set x �A. Thus,Ux(A) = �0(x �A) + Zx�A I(0;1)(y)� dy= �x(A) + ZA I(�1;x)(y)� dy:Propositions 4.1 and 4.6 are now combined to obtain our formula for �.(4.8) THEOREM. Let r be de�ned in (2.11). Then,�(x; �) = �x(A) + �ZA I[0;x](y)dy + �ZA I(0;1)(y)R(y)dy(4:9) + ZA I(x;1)(y)[r(y � x) � �R(y � x)]dywhere R(y) = R y0 r(x)dx:PROOF. By Propositions 4.1 and 4.6,(4:10) �(x;A) = Z[0;1) �(A� y)�x(dy) + �Z[0;x) �(A � y)dy:From (2.11), it is easy to see that(4:11) Z[0;1) �(A � y)�x(dy) = �x(A) + ZA I[x;1)(y)r(y � x)dy:For the second term in (4.10), observe thatZ[0;x) �(A � y)dy = ZA I[0;x)(y)dy(4:12) + ZA Z[0;x) I[z;1)(y)r(y � z)dz dy= ZA I[0;x](y)dy + ZA I[0;x](y)Z y0 r(y � z)dz dy+ ZA I(x;1)(y)Z x0 r(y � z)dz dy= ZA I[0;x](y)dy + ZA I(0;1)(y)R(y)dy� ZA I(x;1)(y)R(y � x)dy:12



Substitution of (4.12) and (4.11) into (4.10) yields (4.9).For the M/M/1 queue with EB1 = 1=� � 1=� the density r(�) takes the form� exp(�(� � �)x)dx (as may be veri�ed by calculating � via (2.8)), so Theorem 4.8 yields(for � < 1) �(x; �) =�x(�) + �(1� �)�1 ZA I[0;x](y)dy(4:13) + �(1 � �)�1 ZA I[x;1)(y)e�(���)(y�x)dy� ��(1� �)�1 ZA I[0;1)(y)e�(���)ydy:The computation of solutions to Poisson's equation is particularly simple for the classof functions ffk(�) : k � 1g where fk(x) = xk is the \kth moment" functional. If �jf j <1,we use the notation f̂ to represent the function f̂ = f � �f .(4.14) PROPOSITION. Suppose � < 1 and k � 1. If EBk+11 < 1, then �jfkj < 1and a solution gk to Poisson's equation (I � P )gk = f̂k exists; one particular solution ifgk = �f̂k, where(�f̂k)(x) = xk + �(1� �)�1xk+1(k + 1)�1(4:15) + (1� �)�1 kXj=1�kj �xj [�fk�j + �(k � j + 1)�1�fk�j+1]+ (1� �)�1kx�fk�1:PROOF. Kiefer and Wolfowitz [1956] proved that �jfkj <1 if EBk+11 <1. By Theorem3.3, gk = �f̂k is a solution to the equation (I � P )gk = f̂k. To obtain (4.15), note that if� < 1, then �(<+) = (1� �)�1 so�((x;1)) � �(<+) � �(f0g)� �((0; x])= (1� �)�1 � 1�R(x)= �(1� �)�1 �R(x)� �R(x):Then, (4.9) can be re-written in terms of �R as�(x;A) = �x(A) + �(1 � �)�1 ZA I[0;x](y)dy(4:16) + ZA I(x;1)(y)[r(y � x) + � �R(y � x)]dy� �ZA I[0;1)(y) �R(y)dy:13



Thus, (�fk)(x) = xk + �(1 � �)�1 Z x0 yk dy(4:17) + Z 1k ykr(y � x)dy + �Z 1x yk �R(y � x)dy� �Z 10 yk �R(y)dy:Because �(dy) = (1� �)r(y) dy for y > 0, it follows thatZ 1x ykr(y � x)dy = kXj=0�kj�xk�j Z 1x (y � x)jr(y � x)dy(4:18) = (1� �)�1 kXj=0�kj�xk�j�fj :where �f0 = �((0;1)) = �. Also,�((0;1)) = (1� �) �R(x) for x > 0;so Z 10 [(y + x)k � yk] �R(y)dy = k�1Xj=0�kj�xk�j Z 10 yj �R(y)dy(4:19) = (1 � �)�1 k�1Xj=0�kj�xk�j (j + 1)�1�f j+1(see (21.9) of Billingsley [1979] for the last step). Finally, setting k = 0, we �nd that�(x;<+) = (1� �)�1(1 + �x);so that �f̂k = �fk � (1 � �)�1(1 + �x)�fk . Combining (4.17), (4.18), (4.19), and (4.20),we get (4.15).(4.21) COROLLARY. Suppose � < 1. A necessary and su�cient condition for existenceof a �-integrable solution gk to (I � P )gk = f̂k is that EBk+21 <1.PROOF. By Theorem 3.9, the only �-integrable solution to Poisson's equation, up to anadditive constant, is gk = �f̂k. By (4.15), �f̂k is �-integrable if and only if �fk+1 < 1.14



But EBk+21 < 1 is known to be necessary and su�cient for �fk+1 < 1 (see Kiefer andWolfowitz [1956]).The expression (4.15) gives �f̂k as a polynomial of order k + 1 having coe�cientsinvolving the moments �fj for j � k+1. The �fj 's can be computed in a straightforwardway. For � � 0, let ~�(�) = Z 10 e��x�(dx)~G(�) = Z 10 e��xG(dx):Taking Laplace transforms in the equation (2.8) we get(4:22) ~�(�) = (1� �)��� �+ � ~G(�) ;for an alternative derivation, see Heyman and Sobel [1982], p. 251. The moment �fk canthen be found by di�erentiating (4.22) k times.5. COMPUTATION OF EXPECTATIONSOur goal, in this section, is to compute ExSn(f), when �jf j <1. The idea is to usethe martingale structure of Sn(f), which was introduced in Section 3.(5.1) THEOREM. If �f = 0 and g = �f , then(5:2) ExSn(f) = g(x) � (Pn+1g)(x):PROOF. The result follows immediately from (3.12), provided that we are able to provethe integrability of g(Wn) required for Mn to be a martingale. Let Tn = inffm > n :Wm = 0g and observe that the Markov property yieldsExjg(Wn)j � Ex(�jf j)(Wn)(5:3) = Ex Tn�1Xk=n jf(Wk)j! :we will now show inductively that the last expectation in (5.3) is �nite for all n � 0. Ofcourse, for n = 0, the expectation is just (�jf j)(0) = �jf j <1. For n � 1,Ex(Tn�1Xk=n jf(Wk)j) = Ex(Tn�1Xk=n jf(Wk)j; Tn�1 > n)+ (�jf j)(0)PxfTn�1 = ng� Ex8<:Tn�1�1Xk=n�1 jf(Wk)j9=;+ �jf j � PxfTn�1 = ng15



which is �nite by the inductive hypothesis.If �jf j <1 and � < 1, then f̂ = f � �f satis�es the hypotheses of Theorem 5.1, and(5.2) shows that Exrn(f) = �f + n�1(g(x) � (Pn+1g)(x)):Note that if � = 1, then f̂ = f � �f is not, in general, �-integrable so the above centeringmay not work.(5.4) PROPOSITION. If �f = 0 and g = �f is �-integrable, then(5:5) ExSn(f) = g(x) � �g + o(1):PROOF. Since P0fT = 1g > 0, it follows that W is an aperiodic Harris chain. Corollary6.7 of Nummelin [1985] allows one to conclude thatZ[0;1) �(dy) j(Png)(y) � �gj ! 0as n!1. Since � = �P ,(5:6) Z[0;1) �(dy)Z[0;1) P (y; dz) j(Png)(z) � �gj ! 0:Fix x � 0. By Lemma 2.10, (5.6) implies that there exists y � x such that(5:7) Z[0;1) P (y; dz) j(Png)(z) � �gj ! 0:Lemma 2.3 then proves thatj(Pn+1g)(x) � �gj � Z[0;1) P (x; dz) j(Png)(z) � �gj(5:8) � e�(y�x) Z[0;1) P (y; dx) j(Png)(z) � �gj ! 0:as n!1. Substitution of (5.8) into (5.2) yields (5.5).Given (5.5), we can easily calculate asymptotic relations for the expectation Exrn(f).For example, if f1(x) = x and � < 1, Proposition 4.14 shows that when EB21 <1,(�f̂1)(x) = (1 � �)�1(x + �x2=2):16



Thus, if EB31 <1, it follows from Corollary 4.21 and Proposition 5.4 that1n+ 1 nXk=0ExWk = �f1 + (1� �)�1n+ 1 �x � �f1 + �=2(x2 � �f2)�+ o(n�1):Proposition 5.4 improves upon the previous result of Heathcote and Winer [1969] inseveral ways. Their formulae requires that Xn possess a moment generating function;furthermore, their methods are speci�c to the particular function f(x) = x and initialcondition W0 = 0.We conclude this section with a rate-of-convergence result. If � < 1 and E exp(�B1) <1 for some � > 0, then �jfkj < 1 for all \moment" functionals fk. Hence, there exists�-integrable solutions gk to Poisson's equation (I � P )gk = f̂k.(5.9) THEOREM. If � < 1 and E exp(�B1) < 1 for some � > 0, then there exists0 � � < 1 such that for all k � 1,Exrn(fk) = �fk + n�1(gk(x) � �gk) +O(�n)as n!1.PROOF. By Theorem 5.1, it su�ces to show that there exists O � � < 1 such that(5:10) (Pngk)(x) = �gk +O(�n):By Theorem 3 of Tweedie [1983], there exists  < 1 such that for all k � 1,an = Z[0;1) �(dy) j(Pngk)(y) � �gkj = O(n):Since the sequence f�nan : n � 1g is bounded, it follows that if  < � < 1, then(5:11) Z[0;1) �(dy) 1Xn=0 ��1 j(Pngk)(y) � �gkj = 1Xn=0(=�)n�nan <1:For x � 0, an argument similar to that yielding (5.8) shows that (5.11) implies1Xn=0��1 j(Pngk)(x) � �gkj <1;from which we immediately obtain (5.10). 17



6. CENTRAL LIMIT THEOREMIn this section, we explore central limit theory for the sequence frn(f) : n � 1g. Infact, we shall prove the stronger result that rn(f) obeys a functional central limit theorem,and we shall compute explicitly the variance �2(f) of the limiting Brownian motion.Given the martingale representation of Section 3, namely(6:1) Sn(f) =Mn+1 � g(Wn+1);the results mentioned above will basically follow by appealing to the invariance principlefor martingales. Set Xn(t; f) = n�1=2(S[nt](f) � [nt]�f)where [x] denotes the greatest integer less than or equal to x. Also, D[0;1) will representthe space of real-valued right continuous functions, with left limits, endowed with Sko-rohod topology. (See Chapter 3 of Billingsley [1968] for a complete description of weakconvergence in this space.)(6.2) THEOREM. Assume � < 1 and �jf j <1. If there exists a solution g to Poisson'sequation (I � P )g = f̂ satisfying �g2 <1, then(6:3) Xn(�; f) ) �(f)B(�)as elements in D[0;1), where �2(f) = 2�(f̂ g) � �f̂2, and B(�) is a standard Brownianmotion on [0, 1].PROOF. Note that if g2 is �-integrable, then a standard inequality for conditional ex-pectations shows that �(Pg)2 � �g2 <1and it follows from Poisson's equation that �f̂2 <1. We can therefore apply a functionalcentral limit theorem for Harris chains due to Maigret [1978]; more precisely, we use a slightvariant to be found in Niemi and Nummelin [1982]. (These theorems, as indicated above,are obtained by applying martingale invariance principles to the representation (6.1)). Weconclude that Xn(�; f) ) ~�(f)B(�)as n !1, where ~�2(f) = �f̂2 + 2�(f̂ P g). But Pg = g � f , from which we immediatelyobtain �2(f) = ~�2(f). 18



We emphasize that the limit theorem (6.3) should be understood to hold for any initialdistribution � for W0. Also, by Theorem 4.9, we see that a square-integrable solution gto Poisson's equation exists if and only if �(�f̂ )2 < 1. If fk is a \moment" functional,then g2k = (�f̂k)2 is a polynomial of degree 2(k + 1) by (4.15). Since EB2k+31 < 1 isnecessary and su�cient for �f2k+2 <1 (see Kiefer and Wolfowitz [1956]), it follows thatgk is square-integrable if and only if EB2k+31 <1.For k = 1, we therefore require that EB51 < 1 in order to apply Theorem 6.2. Thistheorem provides the means to calculate closed-form expressions for �̂2(f) for a broad classof functionals f (in particular, for all \moment" functionals). This generalizes results dueto Blomqvist [1967], Daley [1968], and Pagurek and Woodside [1979], in which �̂2(f) wascalculated from f(x) = x.While the above discussion of the functional central limit theorem for Sn(f) involvesassuming that g2 is �-integrable, it is easily seen that what is really required for sucha result is �niteness of E�D21, where D1 = g(X1) � (Pg)(X0) and g is the solution toPoisson's equation (I � P )g = f̂ . It turns out that if fk is a \moment" functional, acertain \cancellation" occurs in the r.v. D1, so that a necessary and su�cient conditionfor �niteness of E�D21 is EB2k+21 . This agrees with the analysis of Daley [1968], in whichhe shows that ~�2(f1) can be de�ned in terms of a sum of stationary covariances of fWn :n � 0g if and only if EB41 <1. We omit the details of this analysis of E�D21.APPENDIXProof of Theorem 3.15. We start by showing that any harmonic function h must bereasonably well-behaved. We note that in order for Ph to be well-de�ned, we (implicitly)require that (P jhj)(x) <1 for all x � 0. In particular, (P jhj)(0) <1, which implies that(A:1) Z 10 jh(y)je��ydy <1:Furthermore, since h is harmonic, h necessarily satis�es the integral equationh(x) = ��+ �e��xh(0) + �� + � Z x0 h(y)�e��(x�y)dy(A:2) + �� + � Z 1x h(y)�e��(y�x)dy:By the �niteness guaranteed by (A.1) and the fact that exp((� � �)y) is bounded onbounded intervals, both integrals appearing in (A.2) are necessarily continuous in x. Con-19



sequently, (A.2) implies that h is continuous in x. We therefore conclude, from the fun-damental theorem of calculus, that h is continuously di�erentiable. By proceeding induc-tively, we conclude that any (measurable) harmonic function must necessarily be in�nitelycontinuously di�erentiable.Let � (y) = minfn � 0 : Wn � 0 or Wn � yg. We note that jh(W�(y)^n)j � khky �maxfjh(z)j : 0 � z � yg on f� (y) > ng, whereas (using the \memoryless" structure of theexponential service times)Exjh(W�(y))j =jh(0)jPxfW�(y) = 0g(A:3) + PxfW�(y) � ygZ 1y jh(z)j�e��(z�y)dzfor 0 � x � y. Since h is continuous, khky < 1 for all y � 0. Furthermore, the integralon the right hand side of (A.3) is �nite by (A.1). Since h is harmonic, we thereforeconclude that fh(W�(y)^n) : n � 0g is a uniformly integrable martingale with respect to(Fn : n � 0). Hence, it is evident thatExh(W�(y)) = h(x)for 0 � x � y (see Breiman [1968], p. 98). Again, using the \memoryless" nature of theexponential service times, we obtainExh(W�(y)) =h(0)PxfW�(y) = 0g(A:4) + PxfW�(y) � ygZ 1y h(x)�e��(z�y)dzfor 0 � x � y. But PxfW�(y) = 0g = PxfS(~�(y)) � 0g and PxfW�(y) � yg =PxfS(~�(y)) � yg, where ~� (y)) = minfn � 0 : S(n) � 0 or S(n) � yg. Using the\memoryless" nature of the exponential inter-arrival and service time distributions, weobserve that fS(~�(y) ^ n) : n � 0g is a uniformly integrable martingale with respect to(Fn : n � 0) so that(A:5) ExS(~� (y)) = x:But ExS(~� (y)) =� ��1PxfS(~�(y)) � 0g(A:6) + (y + ��1)PxfS(~�(y)) � yg:20
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