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Estimation of steady-state parameters requires the construction of a pointestimate from a simulation of a realization of �nite length. The nature ofstochastic simulation is such that the convergence of the point estimate tothe true parameter is quite slow, of order t�1=2, where t is the length of thesimulation run. This slow convergence often leads the simulator to seek acon�dence interval as well as a point estimate for the parameter of interest.One of the standard methods for constructing these con�dence intervalsis regenerative simulation. Regenerative simulation is applicable when theunderlying stochastic process is regenerative. This method decomposes thesimulated sample path into independent, identically distributed (i.i.d.) cyclesof random length. Since the cycles are i.i.d., the classical limit laws (stronglaw and central limit theorem) can be applied to produce strongly consistentpoint estimates and con�dence intervals. The regenerative cycles for standardregenerative simulation begin and end in the same state, which we shall callthe homogeneous regenerative method.This paper studies cycles that may begin and end in di�erent states,which we shall call the heterogeneous method. These cycles may be used toproduce a point estimate and con�dence interval for the parameter of interestif they are generated independently and if a ratio formula for the parametercan be obtained. The generation of independent cycles is easy, and the ratioformula is established using the Dynkin martingale and solutions to Poisson'sequation.Organization of this paper is as follows. Section 2 is devoted to a quickreview of the standard regenerative method; Section 3 concerns the martin-gale approach; and Section 4 compares the variance constants arising in thecentral limit theorem for standard regenerative simulation with that fromthe martingale approach. The main result here is that standard regenera-tive simulation leads to smaller con�dence intervals than does the martingaleapproach.2 Regenerative SimulationFor sake of exposition, we shall restrict our attention in this paper to �nitestate, continuous time Markov chains (CTMC). Much of what follows canbe extended to more general regenerative processes. Let X = fX(t) : t � 0gbe an irreducible, positive recurrent CTMC with state space S and initial2



probability measure �; �(A) � PfX(0) 2 Ag. Denote by P� the probability-measure governing the sample paths of X. Under these conditions, it is well-known that X(t)) X as t!1;where ) denotes weak convergence. From the general theory of CTMC's,we know that the distribution of X is independent of the initial measure�. For a given function f : S ! <, we are interested in the value of � �Eff(X)g =Px2S f(x)�x, where �x � PfX = xg, x 2 S. Our approach hereis to simulate a single sample path of X, and use that data to estimate �.Before discussing the martingale approach to regenerative simulation, wesketch briey the ideas behind standard regenerative simulation. Since ourCTMC is a regenerative process, we are able to decompose the sample pathof X into independent identically distributed (i.i.d.) regenerative cycles.From these i.i.d. cycles we are able to construct a strongly consistent pointestimate for � and a central limit theorem (CLT) which forms the basis forconstructing con�dence intervals for �.To be speci�c, we select a state in E, call it state 0, to be our \return"state. Let X(0) = 0 and T0 = 0. The sequence 0 < T1 < T2 < � � � are thesuccessive times the process X returns to 0. We know there will be an in�nitesequence of such times. Let f�n : n � 1g denote the cycle lengths, where�n = Tn � Tn�1, next we de�ne a sequence of random variables fYn : n � 1gby Yn � Z TnTn�1 f(X(s)) ds; n � 1:If f is thought of as the cost per unit time for operating the processX, then Yn is the cumulative cost in the nth cycle. Again the regenerativestructure assures that the sequence fYn : n � 1g is i.i.d. The last fact weneed is the so-called ratio formula(1) � = E0fY1gE0f�1gwhich can be proved using the key renewal theorem. This ratio formula holdsirrespective of which state was selected for the return state.There are two approaches to constructing point estimates and con�denceintervals for �: use of the simulation data in the interval [0; t], or use of n3



regenerative cycles. We shall use only the �rst approach. The natural pointestimate for � is �(t) � 1t Z t0 f [X(s)] ds:From general theory for CTMC's, it is known that(2) �(t)! �; a:s:To construct con�dence intervals for � we need a CLT in which � appearsas a translation constant. The associated CLT (proved using regenerativeprocess theory) is(3) t1=2(�(t)� �)=(�(0)=E1=2f�1g)) N(0; 1); as n!1;where �2(0) = E0f(Y1 � ��1)2g. Finally, we note that in (3) the constant� � (�(0)=E1=2f�1g) must be independent of the return state selected sincethe other terms appearing in (5) do not depend on the return state.For background information and details on regenerative simulation seeIglehart (1978).3 A Martingale ApproachLet Q = fqij : i; j 2 Eg denote the matrix of in�nitesimal rates associatedwith the CTMC X. For all functions u, de�ne the process(4) M(t) � u(X(t))� u(X(0))� Z t0 Qu(X(s)) ds; t � 0:It is well-known (c.f. Karlin and Taylor [1981], p. 310) that fY (t) : t � 0g isa P�-martingale called the Dynkin-martingale. Next let g be the solution ofPoisson's equation Qg = �(f � �e);where e is the vector all of whose components equal 1. This solution vectorg is known to exist for our CTMC X. All solutions are of the form g =(��Q)�1f + ce, where c is a constant; see Glynn (1984) for existence of theinverse matrix (��Q)�1. Now replace u in (4) by g and rewrite M(t) as(5) M(t) = g(X(t))� g(X(0)) + Z t0 fc(X(s)) ds; t � 0;4



where fc(x) = f(x)� �.Let T be the hitting time of a (possibly randomized) state. Since thestate space of X is �nite and E(T ) is �nite, the optimal stopping theoremapplied to the martingale fM(t) : t � 0g yieldsE�fM(T )g = E�fg(X(T ))g � E�fg(X(0))g+ E�fZ T0 fc[X(s)] dsg= E�fM(0)g = 0:If we now select T so that X(T ) D= �, then we obtain the ratio formula� = E�fR T0 f [X(s)] dsgE�fTg :This ratio formula is a generalization of (1). Using this ratio formula andi.i.d. cycles based on the stopping time T , the CLT (3) again holds withvariance constant given by�2T � E�f(Z T0 fc[X(s)]ds)2g=E�fTg:There are several ways to select the initial probability measure � and thestopping time T . To this end, we de�ne the �rst entrance time to statex 2 E: T (x) � inffs > 0 : X(s�) 6= x; X(s) = xg; x 2 E:We outline two alternatives. More details will be given in Section 4. Let(i) � be a general probability mass function (pmf) on S. Next de�ne thesets A(x) = f! : X(0; !) = xg; x 2 S:Since [x2SA(x) = 
, we can de�ne our stopping time T as(6) T (!) = T (x; !) for ! 2 A(x):This amounts to a simple randomization over the initial state followed bythe standard regeneration method stopping time. Each regenerative cyclebegins by generating an independent realization of the initial state using the5



probability measure �. For each initial state so generated, the CLT (3) holdswith the same variance constant which appears in (3).(ii) Now let � be a joint probability mass function on S � S each ofwhose marginals has measure �. (Note that alternative (i) is a special caseof this one.) In particular, there may be some advantage in selecting thecomponents to be dependent. Now generate a realization according to � anduse the �rst component to determine X(0) and the second component todetermine the terminal state of the cycle. A sequence of independent cyclesof this type would then be generated producing an i.i.d. sequence of pairsf(Yn; �n) : n � 1g from which a CLT similar to (3) could be developed.Computation of the variance constant for this CLT is carried out in Section4.4 Comparison of AlternativesOur goal in this section is to compare variance constants appearing in theCLT's associated with the two alternatives sketched at the end of the lastsection. To this end we de�ne, for x 2 S,Z(x) = Z T (x)0 fc(X(s))ds:From the ratio formula (for return state x) ExfZ(x)g = 0, and from theremark below (3)(7) ExfZ(x)2g = �2ExfT (x)g; x 2 S:(i) In this alternative, � is an arbitrary pmf on S. The stopping time, T ,is de�ned by (6). By conditioning on the initial state we obtain(8) E�f(Z T0 fc(X(s))ds)2g =Xx2S �(x)ExfZ(x)2gand(9) E�fTg =Xx2S �(x)ExfT (x)g:6



Combining (7), (8), and (9), we �nd that the variance constant in thiscase is E�f(Z T0 fc(X(s))ds)2g=E�fTg= Xx2S �(x)ExfZ2(x)g=Xx2S �(x)ExfT (x)g= �2Xx2S �(x)ExfT (x)g=Xx2S �(x)ExfT (x)g = �2:So for this alternative, we conclude that the variance constant remains �2.(ii) Now let � be a p.m.f. each of whose marginals has p.m.f. �. Theterm �(x; y) is the probability of the cycle starting in state x and ending instate y. The variance constant in this case isE�f(Z T0 fc(X(s)ds)2g=E�fTg= Xx;y2S �(x; y)ExfZ2(y)g=Xx;y �(x; y)ExfT (y)g:We begin by studyingExfZ(y)g = ExfZ T (y)0 fc(X(s))ds:g:From (5) we know thatZ T (y)0 fc[X(s)]ds =M(T (y))� g(X(T (y))) + g(X(0)):Taking expectations and applying the optimal sampling theorem we haveExfZ(y)g = ExfM(T (y))g � g(y) + g(x)= ExfM(0)g � g(y) + g(x)= g(x)� g(y)Now averaging over all possible (x; y)-cycles, we haveXx;y �(x; y)ExfZ(y)g7



= Xx;y �(x; y)[g(x)� g(y)]= Xx �(x; y)g(x)�Xy �(x; y)g(y) = 0:So the relevant Z variable for this case has mean 0. To evaluate the varianceconstant we only need to study the second moment of Z(y):ExfZ(y)2g = Exf(M(T (y))� g[X(T (y))] + g[X(0)])2g= Exf[M(T (y))� g(y) + g(x)]2g= ExfM(T (y))2g+ 2(g(x)� g(y)) � ExfM(T (y))g+ (g(x)� g(y))2:= ExfM(T (y))2g+ (g(x)� g(y))2:Next we note thatM(T (y)) = limn!1dnT (y)eXk=t [M(k=n)�M((k � 1)=n)];recall that M(0) = 0 and fM(t) : t � 0g is right-continuous. Now squaringand taking expectations we have(10) ExfM(T (y))2g = Exf limn!1(dnT (y)eXk=1 [M(k=n) �M((k � 1)=n)])2g:Since S is �nite, ExfT 2(y)g < 1. This allows us to use dominated conver-gence to interchange expectation and limit on the right-hand side of (10).Using the fact that fM(t) : t � 0g is a martingale, ExfT 2(y)g < 1, and Sis �nite, we can writeExfM(T (y))2g = Exf limn!1dnT (y)eXk=1 [M(k=n) �M((k � 1)=n)]2g:Now using a path-wise argument, we haveExfM(T (y))2g = Exf�(y)Xk=1(g(Yk)� g(Yk�1))2g;8



where fYn : n � 0g is the discrete time embedded Markov chain and �(y) =inffn > 0 : Yn = yg.Now for x; z 2 S, de�neu(x; z) � Exf�(z)Xk=1[(g(Yk)� g(Yk�1))2 � �2�k�1]g:When x = z,(11) u(z; z) = EzfZ(z)2 � �2EzfT (z)g = 0;by virtue of (7). In preparation for the comparison of the variance constantsassociated with the martingale approach and standard regenerative simula-tion we need two lemmas.Lemma 1. For x; z 2 S, u(x; z) + u(z; x) = 0.Proof. For the embedded Markov chain, fYk : k � 0g, let  denote the�rst time the chain enters state x after hitting state z, and let N denote thenumber of x-cycles between time 0 and time . Also let Vi denote the sum ofthe [(g(Yk+1)� g(Yn))2 � �2�k]'s over the ith x-cycle. Then using the strongMarkov property, Wald's equation, and (11), we haveu(x; z) + u(z; x) = Exf Xk=1[(g(Yk)� g(Yk�1))2 � �2�k�1]g= Exf NXi=1 Vig= ExfNg � ExfVig= ExfNg � u(x; x) = 0:Lemma 2. For x; y; z 2 S,u(x; y) + u(y; z) = u(x; z):Proof. Using Lemma 1, we need to show thatu(x; y) + u(y; z) + u(z; x) = 0:9



Let 0 denote the �rst time the embedded chain hits x after �rst hitting yand then hitting z, and let N 0 denote the number of x-cycles between time0 and time 0. From here the proof is the same as Lemma 1 by replacing with 0 and N with N 0.With these results in hand, we proceed to the main result.Theorem 1. For any pmf � on S � S having both marginal pmf's equal to�, �2 � Px;y �(x; y)ExfZ(y)2gPx;y �(x; y)ExfT (y)g :Proof. From Lemma 2, we obtainExf�(y)�1Xk=0 (g(Yk+1)� g(Yk))2g = �2Exf�(y)�1Xk=0 �kg � u(y; z) + u(x; z)= �2ExfT (y)g � u(y; z) + u(x; z):Hence Xx;y �(x; y)ExfZ(y)2g =Xx;y �(x; y)[�2ExfT (y)g � u(y; z) + u(x; z) + (g(x)� g(y))2]= �2Xx;y �(x; y)ExfT (y)g+Xx;y �(x; y)(g(x)� g(y))2> �2Xx;y �(x; y)ExfT (y)g;the desired inequality.Thus we conclude from Theorem 1, that the variance constant �2 asso-ciated with the standard regenerative method is strictly smaller than thatobtained by using cycles beginnning in state x and ending in state y withprobability �(x; y). So while the martingale approach is interesting, it doesnot lead to shorter con�dence intervals.
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