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Abstract This paper studies the asymptotic behavior of the steady-state waiting time,
Weo, of the M/G/1 queue with Subexponential processing times for different combi-
nations of traffic intensities and overflow levels. In particular, we provide insights into
the regions of large deviations where the so-called heavy-traffic approximation and
heavy-tail asymptotic hold. For queues whose service time distribution decays slower
than eV we identify a third region of asymptotics where neither the heavy-traffic
nor the heavy-tail approximations are valid. These results are obtained by deriving ap-
proximations for P(Wx, > x) that are either uniform in the traffic intensity as the tail
value goes to infinity or uniform on the positive axis as the traffic intensity converges
to one. Our approach makes clear the connection between the asymptotic behavior of
the steady-state waiting time distribution and that of an associated random walk.
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1 Introduction

We study in this paper the asymptotic behavior of the steady-state waiting time dis-
tribution of an M/G/1 queue with subexponential service time distribution and first-
in-first-out (FIFO) discipline. The goal is to provide expressions that will allow us
to identify the different types of asymptotic behavior that the queue experiences de-
pending on different combinations of traffic intensity and overflow levels. We give
our results for the special case of an M/G/1 queue with the idea that the insights that
we obtain are applicable to more general queues and even to networks of queues.

The special case of an M/G/1 queue with regularly varying processing times was
previously analyzed in [17], where it was shown that the behavior of P(W4, > x), the
steady-state waiting time distribution, can be fully described by the so-called heavy-
traffic approximation and heavy-tail asymptotic (see Theorems 2.1 and 2.2 in [17]).
As pointed out in that work, the same type of results can be derived for a larger sub-
class of the subexponential family, in particular, for service time distributions whose
tails decay slower than e~V1. As the main results of this paper show, the behavior of
Woo for lighter subexponential service time distributions may include a third region
where neither the heavy-traffic approximation nor the heavy-tail asympotic are valid,
and where the higher order moments of the service time distribution start playing a
role. The exact way in which these higher order moments appear in the distribution of
W is closely related to the large deviations behavior of an associated random walk
and its corresponding Cramér series.

The approach that we take to understand the asymptotics of P(Ws, > x) over
the entire line is to provide approximations that hold uniformly across all values of
the traffic intensity for large values of the tail, or alternatively, uniformly across all
tail values for traffic intensities close to one. From such uniform approximations it is
possible to compute the exact thresholds separating the different regions of deviations
of W, which for service time distributions decaying slower than e~ V1 are simply
the heavy-traffic and heavy-tail regions, and, for lighter subexponential distributions,
include a third region where neither the heavy-traffic approximation nor the heavy-tail
asymptotic hold. Similar uniform approximations have been derived in the literature
for the tail distribution of a random walk with subexponential increments in [6, 7,
20], where the uniformity is on the number of summands for large values of the tail
or across all tail values as the number of summands grows to infinity. The results in
this paper are in some sense the equivalent for the single-server queue.

To explain the idea behind our main results let us recall that one can approximate
the tail distribution of the steady-state waiting time of a single-server queue with
subexponential processing times, P(Wy, > x), via two well known approximations:
the heavy-traffic approximation and the heavy-tail asymptotic

exp _2(E11—EV1)X and 0 /OO P(Vi>1) dt
Vart; + VarV, 1—pJ; EV,

)

respectively, where V| denotes the service time, 7] the inter-arrival time, and p the
traffic intensity of the queue. We refer the reader to Chapter X of [1] and the refer-
ences therein for more details on the history and the exact formulation of these limit
theorems. The heavy-traffic approximation is valid for the general GI/GI/1 queue and
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can be derived by using a functional Central Limit Theorem type of analysis (see, for
example, [11, 12]). The theorem that justifies this approximation is obtained by taking
the limit as the traffic intensity approaches one and is applicable for bounded values
of x. The heavy-tail asymptotic is valid for the GI/GI/1 FIFO queue with subexpo-
nential service time distribution (see, for example, [10]), and is obtained by taking the
limit as x goes to infinity for a fixed traffic intensity, that is, it is applicable for large
values of x. One can then think of combining these two approximations to obtain an
expression that is uniformly valid on the entire positive axis.

The approach we take in the derivation of the main theorems is to start with the
Pollaczek—Khintchine formula for the distribution of the steady-state waiting time
of the M/G/1 queue, which expresses it as a geometric random sum, and use the
asymptotics for the tail distribution of the random walk. One of the difficulties in
obtaining uniform asymptotics for the distribution of W, lies in the highly complex
asymptotic behavior of the random walk. Surprisingly, most of the cumbersome de-
tails of the asymptotics for the random walk disappear in the queue, but showing
that this is indeed the case requires a considerable amount of work. The qualitative
difference between queues with service time distributions with tails decaying slower
than e=v" and their lighter-tailed counterparts comes from the asymptotic behavior
of the random walk associated to the geometric random sum. The function e~ V7 has
been identified as a threshold in the behavior of heavy-tailed sums and queues in [6,
16], and [4, 13, 14], respectively, to name a few references, and we provide here yet
another example.

As mentioned before, the approximations we provide can be used to derive the
exact regions where the heavy-traffic and heavy-tail approximations hold, but we do
not provide the details in this paper since our focus is on deriving uniform expres-
sions for P (W4, > x) under minimal conditions on the service time distribution. The
setting we consider is the same from [4, 14] where the busy period was analyzed.
More detailed comments about the third region of asymptotics that arises when the
service time distribution is lighter than e~V1 can be found in Remark 2 right after
Theorem 3.4. For clarity, we state all our assumptions and notation in the following
section, and our main results in Sect. 3.

Finally, we mention that the expressions given in the main theorems can be of
practical use as numerical approximations for P (W, > x), and based on simulation
experiments done for service times with a Pareto (« > 3), Lognormal, or Weibull (0 <
o < 1) distribution, they seem to perform very well (see Sect. 4 in [17] and Figs. 1
and 2 in Sect. 7). It is worth pointing out that the uniform approximations given
here are far superior than the heavy-traffic or heavy-tail approximations individually
even in the regions where these are valid, which is to be expected since they are
based on the entire Pollaczek—Khintchine formula; they are also easy to compute
given the integrated tail distribution of this processing times and its first few moments
(cumulants).

2 Model description

Let (W, (p) : n > 0) be the waiting time sequence for an M/G/1 FIFO queue that is
fed by a Poisson arrival process having arrival rate A = p/E V] and independent iid
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processing times (V, : n > 0). Provided that the traffic intensity p is smaller than
one, we denote by W (p) the steady-state waiting time of the queue. We assume
that G(x) = P(V] < x) is such that its integrated tail distribution, given by F'(x) =
fox G (t)dt/EV; is subexponential, where G(t) = 1 — G(t). The sequence {Xi}i>1
will denote iid random variables having distribution F.

Define Q(t) = —log F(t) to be the cumulative hazard function of F and let ¢ (¢) =
(EV1)~"'G(t)/F (t) be its hazard rate function; note that ¢ is the density of Q. Just
as in [4] and [3], we define the hazard rate index

: 1q(0)
r =limsup .
t—o0 Q(1)

All the results presented in this paper hold for subexponential distributions G (its
corresponding integrated tail distribution F') satisfying the following assumption.

2.1

Assumption1 (a)0<r < 1;
(b) liminf; oo tg(t) > a(r), where

{1 if r =0,
a(r)y= )
4/(1—r), ifr+£0.

Assumption 1 is consistent with Conditions B and C in [4] and [3], respectively,
and also very closely related to Definition 1 in [14]. All three of these works study
the asymptotic behavior of random sums with subexponential increments applied to
either the study of the busy period of a GI/GI/1 queue or to ruin probabilities in insur-
ance. Also, by Proposition 3.7 in [4], Assumption 1(a) is equivalent to the function
Q(t)/t’+5 being decreasing on ¢ > fy > 1 for any 0 < § < 1 — r, which is the same
as (3) in [20], where uniform asymptotics for the tail behavior of a random walk with
subexponential increments were derived. As mentioned in [4] and [3], Lemma 3.6 in
[4] implies that sup{k : E[X’f] < oo} > liminf;_, o tq (t), so Assumption 1(b) guaran-
tees that E[X ll‘ ] < oo forall k < a(r). Furthermore, Assumption 1(b) and Lemma 3.6
in [4] together imply that liminf;_, o, Q(¢)/logt > liminf;_, o tq(¢) > a(r), which
in turn implies that for some 8 > a(r) > 2 and 7o > 1,

Q(t) > Blogt forallt > 1. (2.2)

Although the tail distribution of the busy period in queues with heavy-tailed ser-
vice times is related to that of its waiting time in the sense that it is determined by
G(x) (see [3, 4, 14, 23)), the approach to its analysis is rather different from that of
the waiting time, so the only connection between the results in this paper and those
cited above is the setting.

This family of distributions includes in particular all regularly varying distribu-
tions, F(x) = x~“L(x) with & > 2, and all semiexponential distributions, F(x) =
e*"L() with 0 < & < 1; in these definitions L is a slowly varying function. The
regularly varying case with « > 1 was covered in detail in [17]. Some subexponential
distributions that do not satisfy Assumption 1 are those decaying “almost” exponen-
tially fast, e.g. F(x) = e */10gx,
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Before stating our main results in the following section, we introduce some more
notation that will be used throughout the paper. Let u = EX; = E V12 /(2EV1) and

o2 =Var(X;) = EV}/(BEV)) — (EV?/(EV)))?. Also, define
t
x = max le{o,l,...}:limsuplQ#w +2, 2.3)
s (/T

and note that by Proposition 3.7 in [4], Q(r)/t" % is eventually decreasing for all
8 > 0, which implies that Q@t)/t"t — 0 forall § > 0. In particular, for r € [0, 1/2)
this implies that Q(z)/t'/?> — 0 and x = 2. Also, we obtain the relation (x — 2)/
(k — 1) <r, or equivalently, « < (2 —r)/(1 — r). Combining this observation with
our previous remark about Assumption 1(b) gives thatforO <r < 1 andany 2 <s <
(2+47r)/(1 —r) we have E[X| "] < oco.

3 Main results

As mentioned in the introduction, the idea of this paper is to use the Pollaczek—
Khintchine formula to write the distribution of the steady-state waiting time as

oo

P(Wao(p) > x) =} (1= p)p" P(Sy > x), 3.1
n=0

where S, = X1 4+ --- + X, and {X;};>1 is a sequence of iid random variables hav-
ing distribution F, and then approximate P (S, > x) by an appropriate asymptotic
expression. The approximation that we use for P (S, > x) depends on the pair (x, n),
and for the heavy-tailed setting that we consider here, one can identify four different
regions of deviations.

The first region is the one described by the Central Limit Theorem (CLT), i.e.,
where

P(Sy>x)~1—@((x —np)/v/no), (3.2)

and @ (-) is the standard normal distribution function. The second region is the so-
called Cramér region, which provides additional correction terms to the CLT approxi-
mation. When the distribution F has finite exponential moments, the Cramér approx-
imation is given by

PUS,—nw)/o > x) _ x X/ 41
ot o)) (E)

where A(t) £ 2?023 A jtj /j!is a power series with coefficients depending on the cu-
mulants of X; known in the literature as the Cramér series (see [18], Chap. VIII,
Sect. 2, or [15]). When F is heavy-tailed, nevertheless, A(7) diverges for all # and a
truncated form of this series replaces A(-). In the setting of this paper, only the terms
up to k (as defined by (2.3)) are needed, and we obtain the following approximation
for P(S,, > x)

1, x—np X—npu
L)2 4 nQ, (FAL)
9

P(Sy > ) ~ (1= &((x = npp)//no))e? o (3.3)
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where
« ,
)»jl‘-’
Q)= e (34
j=2
A2 =—1,and {};} ;>3 are the coefficients of the Cramér series corresponding to Y| =

(X1 — ) /o. Note that if « = 2, then approximations (3.2) and (3.3) are the same.

The third region is known in the literature as the “intermediate domain”, and the
exact asymptotics for P (S, > x) in this region can be considerably complicated (see
[7] and [20] for more details). Fortunately, the range of values corresponding to this
region in the Pollaczek—Khintchine formula is negligible with respect to the rest, and
we will only need to use an upper bound for P (S, > x). The fourth and last region
is the heavy-tailed region, also know as the “big jump domain” (see [6] and [9], for
example), where

P(S, >x)~ nf(x —nu).

In the discussion above we purposefully omitted describing the boundaries be-
tween the four different regions, since that alone requires introducing various (com-
plicated) functions and their corresponding asymptotic behavior. In terms of the
Pollaczek—Khintchine formula, it is enough to consider simpler versions of those
thresholds. We start by defining the functions

o1 =12/(Q@0)v1) and wy()=1*/(Q1) V1)’

where x V y = max{x, y} (x A y = min{x, y}), and let wlfl(t) =influ >0:1 <
w;(u)}, i =1,2. We give below some properties of the w~! operator; the proof is
omitted but can be derived through straightforward analysis.

Lemma 3.1 For any continuous function o : [0,00) — [0,00) such that
1im; s 00 @ (t) = 00, define the function ™' : [0, 00) — [0, 00) as ™' (t) = inf{u >
0:1 <w(u)}. Then, the following are true

(@) w~! is monotone non decreasing and left-continuous.

®) o lisa right inverse of w, that is, w(w () = t,forallt > w(0).

(©) if w(t) =supy<;<, w(s), then w lisa right inverse of o for all t > w(0).
(d) o N (1)) <tforallt>0.

We now define the threshold functions delimiting the different regions of asymp-
totics for P (S, > x). Let

Ko (x) — L(x — @y ' (x)) /1] VO, if r €[0,1/2),
T ) Imin{wa (x), x /)Y VO, ifre[1/2,1),

Mx)=|(x —a)fl(x))/uj V0, and N(x)=|(x—+/xlogx)/u] V0.

Note that if r € [0, 1/2) and if § > 0 is such that r +8 < 1/2, then w,(¢) > C>(1=7=9)
for some constant C > 0, so w;l (1) < CtV/@E1=r=8)) — (). Also, provided r + 6 €
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8 Queueing Syst (2011) 68: 1-50

0, 1), w1 (t) = C1>7% 50 w; (1) < C1t'/@~"=9 = o(r). Therefore, all three func-
tions are strictly positive for large enough x. Moreover, as mentioned in the pre-
vious section, Assumption 1(b) implies that Q(¢) > Blogs for all + > #y for some
B > a(r) > 2, which gives wy(r) < w;(t) < B~'1?/logt, and w, ' (x) > w; ' (x) >
v (B/2)x1logx for all x > xg. We then have K,(x) < M(x) < N(x) for all large
enough x.

To better understand the definitions of the threshold functions consider the zero
mean case with finite variance, for which it is well known that the CLT approxima-
tion (3.2) holds for x = O(4/n); translating into the positive mean case, this gives
rise to the threshold n > (x — +/cx)/u for some constant ¢ > 0. Substituting the con-
stant by logx gives the threshold N (x). The Cramér approximation (3.3) holds, in
the zero mean case, uniformly for x < o1 (n), where o1 (n) is the solution to the equa-
tion x2 = nh(x) and E[¢"X1 1(X; > 0)] < 0o (see, [8] Sect. 5.1 and the references
therein); taking i = Q gives the threshold n > w; (x), and translating into the positive
mean case gives n > (x — a)l_l(x/,u))/,u. Note that E[e2XD 1(X; > 0)] = oo but,
for example, E[e@®)~2102Q() (X > 0)] < oo, so this choice of & is very close to
the boundary of the region. Finally, the asymptotic P (S, > x) ~nF(x) as x — o0 is
known to hold, in the mean zero case, for n < cw;(x) (see Theorem 1 in [3]), and pro-
vided that @, ! (x) = o(x) (which occurs when r € [0, 1/2)), the translation into the
positive mean case gives the threshold n < (x —w, ! (x/w))/ . Whenr €[1/2,1) we
cannot guarantee that w(x) < x/u, so by taking the minimum between w,(x) and
x/(2un) we satisfy the condition n < w>(x — nu), and therefore our choice of K, (x).
We point out that since the thresholds do not need to be too precise, we ignored the
constant w inside wl_l and @, ! in the definitions of M (x) and K, (x), respectively,
to simplify the expressions.

The first asymptotic for P(Wx(p) > x) we propose is given by the following
expression based on the Pollaczek—Khintchine formula, for k =2,

Ky (x)
Ze(p,x)= Y (1= p)p"nF(x —np) + E[p**? (0 Z < /pwy ' (x)//x)],
n=1
(3.5)
and for k > 2,
K (x) N(x) n@((ﬂ)
— o/x e an
Ze(p,x) = 1—p)p"nF(x — 1—p)p'——m
Py =) (A=p)p"nFl—ni+—5= ) (=pp"——

n=1 n=M(x)+1

+ E[p*? 1(0Z < /nlogx)], (3.6)

where Z ~ N(0,1) and a(x, z) = (x —oz+/x /1) /. Throughout the paper we use the
convention that Zf: 4 @y =0 whenever B < A. Our first theorem is formally stated
below.
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Theorem 3.2 Suppose Assumption 1 is satisfied, and define Z,(p, x) according to
(3.5) and (3.6). Then,

P(Wao(p) > 2)
ZK(IO’-X)

lim sup 0.

X7 0<p<l

1\

Remark 1 (i) We point out that the approximation given by Z, (p, x) is explicit in the
sense that given the exact form of F, all the functions and parameters involved in the
approximation are known. In particular,

o ollogpyle T
E[pa(x,Z) l(O'Z < ﬂT)] — pﬁe 23 @(ﬁ + Gﬁ]ogp)
o 10

(i1) This approximation is suitable for numerical computations since it involves no
integrals or infinite sums.

(iii) With some additional work once can show that the first term in (3.5) and (3.6)
can be replaced by

K (x)

Fx) Y (1=p)p"n,

n=1

which is asymptotically equivalent to the heavy-tail asymptotic pF (x)/(1 — p) for
appropriate values of (x, p). We choose not to use this simpler expression because
our numerical experiments show that it would result in a less accurate approximation
for P(Wso(p) > x). (iv) For the case k > 2, the middle term in (3.6) provides a
direct connection between the Cramér region of asymptotics for the random walk
and the asymptotic behavior of the queue, and also reiterates the qualitative difference
between distributions decaying slower than e Vx (x = 2) and those with lighter tails
(see [13, 14, 16], to name some references). (v) Unlike the next approximation, given
in Theorem 3.4, the expression Z, (p, x) does not work as a uniform asymptotic in
x>0asp /' 1for P(Ws(p) > x), since it does not converge to one for small values
of x. Nevertheless, it is not difficult to show that

T P(Wxo(p) > x)
im sup |——r o —
VERTSIP) «(p,x)

1/=0

for any x(p) — 0o as p ' 1 (see the proof of Lemma 3.3 in [17]).

In the same spirit of the heavy-traffic approximations in [22] and [5], where
P(Wso(p) > x) is approximated by e*5(P) where S(p) is a power series in (1 — p),
our second result derives an approximation that involves a power series in log p. The
number of terms in this power series is also determined by « (as in the definition
of O (+)), and its coefficients are closely related to those of the Cramér series. This
other approximation substitutes the second term in (3.5) and the second and third
terms in (3.6) by their corresponding asymptotic expression as p ' 1. The intuition
behind this substitution is that these terms only dominate the behavior of Z, (p, x)
when the effects of the heavy traffic are more important than those of the heavy tails.
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Besides unifying the cases x =2 and « > 2, this new approximation will also have
the advantage of being uniformly good for x > 0 as p ' 1. In order to state our next
theorem we need the following definitions.

Let
Ko i /e
)\.j[l,j i—1 i
A0 =0=nlogp+) D> =5 (i_,-)” 3.7
i=2 j=2
where A2 = —1, and {X;} ;>3 are the coefficients of the Cramér series corresponding

to Y = (X;y — w)/o. This function can be obtained by expanding
(1 - t)QK(,ua’lt/(l — t)) into powers of 7; the details can be found in Lemma
6.1. We also need to define u(p) to be the smallest positive solution to A;)(t) =0.
Some properties of A, and u(p) are given in the following lemma.

Lemma 3.3 Define A, according to (3.7) and let u(p) be the smallest positive solu-
tion to A:O (t) =0. Then A, is concave in a neighborhood of the origin,

o]

by
u(p) =) —(logp)"

n=1

and
2
log p + £ (log p)?, k=2,
Ap(u(p)) = e ) ;
logp + 775 (log p)” + O(llogpl),  « >2,
as p /1, where by =—Z—z and forn > 2,
dnf] t n 0,2 n—+sy—1
b, = == = g =DIED" =
=i (mw) L=, X ()

(m,emp_1)€A, 1

n—1
1 . )
X l_[ m_j!(aj 1(j <k =2)",

j=1
A, = {(ml,...,m,,)eN": lm1+2m2+--~+nmn:n},
Sp=mq+ -+ my,and

K—2

Pe(t) = A () +logp =1 ajt!.
j=0

The second approximation for P(Ws(p) > x) that we propose is

Ky (x)
Ac(p,x) = Z (1 — p)p"nF(x —np) + e @), (3.8)

n=1
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where w(p, x) = min{u(p), wl_l (x)/x}. The precise statement of our result is given
below.

Theorem 3.4 Suppose Assumption 1 is satisfied, and define A, (p, x) according to
(3.8). Then,

lim sup 0.

x_)OO0<p<l

P(We(p) >x) 1‘
A (p,x)

Moreover,

P(We(p) >x)

lim sup A (p.x)
Kk )

P/ x>0

1| <o

Remark 2 (i) As mentioned earlier, the difference between Z,(p, x) and A, (p, x)
is in the terms that correspond to the behavior of the queue when the effects of the
heavy traffic dominate those of the heavy tails. In particular, what prevents Z, (p, x)
from being uniformly good for all values of x as p 1 is that if x is bounded, then
the second term in (3.5) and the second and third terms in (3.6) do not converge
to one when p ' 1, which can be fixed by substituting them by their asymptotic
expression as p /' 1; evaluating A, at the value w(p, x) = min{u(p),a)l_l(x)/x}
guarantees that the contribution of e ™ ®*) becomes negligible when the queue
is in the heavy-tail regime. (ii) For analytical applications, Lemma 3.3 states that
Ap(u(p)) can be written as a power series in log o whose terms of order greater than
k can be ignored. For numerical implementations, nonetheless, it might be easier
to compute u(p) by directly optimizing A, (t), since A, () is just a polynomial of
order k. (iii) By simply matching the leading exponents of the heavy-tail asymptotic
and the function ﬁA o (u(p)), that is, by solving the equation

X
- IOgIO = _Q('x)’
12

we find that the heavy-tail region is roughly R = {(x,p) : p < e H#EW/x}
whereas on Ro = {(x, p) : p > e *2M/*} one should use e o) o approxi-
mate P(Wxo(p) > x). It follows that the heavy-traffic region is given by the subset of
R, where e 7)) is asymptotically equivalent to e~ #' ™| the heavy-traffic ap-
proximation for the M/G/1 queue. We note that when « = 2, the heavy-traffic region
is the entire R, but it is a strict subset of R, if ¥ > 2, in which case a third region of
asymptotics arises where neither the heavy-traffic nor the heavy-tail approximations
are valid. (iv) As mentioned before, the coefficients of A, (¢) can be easily obtained
from the first k — 2 coefficients of the Cramér series of ¥ = (X| — u)/o, which in
turn can be obtained from the cumulants of Y.

We end this section with a formula that can be used to compute the coefficients of
the Cramér series.
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12 Queueing Syst (2011) 68: 1-50

3.1 Cramér coefficients

The following formula taken from [21] can be used to recursively compute the coef-
ficients in the Cramér series, and we include it only for completeness.

Proposition 3.5 Let Y be a random variable having EY =0, Var(Y) = 1, and cumu-
lants y1, ya, .... Let A3, A4, ... be the coefficients of the (formal) Cramér series of Y,
i.e., A(t) =Z;?‘;3Ajtf/j!.LezAj ={(n1,...,n;) eNJ: In;+2n2+- -+ jn; = j}.
Then, for j >3 andsj_r=n1+---+n;_o,

Jj—2 n

. 1 Ym+2 "

A= == — — .
; » (+sj—2—2U=1) n[[lnm!<<m+1>!>

The first four coefficients are given by
Az =ys, Aa=vys— 373 As=ys — 10y4y3 + 15y3,
e = ys — 15ys5y3 — 10y} + 10545 — 105y5.

The rest of the paper consists mostly of the proofs of all the results in Sect. 3
and is organized as follows. Section 4 states an approximation for P (S, > x) that
is valid for all pairs (x, n) and that will be used to derive uniform asymptotics for
P(Wx(p) > x). Section 5 contains the proof of Theorem 3.2; and Sect. 6 contains
the proofs of Lemma 3.3 and Theorem 3.4. We conclude the paper by giving a cou-
ple of numerical examples comparing the two suggested approximations for the tail
distribution of Wy (p), Z,(p,x) and A,(p, x), in Sect. 7. A list of all notation is
included at the beginning of the paper.

4 Uniform asymptotics for P (S, > x)

In this section we will state the uniform approximation for P (S, > x) that we will
substitute in the Pollaczek—Khintchine formula (3.1) outside the heavy-tail region.
This approximation was derived in [20] for mean zero and unit variance random
walks and it works on the whole positive line as n — co. Although rather complicated
as an approximation for P (S, > x), it will be useful in the derivation of simpler
expressions for the queue with the level of generality that we described in Sect. 2.
For the heavy-tail region (small values of n) we will use in Sect. 4.1 a result from [3]
to prove that P(S, > x) = nF(x — np)(1+o(1)) as x — oo uniformly in the region
1<n<K,(x).

We start by stating the assumptions needed for the mean zero and unit variance
random walk, and after giving the approximation in this setting we will show that
under Assumption 1, the random variable Y| = (X| — u)/o satisfies these conditions.
Then we will apply a slightly modified version of the approximation to the positive
mean case and we will show that it holds uniformly in the region n > K, (x).

The notation f(t) < g(t) as t — oo means 0 < liminf, o f(¥)/g(t) <
limsup,_, o, f(¢)/g(t) < oo. We will also use C to denote a generic positive con-
stant, i.e., C =2C,C=C + 1, etc.
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Assumption 2 Let Y be a random variable with E[Y] =0, Var(Y) = 1 and tail dis-
tribution

— . DO _g
1-V(@)=V() =< #e—Q@, 1 — oo,

where D(t) = fl 12dV (dt), Q has Lebesgue density G, and satisfies

ul<t

limsup — r<1 and liminftg(¢t) >r/(1 —7).
11— 00
Suppose further that E[|Y |*t1] < oo, where

i . 0(2) }
k=maxi/€{0,1,2,...}:limsup ———— > 0¢ + 2.
{ { J S A

Throughout this section let Qz(¢) = 2'522 Ajtj/j!, where A = —1 and {A;};>3
are the coefficients of the Cramér series of Y, and let S‘n =Y +---+7Y,, where {Y;}
are iid with common distribution V (¢). We also define the functions

bt)=1*/(Q(0)Vv1), and b '(t)=influ>0:1r<bw))}. 4.1

We start by proving some properties of the functions Q, and b~".

Lemma 4.1 Suppose Assumption 2 holds. Then, for any s € (7, 1) there exists a con-
stant to > 1 such that

(a) Q(t)/ts is decreasing for all t > t,

®) b= @t) <tYVC forallt > 1o,

() b~ l(ct) < Dp= V(1) < b~ (1) forall t > to and any ¢ > 1,
(d) b=Yct) = cb™ (1) forall t >ty and any ¢ < 1.

Also, the following limit holds:
(&) lim; o0 e~ QWP O G(p1 (1)) = 0.

Proof Part (a) follows directly from Proposition 3.7 in [4]. For part (b) note that
Q()/t* is eventually decreasing for any 7 < s < s, so

lim 40) < sup ) lim !

t—oo ¥ >1 ZS/ t—00 5

=0.

It follows that Q(t) <t for all t > ty for some #yp > 0. This in turn implies that
b(t) > 275 for all t > to, and therefore, b1 (¢) < tl/(zjs). y

For part (c) note that Proposition 3.7 in [4] gives O(ch~ 1)) < Qb (1)) for
any ¢ > 1 and all sufficiently large ¢, then
A G ) S G )
O(V/C=9b=1(1)) ~ Qb1 (1)
=b(b~(c1)).

b(Cp=1 (1)) = cb(b™ (1)) =ct
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14 Queueing Syst (2011) 68: 1-50

It follows from noting that b(¢) is strictly increasing for large enough ¢ that
C=Dp 1ty > bV (er).

For part (d) let ¢ <1 and define u(x) = cb(x), v(x) = bcx). By Proposi-
tion 3.7 in [4], Q(x) > ¢’ Q(c_lx), from where we obtain

c1x2 - c(c™x)? (c™1x)?

0xX)V1 ™~ 0 x)v1 - Qe 1x) v el

u(x) = <v(x).

It follows that = (x) > v~ (x), where u~'(x) = inf{r > 0: cx < b(t)} = b~ (cx)
and v (x) =inf{r > 0:x <b(c™ ')} =cinf{t > 0: x <b®)} = b~ (x).

For part (e) let v = liminf;_, Q(t)/logt > liminf;, o tg(t) > r/(1 — F) and
note that

) (b_l(t))z

lim ¢~ @077 G (671 (1)) = lim =0/ t
—00

—>00

T Yt R a0l
=00 b(b=1(1))

. 2 o
= lim e 0w/ 1 _ im o= 0w/0w) Gy

U— 00 b(u) U— 00

< lim e~"1020/0M) 5y

u—00

_ o (20
= o\ e )

By part (a) Q(u) < Cu® for any s > 7 and u sufficiently large, and by assumption
r <v/(v+1), sosimply choose 7 < s < v/(v+ 1) to see that the last limit is zero. [

Lemma 4.2 Suppose Assumption 2 holds. Define
v
L(h):/ AV, and H(z) = inf (n1n L(h) — zh).
— 0 h>0
Then, for any constant ¢ > 0,
eH@ — ean(%)(l +0(1)) 4.2)
as n — oo, uniformly for J/n <z < cb™(n).
Proof Choose 0 <§ <1 —r and set s =7 4+ §. Define n(z) = b~1(z?) and

w(zn) = (1— @(e//n)) 1z < /) + (1= D(e/s/n))eitHO. (@3)

Suppose first that 7 € [0, 1/2) and note that in this case k =2 and nQ¢(z/n) =
—72 /(2n). Note that we can choose § above so that s < 1/2. Then, by Lemma 4.1(a),
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Q(t) /t* decreases for all sufficiently large ¢. Also, since E[| Y|’2 1] < o0,

iV(—z) =o(z7")
D(z) B ’
and
n/n(y/n) 5
D(n/n(ﬁ)) = u-dv(t)
—n/n(y/n)
—n/n(y/n) o0 -
=1 _/ ude(t)—/ (@) +2/u)e” 2™ du
—00 n/n(y/n)

=1+ o(n(v/n)/n) + O(efQ(n/n(«/ﬁ)))
=1+40(1/Q(n(v/n))) (by Lemma4.1(e))
as n — o0. Define y, = b=l = 1n(y/n) and note that

i _bOw) _
Q(xw)n n

Then, by Lemma 1a in [20], we have
m(z,n) = (1—@(z/+/n))(1+0(1))
= (1= @ (c/Vm))es D (14 o)

as n — oo, uniformly for v/n < z < ¥ x,, where ¥ > 0 is an arbitrary constant (see
the statement of Remark 1 in [19] to see that the constant y can be arbitrary).

Suppose now that 7 € [1/2, 1) and recall that by assumption E[|Y|**1] < oo.
Then, by Lemma 1b in [20],

1.

2 Fygp 042
7(z,n) = (1 _ @(Z/«/ﬁ))e v=1 WF2)! v FI (1 +0(1))
=(1- Cb(z/«/ﬁ))e%J’"Qk(%)(l +o(1))

as n — oo, uniformly for 4/n < z < yn(/n), where y > 0 is an arbitrary constant.
To see that y can be arbitrary see Remark 1 in [19] where the statement of the result
is

M = e"Q“f)(l ~|—0(1))

as n — oo, uniformly for \/n < z < A,, for a function A, that in [20] is taken to be
A, = n(/n), and verify that all the arguments go through if we let A, = n(/yn)
for any constant 7 > 0. Then, use Lemma 4.1(c) to see that n(/7n) = b~ (yn) <
(y v HYVC=)p=1 (). O

The main approximation is given below.
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16 Queueing Syst (2011) 68: 1-50

Theorem 4.3 Suppose Assumption 2 holds. Fix € € (0, 1) and set

#(y,n) = (1—@(y/v/n))1(y < vn)

F (1= @ (y/))es ED 1y > Vi), (44)
J(y,n) = ﬁ{/yioﬁV(t)qb/(%) dt
" \/%_71’ ;;f—bl(2(1+e)n)) V(I)ean(}:l)dt}’ )

Then, as n — oo, uniformly in y,
PS>y =FG.m1(y<A+e)Cy)+J(y.n) 1(y = (1 —€)Cy))(1+ o(D).

Moreover, there exist constants 0 < y; < 1 < y» such that C,, € [y1b~1(n), y2b~ ' (n)].

Proof Choose 0 <8 <1 —7 and set s =7 + §. Note that by Lemma 4.1(a) Q(t)/ts
is eventually decreasing. Also, since Var(Y;) =1,
P(S,<t/n)— (1)

by the CLT. Define L(k) and H (z) as in Lemma 4.2 and let 7 (z, n) be given by (4.3).
Set 17(z) = b~'(z?) and note that by Lemma 4.1(b) b= !(r) < /@9 for all ¢
sufficiently large, so n(z) = 0(z2). Since D(¢) — 1 as t — 00, we have

D(Z*/n(@) =1+o0(1)=D(2), z— o0.
Lety =1/(2(1 4 €)), and define

o = 53 (i) DY QW)

1
wp=b""(n/y), D)

Then, by Theorem 2 and Remark 1 from [20],

V(t)q§/<y—_[>dt

PGy >y)= (”(y’”) 1r=0+a9G) +ﬁ{/y Vi

—Jn
1 y=/n
+ -
V21 Jyaviy-n)

as n — oo, uniformly for all y and for any A € [w,, v,]. Also, by Lemma 4.2,

V(t)eH(y’)dt} 1(y=01- e)Cn)> (14 0(1))

eH@ — e"Q“(%)(l + 0(1))

uniformly for \/n <z < c¢b~'(n) for any ¢ > 0. We will show below that C,, <
b~12n) <2YC=9p~1(n) (by Lemma 4.1(c)), so we can replace 7 (y, n) by 7 (y, n).
Also, by choosing A = b~12(1 + e)n) and noting that for t > y — A we have
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y—t<i=b"1Q2(1 +e)n) <42 9p~1(n) (by Lemma 4.1 (c.)), we can replace

efO=1 with "2 (57 This gives the statement of the theorem.
To verify the order of magnitude of C, let h(z) = t(% + %n) and note that

h is continuous and a.s. differentiable. Recall that by assumption Q has Lebesgue
density ¢, and note that b(r) is eventually increasing, since by Lemma 4.1(a) Q(¢)/t*
is eventually decreasing. Then, for all f) <t < p! 2n(1 —y¥)),

1 QW —tq) 1 1

h(t):i—n t2 _2—71(1—5)%50

For t > b~1(2n) note that liminf;_ « tq(t) > 0, hence

L 00—

1 1
)= = -
®) 2 12 -2

— >0
b(t) —
We conclude that C,, € [b~1(2(1 — s)n), b~ (2n)], and by Lemma 4.1(c) and (d),

b2 =s)n) = 20 =) A1)~ '() and b'2n) <@V DHYEI (@),

O

We now give a lemma stating that under Assumption 1, the random variable Y] =
(X1 — w)/o satisfies Assumption 2. Throughout the rest of the paper,

O(1) = Q(ot + ) —2logt, 4.7)

and the functions b and b~1, as well as the constant 7, are defined according to this
function.

Lemma 4.4 Suppose Q satisfies Assumption 1, then Y1 = (X| — ) /o satisfies As-
sumption 2.

Proof Let Q(t) = Q(ot 4+ ) — 2logt, then V(t) = P(Y; > 1) =~e_Q(’)/t2, and
since D(t) = flu\<t t2dV (1) > last — oo, then V(1) < D(1)t2e~ 2" Also, since
QO has Lebesgue density ¢, then Q has Lebesgue density § (1) = og (ot + p) — 2/t.
It follows that

tog(ot+p) —2 29(2)

tq(t
f:llmsup& :1]msu Ellmsupi
t—oo Q(1) t—>o0 Q(ot+pu)—2logt = ;500 0O(z) —2logz

-t 0(z)
<rlimsuyp ———.
7—>00 Q(Z) — 210gz

By Assumption 1 and (2.2), there exists 8 > a(r) > 2 such thattg(¢) > B and Q(¢) >
Blog: for all sufficiently large ¢. It follows that

. r r
r lim sup

o T—2(10g2)/0@)  1-2/f
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18 Queueing Syst (2011) 68: 1-50

where if ¥ > 0 we have r/(1 —2/8) <r/(1 —2/a(r)) =2r/(1 +r) < 1. Therefore,
r<r<1and

liminf¢g(t) = liminfzg(z) —2> B — 2.
11— 00 Z—> 00

Clearly, if r =0 then 7 =0 and 8 —2 > 0=7/(1 — 7). If r > 0 we already
showed that ¥ < Br/(B — 2), which combined with 8 > a(r) =4/(1 —r) gives r <
1—2/(8 —2), which in turn implies that 8 —2 > 2/(1 —7) >r/(1 — ).

We also note that for any / € {0, 1,2, ...}

Dt
QW) _ _1ja+

Q) —2logu +2logo
A+ )

AGE))

lim sup
u— 00

lim sup
—00

Since for any [ € {1,2,3,...} we have limsup,_, ., O(t)/t/U+D = Gl/U+D)
limsup,_, ., Om)/ u!/U+D it follows that & = « . Finally, from the discussion follow-
ing the definition of «, (2.3), we have E[X'I“H] <ooforany2<s <(2+r)/(1—r),
which implies E[|Y;[**!] < oc. O

We are now ready to give a uniform approximation for P (S, > x) that will work
over the region n > K, (x). We choose not to use this approximation in the heavy-tail
region 1 <n < K,(x) to avoid having to show that it is equivalent to the heavy-tail
asymptotic nF(x —np). Instead, we use a result from [4] that will give us without
much additional work the heavy-tail asymptotic directly.

We point out that we will not apply Theorem 4.3 to the positive mean exactly the
way it is stated, but instead we use a slight modification that will work better when
applied to the queue. In particular, we will substitute the function 7 (y, n) given by
(4.4), where y = (x — np) /o, with the following:

N LIC TN =2,
ST o -y TR L > N(x)) + %e"&(%) 1< N®x), K>2.
(4.8)

The function J (y, n) given in (4.5) does not need to be modified since its contribution
will be shown to be negligible in the queue.

Lemma 4.5 Suppose Q satisfies Assumption 1. Let y = (x —nu)/o, fix € € (0, 1)
and define

Be(x,n) =R (x,n) 1(y (1 +6)Cy) + J(y,n) 1(y > (1 —€)Cy),

where 7, (x,n), J(y, n) and C, are given by (4.8), (4.5) and (4.6), respectively. Then,

lim sup 0.

x_)OOnZKr(x)

P(S, > x) _1
B, (x,n)

Moreover, there exist constants 0 < y1 < 1 < y» such that C, € [)/1b_1(p.n),
yab~ ! (un)].

@ Springer



Queueing Syst (2011) 68: 1-50 19

Proof By Theorem 4.3 and Lemma 4.4, we have
PSp>x)=70G,n 1y <(14+6C)+J(y.,n)1(y=1—e)Cy))(1+0(D)

as x — oo for all n > K, (x), where 7 (y,n) is given in (4.4). Furthermore, by the
same theorem and Lemma 4.1(c) and (d), there exist constants 0 < y; < 1 <y, such
that C,, € [y1b~ ! (un), y2b~ ' (un)]. It can be verified that

y=a+ac)cly=2mb un) clx—200b7 @) <nu} = {n> 10}
for sufficiently large x, where I(x) = (x — 20 y2b~1(x))/u, so all that remains to

show is that 77 (y, n) = 7, (x, n)(1 + 0(1)) as x — oo for all n > [(x).
Note that after some algebra we can obtain the equivalence

o oJx o2

X
=V ={nzm@} wherem()=""+5 5 =55 1+

Since N (x) = [(x — +/xlogx)/u] < m(x) for sufficiently large x, it follows that for
K >2,

|7t (e, ) — 7 (v, m)| 1(n > 1(x))

=|®(—y/Vx/1) L(n > N@)) — @ (=y/v/n)1(n>mx))

+ N%_Me"&(i) 1(I(x) <n < N(x))
— cb(—y/\/ﬁ)e%‘L"Q’((%) 1(l(x) <n< m(x))‘

<l@(=y/Vx/w) = @(=y/vn)|1(n > m(x)) 4.9)
+ | (—y/vx/n) - @(—y/ﬁ)e§+"Qk<%> I(N(x) <n<m(x))  (4.10)
+ y\/%_ﬂe"wi) _ qb(—y/\/ﬁ)e’zi“QK(i)’ 1(Ix) <n < N), (@11

while for k = 2 we have y2/(2n) +nQ.(y/n) =0 and

| e.n) — (v, m)| 1(n > 1(x)) = |®(—y/y/x/1) — @ (—y/v/n)| 1(n > 1(x)).
(4.12)

To analyze (4.9) and the corresponding segment of (4.12) define s(x) =
(x + y/xlogx)/u, then

|2 (=y/vx/w) = @(=y/v/n)| 1(n > m(x))
<|@(y/vx/1) — ®(y/vn)| L(mx) <n<s(x)+2@(y/v/n) L(n > sx))
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IVn — /x/u
vnx/u
+2&(—(s)pu —x) [Vols(x)) 1(n > s(x))

(x —nu)2 wlogx
< CT l(m(x) <n< s(x)) +2® <—m> 1(n > s(x))

2
< Cmin{ (105;) , cb(— \/ﬁ21;)gx>} 1(n >m(x)).

Since for n > m(x) we have @(—y//x/in) > ®(—(x — um(x))//o2x/u) —
@ (—1), it follows that (4.9) and the corresponding segment of (4.12) are bounded
by

< @' (O)|y| === 1(m(x) <n <s5(x))

Cor()@ (—y/v/x/i) 1(n > m(x)),

where ¢1(x) = min{(logx)?//x, ®(—,/rlogx/(20))}. To bound (4.10) and the
corresponding segment of (4.12) we note that for N(x) < n < m(x) we have

nQ«(y/n) = —y2/(2n) + O(y3/n?) (recall that nQ,(y/n) = —y?/(2n) if k = 2),
SO

(& (—y/y/xTi) — (—y /)5 G
S|¢(_y/\/x/7u“)_(15(_)’/\/_)|+|l— %"'”Qkﬁ (p(_y/\/ﬁ)
< /()T )y L= “/_)+c (s 5TE)

vnx/p
(° [/ 4D o (x—nw?  _(x—np)?
=C—F SN ®(-y/v/x/1) 32 +C 22 P (=y/Vx/w)
2 _ 3
(e oo

1 32
< % (=y/v/x/1m),

where for the third inequality we used the relation @ (—z) > @'(z)z/ (z2+ 1) for all
z > 0. Therefore, (4.10) and the corresponding segment of (4.12) are bounded by

C(pz(x)cb(—y/\/x/u) 1(N(x) <n< m(x)),

where ¢ (x) = (log x)3/2/ +/x. To bound the last segment of (4.12) note that the pre-
ceding calculation yields

(@ (=y/Vx/w) = @(=y/V) [ 1) <n = N )

OO o ST 11w < = Nw)

x2
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< C((b_l(X))zﬂzLx)b_l(x)(p
X

(—y/,/x/u) l(l(x) <n< N(x)).
Since k = 2 implies that Q(r)/+/7 — 0, then

R CENE?) S €3 L 12
m —= hm N lm

li = = lim = =00,
Jim — 200 b(b-1(x)) 1% 12/ 0 (1)
SO
p1 2 bl b1 3A
i (x))xszX) ® O

where

| B Gt c) L LN 0 () ol

Jim e =l T A Gy A =

‘We have thus shown that when «k = 2,

& (—y/Vx/1) — ®(—y//n)|1(n > 1(x))
= C max ¢i0)@(=y/yx/i) 1 >100).

Finally, to bound (4.11) we use the inequality qﬁ’(z)z/(z2 +1) < @ (—z) to obtain,
for[(x) <n < N(x),

VI o) b0
— Y ¢ ey _@ _y/ﬁ e2n+nQ"(n)
‘wZW ( )

=<\/)_C _@(—Y/«/ﬁ)) L o)
yWi @' (y/Vn) ) 2m

= (yfﬁ - y;//;/fl)\/;_n

— 32\ 1
= ( xm_ﬁ_k?)y«/ﬂ

§C<X—”M * 2) VE o)
X (x —np)=) yJ2ru

-1
<c b (x)+ 1 ) Jx 10

X logx ) y/ 27

10

10

It follows that (4.11) is bounded by

Jx

Coaln) "G 1(I(x) <n < N(v),
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where @4(x) = b~ !(x)/x 4+ 1/logx. We conclude that

T 3 — T 3 < C [ T )
|t (e, ) — 7 (x,n)| < ie{rlr}%ﬁ”%(x)nk(x n)

for all n > [(x). This completes the proof. g
4.1 A first approximation for P(Wx(p) > x)

We will now give an approximation for P(W(p) > x), that, although too compli-
cated to be used in practice, will serve as an intermediate step toward obtaining the
more explicit approximations given in Theorems 3.2 and 3.4.

The idea of this section is to substitute P (S, > x) in the Pollaczek—Khintchine
formula (3.1) the heavy-tail approximation nF(x —nu) in the range | <n < K, (x),
and by By (x, n), as defined in Lemma 4.5, in the range n > K, (x).

The intermediate approximation for P (W (p) > x) is given by

Ky (x)
Se(p.x)= D (1= p)p"nF(x —np)

n=1

oo
+ Y A=pp ") l(y < (1+e)Cy)
n=K,(x)+1

+ Y A=pp"Ty.mi(y=(1-6Cy), (413
n=K;(x)+1

where y = (x — un)/o, and 7, (x,n), J(y,n) and C, are given by (4.8), (4.5) and
(4.6), respectively. The last term in (4.13) corresponds to the so-called “intermediate
domain”, where, as mentioned in Sect. 3, the asymptotic behavior of P(S, > x) is
rather complicated. Under additional (differentiability) assumptions on Q, more ex-
plicit asymptotics for J(y, n) have been derived in [20] (see also [7] for other results
applicable to this region). We point out that S, (p, x) is “very close” to being the ap-
proximation in Theorem 3.2 if we replace 1(y < (1 + €)C,) with 1(n > M(x)) and
ignore the entire third term of S, (p, x), to see this sum the tail of the second term of
S« (p, x) to write it as the expectation of a function of a normal random variable.
We will now show the asymptotic equivalence of P (W, (p) > x) and S, (p, x).

Lemma 4.6 Suppose Q satisfies Assumption 1, then

P(S, > x)

lim sup | ——— —
nF(x—np)

Y70 1 <n<K, (x)

1 <o

Proof Recall that wr(x) = x2/(Q(x) vV 1)? and w, ' (x) = inf{u > 0: x < w2 (u))}.
By Lemma 3.1, w2_1 is non decreasing, a)z(a)gl (x)) =x and w2_1 (w2(x)) < x. Let
th = a);1 ((u A Dn)/2, and note that
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. oty . 0wy ' ((w A Dn)/2)
1 = <1
Tfﬁ?v%- I = gi%?“ﬂ; wy (A D) /2
. Q(wy ()
S(MAI)I/ZI%gigp«/E wy ()
J5 2
limsu

:wAwﬂLmﬂm@;mWHZWAW”

Then by Theorem 3.1 in [3],

P(S, — t
lim sup M—l =0.

n—>o0t>p, nF(t)

Next, we will show that for n < K, (x) we have x — un > t,.
First, when 0 <r < 1/2 we have K, (x) = [(x — a)z_l(x))/uj, son < K,(x) im-
plies

X —pn>x—puk,(x) > wgl(x) > wgl(uKr(x)) > 1K, (x) = In-

Similarly, when 1/2 <r < 1 and K, (x) = [min{wz(x), x/(2un)}], we see that n <
K, (x) implies

x—pn > x — K, (x) = max{x — pwr(x), x/2} = 0y (02 (x)) /2
> wy (Kr (%)) /2 = tk, (x) = I

These observations, combined with the fact that the subexponentiality of F implies
that P(S, > x) =nF(x)(1 + o(1)) as x — oo uniformly for 1 <n < a(x) for some
a(x) — oo completes the proof. 0

Combining Lemmas 4.6 and 4.5 gives the following result.

Proposition 4.7 Define S, (p, x) according to (4.13) and suppose Q satisfies As-
sumption 1, then,
. P(Weo(p) > x)
lim sup |———— —
X0 0<p<1 Sk (p,x)

1| =0.

This first approximation for P(Ws(p) > x) might not very useful in practice since
it involves two integrals, those in the definition of J(y, n), that are not in general
closed-form, and two indicator functions that depend on the quantity C, (the solution
to a certain optimization problem). The approximation given in Theorem 3.2 is more
explicit, and thus more suitable for computations, both numerical and analytical.

5 Proof of Theorem 3.2

The proof of Theorem 3.2 is rather technical, so we divide it into several preliminary
results, the first of which gives some more properties of the functions b~! and a)f1 .
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Lemma 5.1 Suppose Q satisfies Assumption 1. Let 0 and b~ be defined according
to (4.7) and (4.1), respectively. Then,

(a) lim;— o0 Q(t)/w_ (1= limt—>oo Q)/b~ (1) =0,

(b) lim;— oo f/w =

Proof To show the first limit in (a) use Proposition 3.7 in [4] with some r < s < 1 as
follows,

Ti gft) =t1_i)m Q(wl(a)l (t))) 1_) Q(Q(u))
Mol R wrl@) e
K 1—s
< i HEEEE = i (10) <o

For the second limit we first note that the same arguments used above give
limy_, o0 Q(t) /b~ (1) =0, so all we need to show is that lim SUP, 00 Q) /Q(1) < 00.
That this is the case follows from

o)
t—oo Q) 1o Q(ot) —2logt
(="' Vv 1) Q) . C

< limsup =limsup ——————
u—oo Q) —2logu+2logo u—oo 1 —2logu/Qw)

t
0 < limsup & <limsu

and (2.2), which gives Q(u)/logu > 8 > a(r) > 2 for large u.

For part (b)
tim Y ”wl(wl W) _ i Y2/0W 2/Q(“ ~ lim =0
t—00 wl—l([) t—>oo Wy L) u—) u—00 /0O (u) o g

Next define Z,(p,x) according to (3.5) and (3.6), and S, (p, x) according to
(4.13). Let

o0

Yo A=pp"Ee 1y < (L +6)Cy) = L(n > M)},

n=K,(x)+1

Ei(p,x)=

> a1 (1 — PP R (x, 1)
— E[p"“A (0 Z < /iy

K=2,
Er(p,x)=
2(10 ) |ZOO (1 _ ) nj’_\[ (.X n)
n=N (x)+1 PIP" T X,

— E[p*™D 1(6Z < J/ulogx

K>2,

e¢]

Ex(p.x)= Y (1=p)p"J(y.m)1(y>(1—€)Cy).
n=K,(x)+1
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Then,

S (0. x) = Zc(p,x)| < E1(p, x) + E2(p, x) + E3(p, x).

We will split the proof of Theorem 3.2 into three propositions, each of them showing
that E;(p, x) = 0(Z,(p, x)) as x — oo uniformly for 0 < p < 1, and some auxiliary
lemmas. We start by giving a result that provides lower bounds for Z, (p, x).

Lemma 5.2 Fix ¢ > 0 and let p(x) = e~ *CX)/* Then, for any 0 < p < p(x),
Cp —
Ze(p,x) > —F(x),
1—p
while for p(x) < p <1,
Ze(p,x) > Ce iAo ®)

where A,(u(p)) was defined in Lemma 3.3.

Proof Let J(x) = |x//Q(x)] < K,(x) and note that

J(x) J(x)
Ze(p.x) 2 ) (1= p)p"nFx —nw) = (1= p)F(x) Y np"
n=1 n=1

:F(x)] fp(1 — pJ(x) —(1- ,O)J(x)pf(x)).

The first statement follows from the observation that for 0 < p < o(x) we have
070 < o= LI _ pmend/OHo)

For the second statement consider first the case x = 2, for which eﬂ Apup) _

» log p+2 2x(log p)?
e gp T3

and
Ze(p,x) 2 E[p““*” (o Z < oy ' (0)/vx)]
B e I

o /X 2 lo
Y nwi  (x) acQ(x) XA (u
>extA ( (p))CP(«/—O_\I/_ Jix ):e“Ap( (p))(1+0(1))

as x — oo, for all p(x) < p < 1 (since Q(x)/a)l_l(x) — 0 by Lemma 5.1(a)).

For « > 2 we split the interval [p(x), 1) into two parts as follows. Define g(x) =
_ 2 /logx

e o _Then, forp(x)Vvpx)<p<l,

log p+ 5 x(log 0)?

Ze(p,x) = E[p**P1(Z < /ulogx/o)] = @ (0)e i

> Celto®).
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For the interval [0(x), p(x) V p(x)) (assuming g(x) > p(x)), let u, = (x —nu)/x
and use Lemma 6.1 to obtain

N(x) —A () u XA o ()
Cl—p) ’ ue el
Zep )z ——— ) ———=CU-pVx —du.
VI n=M(x)+1 n UN(x)—1

By Lemma 3.3, A, is concave on [0, u(x)], and its maximizer, u(p), satisfies

u(p) = —Elogp—i- O(|logpl?),

2
Ap(u(p)) =logp+ —— <logp>+0(|logp|)

Also, the derivatives of A, satisfy

2 2
AL =—logp—"“r+0(?) and Al(=-2+00)
14 0.2 14 02 :

Then, for some & between r and u(p) and some constant { > /02,

AL (E)
2

Ap(0)= Ap () + =27 (1 = u(@)” 2 Ap(u(p)) = 3 (1~ u(p)’.

Note that for p < p(x) we have u(p) > /logx/x + O(logx/x). Therefore, for any
0 <8 < 1 and x sufficiently large,

UM (x) en = A (u)

(1= p)v/x

UN(x)—1

> (1 —p>ﬁeiAp<u<p»/ e L
VExuyi-1—u(p)) &+ A/ Exu(p)

> CeﬂAﬂ(u(p))( (\/K_XSM(;O))) - ¢(—\/§7x(u(p) —UN@x)—1))

" Ap(u(p))

du
u

VTx8u(p) e—z2/2

> Cekr (since Jxu(p) — oo for p < ﬁ(x)). O

The next lemma will be useful in showing the uniformity in O < p < 1 of our
bounds.

Lemma 5.3 Let «(n, x) be any function that does not depend on p. Then, for any
1(x)>4u""x/Q(x) and m(x) < ﬁ, we have

m(x) m(x)

S -t x = TN 008 g .
n=lI(x) it

sup
0<p<l1 Zy (IO x)
for sufficiently large x.
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Proof Define p(x) = e HQW)/x By Lemma 5.2, we have, for 0 < p < p(x),
m(x) m(x)

1
S 7 Y d=pplamx)< sup C Y (1—p)Pp"” e, x)
0<p=<p(x) (;0» )n =I(x) 0<p<p(x) = 10 F( )

Define /1, (p) = (1 — p)?p"~! and compute 1/, () = (1 — p)p" " 2(n(1 — p) — 1 — p).
Note that for p € (0, 6(x)] we have

n(l=p)=1—=p=n(l-px)—1-px),

s0 hy(p) > 0 on (0, p(x)] for all n > (1 + p(x))/(1 — p(x)) (note that (1 + p(x))/
1=px))~ ZM_lx/Q(x) as x — 00). Therefore,

m(x) (X(I’l )C) m(x)
~ 2 A —_
sup Y (L=p)?p" == Y (1= 500) ) e Wan, x)
O<p<p(x)” =l(x) F( ) n=I[(x)

(x)
COx)? s Q)
< Q) Q=3 an, x).

n=I(x)
For the range p(x) < p < 1 fix € € (0, 1) and use Lemma 5.2 again to obtain

m(x)

> (=p)p"an.x)

sup
p)=p<t Zi ('O X) n=I(x)

C m(x)
< sup > (=p)paln.x)

2
~ X —e) oo 2
p)zp<l logpt(l—e)F5xlogp)? T

m(x)

< CoM)

- f—t log p+nlog p

sup e
n=l(x) PX)=p<l1

a(n,x)

(x)
C '”Z ~(%-n)log
= ﬂ e (l‘ ) logp(X)a(nv 'x) (fOr alln = X/M)

n=I(x)

(x)
C x) % Xy n0k)
Q( ) 2 : (M n) = a(n,x).
* n=Il(x) 0

Proposition 5.4 Under the assumptions of Theorem 3.2,

. Ei(p,x)
im sup ———=
x=000_,21 Z(p,X)

@ Springer



28 Queueing Syst (2011) 68: 1-50

Proof Define m¢(x) =min{n € {1,2,...} :nu + (1 + €)o C,, > x}, and recall that
Mx)=|(x— a)l_l(x))/,uj. Let y=(x —nu)/o. Then,

o0

Epor)= Y (1= p)p"aCrm) 1 (min{me(r), M(x)} <n
n=K,(x)+1

< max{m6 (x), M(x)}).
Choose 0 < § < 1. By Lemma 4.5 there exist constants 0 < y; < 1 <y, such that

Cy € [y1b~ (un), y2b~  (un)]. Then, for any n > [(x) = (x — y1ob~!(x))/p and x
sufficiently large,

y<wnb'(x)< (% v 1>ylb—1(un) <(1+6)Cy,

where in the second inequality we used Lemma 4.1(c). Similarly, for any n < k(x) £

(x —2y20b~ 1 (x)) /1 and x sufficiently large,
Y =227 () 2 2p2b~ (un) = (1 + €)C.
It follows that [k(x)| < m¢(x) < |I(x)] for sufficiently large x. Hence,

max{[{(x)],M(x)}

Ei(p,x) < > (1= p)p" i (x, n),
n=min{|k(x)],M(x)}+1

and by Lemma 5.3,
max{[{(x)],M (x)}

Ei(p,x C now) .
1(p, x) < Q) Z QW10 .
0<p<l1 Ze(p,x) X

n=min{|k(x)|,M(x)}+1

By using the inequality @ (—z) < @'(z)/z for any z > 0, and observing that n =
(x/m)(1 4 o(1)) for all min{|k(x)|, M (x)} <n <max{[l(x)], M(x)}, we obtain, for
such a n and all sufficiently large x,

NE w? Vx 2 < ¢ Vx 67%(1%(1))

e 2x

YN/ 2 N2 I

2
< Ce (179150,

e (x,n) <

It follows that

Ei(p.x) _CO®K) max{[{(x)], M (x)}

O<p<l ZK(p,x) -

oyQ(x) w?
o (=95

e
n=min{|k(x)],M(x)}+1

max{[/(x)],M(x)} 2 202
Y 6200)
- CQO(x) Z o~ 1= 5 (- = aaovmen)

n=min{|k(x)], M (x)}+1
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Note that by Lemma 5.1(a),

o) —cu oW

lim m ——————— = 0, ;.1
x=oox —u(U(x)] v M(x)) = x>0 p=l(x) Aw; (x)
which implies that for sufficiently large x,
Ei(p.x) _CQ) "WQMWT e
sup < Z e x
0<p<1 Zi(p- ) Y mmin{ k(0 ), M)+
X—Mmin{Lk(X)J,M(X)}
< CO(x) —(1-8)> “2 du
X x—pmax{[/(x)],M(x)}
C
Q(x) o V2 g,
VE SO b e ()

Finally, by using the inequality @ (—z) < ®'(z)/z for z > 0 again, and (5.1), we
obtain that

— 002 4y o () A (1))
. Ei(p, x) . COMe 2% !
lim sup —— < lim — =0.
x=00g_ ;1 Zi(p,x) ~ x>0 yiob™1(x) Aw; (x) O

Lemma 5.5 Let h,(x) = a)l_l(x), ifk =2,and h(x) = /xlogx, if &« > 2, then

(e (x))2
Ex(p,x) < hc*(f)po: e )/~ G

+ (=) E[p"P (0 Z < Jhe(x)//X)].

Proof Recall that a(x,z) = y,_l(x —oz+/x/) and Z ~ N(0,1). Define L, (x) =
L(x — he(x))/1t]. Note that exact computation gives,

Yo (U =pp"d(—y/Vx/u)
n=L,(x)+1

)
=E[ i (1= p)p" 1(Z>y/\/x/_u)}

n=~L,(x)+1

— E[pmax{La(x,Z)J+1,LK(X)+]}]
E[p\_a(x ,Z2)]+1 l(a(x Z) > L (X))] +,0LK(X)+1P(Q(-X7 Z) < Lk(X))
[

= E[pl @ PH(Z < (x — pLe () /y o 2x/1)]

+pb O (= (x — uLe (1)) [y 02 /1)
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Observe that /i (x)/v/02x /1t < (x — nLe (X)) /02 /1t < hye (x) /o 2x [+ 132/

~/o2x, from where it follows that E>(p, x) can be bounded by

Ex(p.x) < E[p“ D 1 (he () )y o2x /1 < Z < (x — L (0) /) 022 /1) ] (5.2)
+[E[(pleAIH = p1 DN Y(Z < he () /o /)] (5.3)

+pH O B (= (x — uLe(0)) /1y o2x /1) (5.4)
Next, note that since a(x, z) is decreasing in z, we obtain that (5.2) is bounded by

pLa(x,(x—uLK(X))/\/ ox/w]+1

E[1(he(x)/\Jo2x /1 < Z < hye(x)/ sz/u+pc3/2/\/02x)]
pt (@ (he () /o 2o/ + 122 [V 02x) = @ (hie () [y o2/ 1))

LL (= ( ))J+1 V’3/2
X— X
<pli @' (he () /o 2x /1) =

o/x
C pu(" —he()),, u(gguxn

For (5.3) we use the simple bound

(=P E[p* D UZ < he () [y o2x/1)].

And for (5.4) we use the inequality @(—z) < &'(z)/z for any z > 0 to obtain the
bound

_ C[ i M(h)(()»))
p(x h,((x))/uq)(_hk(x)/ sz//L) (),O“(x K(x)) 2w0lx 0

Proposition 5.6 Under the assumptions of Theorem 3.2,

Ex(p,x)
lim sup —
X0 0<p<l Z(p, x)

Proof Let he(x) = a)l_l(x), if «k =2, and h,(x) = /xlogx, if k > 2, then, by
Lemma 5.5, we have

CJx e 00)*

Er(p,x) < p(x he G/ o™ 552,
hie (x)

+(=pE[p" P (0 Z < Jihe(x)/VX)].
cnQx)

Fix ¢ > 1 and define p(x) = e~ x . We will first show that E>(p,x)iso(Zi(p, x))
as x — oo uniformly for 0 < p < p(x). Before we proceed note that A, (x)/+/x — 00
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as x — oo (by Lemma 5.1(b) for x = 2) and
E[p"“? (0 Z < lthe(0)/Vx)]
x log 4 oZxUogp)” x(logp)z <\/_h (x) O’ﬁlogp>
:6‘

oJx 132
‘log Lo x(logp)z \/—h (x) oﬁlogp
se” 0[ ,U~3/2
\/—h x) aﬁlogp <1
oJx W =
X log prt L22loge? mogp)z fh (x) aﬁlogp
+eh o /% 1372
| - _ e (x)? Wrhe(x) — pd?
_ (x—=he (x))/ 1 202x  1{ |lo > +
Wl e (I gplz =5 — o /T
X o2x(ogp)? h 3/2
te 5 logp+ 23 1<|10gp|<%"(x)+,uf )7
o°X 0’\/;

where for the inequality we used @ (—z) < @’(z)/z for z > 0. Furthermore,

2 2 2 3/2
X o“x(logp) h. (x xq_hex)__o
o BRI (og pp < B x (X) LK < = = oz

o2x o/x

It follows that for sufficiently large x, E>(p, x) is bounded by

hy (x a
Cpl—he/u 4 o= =5

Now we use Lemma 5.2 and the observation that /, (x)/x — 0 as x — oo to obtain

hie (x)

PN/ 4 T

Ex(p.x) _ C sup
0<p<p(x) Ze(PsX) " 0<p<px) p(l —p)~le=0®)

< Ce2™  gup (p(x—hK(X)—u)/u+p(x—T—Wﬁ—u)/u)
0<p<p(x)

_ CeQ(x)(e—ﬁ(X—hK(x)—ﬂ)M + e—ﬁ(x—f—ﬁ—u)w)

< C(e_(c_l_%)Q(x)—I-e_(c_l_Chgx(x)—zf/(:Tx)Q(x))—>O

as x — oo.
For the range p(x) < p < 1 we first note that Z.(p,x) > E[p*®D1(cZ <
VIt (x)/+4/x)], so we have

(1= p)E[p**?) 1(0 Z < /th, (x)/f)]
p<p<l Ze(p, X)

1—p(x)—0
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as x — oo. To analyze the remaining term we use Lemmas 5.2 and 3.3 to obtain

x 1 2_n1(k>2)|1
Ze(p,x) > C,LAﬂ(“(P)) > Ce “(ng+ (ng) n1(c>2)|log pI?) for some 5 > 0. It fol-

lows that
hye (x 2
N e/~ G
sup
przp<t () Ze(p, x)
C\/_ N(hl((x))z e/—L(X —h(x))logp
202x Sup
h (x) P(X)§p<1 (10gp+ (lng)z—nl(K>2)|logp| )
("W‘))z 1 _o2x 2, nl=Dx 3
S CVE RS ap ORI s
h (x) O<s<cuQ(x)/x

When k =2 and h,(x) = a)l_l (x), (5.5) becomes

1oy, VAo,
—C\/)_C sup e 2( Al < Cvx

o7 () 0<s=cuQw)/x o ()

which by Lemma 5.1(b), converges to zero as x — oo. When « > 2 and h,(x) =
/xlogx we split the supremum and bound (5.5) with

C _ plogx Jxlogx o o2x Y2+ '7X §3
e 252 Sup e 13 2;,,
Vlogx O<s<min{cQ(x)/x,x~1/3}

\/WY fed xs,2+'7‘f 3
+ sup e " oud *
x~1B<s<cpnQx)/x

1(x_1/3 < C/LQ()C)/)C)}

C 1 ( o _ ulogx )2 _ plogx + Jxlogx §— é (1— 2(:;13WQ(X) )S‘2
< {supe 23— + sup e 22 # T 2w? olx }
Viogx 5> s>x—1/3

C 23 (- 20139000 nQ(x) 2#2«/@) 2
< {1 + sup e 2# o2 o2l } 0
J/log x sox—173

as x — 0o. This completes the proof. O

Lemma 5.7 Let y = (x — nu)/o and fix 0 < 8§ < 1/2 and 0 < ¢ < 1. Define
cs = 8‘1(4//71 Vv 1)o. Then, under the assumptions of Theorem 3.2, for all n <
(x — b~ Y (x)) /1 and x sufficiently large,

_ n Cn3/?
J(y.m) < CnF oy + e 20 + =2 F(o/n + )
y

_oyow 822 _
xe T x 8n 1(,un>x—c(;b 1()c)).
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Proof Let Be(t) =b~'2(1 4+ €)t/pu) and V(1) = P(X1 > ot + ) = F(ot + ).
Then from (4.5) we obtain that

1
J(y,n) <nV(y) +n/ V(y = /nz)@' (2)dz
0

(Y—=vm)ABe(un))//n nQz (=)
+cn/ V(y—zvn)e =V dz.
1

To analyze the integral involving Q, first note that if k¥ = 2, then nQ,(z//n) =
—z%/2, while if ¥ > 2 then nQ, (z//n) = —z2/2 + O(z>//n). Therefore, for 1 <
7 < ((y — +/n) A Be(un))/+/n and n sufficiently large we have

(1-8)z?
nQ(z/v/n) < s
from where it follows that
o ((y_ﬁ)Aﬂe(ﬂ”))/ﬁ_ (1-8)72
J(y,n)an(y)—i—Cn/ V(y—zvn)e 2 dz.
0

We now bound the remaining integral with

Sy/m _ (1-8)22
Cnf V(y—z/n)e 2 dz (5.6)
0

(y—vm)/Jn _ (1-8)2
+Cn/ V(y—zv/n)e 2 dz 1(Be(un) > 8y). (5.7
Sy/n

We start by analyzing (5.7), which is further bounded by

_ (y—=+/m)//n (1-8)72
CnV(v/n) e” 2 dz 1(Be(un) > 8y)
8y//n

V1 =288y
Jn

_gs2y2
< V() Ve S 1 (peo) > o)
y

< CnV(Jin)o (— ) 1(Beo) > 8y)

e TR 1(Be(x) > 8y),

2.2
oo —UHT (g 20n0(0)
X

Cn¥?_
= \% n)e
y

where in the second inequality we used the relation @(—z) < ®'(z)/z for z >
0. To obtain the second term in the statement of the lemma note that for n <
(x —cb™1(x))/1 we have

20nQ(x) _ 20620(x)
(1—=8)82xy — (1 —8)82uch=1(x)’
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which converges to zero as x — oo by Lemma 5.1(a). Then, for sufficiently large x,

2.2
7(1—62)6 y ( Zer(zx) ) (1—5)262y2 _52 2
e " =920 <™ m - <eT @ (§<1/2).

Also, by Lemma 4.1(c), B¢ (x) < Gt v Dbl (x) =0 18csb 1 (x). If follows that
(5.7) is bounded by

Ccn3? _ oy0() _ 6%y2
" V(v/n)e " x e 1(,u,n>x—c(;b l()c))
y

To bound (5.6) we first note that by Assumption 1, g(¢) < (r +8)Q(¢)/t for suf-
ficiently large ¢. Also, by Proposition 3.7 in [4], Q(¢)/t is eventually decreasing, so
we obtain

V(y—u)= V(y)efa(v T 4Ot <V )e(r+6) Q((rv(»uu))

Then, the change of variables u = z/n yields the bound

_a=8u?

C‘/—V()’)/ 5t aar 0

(1=8)u?

_ 8y Q(y—uw)
SCﬁV(y)/() OIS T gy

(1-8)u?

_ 8y Q@y)
< C\/E V(y)/ e(”"'a)(lfé)yu 2 du
0

V1=8 _ (r+9nQ(oy)
O

_A1=8 (r+8nQ(oy) /27[
Vi (1-8)2y

(r+5)2nQ((ry)2

2
=CnV(y)e 20-9%72 ! :

e T dz. (5.8)

Now, define the set A = {oy > wl_l(%)} and note that 12/Q(t) = w (1) is

eventually increasing. It follows that for large enough x,

(r +8)%02x {(r+8) Q(oy) <_pL}
T a=-8%p ) | =83 — x|

AC {wl(Uy)

Also,

(r +8>Zo2x} _ [ +8nQ@y) _ sy(1— sm}

Ag{wl(ay)_(l 5381 1-=8%y ~— (r+d)«x

We then see that for z(x, n) = —M(M —3y), (5.8) is bounded by

JiN (=62
_ un Qo) r+92nQy)? _ 2 (r.m) D(—1)
CnV(y){ 1(A) +e 20-9707 ©osup ———I( C)}
t>z(x,n) d)/(t)
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= SunQ(oy) 3+8)0(0y) _ (1-8)8%y2 <D( t)
=CnV(y)ye 1(A) +e TP - sup EX0) 1(A9) ¢
2 G (SR
Finally, we note thaton A° = {nu > x — (%)}, and for sufficiently large x,

(1 =38)nu/((r +8)x) =1, so (5.8) is bounded by

SunQ(oy) SunQ(oy) @ —t
P A) +ea o sup (, )
=0 P'(1)

unQ(oy)
X

CnV(y){e l(AC)} <CnV(y)e x

Proposition 5.8 Under the assumptions of Theorem 3.2,

I E3(p,x)
im sup ———=
X0 0<p<l Z(p, X)

Proof Set y = (x —nu)/o and recall that by assumption there exists 8 > a(r) >
2 such that Q(t) > Blogt for all sufficiently large ¢. Now choose 0 < § <
min{(1 — 7)/2,(1 — r — 2/B)/2}. Note that by Lemma 4.5 there exists a con-
stant 0 < y; < 1 such that C, > ylb_l(,un). Define ¢ = (1 — 6)2)/10’ and cs =
87 '@4u~' v 1)o. Then, for any n > I.(x) £ (x — cch™'(x))/p and x sufficiently
large,

y<(—e’nb(x)< (% v 1)<1 — ) yib~ N un) < (1 —€)C,y.

Therefore, {y > (1 —€)C,} C {n <lc(x)}, and

Lle(x)]
Ex(p,x)< Y (1L=p)p"J(y,n).

n=K,(x)+1
By Lemma 5.3,
E3(,0’ -x) CQ(x) LZE(X)J GvQ(x)
= Z e
O<p<l Z(p,x)

J(y,n), (5.9
n=K;(x)+1

for sufficiently large x. Define ms(x) = (x — c5b~ ' (x))/u. Then, by Lemma 5.7,

[le(x)] Lle(x)]
0y0(x) C o
0(x) Z 222 0 < 0(x) Z T nF(ay—i—M)e i 0 ry)
X
n=K,(x)+1 n=K,(x)+1
(5.10)
le(x)] 3/2
CO(x nolc_ 32y?
+ ) E —F(O’\/E—FM)E_W.

n=|mg(x)]+1
(5.11)
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We start by showing that (5.10) converges to zero. To do so we first bound it with
the following integral

x—K,(x)p

uQ(x) — S(x—u+p)
COW) U F e W gy
x—lle()]p
XK () o0 Sx—u)
<CO(x) e x QT 0W gy (5.12)
x—pule (x)

Now, by Proposition 3.7 in [4] we have Q(x) < (x/u)”‘SQ(u) for all u < x, from
which it follows that

1—r—6 _
uQx(x) o) + d(x )Q(u)< Q(u)((u) _1+8(x u))

X
6(x —u)
< Q(u)((l —r—8)<— - 1) + f)
- _7Q(”)(; —W 1~y —28).

Let n = 8'/0-7=9 Next we will split (5.12) into three integrals and use one of the
above inequalities to bound the exponent as follows:

min{x—p Ky (x),nx}

Cowm L1142y (5.13)
x—ple(x)
minfx—p K, (0),x/ 241} 500 6mu
+COM) e~ LI A== gy (5.14)
min{x—uK, (x),nx}
x—pukK,(x) 0w)(x—u)
Lo e o A=r=29 gy (5.15)

min{x—u Ky (x),x/2+u}

To see that (5.13) converges to zero we note that it is bounded by

CQ(x) " e—Q(u)(l_ZB) du < CQ(x) * e—ﬂ(l—ZS)logu du

e x—pule (x)
= CQM)(x — ple(x)) P2
< % (since B(1 —28) > 2)
€0
= b b1y’

where the last expression converges to zero by Lemma 5.1(a). To see that (5.14)
converges to zero note that it is bounded by

x/2+lL X ) (X —u
CQ(x)/ e~ A=) gy g (x — K, (x) > )
n

X
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(1=r=25)

CxOG) 552021/ 00x)
zﬂ e’ dv 1(x—,lLKr(x)>77x)
Qnx) J-(1—r—28)1=m Q)
- CxQ(x)e,“L;mQ(nx) < Cxe T P log)

O(nx)

where in the last inequality we used Proposition 3.7 in [4] to obtain Q(x) <
n~ "9 Q(nx) and then the assumption Q(r) > Blogt. The last thing to notice is
that our choice of § guarantees that (1 —r — 2§)8/2 > 1.

Next, to analyze (5.15) we follow a similar approach and use the fact that Q(¢)/¢
is eventually decreasing to obtain the bound

x—puKy(x) _Omux—u) ;q_ ..
CO>x) e 2 YT (x — pK, (x) > x/24 )
X/241
x—pKy (x) PO Kr()u ;.
<CQ(x)f T T (K () +1) < x/2)
Cx? DKy
< T MR ) (K (x) + 1) < x/2). (5.16)
K, (x)

Now note that (K, (x) + 1) < x/2 implies that r € [1/2, 1), since for r € (0, 1/2)
we have x — u K, (x) = o(x); and in this case,

{n(Kr(x) +1) <x/2} c {min{pwr(x), x/2} < x/2} = {pw2(x) < x/2}.
It follows that (5.16) is bounded by

Cx?

w2 (x)

1nQ(x)wy (x) X
e T U | (i (x) < x/2) < CQ(x)2e” 0m (1772

w(=r=28) 15

<Cx%e " 2z % — 0,

where in the second inequality we used Proposition 3.7 in [4] to obtain that Q(x) <
x"+? for large enough x.
Finally, to prove that (5.11) converges to zero we first bound it with

C (le()+Dp 3/2 _ _Szu(xﬁr)z
o) u F(U,/s/,u)e 8025 ds
X ms(xX)p X =S
C _ (le(xX)+Du _Szu(x—s)z

< MF(G\/mg(x)) e 82 ds
x—=(Ue(x)+Dp ms(x)p
Cx X)— 2

< 1Q( ) g\ m 5()( e 2dz.
b= (x) 8 (x— (e (¥)+ 1))/ 20 /%)

Clearly, the last integral is bounded by a constant, and for the other terms we have
. — _ i . 25 i
xll)ngoxF(aw/mg(x)) =3 t1—1>Igot F()=0
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since E[X%] < 00, and, by Lemma 5.1(a), limy_, Q(x)/b_l(x) = 0. This com-
pletes the proof. g

Proof of Theorem 3.2 Propositions 5.4, 5.6 and 5.8 give

Sic(0,x)

lim sup m

X0 0<p<l

1‘:0,

which combined with Proposition 4.7 gives

P(W,(c0) > x)

lim sup Z:0.2)
K k]

X0 0<p<l

—1‘:0.

6 Proof of Theorem 3.4

In this section we prove Lemma 3.3 and Theorem 3.4. To ease the reading we restate
the definition of A, (p, x) below.

Ky (x)
Acp.x) = 3 (L= p)p"nF(x = npa) + e 0,

n=1

where A, is given by (3.7), w(p, x) = min{u(p), a)l_l (x)/x} and u(p) is the smallest
positive solution to A;(t) =0.

We start with the proof of Lemma 3.3 and then split the proof of Theorem 3.4 into
three parts.

Proof of Lemma 3.3 That A, is concave in a neighborhood of the origin follows from

A @) =—1lo —”—2t+0(r2) and A“(t)——“—2+0(t)
pt)=—108P = "3 pt)=""3 :

If Kk =2 we have A,(t) = (1 —1)logp — £517, 2 which is maximized at u(p) =

—? log,o and satisfies A, (u(p)) =logp + m(log 0)2.

In general, for x > 2 recall that P, (¢) = A})(t) + log p, so u(p) is the solution to
the equation P, (t) = log p. By Lagrange’s inversion theorem,

) i "'t \"|  (logp)"
u = —_— — s
=g\ Pe)) |uey !
where
M] Kk—2
_ A Q=2 A 4
S I (I S
i=2 j= 2 j=0
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Furthermore, by Faa di Bruno’s formula,

dn-1 r\"
bn:—71 N N
dt P.(1) (=0
n—1

s, 1 .
= Yo s = DD e ] a1 2™,

(M., my_1)€A, 1 Jj=1 i

where A; = {(m1, ... mj)eNf Imy+2my+---+jmj=jl,sj=my+---+mj,

and ag = _Z_z- Note that b1 = —oz/u . Finally, since
2.2
nt 3
A,(t)=(1—-=1)1 ——+0(),
()= (1=Dlogp—"——+0(r)
we have
(u(p))—logp+ (logp)2+0(|logp|) O

We now prove two preliminary results before we proceed to the proof of Theo-
rem 3.4.

Lemma 6.1 Let A, be given by (3.7) and set u, = (x —nu)/x. Then,

FN@ o )

. =M (x)+1

lim sup n=M() T _1|=0.
X—)OOO<p<1 ZN(X) eﬁ/\p(un)

n=Mx)+1  xu,

Proof Define the function

A= —1logp+(1— r)QK(U(l“—it))

and note that

N(x) 10 ( A 1 N(x) e:f_t/]p(un)
2, A=y e
n=M(x)+1 H n=M(x)+1 n

By expanding 1/(1 — 1)/ into its Taylor series centered at zero we obtain

ut O\ e Al 1
a t)QK< i )) 12_; ol A=

_i)»j/ﬂwji j+i—1 i
N jlod i

j=2 i=0
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K k—J j
_ AJM_ (J +z. 1>ti+j n O(tKH)
jloJ i
j=21i=0
K K i
At (r—1
B /’“j( ,)t’—l—O(t"“)
ooy jloJ \r —j
K r
Aipd (r—1
_ S ( ,)f Lot
rm2 =2 0N T

Recall from Sect. 2 (after (2.3)) that k < (2 —r)/(1 —r) and w; ' (x) < Cx/C=7=9
forany 0 <8 < (1 — r)?/(2 —r) and x sufficiently large. It follows that for 0 <t <
UMx)+1 = a)fl (x)/x we have

-1 2=r 4 5
k+1 o (xX)\ 1 ~(—r=8) | 3=2r —(1-n2+50-r)
xt <x|— §Cx(x 2-r=3 )1*’ =Cx Cr=90-n — 0
X

as x — 00. Hence,

NG&) LT N@) A ()

2y = n:MZ(X)H — (14 0(1))

as x — 0o, uniformly in 0 < p < 1. O

The second preliminary result is an application of Laplace’s method, which states
that the asymptotic behavior of an integral of the form

d
/ e O f(r)dt,

c

as x — 00, is determined by the value of the integral in a small interval around the
maximizer of ¢ on the interval [c, d]. What makes the proof below very technical is
that the limits of integration are functions of x.

Lemma 6.2 Let p(x)=e *CX/X >0, k>2, and define y (x, p) = Julogx /o +
o /xlog p/u?. Then, under the assumptions of Theorem 3.4, as x — oo,

: L 1% (1—p) "2
sup 5 —pP)p
pzp<t en WO |2 o o

_ eiA”(u(p))cD(—y(p,x))‘ 0.
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Proof Let u, = (x —nu)/x and define c(x) = /logx/x, d(x) = wl_l(x)/x. Then
by Lemma 6.1,

N(x) nQK razu) 1 N(x eﬂA (un)
E 3 g 3 )
n=M(x)+1 (0)+1 "
N(x) u L Ap(t)
X noekr
=£ 3 dt (1+o(1))
n=M(x)+1" Hntl
d@) i Ap®
*/—/ dt (1+o0(1))
(€3]

as x — 0o, uniformly for p(x) < p < 1. It remains to show that

o /x(1=p) (10 it
w2 Jewy 1

We start by computing the derivatives of A, (¢):

1

sup o)

p<p<l 6“ Ap

di =D oy (. )|

A —_1 //vz 2 "oy /‘Lz
() =— ogp—;t—}—O(l‘) and AR =——5+0(),

and note that t — 0 for all 0 <t < d(x). Also, we have u(p) = —Z—;logp +

O((log p)?) = Z—z(l —p) 4+ 01 — p)?) € (0,d(x)) for all p(x) < p < 1. Set
e =¢e(x) = 1/loglogx and note that for p(x) < p < 1, u(p) = o(d(x)), so for suffi-
ciently large x we have

d S Ap()
o Jx(1—p) (40 eutr i _eiAp(u(p))¢(
/13/2\/27'[ c(x) t
a[(l — ) c(x)V(1+&)u(p) eﬁAn(t)
w22 Jeovi—eup) 1

E(p.x) £ —y(p,x))

dt

— e MU (—y (p, x)) ©6.1)

d(x) enlr®

+Cﬁ(1—p)(/

cov+eu(p) L

c(x)V(1—&)u(p) eﬁAp(t)
+ / dt) (6.2)
c(x) t

To bound (6.1) note that for some & between ¢ and u(p),

¥ x A (&)
/c(x)v(1+s)u(p) e,jAp(t) 5 4o /c'(x)v(l+g)u(p) e Q”H (t—u(p))?
C C

dt =enr dt,

OV (1—&)u(p) ! (Vv (1—e)u(p) !
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50 (6.1) is bounded by e ™) F(p. x), where

o Jx(1 —p) [eOVI+eup) o S au(en?
W—m c(x)v(1—e)u(p) o
To see that sup;)<,-1 F(p,x) — 0 note that for (1 — &)u(p) <1 < (14 &)u(p)
we have A7 (t) = _Z_i + O(llog p|) and also 7 = u(p)(1 + o(1)) = —Z—ilogp(l *
o(1)) = %(1 = p)(1 + o(1)). Let A = {e(x) < (I = &)u(p)} and let {(p) =

mMax (1 —g)u(p)<t<(1+&)u(p) |Ag(t)|. We start by analyzing F(p, x) 1(A), for which we
have

F(p,x)= dt — @ (—y(p.x))|.

F(p,x)1(A)
T (outr) <t
<{ =(1+o() / (o) gy ’+¢(V(P,x))}1(A)
o2 1—&)u(p)
LD cue)
5{1— E_(1+om) [ "
o/¢(p) J»c(p eu(p) V2

@(‘/’Tx(l —e)u(p) N oﬁlogp)} 1(A)

o 1372

< {1 i +0(1))(1 —20 <—%su(p)>>
@(—@(1 n 0(u(p)/8)))} 1A

< 34’(—@(1 —l—o(l))) +o(l)—>0

as x — 00, uniformly for g(x) < p < 1. To analyze F(p, x) 1(A°) we note that on
xApGED
A€ we have e e

which yields

F(p,x) l(A”)

/X C(X)V(1+8)M(P) xp
(1 + (1))/ - ‘ (l M(p)) dt — ( )/(,O,X)) I(AL’)
NG o)

XL

(—u())? _ =5 (=@ OGO _ (] 4 (1)) 207 4 D?

=e 202

o

./xu

eu(p) 6_7

LE () —u(p)) V21

= ‘(1 +o(1)) dz 1(c(x) < (14 &)u(p))

~ 0 (-r(o0)|1(49)
o

=<

(u(p) — C(X))> —@(~y(p, X))‘ 1(c(x) < (1 +e)u(p)) 1(A°)
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oY

(e

eu(p)> L(e@) < A +eu(p)) +@(—y(p,x))

x 1(e(x) = (1 +e)u(p)) +o(1)

< C‘ \/('f_x(u(p) —c(x)) +y(p,x)

1(e(x) < (1+e)u(p)) 1(A)

+q>(— N

- :8) sc(x)> e <— VEX o)+ O(xc(x)z)) +o(l)

o(l+¢)
< Cxc(x)* +2@ (- ‘/(’?

EC(X)(I + 0(1))> +o(1)=0

as x — 00. We have thus shown that (6.1)1s o(eiA"(”(p))) as x — 0o, uniformly for
0(x) < p < 1. We now need to show that the same is true of (6.2).
Note that (6.2) is bounded by

C«/;(l — Io)(giAﬂ(c(x)V(]+8)u(p))

d(x)

+ oA ((1=e)u(p) l(c(x) <1 - G)M(p)))/ T
c) 1

-1
_ @ () \ (2 A, ((+eup)
< CVE(1—p) log( L logx) (e (14 )u(p) > c(x)

+en M COD (14 oyup) < c(x) +en TP 1(1 —g)u(p) > c(x))).

Note that for any ¢ and some &; between ¢ and u(p),

A% (&)

5 (u(p) —1)°,

A,(0) = Ap(u(p)) — |4, 0] |u(o) — 1] +

which gives that for (1 £ e)u(p) > c(x), A, ((1 £ &)u(p)) = ;% + 0Ou(p)?),
and

2
Ao (£ )u(p)) < Ay (u(p)) = [AL((1 £ e)up))|eu(p) + %ezu(p)z(l +o(1))

2
= A, (u(p)) - Z‘ff—zszu(p)z(l +o(1))

2
< Ay (u(p)) — ;(Lf—zezc(x)z(l +o(1)).

For (1 +&)u(p) < c(x), Al (c(x)) = —Z—z(C(x) —u(p)) + O(c(x)?), and

2
A5() = Ay (u(p) = |4 () [up) = ()] + 35 (1(p) = ()’ (1 + 0(D)
2

= 4 (u(p) = 3 (c(0) = u(p)* (1 +o(D)
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< Ay(u(p)) — %szc(x)Q(l +o(1)).
Therefore, (6.2) is bounded by
CJ/x(1 — p)(logx)eu Ap(u(p) =325 ee(x)* (1+o(1)) O(eﬁAp(u(p»)'
This completes the proof. g
Finally, we give below the proof of Theorem 3.4.

Proof of Theorem 3.4 Note that by Theorem 3.2 we know that

lim sup 0,

X0 0<p<l

P(W,(00) > x) B l‘
ZK(I()"X)

so for the first statement of Theorem 3.4 it suffices to show that

lim sup
X0 0<p<l

0. 6.3)

Ac(p,x) ‘
Ze(p,x)

The second statement, which refers to the uniformity in x as p ' 1 will follow from

Lemma 3.3 in [17] once we show that supy_, _(j_p)-1/4 [Ac (0, x) —1| > Oas p 7 1.

To see this is the case simply note that for all 0 < x < (1 — p)~1/4

Ky (x) .
Ao 0) =1 = (1= p) 3 n [er o@D _y|

n=1
< C(1 = p)K,(x)? + [en?r ) _
< C(1— p)x* + Cx|logp|

as p /' 1. We now proceed to establish (6.3).
Let h,(x) = wl_l(x) if Kk =2 and he(x) = 4/xlogx if k¥ > 2, and set u, =
(x —nw)/x. Then,

|Ze(p.x) — Ac(p. x)|

N() QKT
O—ﬁ Z on
=|—F (1=p)p"——— 1 >2)
an n=M (x)+1

T E[p"D 10 Z < () /7)) - eh )

o E1—p| W eCE Qi)
=N e
TR Mo +1 ronp n=M@)+1  Un
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c(l—p) X e

— 1k >2)
V27 pux n=M+1 "

+ E[pa(x,Z) 1(02 < ﬁhK(X)/ﬁ)] _ e |

Define p(x) = e 2#CW/* We separate our analysis into two cases.

Casel: p(x) <p < 1.

Note that for this range of values of p we have, by Lemma 3.3, that u(p) =
—Z—zlogp(l + 0(1)), and by Lemma 5.1(a), that u(o(x)) ~ % < @ for

all sufficiently large x. It follows that w(p, x) = min{u(p), a)f1 (x)/x}=u(p). Also,
by Lemma 6.1 we see that there exists a function ¢ (x) | 0 as x — oo such that

|Ze(p, x) — Ac(p, x)|

1—
5‘/’1(@% Z Ton

n=M(x)+1

N(x) ei/‘p(”n)
1(k >2) (6.4)

o(l—p) X entrt

2T ux n= M1 Uy

+[en O (—y(p, ) 1k > 2) + E[p**D 10 Z < Jithe(x)/ /)]

A o)|

_ eﬁAp(u(p))cD(_y(p,x)) 1(k >2) (6.5)

where y (x, p) = /logx /o +0o./x log p/u3/?. Furthermore, by Lemma 6.2 we see
that (6.4) and (6.5) are bounded by

@1 (x)eiA”(u(p))(Cb (=7(0.0)) + @2(1)) + 02 (x)eit Ao (P

for some other ¢, (x) | 0. Since by Lemma 5.2 we have Z, (p, x) > Cenr@®) on
iAp(“(P)))'

p(x) < p < 1, it only remains to show that the term following (6.5) is o(e#
First we notice that exact computation gives

|eiAp(u(p))¢(_y(p7_x)) 1(k > 2)

+ E[p"5D (07 < Jihi(x)/yx)] = e 400

2 2
£ (log p+ ZUE0% A, (u(p)))

2 Ap(u(p)) 45(—3/(1% x)) 1(k >2)+e" 2u

—=eHn

VHhe(x)  oy/xlogp
o B2 2. |
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A o (x) 1
(M(P))(p( \/;\1/} _ 0«/;3/2gp)’ K:2,
- £ A, u(p)) 2 (log p+~ “"g’” — A, (p)))
er D(y(p,x))le —1], «>2.

When « =2 we simply have

(_ Jiror' ) aﬁlogp) B ¢<_ NTOES! N 20Q(x)> o
oVx W) o\/x ul2yx

sup @
plx)<p<l

as x — 0o, since by Lemma 5.1(a) Q(x)/a)l_l(x) — 0. When « > 2 note that

t (jog pt Z200g ) (logp> —Ap(u(p)))

sup @ (y(p, x))]e“ —1|

px)<p<l
1 1
<C swp @ Vilogx o /x|logp| *llog pl?
p)=<p<l o 3/

sup

<
T VX 0<i<200(0) ) E
C Cc ( t(l «/ulogx>>t3

ox!l/8

o

<;D<—' plogx _ t>t3

-0

as x — o0o.
Case2: 0 < p < p(x).

For this range of values of p we use Lemma 5.2 to obtain that Z,(p, x) >
Cp(1 — p)~Le=2™  which together with Lemma 6.1 gives, for 0 < p < 5(x),

1Ze(p,¥) = Ac(p.0)| _ €1 = p)e?W) { (-p) N3 et
= E— K >
Zi(p,x) Y «/; n=M ()41 Un
—1
. o7 @+u
< Cp_leQ(x){ﬁeﬂAﬂ(w(p‘x))f —du 1(k > 2)

JxTogx u

2
i = log p xg” mogp) fh x) N o./xlogp 4 iAo
o/x w3 '

Let ¢ = max({l,2u?/0?} and 5(x) = ¢=601 /% and note that

|Z (0, x) — Ac(p, x)|
0<p<p(x) Zi(p,x)
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X -1
< sup Cp_leQ(x){\/ElogxeﬁA”(w' /0
O<p<p(x)

Slogpr TS (0 /| logp 17 (x)
+ et 23 1-—-
u3/2 o2x|log p|

< sup Cp! Q(x){xeﬂA Pl /)

O<p<p(x)
2 2.4 2 .
N 1 ex log p+Z ”Z’“’) g XZ(Z’_%”) (l—a”tﬁ‘foiz‘)z
Vx|logp|
(x—wy " (x)—p) (x)) =l (x)—
<D sup {xeu“long() ! e%“’“logp}
a 0<p<p(x) Vx|log p|
o
_CeQm{xe{ Loy | VX ”<1+o<1>)}
- -1
wq (x)

which converges to zero as x — oo since by Lemma 5.1, Q(x) /a)]_l(x) — 0 and
ﬁ/wl_l(x) — 0. For the range 6(x) < p < p(x) we have, by Lemma 3.3,

|Z/c(,0a X) - AK(P, )C)|
sup
A(0)<p<p(x) Zi(p,x)

< sup CeQ<x){ﬁlogxe§Ap("(p)) 1(k >2)
P(X)=p=p(x)

x o2x(log p)?
Te Mlogp-l— 23 +eMAp(u(p))}

X +a t(logp) 14o(1
< sup CeQ® yoit ogp 7( o(1))

P(X)<p=p(x)

= Cxe2Wtilogpd+oD) _ o ,~0@A+o(1)

which also converges to zero as x — oo since Q(x) > 2logx by (2.2). This completes
the proof. g

7 Numerical examples

We conclude the paper with two examples comparing simulated values of
P(Wso(p) > x) to the approximations Z,(p, x) and A, (p, x) suggested by Theo-
rems 3.2 and 3.4. For illustration purposes we also plot the heavy-tail and heavy-
traffic approximations

P _Fx) and exp{—f(l _ p)}.
l—p %
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5 -
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Fig.1 Lognormal(«, B) integrated tail with p =0.9,0 =0, 8 =1
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Fig. 2 Weibull(e, B) integrated tail with p =0.9, « = 0.5, § =0.22361
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The simulated values of P(Wx(p) > x) were obtained using the conditional Monte
Carlo algorithm from [2], and each point was estimated using 100,000 simulation
runs. We point out that simulating heavy-tailed queues in heavy traffic is very dif-
ficult, and in particular, the simulated values of P(Wx,(p) > x) for pairs (x, p) in
the region around the point where the queue’s behavior transitions from the heavy-
traffic regime into the heavy-tail regime, are highly unreliable. In terms of the ap-
proximations Z,(p,x) and A, (p,x) suggested in this paper, they tend to be sen-
sitive to the mean and variance of the integrated tail distribution, u and o, respec-
tively, so we suggest first scaling the queue in such a way that both parameters are
small (of order one). We give two examples above, one in which the integrated tail
distribution is lognormal (Fig. 1) and one where it is heavy-tailed Weibull (Fig. 2);
note that no M/G/1 queue can have exactly Weibull integrated tail distribution, since
its density is not monotone, but there are valid distributions (with decreasing densi-
ties) whose tail is asymptotically Weibull. For the lognormal(«, 8) example we used
O(x) = (logx — «)?/(2B%), which although an approximation to log F (x) works
well in practice.
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